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Abstract

Suppose that X = (Xn : n � 0) is a positive recurrent Harris chain.
We investigate the connection between various types of drift and minoriza-
tion conditions on X and exact simulation. We present an exact simula-
tion algorithm that can be implemented if three elements are available:
1) We can identify the regeneration epochs of X, 2) We can �nd a pos-
itive lower bound for the probability of regeneration in one step, and 3)
We can �nd an upper bound for moments of order larger than 1 for the
regeneration time of X. We also discuss explicit minorization and drift
conditions that provide the bounds required in item 3).

1 Introduction

Suppose that X = (Xn : n � 0) is a positive recurrent Harris chain living in a
polish space (X ;B). More precisely, de�ne TC = minfn � 0 : Xn 2 Cg. We
shall �rst assume that X satis�es the following two conditions:
1. Px (TC <1) = 1 for x =2 C and
2. There is � > 0 and a probability measure v (�) such that, for some k0 2 N

P k0 (x;A) � �v (A) ;

for all A 2 B and x 2 C.
We concentrate on the case k0 = 1. Throughout this paper we shall use the

notation E� (�) for the expectation operator induced by the chain X given that
X0 has initial distribution � (�) that is

E� (�) =
Z
E ( �jX0 = x)� (dx) :

In this paper we present a simulation algorithm that allows to generate exact
samples from the stationary distribution of X. Exact (or perfect) sampling has
been the subject of much research during the last 10 years after the introduction
of the so-called CFTP (coupling-from-the-past) protocol by Propp and Wilson
(1996). It is known (see Foss and Tweedie (1998) that CFTP can be used
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only if the chain of interest is geometrically ergodic (which essentially means
that convergence to stationarity occurs at an exponential rate, see Meyn and
Tweedie (1993)). Other exact simulation algorithms such as dominated CFTP,
introduced by in Kendall (1998) take advantage of CFTP-type ideas combined
with suitable dominating processes (see also Corcoran and Tweedie (2001) and
Huber (2004)).
The algorithm that we present has the following key features.
i) It takes advantage of the regenerative structure of the chain induced by

conditions 1 and 2.
ii) It can be applied even when the chain is not geometrically ergodic.
iii) The structure of the algorithm is based on suitable minorization or drift

conditions for the moments of regeneration times, thereby connecting exact sam-
pling with drift conditions usually developed to analyze the rate of convergence
to stationarity.
The simulation algorithm is that we present here is based on a general pro-

cedure suggested by Asmussen, Glynn and Thorisson (1992). In their paper,
the authors proposed a method to generate exact samples from the stationary
distribution of a regenerative process. The idea is based on the following obser-
vation. If Z = (Zn : n � 0) is a non-delayed regenerative process with stationary
distribution � (�) and � is the time to the �rst regeneration. Then

� (A) = E

 
��1X
n=0

1 (Zn 2 A)
!
=E�

= E

 1X
n=0

1 (Zn 2 A; � > n)
!
=E� = E (P (ZT 2 Aj � > T )) ; (1)

where P (T = n) = P (� > n) =E� and T is independent of the chain Z. The
probabilistic representation (1) was used by Asmussen et al (1992) to develop
an exact simulation algorithm to sample from � (�) assuming that one is able
to sample from T . Asmussen et al (1992) discuss some important classes of
regenerative processes for which it is feasible to generate samples from T . One
such class of examples is given by so-called Doeblin chains, which are Harris
chains for which conditions 1. and 2. hold with C = X. We shall explain in
Section 2 (see Algorithm 1) how to use (1) for exact simulation.
In a recent paper, Hobert and Roberts (2004) also took advantage of (1) to

