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1. THE SCALING ESTIMATOR

One shortcoming of utilizing the conditional mixture algorithm is the necessity to sam-
ple from the conditional distribution. A natural way to get around that is to utilize
a scaling based approach introduced in [Hult and Svensson 2012]. When simulating
B, given that X; = x the following sampling density is used, where a € (0, 1),

95, | 2)
=z e Fj+1}p(j +1,z) (fB(y)]{y <0} +I{y > O}a(cbjilx) 5 (aCjJ,-lZ/ >>

(b—x)
+H{z el (1 —p(i+1,2)fey) + H{z ¢ Tj1}fe(y).

Sampling B, given X; = z according to g%jﬂ (y | ) can be more intuitively be de-
scribed as follows:

(1) If = ¢ T'j 1 return sample from original density fz and stop.
(2) With probability 1 — p(j + 1, x) return sample from original density fp and stop.
(3) Sample Y from fp

(a) Ify < 0, Y — Bj+1

(b) Else “0=2Y — B ;.

The following result establishes bounded relative error for the estimator based on
the scaling algorithm, it will be assumed that the density fp is regularly varying and
in addition it is bounded away from 0 on all compact subsets of [0, c0). Since the proof
rests on the application of the same Lyapunov technique behind Theorem 3.1, it is
given in the on-line supplement.
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39:2 J. Blanchet et al.

THEOREM 1.1. Let {Xy;k = 0,...,n} be the random walk model given in (11).
The estimator ﬁél) in (5), obtained from the scaling mixture algorithm with sampling
densities given by g,SB,j, has bounded relative error for computing p, = P{X,, > b}. More

precisely

E((p;)?] [ =
lim sup b < max{55.{,1},
b o0 pg a2aP{B1 > 0} i { J+1 }
where
-2 2
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[ k=j+2

The upper bound is achieved by taking d; = a=2*/P{B; > 0} and
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Note that in contrast to the conditional mixture algorithm, we are not able to estab-
lish that JS '+, < 1, and therefore it is not possible with our methods to establish that
the algorithm has relative error arbitrarily close to 1. This indicates that it is possible
that the relative error of the algorithm grows with n and might not be suitable for the
infinite horizon problems considered later.

Let us begin to prove that the estimator has bounded relative error. It follows pre-
cisely as in the proof of Theorem 3.1 with Proposition 3.3 replaced by the following
Lyapunov inequality.

PrOPOSITION 1.2. If

sup{p(j,z) 1z € R,j <n} <1 (1)
inf{p(j,z) :z €R,j<n} >0

then there exists non-negative constants {fyjs 7y, greater than or equal to 1 and bounded
in b, such that, for j =0,....n—land r € R,

g V(i +1L,X551)  fe(Xje1 —2)/cj1)
Vo(ox) 98, (Xjp1 —2)/cjun | @

s
) ‘Xj :351 < Vit
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Rare Events in Stochastic Recurrence Equations 39:3

PROOF. We consider only the case ‘A/L( Jj,x) < 1, since the other case is treated in the
same manner as in the proof of Proposition 3.3. Again consider

, Vij+ 12+ ci1Bis)  fB(Bjt)
Ji(j,z) =E — Hcj1Bjya > alb— )}
‘/b(]vx) ggj+1(BJ | ) ! !
_ VoG + 1,2+ ¢;41B; B
Jo(j, ) = F blJ I+ i+1) sz( i+1) Hejr1Bjy <a(b—x)}|,
Vi (4, ) 98,,, (Bj+1 | )

forj=0,...,n—1.
Consider first the J;-term. Recall that V,(j,z) < 1 implies b — 2 > 0, s0 2 € I';;
implies that
I{e. —
SfB(y) I{Cj-',-ly > a(b _ .T)} — fB(y) {c]"rly > G,(b J))} .
gBj+1(y|I) (1-p(i+1Lx) fely) +p(i+1,z) afgtlx) I (ac{bfg))
_ alb=2) fo(p)Hesny > alb— 1)}
G+1 p(i+1l,2)fB ( Jb“fj))

Since Vj, < 1, it follows that for j = 0,...,n — 1

a(b— ) <ZZ:J.+1 PlexBjy1 > b~ x}) -2

Ji(j,x) < .
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2
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For ease of notation we write ¢, = a(b — )/c;+1. Then the inequality in the previous
display can be rewritten as

Hcjp1Bjr1 > a(b— )}

2 > fe(dpy)?
hGw) < ip(j + 1L, 2)P{B > ¢p/a}? )1  fB(Y) “

_ 1 youfe(owy) \° [ P{B>yp} \> 1
Cdip(j+1,3) /1 (P{B > y¢b}) (P{B > <Z>b/a}> ny(y)dy'
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Using Potter’s bounds again it follows that for ¢, > 0, and y > 1, and any £; > 0 there
exists K; > 1 such that

P{B > yd)b} / —a+teq
PLB > dyfa) = 5100 ®

Note that we choose ¢; << «. Since we are assuming that f is regularly varying and
bounded away from 0 on compact subsets of [0,00) we have that for y > 1,2 >, b > 0,
and g5 > 0 there exists a K > 1 such that

IB(byz)
f(by)

2 Kilz_a_1+82 ,

we again choose 5 << a. Applying this bound we get
P{B >y} 1 > /OO f(zdvy)
= 2)dz = dz
Yoo fe(yds)  youfe(yon) Jye, fz) v flyds)
2 K{I/ Z—a—l-‘rsgdz _
1

1"
Ky
o+ g

(4)

Let K; = K{/K{, and combine the bounds in (3) and (4) to get

K2a—2aa2 ] y—2(a+1)+51
Ji(G ) < — /
1

PG L) W

for simplicity we replaced a + £, with «, and a—2(®—¢1) with a2,

The density can be written as f(y) = Lo(y)/(1+ |y|)*"!, based on this we see that the
integrability of y—2(>t1+¢/f(y) is equivalent to the integrability of y—(“+1)*/Ly(y).
Since 1/L is again a slowly varying function, the integrability of y—(**1)*¢/L(y) on
[1,00) follows from the representation theorem ([Bingham et al. 1987], Theorem 1.3.1).

