
Mathematics Department Stanford University
Math 61DM Homework 4

Due at TA section, Friday Oct. 21

Reminder: Mid-term 1, Tue Oct 18, 7pm

1. Consider a linear system of equations Ax = b where A is an m× n matrix over a field F.

(i) Show that each row operation in Gaussian elimination is equivalent to multiplying the equation from
the left by an invertible m ×m matrix B, i.e. replacing the equation by a new equation BAx = Bb, and
find explicitly the inverse of B.

(ii) A matrix B = (bij)
m
i,j=1 is called lower triangular if bij = 0 if j > i. Show that the product of two lower

triangular matrices is lower triangular.

(iii) Show that if Gaussian elimination proceeds without switching any rows (i.e. using only the other row
operations) then one obtains an equation of the form CAx = Cb, where C is lower triangular and CA
is upper triangular. Use this to conclude that in this case one can write A = LU where U is an upper
triangular m× n matrix (i.e. its ij entry is 0 if i < j) and L is a lower triangular m×m matrix.

2. (a) Let θ ∈ [0, 2π) and let T be the linear transformation of R2 defined by T (x) = Q(θ)x, where Q(θ)

is the 2 × 2 matrix

(
cos θ − sin θ
sin θ cos θ

)
. Prove that if x =

(
r cosα
r sinα

)
(with r ≥ 0 and α ∈ [0, 2π)) then

T (x) =

(
r cos(α+ θ)
r sin(α+ θ)

)
. With the aid of a sketch, give a geometric interpretation of this.

(b) What is the matrix of the linear transformation T : R2 → R2 which takes the point (x, y) to its
“reflection in the line y = x” i.e. the transformation T (x, y) = (y, x).

Caution: In part (b) we are writing points in R2 as row vectors, but in order to represent T in terms of matrix multiplication
you should first rewrite everything in terms of column vectors.

3. Let V be a subspace of Rn and let PV : Rn → Rn be the orthogonal projection of Rn onto V as defined
in lecture.

(a) If I is the identity transformation of Rn (i.e. I(x) = x∀x ∈ Rn), prove that I − PV = PV ⊥ .

(b) If V is the 1-dimensional subspace span{v}, where v is a given vector in Rn with ‖v‖ = 1, find (i) the
matrix of PV and (ii) the matrix of PV ⊥ .

4. Let G be a (simple) graph and A(G) be its adjacency matrix. For a matrix B, its grand sum su(B) is
the sum of the entries of B.
(a) Prove that the sum of the degrees of the vertices of G is equal to twice the number of edges by
considering su(A(G)).
(b) Let λ = limt→∞ su(A(G)t)1/t (we will later in the course prove that this limit exists). Let δ denote the
minimum degree and ∆ denote the maximum degree of the vertices of G. Prove that δ ≤ λ ≤ ∆.

5. Show that a code C corrects t errors if and only if d(C) ≥ 2t+ 1.

6. Let C ⊂ F9
2 consist of all strings abcabcāb̄c̄ with a, b, c ∈ F2 and ā = 1− a for a ∈ F2.

(a) How many codewords are in C?
(b) Is C a linear code? Why?
(c) How many errors can C detect?