develop a MCMC that can be implemented in the context of Doeblin chains (the
general procedure is very similar to that described by Asmussen et al (1992),
which we also describe here for completeness in Algorithm 1 of Section 2).
Hobert and Roberts (2004) also showed how, in the Doeblin case, the exact
simulation procedure described in Algorithm 1 coincides with the algorithm
Gamma coupling proposed by Murdoch and Green (1998). The use of (1) for
exact simulation as explained in Algorithm 1 is relatively straightforward in the
context of Doeblin chains because in this case P (T = k) = � (1� �)k (i.e. T is
geometrically distributed) and therefore it is very easy to sample from the dis-
tribution of T . However, for more general Harris chains, sampling from T seems
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to be di¢ cult because in principle it involves being able to compute the distri-
bution of the regeneration time � (which is also geometric in the Doeblin case).
In this paper we discuss a technique that overcomes the need for computing the
distribution of � .
In recent work, Kendall (2004) explored the connection between minorization

and drift conditions for geometrically ergodic chains and perfect sampling. This
paper relates to Kendall (2004) in that we also provide connections between
minorization and drift conditions and their implications in perfect sampling,
but our investigations go beyond the case of geometrically ergodic chains.
In Section 2 we explain the general principle of our algorithm and in Sec-

tion 3 we provide the necessary drift and minorization conditions required to
implement our algorithm.

2 A Regeneration Algorithm

Suppose that X = (Xn : n � 0) is a positive recurrent Harris chain living in a
polish space (X ;B). More precisely, de�ne TC = minfn � 0 : Xn 2 Cg. Then,
X satis�es the following two conditions:
1. Px (TC <1) = 1 for x =2 C and
2. there is � > 0 and a probability measure v (�) such that

P (x;A) � �v (A) ;

for all A 2 B and x 2 C (this should be called v�irreducibility).
Observe that conditions 1. and 2. above allow to express the evolution of

X as a regenerative process (see Nummelin (1978)). Indeed, note that if x 2 C,
condition 2. indicates that

P (x;A) = �v (A) + (1� �)Q (x;A) ;

where Q (�) is the so-called �residual Markov transition kernel�. Then, one can
construct the processX by allowing a transition fromXn = x toXn+1 according
to P (x; �) if x =2 C, whereas, if x 2 C, we generate a Bernoulli In such that
P (In = 1) = � and we transition to Xn+1 v (�) if In = 1. Otherwise (if In = 0)
the transition occurs according to Q (x; �). Hence, a regeneration occurs every
time the process X visits the set C (which occurs in�nitely often) and we obtain
a head in the corresponding �ip coin.
In our mathematical development it will be useful to consider the process

Wn , (Xn; In) ; (2)

where In is obtained as described in the previous paragraph if Xn 2 C and
In = 0 if Xn =2 C.
It is important to observe that one does not have to simulate the process

using the previous regenerative construction. It is possible to simulate the
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process according the kernel P (x; dy) and later identify the regeneration epochs
by observing that when x 2 C

P (In = 1jXn+1 = y + dy;Xn = x) =
P (In = 1; Xn+1 = y + dyjXn = x)

P (Xn+1 = y + dyjXn = x)

=
�v (y + dy)

P (x; y + dy)
:

Typically, both v (�) and P (x; �) have densities � (�) and p (x; �) with respect to
the Lebesgue measure. In this case, we have that

P (In = 1jXn+1 = y;Xn = x) = �� (y) =p (x; y) :

Regeneration provides a convenient vehicle for the steady-state analysis of
the chain X.
In order to take advantage of the regeneration ideas, it is convenient to in-

troduce some notation. Let (�k : k � �1) be the sequence of regeneration times
for the chain X (let us introduce the convention that ��1 = 0). There are many
ways of embedding regeneration times in the chain X, one way was described
in the previous paragraphs, we can think that the value of the chain at time
�k, X�k , has distribution v (�), that is X�k has been generated after observing
X�k�1 2 C and I�k�1 = 1. Set �k = �k�1 + �k, and note that the random el-
ements ((Yk; �k) : k � 0) (where Yk = (X (�k�1 + n) : 0 � n � �k � 1)) are iid.
We now can apply well studied regeneration ideas to the chain X. Using regen-
erative theory we can write

P (X1 2 A) =
E
�P��1

k=0 1 (Xk 2 A)
�

E�

=
E (
P1

k=0 1 (� > k;Xk 2 A))
E�

=

P1
k=0 P (Xk 2 Aj � > k)P (� > k)

E�
= Eh (T ) (3)

where
h (k) , P (Xk 2 Aj � > k) ;

and
P (T = k) = P (� > k) =E� for k � 0: (4)

The distribution of T is the so-called �equilibrium distribution� of the dis-
crete renewal process with inter-arrivals (�k : k � 1). Representation (3) read-
ily yields the following simulation algorithm for that allows to generate exact
samples from the stationary distribution of the chain X.

