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Abstract

Traditional stochastic approximation (SA) schemes for stochastic optimization employ a single gradient
or a fixed batch of noisy gradients in computing a new iterate. We consider the development of SA
schemes in which N, gradient samples are utilized at step k and the total computational budget is M, so
that ZkK: 1 N« <M where K denotes the terminal step. This paper makes the following contributions: (i) We
conduct an error analysis for constant batches (N, = N) both for constant and diminishing steplength regime
and show linear convergence in terms of expected optimal value; (ii) we extend the two schemes in (i),
and the corresponding linear convergence rates, now in the setting of increasing sample sizes (increasing
Ny), assuming constant or diminishing steplength; (iii) finally, when steplengths are constant, we obtain
the optimal number of projection steps that minimize the bound on the mean-squared error.

1 Introduction

First suggested by Robbins and Monro (1951) in the context of root finding problems, stochastic approx-
imation schemes (Borkar 2008) have proven to be enormously effective in a broad class of stochastic
computational problems including convex optimization, variational inequality problems, and Markov deci-
sion processes. We provide a brief description of the method in the context of stochastic convex optimization:

min  E[f(x(@))) 0

where X CR", £:Q —» R?, f:R"xR? — R and (Q,.7,P) denotes the associated probability space and
E[e] denotes the expectation with respect to P[e|. Our interest lies in problems where X is a convex set
and f(x) is a convex function in x where f(x):= E[f(x,&(®))]. Vanilla implementations of stochastic
approximation schemes have comprised of the following update rule: Given an xy € X, an SA scheme is
based on the following update rule:

X o=y (o — %(Vaf () +wi)), k>0 (SA)

where wy := V,f(x; @) — Viof (xx) and V. f(x,&()) is referred to as Vi f(x,®). If {y%} is a square-
summable but non-summable sequence, then {x;} — x* where x* € SOL(X,Vf). Furthermore, under



Shanbhag and Blanchet

strong convexity, it was shown that when x € int(X), E[f(xx; k) — f*] = O(1/k). When both strong
convexity and differentiability of the function are weakened, this convergence rate diminishes to ¢'(1/v/k)
which has been shown to be unimprovable by Nemirovski and Yudin (1983). Over the last few years, there
has been a renewed effort to re-examine stochastic approximation schemes:

Steplength choices: The choice of the steplengths can prove devastating from the standpoint of algorithm
performance, motivating diverse efforts to design schemes where steplengths are chosen in a sensible
fashion. Nemirovski et al. (2009) presented a constant steplength scheme where the choice is contingent on
the termination length and achieves the optimal rate. While these choices require an a priori specification
of the termination length, such schemes naturally provide approximate solutions at best. Asymptotically
exact schemes have been developed by Yousefian et al. (2012) in which the steplength sequence is selected
in accordance with problem parameters (such as Lipschitz constant, convexity constant etc.) and are seen
to display the optimal rate. Adaptively chosen steplengths have also been considered with a study of the
associated rates (See (Cicek, Broadie, and Zeevi 2011) and references therein).

Constant sample size SA schemes: Constant sample size SA schemes are generally referred to as mini-
batch SA schemes and there has been significant analysis of the associated error bounds (cf. (Ghadimi,
Lan, and Zhang 2014)). However, much of this work has assumed that the size of the batch is taken as
a parameter. In contrast, the present work additionally focuses on determinining the optimal batch size
so as to recover fast rates of convergence while accommodating a budget constraint on the number of samples.

Variable sample size SA schemes: Amongst related prior work is that by (Friedlander and Schmidt
2012) in which sample-averages of gradients are utilized within the gradient method. Akin to the question
investigated here, Friedlander and Schmidt investigate how rates of deterministic methods can be achieved.
Our work differs in that we assume that the sampling budget is constrained and precise schemes for updating
the sampling size are provided so as to recover linear rates of convergence.

