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Handout: Generating Functions

Suppose we have a sequence ag, a1, as, . .. of numbers. The generating function for this sequence
is defined as

G(z) = i a;x’.
i=0

We will not worry here about issues of convergence. Let us see a few examples. If a; = 1 for all
i, then G(z) = > 2 2’ = i This can be seen by multiplying each side by 1 — z, and noticing
that the sum telescopes. If a; = a' for all i, then G(x) = 1jax. This follows from substituting in
ax for = in the previous formula. One can see that if F' is the generating function for {a;} and G is
the generating function {b;}, then F'+ G is the generating function for {a; + b;}. It is also helpful
to sometimes multiply generating functions, or take their derivative or integral.

We exhibit the usefulness of generating functions through an application determining an explicit
formula for Fibonacci numbers. Recall that these numbers are defined by Fy = 0, F; = 1, and
F, = F,_1 + F,—9 for n > 2. The generating function for the Fibonacci sequence is G(z) =
Fy + Fix + Fox? + Fya® + ---. For n > 2, we substitute in the identity F,, = Fj,—1 + F,—2 and
obtain

G(z) = Fo+ Fia + ) (Fooi + Fa2)a” = Fo+ Fra + ) Fooaa™ + ) Foopa”

n>2 n>2 n>2

We have
Z Fo2"=x Z Foz" =z (G(x) — Fy) = 2G(x) — Fyx.

n>2 n>1
and
g F_oz™ = 2°G(x).
n>2

Substituting, we have
G(x) = Fy + Fiz + 2G(x) — Fox + 2°G(z).
Solving for G(z):

Pb—%(F}——}%)x x a b
G = = =
(z) 1—2— a2 1—2— a2 1—d>x+1—T:U’

where the last equation is by taking the partial fraction decomposition, using ¢ = 1+T‘/5 and

1-v5
2

T = are the roots of the equation y?> —y — 1 = 0, and a,b are some real numbers for which



this equation will be satisfied. We get a + b = 0 and —b¢ — aT = 1. Solving for @ and b, we obtain

a= % and b = % Hence,

so that