Algorithm 1
Underlying we have regeneration times (�k : k � �1) (suppose that ��1 = 0)

and that �k = �k�1 + �k. Note that the random elements ((Yk; �k) : k � 0)
(where Yk , (X (�k�1 + n) : 0 � n � �k � 1)) are iid.
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STEP 1 Simulate a random variable T with distribution (4) independent of
the chain X.
STEP 2 Let K� = min (k : �k > T ) and return X (�K� + T ).

The problem with Algorithm 1 is that it does not specify how to generate
T in STEP 1. In the so-called Doeblin case, which occurs if condition 2. holds
for C = E, it can be easily seen that T is Geometrically distributed with mean
(1� �) =� and therefore Algorithm 1 can be implemented. A natural path to
pursue in the general case is to take advantage of acceptance/rejection ideas
in order to sample from the distribution of T . For instance, suppose that is
possible to �nd a bound of the form

P (� > k) � c1g (k) (5)

for some computable constant c1 > 0 and a function g (k) such that the sum

1X
k=0

g (k) = c2 <1

can be evaluated explicitly. The problem of �nding bounds such as (5) will be
discussed in the next section. We then would like to implement the following
algorithm.

Algorithm for the Equilibrium Distribution (ED)
STEP 1 Sample T0 according to the distribution proportional to g (k), set

T0 = t.
STEP 2 Generate a Bernoulli I0 with probability P (� > t) = (c1g (t)) and

accept T0 = t if I = 1, otherwise go to STEP 1 until acceptance.

Although the previous algorithm (Algorithm ED) generates copies of T ,
it seems that in its implementation it is required to evaluate P (� > k) explic-
itly, which is typically extremely complicated except in some cases such as the
Doeblin case discussed before. However, as we mentioned, the work by Keane
and O�Brien (1994) and Nacu and Peres (2004) allow to do this because, in
the context of Algorithm 1, we can easily generate Bernoulli�s with success
probability P (� > t). We then have proved the following theorem.

Theorem 1 Suppose that the chain X can be simulated and that regeneration
times (�k : k � �1) (with ��1 = 0) can be identi�ed and that (5) can be obtained.
Then, Algorithm 1 samples from the stationary distribution of the chain X in
�nite time.

The previous result does not provide an idea of the running time of Al-
gorithm 1. The next proposition provides a negative result in terms of the
complexity of Algorithm 1.
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Proposition 2 Let K� be de�ned as in STEP 2 of Algorithm 1. Then,

EK� =1:

Proof. Given that STEP 1 in Algorithm 1 yields T = t, K� is geometric
with mean P (� � t) =P (� > t). More precisely, for k � 0

P (K� = kjT = t) = P (� > t)P (� � t)k :

Therefore,

EK� =
1X
t=0

E (K�jT = t)P (T = t)

=
1X
t=0

P (� � t)P (T = t) =P (� > t)

=

1X
k=0

P (� � t) =E� =1:

As a consequence, Algorithm 1 should not be used in a multiple-replication
scheme. More precisely, if we are interested in estimating Ef (X1) via simu-
lation, we should not attempt to generate multiple independent copies of X1.
Instead, we should useAlgorithm 1 just to delete the bias in a single replication
of the chain and combine this with an e¤ective variance reduction technique.

3 Drift Conditions

As we indicated earlier, a crucial element of Algorithm 1 is being able to �nd
a bound such as (5). In this section we shall study several drift conditions that
can be used to obtain successful bound such as (5). We shall indicate later how
can we easily obtain bounds for moments of � in terms of bounds for moments
of the �rst passage time, TC , to the small set C. Thus, �rst we shall focus on
developing su¢ cient conditions that can be exploited to obtain bounds for the
moments of TC . In order to understand the development of such bounds let us
consider the case of obtaining bounds for the �rst moment of � . The next result
will be useful for this purpose.