Research question: We consider a generalization where at step k, Ny samples of the gradient are obtained.
As a consequence, given a randomly generated xo € X, the sequence {x;,;} is given by the following
update rule:

Ne v .
Y. xf(xkaéﬁk)) k>0 (SAy)

Xppq =1y | xx —
k+1 X ( k— Y Ne
One may immediately note that when N :=1 for all k, this reduces to the standard SA scheme. In the
context of this scheme, we consider the following question. Given a simulation budget of M samples,
how should N, be selected as a function of M and problem parameters so as to attain the rate of
convergence seen in deterministic regimes? To this end, this paper makes the following contributions:

(i)  We consider a constant sample-size (batch) SA scheme under constant and diminishing steplength
regimes. Specifically, given a budget on computational complexity, we prove that both schemes
display linear convergence in a mean-squared sense;

(i)  Next, we extend the two prior SA schemes to allow for increasing sample sizes and provide a
scheme for updating the sample size that allows for recovering the linear rate of convergence under
a computational budget constraint when steplength sequences are either constant or diminishing;

(iii))  Finally, when steplengths are constant, we resolve the question of the optimal number of projection
steps that minimize the bound on the mean-squared error.
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The remainder of the paper is organized as follows. In Section 2, we consider the constant sample
size regime where Ny = N while in Section 3, we investigate the increasing sample size regime. The
paper concludes after providing a set of numerics in Section 4. Finally, throughout this paper, we
examine problems wherein the function f(x) is continuously differentiable and strongly convex with
Lipschitz continuous gradients. Recall that strong convexity implies that there exists an 17 > 0 such that
(Vof(x) = VofO)T (x —y) > nlx — y||*>. We assume that the set X is bounded and max, ||x —x*|> < D.
Furthermore, let % = {xo, @y, ..., @ }.

2 Constant sample size stochastic approximation schemes with simulation budgets

In this section, we consider the setting in which a fixed sample size is utilized at every step. Our original
research question then reduces to what the size of this sample should be given that a fixed simulation
budget is available. In fact, based on this sample size, the overall number of computational steps can be
defined. We begin with a simple bound on the conditional second moment of the error.

Lemma 1 Consider the variable sample SA scheme denoted by (SAy) and suppose f(x) is a strongly
convex function with convexity constant (. Furthermore suppose f is continuously differentiable in x with
Lipschitz continuous gradients with constant L. Then for every nonnegative k, the following holds
2 2 A
Efllest — x| [ Fi] < (1 =205+ L) (o —x") [P + N
Proof.  We begin by noting that x; can be expressed as follows:

Zj,\-/il Vo f (xk, ax ) Z],\-/il (Vif () +wi )
: =My | xx—%—

—1II —
Xk+1 X (xk Y Ne Ny

Ny .
=TIy (xk — Y% (fo(xk) + W) ) = Iy (xx — Y (Vi f (xx) + Wi, )

Z],Yil V f (x, @ )
Nk
l|xx1 —x*||* as follows:

where wy y, := . By leveraging the non-expansivity of the Euclidean projector, we may express

1 — 21> = [|Tx (i — % (Ve f (k) + ey,) — Hx (6 = %V f ()|
< 1ot = MV () + W) — (0 = RV f ()|
= (1=20%+ %L (o —x")|?
— 290y (= X°) = % (Ve f () = Vi f () + % v |1

Taking conditional expectations on .%;, we obtain the following inequality:
Ellest =27 | 7] < (1 =205+ L) oo —x) 1P+ RE[Wew, |1 | F4l

where E[wy y, | Z] = 0. Furthermore, since we have that E[||wy||? | 7] < v2, it follows that E[|lwy x| |

Fi] < 1‘(,—? The result follows. 1

Our first result assumes that a fixed number of samples, namely N, are employed at each iteration
implying that the no more than K £ L%J steps are taken. We now analyze the error bounds at the Kth
iteration under both constant and diminishing steplength regimes.

Proposition 2 Consider the scheme (VSSA) and the associated mean-squared error after K steps where
Ny := N for all k. Then the following hold:
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(i)  Suppose ¥ := ¥ for all k and ¢ = (1 —217y+ y*L?). Then the mean-squared error may be bounded

as follows:

} 1 K
El|lx X D+—— Vk > 0.
[|| K+1— || ] < Bx 1 )q ) k >

(i)  Suppose ¥ := 0/k for all k and g = (1 — 20y + ¥?L?*). Then the mean-squared error may be

bounded as follows:

T v (1
Bllw -1 < (D TG (2 ) )l Wz o

Proof. ~ We begin by considering the general case in which the steplength is denoted by ¥;. Then after

K gradient steps, the mean-squared error is given by the following:

21,2
N \%
E[llxger — x| | k] < (1 =209 + v L?) | (xg —x)|)* + YKT
Taking unconditional expectations, we obtain the following:

o)
ji:44

Efllxir —x"[1%] < gk B[l (e =27+ =5

where gk := (1 — 21k + Y2#L?). Consequently, we have the following:

2 2.2
Ye 1V ji:44
gk

Efllek1 = x"|1"] < grg 1 Bl (o1 =)+ gx = — + F o
K 2 2 2 000
')/ _HV Ye_1V \%
<D||ql+||qzi+ R e R L +y,§v :

(@)

(i)  Suppose 7y := v for all k, implying that g; = ¢ for all k. Therefore, we may further bound (2) as

follows:

K—1 21,2 21,2 K—2
YVS kny, YV (l—g
RHS of 2)=¢ D+ Y ¢/ =q D+<).
jg(’) N N 1—¢q

Suppose we choose N = [Bxqg X such that KBxqg~X = M — K. Consequently, given g, Bx can be

expressed as follows:

b= (% 1)

It follows that since N > Bgg~X, we have that the following holds:

K 2 21,2 1— K—2 24,2 K 1
qKD+Y2v <1>SqKD+ Y < 1 )SQKD—FY;;Q <
—q

N Bxa X

In effect, we have that the following holds for £ > 0:

2
. vl
E|lxgs1 —x|%) < ¢¥ (D+ Yzq) .

1—gq K
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(i)  Suppose Y := 0 /k for all k and by recalling that ¢ is a decreasing function in y, we may further
bound the above expression as follows:

K 24,2 24,2 24,2 24,2
0°v 0°v 0°v 0°v
RHS of 2) =D —_—
of (2) lUqurlI_lql Nt g Ty e
62v2 i IHJ 1gK+1—i

_ K
B R Y
j K-l
<QKD+7 (12‘6,1_161](“ z) (;) (K—])2>
p2y2 (K=1 .\ (K=l
<QKD+A)/<ZE)QK> <]Z(,) (K—j)2>’

where the first inequality is a consequence of Holder’s inequality and the second inequality is a
result of noting that g; < g <--- < gg and H{Zl gr+1-i < q}(. By recalling that

Zl/ Zl/J <Zl/1

we can further bound this expression as follows:

p2v2 (K=l .\ (K=l 12022 [1— 52
K J K
gD+ —— q —— | <gq KD+ ( >
kD (Z I\ G w—ie ) < e o

Finally, by utilizing the requirement that N = [Bxq™ | > Bxqx® where

N M
KBk =M K = Bx = <K—1> qx.

Then, we have the following bound for k£ > 0:
n20%v? 1
Ef||x —x*2<K<D—|— ( >>

Remark: While a cursory look might suggest a geometric rate of convergence, a closer study suggests
that this is not the case given that B and gk are both dependent on K. However, if K < K, a consequence
of imposing a computational budget, we note that a geometric rate of convergence may be obtained.

Theorem 3 (Linear convergence rate under finite computational budget) Suppose K projection steps
are available.

(i)  Let 3 =y for all k. Then the following holds:
yv? _
E[||xes1 — x| < ¢* <D+ ﬁ) ; forall k < K.
K

(ii))  Let % = 0 /k for all k. Then the following holds:

2024,2

n26%y 1 K
) et forallk < K.
([T xIH_qK( T <1—q1>>’ .
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Proof. (i) Suppose K < K. Then we have that

(£ () () o

It follows that when computational budget is bounded and steplengths are fixed, we have that for K < K:

Bl - <o (04 BE L),

K l—¢q

(i) Consider the case where Y, = 0 /k. Since gx < g1, it follows that

(o) = (=)

As aresult, when computational budget is bounded and steplengths are diminshing, we have that for K < K:
n26%v? 1 n260°v? 1 _
E[||x x K<D+ < >> <D+ < >> VK <K.
[[]x+1 — H | <k 6Bz 1— gz dr 6% 1—qi

|
Remark: This result is instructive in that one can derive an error bound that reduces to that observed in
strongly convex deterministic regimes when the uncertainty disappears. Specifically, if v =0, we notice
that [[x**! — x*||> < ¢X||xo — x*||?, in the constant steplength regime while in the diminishing steplength
regime, we obtain |[xf*! —x*||> < H’J‘.Zlquxo —x*||2 < g llxo — x|

We conclude this section with an investigation of the optimal K (or equivalently the optimal N) in the
constant steplength regime, obtained by minimizing the upper bound.

Proposition 4 (Optimal choice of K and N) Consider the SA scheme in which . = ¥ and Ny = N for
all k. Then the following hold:

(i)  The error bound h(K) is convex in K for all K where

1 2

(% —1)

1%

~<l\)

h(K) 2 ¢ D+

—_
_Q

(i)  Suppose 7 satisfies the following:

V2

w5 < (=22 m1 /),

Then the optimal K* is achieved in the interior of [0, M].