Setting
oS} y—2(a+1)+s
Ii (a :/ —dy,
1( ) 1 fy)
we see that
K2a-2002
Ji(j,x) < =L———If(a).
1(] (E) = p(]+1’$) l(a)

Following the proof in Proposition 3.3 we can arrive at

. djt+1 2 —2
J2(j, ) < I K2(1 — ) 2ate)
G0 S =G a2
since the proof is nearly identical we leave it out.
To summarize we have that for « ¢ I'; ;4

5 ‘A/b(jAJFLXj+1) (X1 —x)/cj)

Vo(joz) 9B, (Xjp —2)/cjp | @

)‘ij] <1,

ACM Transactions on Embedded Computing Systems, Vol. 9, No. 4, Article 39, Publication date: March 2010.



Rare Events in Stochastic Recurrence Equations 39:5

and for z € Fj+1
Vol + L. X;1)  fB((Xju1 = )/es) X, =
Vo(Gox) 98, (Xjp1 — @) /cjpn [2) 177
S Jl(j7 LC) + JQ(j? LC)

.K'%(fzag2 dit1 _ .
< — I (o) + I K2(1—a) 2@t < n—1).
dip(j +1,z) (@) dj(1—p(j+1,2)) 2(1=a) ( )
Since we assumed (1) we can define
K2a—2aa2 d.
S 1 € Jj+1 2 —2(ate) 7/
v = ————I{(a) + - K5(1—a Ij<n-1
I dip(j + 1, ) (@) di(1=p(j +1,2)) 2(1-a) ( )

which is finite and independent of b. O

As in the conditional mixture algorithm, we will make optimal parameter choices by
looking at the asymptotic upper bounds on the second moment. Therefore consider

Vo(j +1 +1B; B;
limsup £ Vh(y +A ’HIU—’_CJH s+1)/ ]H)I{chBjH >a(b—1z)} (5)
b—o0 Vo (4 2)gps,  (Bjtle)
and
o(j +1 +1B; B;
limsup F Vb JrA 7?+C]+1 5+1)/5( ]H)I{cj_HBj_H <a(b—1x)}|. (6)
b—ro0 Vo(4, 2)9ps, , (Bjtlr)

Starting with (5), we see that based on the display of equations (2) it suffices to find
-2

i 1 "\ P{ckB > cjr1¢p/a} ( ®p )2 > fe(dpy)?
P dip(j +1) k_zj:ﬂ P{B > ¢/a} P{B>g¢y/a}) )1 f(y) a
:%ﬁ@?wﬁ>ﬂm/“(m@wm>XPW>%wf dy
dip(j +1) b=oo J1  \ P{B > dvy} P{B > ¢p/a}) y*f(y)

From the proof of proposition 1.2 we know that we can dominate the integrand in the
previous display. In addition, it follows from the regularly varying tails property that
for each y > 1
m P{B > ¢by} _
b—o0 P{B > ¢b/a}
im youfB(dvy) _ o
b—00 P{B > ¢by} ’

(ya)™®

and therefore

VoG +1 11B; B;
limsup £ (7 _|: ,.a: + Cﬁ_; 51/ ]+1)I{Cj+1Bj+1 > a(b—1x)}
b—oo Vo (J, ©)g(Bjy1(Bjt1lw)
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e 1

where
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Following the same analysis as for the conditional mixture algorithm we see that

Vo(j + 1 1B, B;
limsup £ YolJ +A ’?—’— Cé+1 i) jH)I{CjﬂBjH <a(b—a)}
b—roo Vo(5,2)g5,,, (Bjtilx)
« 2
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@
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i —pG+La) \ s (ﬁ)

_ s
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limsup F (7

b—o0

2

It is clear that the quantities BJS .1 and B]-CH are nearly the same, except for the term
a?I,(a). It is easily established that this term is greater than 1 and therefore BJS >

RC .
[i=E
i B © 27 S (yz(a+1)>
a? </1 / dy) B (/1 f)
S/l y2(a+1)f(y)/1 fy)dy < Ii(a),

where the final inequality follows from the fact that f is probability density on R.
Returning to (7) we can find the optimal probabilities to be of the form

1/2

2
f(y)1/2dy>

. _ wi(j+1)
P +1) \/wl(j-l-l)-l-\/wz(j-&-l)’

where
2

wi(j +1) = 20l0) ;(k) |

dj Cj+1
and wy(j + 1) = va(j + 1). Using these optimal probabilities and setting d; = a2 /py,

we see that for j <n — 2,

-2 2
n

n
ﬂf_H: Z cy ay/poli(a)cyy + Z i |,

k=j+1 k=j+2
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and 87 = max(1,poa’li()). Since f7 > 1 for 0 < j < n — 2 we define 57, =

max(1, BJS ',1)- Using Proposition 3.3 then gives that

n—1
1 X — X/ e
thuprE I{X’I’L>b}H SfB(( Jj+1 ])/C]-‘rl)
boo P j=0 gB.7+1((Xj+1 - Xj)/cj+1|Xj)
_92q n—1
a s
< o>
- Do JEO J+1
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