Proposition 3 Let h1 : E ! R+ be such that

E (h1 (X1)jX0 = x) � h1 (x)� 1 + b1IC (x) ; (6)

for some b1 2 (0;1). Then,

E (TC jX0 = x) � h1 (x) ;

for x =2 C.
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Proof. Apply optional sampling to the non-negative supermartingale

Mn = h1 (Xn^TC ) + (n ^ TC) ;

where n ^ TC = min (n; TC). (See Proposition 4 for a completely analogous
argument that contains all the details.) We then obtain (using that g (�) � 0)

E (n ^ TC) � EMn � h1 (x) :

The proposition follows by letting n % 1 using the Monotone Convergence
Theorem.

Let us de�ne eTC = inffn � 1 : Xn 2 Cg. The time eTC plays an important
role in the analysis of the regeneration times. In order to see this let us de�neeT (j)C = inffn > eT (j�1)C : Xn 2 Cg. Set e�j = eT (j)C � eT (j�1)C for j � 2 and pute�1 = TC . Then,

P (� � n) = Pv

0@1 + GX
j=1

e�j � n
1A ; (7)

where G = inffn � 1 : Ie�n = 1g is the number of trials required to obtain a
regeneration, which occurs if we visit the set C (recall the de�nition of In in
(2)). Therefore, P (G = k) = � (1� �)k�1 for k � 1, that is, G is geometrically
distributed with parameter �. Consequently, it is not hard to see that

E� � 1 + Ev (TC) + 1=� sup
x2C

E
� eTC���X0 = x� : (8)

This bound can typically be controlled if C is a compact set, we shall explain
how can we estimate the right hand side of (8). Note that

E
� eTC���X0 = x� = 1 + Ex (1 (X1 2 C)Ex (TC jX1)) (9)

+Ex (1 (X1 =2 C)Ex (TC jX1)) : (10)

Using Proposition 3 we observe that (10) can be bounded via

Ex (1 (X1 =2 C)Ex (TC jX1)) � Ex (1 (X1 =2 C)h1 (X1))
� E (h1 (X1)jX0 = x) :

On the other hand,

Ex (1 (X1 2 C)Ex (TC jX1)) = 0:

Therefore, combining these estimates with (9) and (10) we obtain

sup
x2C

E
� eTC���X0 = x� � 1 + sup

x2C
E (h1 (X1)jX0 = x) : (11)
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Likewise,

EvTC = Ev (EX0
(TC) ;X0 =2 C) � Ev (h1 (X0) ;X0 =2 C) :

Hence, using (8) we arrive at

E� � 1 + Ev (h1 (X0) ;X0 =2 C) + 1=� sup
x2C

E (h1 (X1)jX0 = x) : (12)

It is convenient to let C take the form C = fx : h1 (x) � cg for some c > 0.
In this case we obtain, using (12)

sup
x2C

E
� eTC���X0 = x� � c+ b:

Bounds such as (12) can also be developed for higher order moments of � .
As we have seen the main ingredient for these bounds is given by suitable drift
conditions such as (6) and a careful analysis of the moments of TC , just as we
discussed in the previous paragraphs. We then shall focus on the analysis of
higher order moments of TC via suitable drift conditions such as (6) and later we
will take advantage of this analysis to provide bounds on higher order moments
of � .
Assuming that we are able to �nd h1 (�) from Proposition 3 it is straightfor-

ward to obtain conditions in order to bound E
�
T 2C
��X0 = x�. These are given

in the next proposition

Proposition 4 Suppose that there exists a function h2 : E ! R+ and a con-
stant b2 2 (0;1) such that

E (h2 (X1)jX0 = x) � h2 (x)� h1 (x) + b2IC (x) : (13)

Then,
E
�
T 2C
��X0 = x� � h2 (x) ;

for x =2 C.