Proof.  (i): Consider h(K) which is defined as follows:

202 1 1 PV
E —*2<KD+7>:KD+ — =h(K).
[k =x*[] < ¢ < Be 1—q) 17T (M )1y (&)
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The first and second derivatives of 4 can then be derived.

1 My M PV
W (K) = Dg¥1n(q) + = =Dg¥In(g) + ———
(K) ( (%_1)2K21—q (@) (M—K)*1—¢
oM YV?
B'(K) = DgX(In(¢))* + ——=1— >0 for all K.
(K) =Dq" (In(q)) T —KP1—g " or a

It follows that 4(K) is convex in K.

(i) An unconstrained minimizer K* is given by a solution to

Y’vM
M=KV d" = /g0 =D

We now proceed to show that K* is indeed feasible with respect to the bound constraint K € [0, M]:

o K < M: Since g < 1, we have that

Y’v:M
In(1/¢)(1—¢)D

Y2vIM Y2VIM

:$““*”2¢muwu—mn o KSM‘¢mmmu—mD§M

e K >0: This follows by showing that under the stated assumption, we have that 2’/(0) < 0. Specifically,
we have that

= (M-K)’¢* <(M-K)’

MoV Pv? 2
Dlin(q(y)) + ~> ” —DIH(CI(Y))‘FW

Yv
5 = P+ ey

Through a rearrangement of terms, we have that #'(0) < 0 if

which holds by assumption.

Remark: The reader may note that the optimal choice of K satisfies the following bound:

2
K <M—d(py/ .

where d(y) =,/ W. In fact, this optimal choice of K contrasts with the standard value of
K = M which is a result of using a single sample at every stage. Given the size restrictions of the current

paper, we do not investigate the condition on ¥ that is essential to guarantee that #'(0) < 0 and leave it for
future consideration.
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3 Stochastic approximation with increasing sample sizes

In the prior section, we considered a setting where the sample size N, was fixed for every step at N. In
this section, we consider an alternate approach in which the sample size is raised at every step through a

prescribed update rule, with the overall goal of obtaining linear convergence rates over a finite horizon.
K

Suppose Ny > [ oo |. Then if the overall sampling budget is denoted by M, we have that

j 1

M—-K
— M- K:>ﬁK_7.
Zklnk

Proposition 5 Consider the scheme (VSSA) and the associated mean-squared error after K steps where
Ny > [HBK -] for all k where Bk = ZKMil Then the following hold:

j=14 k=1 Hkﬁ

1‘11

(i)  Suppose ¥, := 7 for all k. Then the mean-squared error may be bounded as follows:

VK (1 —qgK2
E P <Ep+ Y )
R

(i)  Suppose ¥ := 0 /k for all k. Then the mean-squared error may be bounded as follows:

202+,2 K—2
n-0°v°K (1—gq
E X7 < ¥ D+ K .
[xkx 1 —x"[7] < ¢q oM ( 1—gx

Proof.  After K gradient steps, the mean-squared error is given by the following:

2.,2
Ay
E[|lxk 1 — x| | Zx] < (1 - 207 + veL?) || (xx —x*) |12 + Y
Taking unconditional expectations, we obtain the following:

2 2 VeV
Efllxg+1 —x*[|7] < gk E[|| (xx — ") | ]+TK’

where gk := (1 — 21k + Y2L?). Consequently, we have the following:

v2 V2
NN

K
Nk_1 Nk

Elllxks1 —x*)*] < grar—1E[]| (xg—1 —x*)[|*] +

K PV 2 2 2 2.2
’}/K72v Ye—1VY YkV
<D[[ai+ —+ + | + + K
gql (H%) GKqK—1 "y~ TR

(i)  Suppose ¥, := 7 for all k, implying that g; = g for all k. Therefore, we may further bound the above
expression as follows:

Ye_oV? Yo 1V i Yev?

D|| +|| —+ + +
qi qi dKqdK—1 Ne_» qK Ne_i N
24,2 24,2 24,2 24,2
v 1% 1% Kyv
SDqK+qK}/ bt L kB f Y pgk 2T Y
Bx Bx Bx Bx Bx

MK_ implying that

where Bx = 21:1:1 T
2,2
N VK
El k1 — ] < ¢¥ <D+ ! ) .

