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PREFACE

The purpose of this paper is to investigate the impacts of fiscal
and monetary stabilization policies in a model of endogenous cyclical
growth., The first three chapters are devoted to introducing the problen
of c¢yeclical growth and setting up an analytical framework. If the reader
is already familiar with these problems and has a knowledge of the
Phillips!' model of cyclical growth, he might skim these chapters an
proceed on to the rest of the paper. Chapters four and five contain the
derivation of the wvarious policies to be used, the application of these
policies to the model, and finally the investigation of the impacts on
growth and stability.

I am particularly grateful to Mr. Richard Cornwall for helpful
reading of Tirst drafts and for suggestions as to what should be included
in the final draft, and fo Mr. E. Philip Howrey for suggesting the toplc
and indicating how I might proceed in the analysis. I am alsc grateful
{0 Mr, I. Thomas Cundiff of the Princeton University Computer Center
for wvaluable zssistance i1n using his programming package

for simulation.
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CHAPTER 1

INTRODUCTION

In recent years, various articles and papers have been written
on the eflects of government fiscal and monetary stabilization policies,

i Both theoretical and empirical, these studies have been mainly concerned
with the effects of such policies on short run fluctuation in national
income. For this reason, they have been limited to economice modéls
walch are only valid in a short period analysis. That is, they are
concerned only with oscillations about 2 stationary level of income,

These studies have demonstrated the various effeets of contracyclical
policies on the short run oscillations of the model.

Because these analyses have been limited to short run wodels,
they have not rigorously investigated the possible effects of governmentg
regulation on economic growth and fluctuations in the longer run. The
models assume fluctuations about a constant level of income, and cannot
be extended over a longer period where growth in the economy must be
considered. Thus there has been a gap left in the theoretical examination
of government regulation., This paper attempis to fill that gap by apply-

; ing fiscal and monetary policies to a model which endogenously produces

both oscillations and growth. In this way, it will examine the influences

of government regulation on economic growth as well as any additional

i _ influences on fluctuations as related to economic growth,
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Before proceeding, it will be helpful to briefly consider the
plan of study. Chapter 2 will examine the problem of growth and
fluctuation. We will see why wost conventional models will produce
either oscillations or growth but not both together. Some of the
attempts which have been made to unite both factors in a single model
will then be mentioned. Starting with some earlier attempts, such as
superimposing a growth trend exogenously into a short term analysis; we
will proceed to some models which include both growth and fluctuaﬁions
endogenously.

Chapter 3 will develop at length one of these meodels of eyclical
growth, The model to be used in this study was developed by A. W. Phillips.l
We will set up the model and demonstrate how it operates in an unregulated
economy.

Chapter 4 will examine possible mathematical representation of
fiscal and monetary policy. Here again we will lean heavily on an
earlier work by Phillip32 where such representations of fiscal policy
were first applied to econcmic models, These policies will need some
modification for application to the model of cyclical growth. In addition
a similar type of monetary regulation will be developed.

In Chapter 5, we will then apply these policies to the model of
cyclical growth and examine the effects on fluctuations in the levels
o1 income and growth, Some of this analysis can be handled analytically

with matnematical techniques for investigating linear seccnd order

lA. W. Phillips, "A Simple Model of Employment, Money, and Prices in a

Growing Economy," Economica (November, 1961).
2 . - - - . - 3 T L

A. W. Paillins, "Stabilisation Policy in a Closed Econcmy," Economic
Jourral (June, 195h) and "'Stabilisation Policy and the Time Form of Lagged
Responses, " Economic Journal {June, 1957),.




differential eguations. However, as time lags and more complex policies
are considered, the equations of income are of third order and with
growth rifth order, In such cases the techniques of mathematical
analysis become too cumbersome, Therefore, two simulation technigques
are used. In the first, the equations are simulated on a Model TR-20
electro~analog computer where electric circuits are set up to represent
the various integrations. The second method of simulation is performed
on the IRM Model 7094 digital computer where the paths of the variables
are projecited in time with various initial conditions. Numericzil values
are assigned to the parameters of the model for this simulation.

Because operation of a small electro-analog computer is much less
expensive than a digital computer, the former was used mainly as a pre-
liminary investigating tool. After general behavior patterns were
observed, the digital simulation was then used for a more precise
enalysis. Since the techniques are of some interest in themselves
they are outlined in the appendices.

Because oI the large number of variables and parameters used in
this paper, uniform notation is difficult. Where possible the notation
is like that of Phillips, bui there are some necessary differences.
These will have to be remembered when referring back to the original

work,



CHAPTER 2

THE PROBLEM OF GROWTH AND FLUCTUATIONS

It is a well known fact that long term growth and business cycles
exist simultaneously in a capitalist economy. The problem of cyclical
growth is concerned with explainihg in dynamic economic models how both
growth and fluctuations exist together. There have heen a number of
theoretical and empirical sftudies which attempt to explain each of these
behaviors separately. Business cyecle theories of the "multiplierw-
accelerator” type have shown uow the level of income can fluctuate about
a staticonary level, The Samuelsonl model is representative of this type
of theory. On the other hand growih theories have mainly been concerned
with steady growth and have szid little about how the level of income
and the growinh rate can {fluctuate. The Harrod—Domar2 models are
representative of this type. Theorles whieh explain how growth and
cycles can occur together have been infrequent and until recently not
satisfaciory because they have resorted to exogenous trends.

This chapter will deal with some theories used to explain this
dynamic problem. Section A begins by demonstrating how a simple model
will give either growth or fluctuation but not both. Section 3 will then

summnarize some of the various attempts at bridging the two.

