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1(a) (3 points): Find all eigenvalues and corresponding eigenvectors for the matrix

A =

1 2 3

0 1 1

0 0 2

 .

Solution: The eigenvalues are the roots of det

1− λ 2 3

0 1− λ 1

0 0 2− λ

 = 0; i.e. (1−λ)2(2−

λ) = 0; i.e. eigenvalues are λ = 1 (with multiplicity 2) and λ = 2. If λ = 1 the eigenvectors

are the non-zero solutions of the homogeneous linear system with matrix

0 2 3

0 0 1

0 0 1

 which

has the null space spanned by e1; i.e. the set of all eigenvectors is just the set of all non-zero

multiples of the vector e1.

For λ = 2 the eigenvectors are the non-zero solutions of the homogeneous linear system with

matrix

−1 2 3

0 −1 1

0 0 0

 which has rref

1 0 −5

0 1 −1

0 0 0

 and hence the null space is spanned by

(5, 1, 1)T; i.e. the set of all eigenvectors is just the set of all non-zero multiples of the vector

(5, 1, 1)T.

1(b) (3 points): Find an orthonormal basis for the subspace of R4 spanned by the vectors

v1 = (1, 1, 0, 0)T, v2 = (0, 1, 1, 0)T, v3 = (0, 0, 1, 1)T.

Solution: It is better to use the order v1, v3, v2, because v1, v3 are already orthogo-

nal, and so the normalized vectors w1 = 1√
2
v1, w2 = 1√

2
v3, are already orthonormal,

and the Gram-Schmidt process requires only one further step w3 = ‖v2 − w1 · v2w1 −
w2 · v2w2‖−1(v2 − w1 · v2w1 − w2 · v2w2) = ‖(0, 1, 1, 0)T − (12 ,

1
2 ,

1
2 ,

1
2)T‖−1((0, 1, 1, 0)T −

(12 ,
1
2 ,

1
2 ,

1
2)T) = (−1

2 ,
1
2 ,

1
2 ,−

1
2)T.

Thus the required orthonormal basis is ( 1√
2
, 1√

2
, 0, 0)T, (0, 0, 1√

2
, 1√

2
)T, (−1

2 ,
1
2 ,

1
2 ,−

1
2)T.
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Let A be an n× n matrix. Consider the function f(λ) = det(A− λI).

2(a) (3 points): Prove that f(λ) is a polynomial of degree n in λ.

Solution: Let B = A− λI. We have bij = aij if i 6= j (so is a constant function of λ), and

bii = aii − λ is a linear function of λ on the diagonal entries. Recall the formula det(B) =∑
π

∏n
i=1 biπ(i), which expresses the determinant of B as a sum of n! terms, each an entry of

B. As each entry is a polynomial in λ of degree at most one, this sum of products of entries is

a polynomial of degree at most n. The product b11b22 · · · bnn = (a11−λ)(a22−λ) · · · (ann−λ)

of the diagonal entries is one of the n tems in the sum, and is the only way to get a product

of n linear terms. Using the distributive property to expand, the only term of degree n is

by taking the −λ from each of the factors, giving ther λn term being (−λ)n = (−1)nλn,

which is nonzero. Thus f(λ) is a polynomial of degree n.

2(b) (3 points): What is the coefficient of λn in f(λ)?

Solution: The proof of (a) shows that the coefficient of λn is (−1)n.

2(c) (3 points) What is the coefficient of λn−1 in f(λ)?

Solution: The only way to get terms of degree n−1 is if there are at least n−1 entries in the

product from the diagonal. However, since each product of n entries is over permutations,

if we have n− 1 elements i for which π(i) = i in a permutation π, then the last element j

must also satisfy π(j) = j. Thus, the coefficient of λn−1 in det(B) is the coefficient of λn−1

in b11b22 · · · bnn = (a11−λ)(a22−λ) · · · (ann−λ). Expanding using the distributive property,

the terms with λn−1 are formed by picking aii from the ith factor, and −λ for the other

n − 1 factors. Thus the terms with contributing to the λn−1 term are
∑n

i=1 aii(−λ)n−1 =∑n
i=1 aii(−1)n−1λn−1. Thus the coefficient of λn−1 in f(λ) is

∑n
i=1 aii(−1)n−1.

2(d) (3 points) Prove that Tr(A) =
∑n

i=1 λi, where λ1, . . . , λn are the eigenvalues of A.

Solution: Recall that the coefficient of λn in f(λ) is (−1)n. It follows by the fundamental

theorem of algebra that f(λ) = (−1)n
∏n
i=1(λ− λi), where λ1, . . . , λn are the roots of f(λ)

and hence the eigenvalues of A. The coefficient of λn−1 in this product is
∑n

i=1(−1)n(−λi).
Hence, comparing the coefficient of λn−1, we get

∑n
i=1 aii(−1)n−1 =

∑n
i=1(−1)n(−λi).