Proof. De�ne

Mn = h2 (Xn^TC ) +

n^TC�1X
k=0

h1 (Xk) :

We claim that (Mn : n � 0) is a non-negative supermartingale. The fact thatMn

is non-negative is immediate. Now, let (Fn : n � 0) be the �ltration generated
by the process X = (Xn : n � 0), then

E (Mn+1j Fn) = E (Mn+1j Fn) + E (Mn+1j Fn)

= 1 (TC � n)
 
h2 (XTC ) +

TC�1X
k=0

h1 (Xk)

!

+1 (TC > n)E

 
h2 (Xn+1) +

nX
k=0

h1 (Xk)

�����Fn
!
: (14)
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Using the Markov property and (13) we obtain

1 (TC > n)E (h2 (Xn+1)j Fn) � 1 (TC > n) (h2 (Xn)� h1 (Xn)) :
Therefore,

1 (TC > n)E

 
h2 (Xn+1) +

nX
k=0

h1 (Xk)

�����Fn
!

� 1 (TC > n)

 
h2 (Xn) +

n�1X
k=0

h1 (Xk)

!

= 1 (TC > n)

 
h2 (Xn^TC ) +

n^TC�1X
k=0

h1 (Xk)

!
:

Therefore, combining this estimate with (13) we conclude

E (Mn+1j Fn) � 1 (TC � n)
 
h2 (XTC ) +

TC�1X
k=0

h1 (Xk)

!

+1 (TC > n)

 
h2 (Xn^TC ) +

n^TC�1X
k=0

h1 (Xk)

!
= Mn;

which implies the supermartingale property of M . Consequently, using the
fact that both h2 (�) and h1 (�) are non-negative and applying the monotone
convergence theorem we obtain that

E

TC�1X
k=0

h1 (Xk) � EMn �M0 = h2 (x) : (15)

Now, a straightforward application of Fubini�s theorem yields

E

TC�1X
k=0

h1 (Xk) =

1X
k=0

E (1 (TC > k)h1 (Xk)) : (16)

By assumption, since h1 (�) satis�es the conditions in Proposition 3, we obtain
1 (TC > k)h1 (Xk) � 1 (TC > k)EXk

(�) ;

where Ex (�) is the expectation operator induced by the Markov chainX starting
at x. We then obtain

1X
k=0

E (1 (TC > k)h1 (Xk)) �
1X
k=0

E (1 (TC > k)EXk
(TC))

=
1X
k=0

E (1 (TC > k)E (TC j Fk))

=
1X
k=0

E (TC1 (TC > k)) = E
�
T 2C
�
: (17)
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Inequality (17) combined with (15) and (16) yield the proof of the proposition.

More generally, the following theorem allows to obtain bounds on higher
order moments of the �rst passage time TC .

Theorem 5 For 1 � j � k, suppose that hj : E ! R+ satis�es

E (hj (X1)jX0 = x) � hj (x)� hj�1 (x) + bjIC (x) ;

where bj 2 (0;1) and h0 (�) = 1. Then,

E
�
T jC

���X0 = x� � hj (x) ;
for x =2 C.

Proof. Similar to that of Proposition 4.

The previous estimates, can be easily adapted to provide bounds for the mo-
ments of eTC . Speci�cally, if (hj (�) : 0 � j � k) satisfy the conditions of Theorem
5, then

Ex

�eT kC� = Ex

�
Ex

� eT kC���X1� ;X1 2 C�+ Ex �Ex � eT kC���X1� ;X1 =2 C�
= 1 +

kX
j=1

�
k

j

�
Ex

�
Ex

�
T jC

���X1� ;X1 =2 C�

� 1 +

kX
j=1

�
k

j

�
Ex (hj (X1) ;X1 =2 C)

� 1 +
kX
j=1

�
k

j

�
Ex (hj (X1))

� 1 +

kX
j=1

�
k

j

�
(hj (x)� hj�1 (x) + bj1C (x)) :

The previous estimates together with identity (7) provide the means to ob-
tain bounds for the moments of � using the bounds developed for moments of
TC as the next series of results indicate.