Bx
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(i)  Suppose Y := 0 /k for all k and by recalling that ¢ is a decreasing function in y, we may further
bound the above expression as follows:

"2V | %V | BV
D n- K17 KY
qu+qu S R S i v [ vt v
Y 2V’ VeV "V

_DHQ’+Hq’m KR e g mKH,Koq, 0 B Soq ]

% 2 i 2" Ye_1V Yev?
=D[Jai+]]a +oot +
H" Hq Bea " K B2 By a1 BT oq; ]

i) )51 oo )

where the second inequality is a consequence of Holder’s inequality. By recalling that Zf;ll 1/j<

Yl / , we can further bound this expression as follows:

i=1

We now examine the convergence rate when constrained by a finite computational budget.
Theorem 6 (Linear convergence rate under finite computational budget) Suppose K projection steps

are available.

(i)  Let 3 =y for all k. Then the following holds:
25
VK _
Bln - <dt (0+ 57 5). wsk
Bz
(ii))  Let % = 0 /k for all k. Then the following holds:

. 0%vin _
Elllxer1 —x*[17] < g <D+ - ) vk <K.
6Bk

Proof.  (i): Consider the error given by g (D + %) If K < K, then we have that

M M
BK: K 1 > —Z éﬁk
Zk:l? Zf 1Lk

It follows that when computational budget is bounded and steplengths are fixed, we have that for K < K:

K.

IN

Exes s — 7)) < ¢ (D+ Vzﬁf") <4 <D+ Vzgj > D w

(ii): When computational budget is bounded and steplengths are diminshing, we have that for K < K:

6%vin? 0%vin _
- X (D D K <K.
Bl -1 < of (D+ 25 +EEE) ks

277:2)

K K 24,222 2
LA e ——
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We conclude this section with a discussion of how to optimally choose K when steplength sequences
are constant. We discuss the convexity of a bound on the mean-squared error which allows for deriving an
optimal choice of K.

Lemma 7 Consider the SA scheme in which N, is increasing as per the prescribed rule and ¥, = y for

all k. Then the function DgX + (LQY,?> is convex in K.

K2

Proof.  Since Bx = M=K it follows that Bx > M K from noting that 1/¢/ > 1 Consequentl
o g ¢ >1/q". quently

J=14i

DgX +72VKq <Dg*+ % YZV ;- and

K2

K (K) = Dg" In(q) —

r*v? 2M 1\ ok y2v? M

H'(K) = Dg¥ In%(q) + 11?22(: Vl) ((zM—l)) Kyzvz((_M)>

My*v? 3(M/K)—1
(¥ — 1)K <((M/K)— 1)

= Dg*In*(q) +

)20, when K < M.

Remark: Note that this prior lemma does not suffice in ensuring that the minimizer lies in [0, M]. This
requires analysis akin to that provided in Prop. 4.

4 Numerical results

We provide some preliminary numerical investigations on a stochastic quadratic program defined as follows:
1
in E|-x" —d’
min [zx 0(&)x—d X} ,

where X = [0,10]". Furthermore, we assume that E[Q(&)] = 27 +RTR where R is a randomly generated
n—dimensional square matrix (using a uniform distribution over [0, 1]) and I denotes the identity matrix.
Furthermore d = —2e where e denotes the column of ones in n—space. The optimal solution is in the
interior of the set and is given by Q~'d where Q = E[Q(&)]. We examine the performance of four SA
schemes.

4.1 Performance of SA schemes

In Table 2, we consider constant sample size SA schemes with constant and diminishing steplength
sequences (with 6 = 1). It can be seen that while standard projected gradient schemes require 20 projection
steps to reach an error of 2.3e-5, the constant sample-size schemes provide solutions with an error of the
order le-2 in the same number of steps. Minimizing the theoretical error bound in the constant steplength
regime leads to a K* = 48 which corresponds well with what is seen from the profile of the thoeretical
error. When one compares the diminishing steplength scheme, it can be seen that there is a significant
improvement in terms of empirical performance. This is not surprising since the diminishing nature of
steplength helps mute the stochastic error. It is also observed that the theoretical error tends to have a
minimzer around K* = 40 and then slowly edges upward, a characteristic that is supported by the empirical
behavior.