Dividing both sides by (−1)n−1 and noting that (−1)2 = 1, we obtain Tr(A) =
∑n

i=1 aii =∑n
i=1 λi.
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3(a) (3 points.) What is the statement of the finite field Kakeya theorem?

Solution: A finite field Kakeya set A is a subset of Fnq that contains an entire line in each

direction. The finite field Kakeya theorem says that for each positive integer n there is a

positive constant cn such that every finite field Kakeya set in Fnq has size at least cnq
n.

3(b) (4 points.) What is the main idea of the proof?

Solution: Let cn > 0 be an appropriately chosen (small enough). Suppose for contradiction

that a finite field Kakeya set A ⊂ Fnq has size less than cnq
n. It follows from the under-

determined systems lemma and that there are at most
(
n+q−1
q−1

)
< cnq

n terms in a degree

q − 1 polynomial in n variables, there is a nonzero polynomial P in n variables of degree

d ≤ q − 1 which vanishes (i.e., evaluates to 0) on all the points in A. In each direction v,

there is a line {a+ tv : t ∈ Fq} which is entirely in A and hence P evaluates to 0 on these

q points. Since P has degree at most q − 1, the polynomial f(t) = P (a + tv) in the single

variable t has degree smaller than its number of roots and hence must be identically 0. In

particular, the coefficient of td in f(t) is identically 0. This implies the homogeneous part of

P (those terms of degree d) vanish on all qn points of Fnq . However, by the Schwartz-Zippel

lemma, a nonzero degree d polynomial can vanish on at most dqn−1 < qn points of Fnq , a

contradiction.
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4(a) (4 points): Let A = (aij) be an n × n symmetric matrix. The matrix A is called

positive definite if for every nonzero column vector x ∈ Rn, we have xTAx is positive. Prove

that A is positive definite ⇐⇒ all the eigenvalues of A are positive.

Hint: Spectral Theorem.

Solution: By the spectral theorem there is an orthonormal basis v1, . . . , vn of Rn consisting

of eigenvectors of A with eigenvalue λj : Avj = λjvj . Now, the quadratic form is A(x) =

x ·Ax. Writing x =
∑n

j=1 cjvj (which can be done by the basis property), we have

A(x) = (
n∑
j=1

cjvj) ·A(
n∑
k=1

ckvk) =
n∑

j,k=1

cjckvj ·Avk =
n∑

j,k=1

cjckλkvj · vk =
n∑
j=1

λjc
2
j .

Now, A is positive definite means exactly that A(x) > 0 if x 6= 0, which in turn is equivalent

to
∑n

j=1 λjc
2
j > 0 if (c1, . . . , cn) 6= 0, i.e. not all cj vanish. This immediately gives that if all

eigenvalues λj of A are positive then A is positive definite (since λjc
2
j ≥ 0, and at least for

one j it is > 0, so the sum is > 0). Conversely, if A is not positive definite, then there is at

least one k such that λk ≤ 0. Taking ck = 1, cj = 0 if j 6= k, we have
∑n

j=1 λjc
2
j = λk ≤ 0,

so A is not positive definite, completing the proof.

(b) (3 points): Can the adjacency matrix of a graph without loops be positive definite?

Justify your answer.

Solution: No. The trace of the adjacency matrix of a graph is 0. By problem 2(d), the

sum of the eigenvalues is also 0, and thus the average of the eigenvalues is 0. Hence, there

is a nonpositive eigenvalue, and by part (a), the adjacency matrix of a graph without loops

can’t be positive definite.
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5(a) (3 points): Suppose G is a graph with an ordering of its vertices v1, . . . , vn such that

each vertex vi is adjacent to at most d vertices vj with j < i. Prove that the chromatic

number of G is at most d+ 1.

Solution: We can greedily construct a proper color the vertices of G with d + 1 colors in

order by index. We can assign v1 any color. Having already colored all vj with j < i but no

vertex vj with j ≥ i, note that vertex vi is adjacent to at most d vertices that have already

been colored. As we have d + 1 colors, we can assign vi a color not used on its already

colored neighbors. In this way, we can color construct a proper coloring of all the vertices

of G using d+ 1 colors. Hence, the chromatic number of G is at most d+ 1.

(b) (4 points): Prove that for every graph G on n vertices, G or its complement has

chromatic number at least
√
n.

Solution: As done on the homework, if G and H on the same vertex set and F is the graph

with edge set E(G) ∪ E(H), then χ(G ∪ H) ≤ χ(G)χ(H). This can be seen by taking a

proper coloring c1 of G with χ(G) colors and a proper coloring c2 of H with χ(H) colors,

and assigning each vertex v the color (c1(v), c2(v)), which is a proper coloring for F using

at most χ(G)χ(H) colors.

Note that if we take H to be the complement of G, then F = Kn, and χ(F ) = n. Hence

n = χ(Kn) = χ(F ) ≤ χ(G)χ(H), and so one of χ(G) or χ(H) has to be at least
√
n.
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