Lemma 6 Suppose that (hj (�) : 0 � j � k) satisfy the conditions of Theorem
5, then

EvT
k
C � Ev (hk (X0) ;X0 =2 C) � Ev (hk (X0)) :

Proof. We proceed by direct computation,

Ev
�
T kC
�
= Ev

�
E
�
T kC
��X0� ;X0 =2 C� � Ev (hk (X0) ;X0 =2 C) :
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Using the previous computation it is not conceptually hard to obtain bounds
for higher order moments of � . We shall illustrate the idea next for the second
moment of � .

Theorem 7 Suppose that h1 (�) and h2 (�) satisfy the conditions of Proposition
4 and that supx2C hj (x) � cj <1. De�ne a = c1 + c2 + 2b1 + b2 � 1. Then,

E�2 � 1 + EvT
2
C + a=�+ 2 (1 + �) aEv (h2 (X0)) =�

+2a2= ((1� �)�) + 2E�:

Proof. Recall the de�nitions of (In : n � 0) and
�e�n : n � 1�given in (2)

and (7) respectively. Note that if X0 is distributed according to v (�), then the
following equality in distribution holds

� = 1 +
1X
j=1

e�j j�1Y
k=1

�
1� Ie�k

�
:

Hence,

�2 = 1 +
1X
j=1

e�2j j�1Y
k=1

(1� Ik) +

2
1X
j=1

1X
m=j+1

e�2je�2m j�1Y
k=1

�
1� Ie�k

�m�1Y
k=1

�
1� Ie�k

�

+2

1X
j=1

e�j j�1Y
k=1

�
1� Ie�k

�
Now, for j � 2, we have

Ev

 e�2j j�1Y
k=1

�
1� Ie�k

�!

� Ev

 
j�2Y
k=1

�
1� Ie�k

�
Ev

�e�2j ���W0;We�1 ; :::We�j�2 ; Xe�j�1
�!

:

(Note we have dropped Ie�j�1 because it is not independent of e�2j .) However,
observe that (6) and (13) imply

Ev

�e�2j ���W0;We�1 ; :::We�j�2 ; Xe�j�1
�
= EXe�j�1

�eT 2C�
� 1 + 2

�
h1

�
Xe�j�1

�
� 1 + b11C

�
Xe�j�1

��
+
�
h2

�
Xe�j�1

�
� h1

�
Xe�j�1

�
+ b21C

�
Xe�j�1

��
� c1 + c2 + 2b1 + b2 � 1 = a:
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Hence,

Ev

1X
j=1

e�2j j�1Y
k=1

(1� Ik) = EvT 2C + a=�: (18)

Similarly, if m � 2,

Ev

 e�21e�2m m�1Y
k=1

�
1� Ie�k

�!

� aEv

 e�21 m�2Y
k=1

�
1� Ie�k

�!
� a (1� �)(m�3)_0Ev

�e�21�
= a (1� �)(m�3)_0Ev (h2 (X0)) :

This gives,

2
1X
m=2

Ee�21e�2m m�1Y
k=1

�
1� Ie�k

�
� 2 (1 + �) aEv (h2 (X0)) =�: (19)

Finally, if m > j � 2, then

Ev

 e�2je�2m j�1Y
k=1

�
1� Ie�k

�m�1Y
k=1

�
1� Ie�k

�!

= Ev

 e�2j m�2Y
k=1

�
1� Ie�k

�
Ev

�e�2m���W0;We�1 ; :::We�m�2
; Xe�m�1

�!

� aEv

 e�2j m�2Y
k=1

�
1� Ie�k

�!

� a (1� �)(m�2�j)_0Ev

0@e�2j j�1Y
k=j

�
1� Ie�k

�1A
� a2 (1� �)(m�2�j)_0 (1� �)(j�2) :

This implies that

2
1X
j=2

1X
m=j+1

Ev

 e�2je�2m j�1Y
k=1

�
1� Ie�k

�m�1Y
k=1

�
1� Ie�k

�!

� 2a2 (1� �)�4
1X
j=2

1X
m=j+1

(1� �)m = 2a2= ((1� �)�) : (20)

Combining (18), (19) and (20) the theorem follows.