When one examines increasing sample-size schemes with constant and diminishing steplength sequences,
the results tend to be somewhat better. For instance, with SA schemes with constant steplength and increasing
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R [l —x*] kSt T Theor. bound # | e ] K Joo—x*]| kot T Theor. bound
10 | 228305 20 | 1.471e-02 2 9.536e-01 10 | 2.288¢-05 20 | 6.862¢-03 T 9.535¢-01
20 | 2.288¢-05 20 | 9.058¢-03 22 2.421e-01 20 | 2.288¢-05 20 | 6.240e-03 21 6.577e-01
30 | 2.288e-05 20 | 1.189e-02 33 6.331e-02 30 | 2.288¢-05 20 | 5.708e-03 32 5.961e-01
40 | 2.288e-05 20 | 1.319e-02 42 2.398e-02 40 | 2.288e-05 20 | 6.027e-03 41 5.703e-01
50 | 2.288e-05 20 | 1.424e-02 52 2.079e-02 50 | 2.288e-05 20 | 5.978e-03 51 5.562e-01
60 | 2.288e-05 20 | 1.607e-02 62 2.238e-02 60 | 2.288e-05 20 | 5.973e-03 61 5.473e-01
70 | 2.288¢-05 20 | 1.757e-02 72 2.415e-02 70 | 2.288e-05 20 | 5.976e-03 71 5.413e-01
80 | 2.288¢-05 20 | 1.888e-02 82 2.582e-02 80 | 2.288¢-05 20 | 5.922¢-03 81 5.369e-01
48 | 2.288e-05 20 | 1.647e-02 51 2.066e-02 90 | 2.288¢-05 20 | 5.849¢-03 92 5.335¢-01

Table 1: Constant sample size SA schemes with constant and diminishing steplengths

sample sizes, it is seen that the obtained accuracy is of the order of 1e-3 and is nearly an order of magnitude
better than the constant sample size counterpart. The diminishing steplength counterpart provides similar
results but with somewhat poorer theoretical error bounds.

# | g ] k9 [l —x*] k¢t T Theor. bound # | e = ] K Je—x*]| keonst T Theor. bound
10 | 228805 20 | 1.411e-02 12 9.536e-01 10 | 228805 20 | 4.264e-01 4 9.535¢-01
20 | 2.288¢-05 20 | 3.385e-03 22 2.421e-01 20 | 2.288e-05 20 | 3.920e-03 1 6.577e-01
30 | 2.288¢-05 20 | 3.385¢-03 32 6.331e-02 30 | 2.288e-05 20 | 3.410e-03 18 5.961e-01
40 | 2.288¢-05 20 | 3.385e-03 42 2.398e-02 40 | 2.288¢-05 20 | 3.676e-03 24 5.703e-01
50 | 2.288¢-05 20 | 3.389e-03 52 2.079e-02 50 | 2.288e-05 20 | 3.739-03 30 5.562e-01
60 | 2.288¢-05 20 | 3.392¢-03 62 2.238e-02 60 | 2.288¢-05 20 | 3.790e-03 36 5.473¢-01
70 | 2.288¢-05 20 | 3.389e-03 72 2.415¢-02 70 | 2.288¢-05 20 | 3.824e-03 42 5.413e-01
80 | 2.288¢-05 20 | 3.389¢-03 82 2.582e-02 80 | 2.288¢-05 20 | 3.874e-03 48 5.369¢-01
38 | 2.288¢-05 20 | 3.384e-03 40 2.711e-02 90 | 2.288e-05 20 | 3.770e-03 54 5.335¢-01

Table 2: Increasing sample size SA schemes with constant and diminishing steplengths

4.2 Optimal choices of K and N

In the prior subsections, we have examined the question of minimizing the theoretical bound in K to
ascertain the optimal number of projection steps (and therefore the optimal sample size). In Figure 1, we
plot the theoretical and empirical error for constant steplength SA schemes with constant and increasing
sample sizes. From this figure, we see that the theoretical error is minimized in both regimes and this
behavuor is matched to some degree by the empirical error.

opt_K_const_N_const_gamopdfK_inc_N_const_gam.pdf

Figure 1: Theoretical vs Empirical error (const steplength and constant (1) and increasing (r) sample sizes

4.3 Linear convergence rates with finite computational budget

A key question that has motivated this work is whether one can develop methods that provide faster
convergence rates which are valid in a finite (rather than non-asymptotic) regime. We note that by imposing
a budget on the computational complexity, we may derive precisely such rates and these rates. Naturally
these rates are weaker than the empirical behavior but Figure 2 demonstrates that the linear nature of these
rates.
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Figure 2: Linear convergence: (const steplength and constant (I) and increasing (r) sample sizes)

5 Concluding remarks

We present a set of stochastic approximation schemes that can contend with bounds on the simulation
budget under either constant or increasing sample sizes at every iteration. In particular, we show that by
suitable allocation policies of the simulation budget, the schemes display linear convergence, albeit with a
poorer constant. Furthermore, optimal allocation policies can be derived under some conditions.
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