Theorem 7 can be extended to cover higher order moments. The details
are not conceptually complicated but somewhat burdensome. Also, note that
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Theorem 7 can be used in (5), even if the chain is not geometrically ergodic in
order to implement Algorithm 1. Of course, if the chain is geometrically ergodic
it is possible to obtain bounds for E exp (��) for some � > 0. This implies that
the acceptance/rejection procedure in Algorithm ED can be implemented by
drawing proposals from a �light-tailed� distribution, thereby speeding up the
running time of Algorithm ED.
Just as in the case of the analysis of the moments of � , in order to obtain a

bound for E exp (��), we will proceed by considering Ex exp (�TC).

Theorem 8 Suppose that there exists a function h : R �! [1;1) (for some
" > 0) and a constant b <1 such that,

h (x)

h0 (x)
� e� if x =2 C; (21)

where
h0 (x) = E

Q (h (X1)jX0 = x) :
Then, for x =2 C

h (x) � Ex exp (�TC) :

Proof. De�ne the process

Mn = h (Xn^TC ) exp (n ^ TC) = h (Xn^TC )
n^TC�1Y
k=0

exp (�) :

We claim that Mn is a supermartingale (with respect to the standard stopped
�ltration generated by the process X, which we shall denote by Fn). In order
to see this note that

E (Mn+1j Fn) = E (Mn+1j Fn) 1 (TC � n)
+E (Mn+1j Fn) 1 (TC > n)

= M�1 (TC � n) + E (Mn+1j Fn) 1 (TC > n) :

Now, on f� > ng we have that

E (Mn+1j Fn) 1 (TC > n)

= h0 (Xn) 1 (TC > n)
nY
k=0

exp (�)

� h (Xn)

h0 (Xn)
h0 (Xn) 1 (TC > n)

n�1Y
k=0

exp (�)

= Mn1 (TC > n) :

Therefore, we conclude thatM is a non-negative supermartingale and therefore,
if S0 = y we obtain

h (y) � EMn
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moreover, using Fatou�s lemma we obtain (since Px (TC <1) = 1 and h (�) � 1)

h (x) � Exh (XTC ) exp (�TC) � Ex exp (�TC) :

The previous theorem provides the means to obtain a bound for E exp (��).

Theorem 9 Let h (�) and � > 0 satisfy the conditions of Theorem 8. In addi-
tion, let

� = sup
x2C

(Px (X1 2 C) + Ex (h (X1) ;X1 =2 C))

and assume that

� , exp (�) (� � �Pv (X0 2 A)� �Ev (h (X0) ;X0 =2 C)) < 1:

Then,

E exp (��) � � exp (�) (Pv (X0 2 C) + Ev (exp (�)h (X1) ;X1 =2 C)) =�:

Proof. Using (7) we obtain

E exp (��) = exp (�)Ev

 
Ev

 
exp

 
�

GX
k=1

e�k!
�����G
!!

:

Now, if k � 2, we have that

P
�e�k 2 A���Xe�k�1 = x; Ie�k�1 = 0� (22)

=

Z
Py (TC 2 A)Q (x; dy) ;

where Q (x; dy) = (P (x; dy)� �v (dy)) = (1� �). Hence, (since h (�) � 1)

E
�
exp

�
�e�k����Xe�k�1 = x; Ie�k�1 = 0�

= exp (�)
�
PQx (X1 2 C) + EQx (h (X1) ;X1 =2 C)

�
� exp (�)�= (1� �) :

Consequently,

1X
n=1

Ev

 
exp

 
�

GX
k=1

e�k!
�����G = n

!
� (1� �)n�1

� Ev (exp (�TC))�
1X
n=1

�n�1 = Ev (exp (�TC))�=�:
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The conclusion of the theorem follows immediately by noting that (since h (�) �
1)

Ev (exp (�TC))

= Pv (X0 2 C) + Ev (exp (�)E (exp (�TC)jX1) ;X1 =2 C)
� Pv (X0 2 C) + Ev (exp (�)h (X1) ;X1 =2 C) � exp (�)Evh (X1) :

Remark The previous theorem is very related to Theorem 8 of Rosenthal
(1995).
The results of this section provide all the necessary elements required to

apply Algorithm 1 in a great variety of application settings.
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