L

P. A. Samuelson, "Interactions Between the Multiplier Analysis and the
Principle of Acceleration,” Review of Economics and Statistics (May, 1939).
2 . . . .

R. F. Larrod, Towards a Dynamic Economics (London: Macmillan and Co.,1948)
and Evsey D. Domar, "Expansion and Unemployment," American Economic Review
(March, 1947).
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A,  The Multiplier-Accelerator Model: Crowth or Fluctuations But Not Both

In order to demonstrate the inability of a simple model to explain
both problems, consider the following multiplier-accelerator model with
three equations and three variables.3 We will assume that there are two
lags: an investment lag with time constant of unity, and an output lag
with time constant T.

The demand equation can be written as
Z = (1-8)Y + I - (2.1)

where Z 1s total demand, Y is output or income, I is net investment, and
s 1s the constant savings ratio. Consumption is equal to (1-s)Y.
The investment function is in the form of an accelerator with an

exponential lag:
== aly , (2.2)

where a 1s a constant accelerator coefficient, and D = 4/dt is the first
derivative with respect to time. Thus net investment is lagged on the
rate of change in output. ¥#inally, we assume that output is lagged on
demand:
1

Y=g 2, {2.3}
where T is the time constant of the lag. By substituting equations (2.1)
and (2.2) into (2.3) the model can be reduced to a second order linear

differential equation:

33. G. D. Allen, Macroeconomic Theory (London: Macmilien and Co., 1967),p.328.

For an explanation of these lags see Chapter 3 of this work.
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ey [ (1-8)¥% gop aDY ] (2.4)

Y =

Multiplying through by (D+1){T2+1) equation (2-4) reduces to recognizable

differential form:

%Y (T+s-a)DY + sY =0 . {2.5)

Depending on the values of the parameters this eguation will generate
either a steady path of Y, or oscillation of ¥ about Y = 0. To see this

we solve tne eguation for Y. The solution will be of the form

where 9 and q, are the roots of the characteristic eguation:

q2 + [ (T+s-a)/T Jg + s/T=0C .

Wnen ¢ and q, are real, then it can be shown that they are either
both positive or voth negative. TIf they are bvoth positive then Y increases
steadily over time; if they are both negative then Y decreases steadily
over time. Thus Y moves in & steady path.

When Qy and q, are complex, then the solution will be of the form

Y = A3eat cos wh

where & and @ are the real and imaginary parts respectively of the complex
roots, Thus Y will oscillate over time with frequency w and damping

factor ¢ . This is the case of fluctuation about the stationary level Y = Q.



Because complex roots always come in pairs it is impossible to
have a situation where Y oscillates around an increasing level. Therefore,
the model can produce either = steady path (growth) or oscillations, but
not both at the same time,

This example reduces to the Harrod-Domar type model when T = 0,

In that case the solution is of the form_ Y = Yoes/(a-s)t ; Where

s/{a-s) is the warranted rate of growth. Such a solution cannot produce
oscillations in Y. It provides no explanztion of how Y returns to this
path 1f it is displaced. In fact with the Harrod-Domar model any devi-
ation from the warranted rate of growth will result in a larger increasing
deviation.

When T # O and the parameters are such that the roots of the
characteristic eguation are complex, the model oscillates around a
stationary level.5

We will now examine some models which attempt to explain the

simultaneous occurence of fluctuations and growth,

3. Models Displaying Both Growth and Fluctuations

Eeonouists have been concerned with this problem for a long time

and many have proposed models which produce both growth and oscillation.

Since the very beginnings of speculation on the problem of

the Trade Cycle, the cyciical swings of the economic system have
been regarded as being inherently connecied with the essentially
"dynamic'" process of economic growth,

jSamuelson, op. cit. arrives 2t this type of conclusion using
discrete variables and difference eguations,

.

“Nicholas Kaldor, "The Relation of Economic Growth and Cyclieal
Fluctuations,” Economic Journal (March, 1954), p. 53.




Joseph Schumpeter7 was one of tine first economists to produce a theory
walch would explain the connection, In his model the fluctuations in
economic activity are an integral part of the procesgs of economic growth
in a capitalist economy. The theory involves the nature of technical
innovation. In Schumpeter’s wmodel innovations come in spurts. When one
entrepreneur adopis a major innovation he is quickly immitated by a great
number of other entrepreneurs., This results in an investment boom and s
surge in economic growth. Once the innovation is completely utilized, the
investment boom will stop and the economy begins a depressed period. The
depression 1s ended when another innovation is discovered and adopted. The
concept of technical progress is central to economic cycles, and for this
reason Tluctuations in economiec activity are a necegsary by-product of growth.
However Schumpeter's theory is difficult to represent in a
mathematically simple economic model.8 Therefore several econcmists have
attempted to represeﬂt both cycles and growth by starting with & model of
oacillations (multiplier—accelerator) and superimposing an exogenous
growth trend. Finally in recent yeérs attempts have been made to explain
both facts in a linear model by inciuding both product and money markets.,
We will briefly describe seven models which are representative of the
different techniques of gererating growth and oscillations in a single
model, It is impossible to do justice to any one of the following
wodels in this short chapter, but it is hoped that a brief description
will serve as an introduciion to the problems of developing a model of

cyclical growth such as the ore used in thisg paper.

7
3

R. M. Goodwin, "A Model of Cyclical Growth," in The Business Cycles in the
Postwar World, proceedings of International Fconomic Association Conference,
edited by E. Lundverg (London: Macmillan and Co., 1955), p. 37.

J. A. Shumpeter, Business Cycles (New York: McGraw HIIL, 1939).




L. Superimposition of exogenous trends

In order to generate cyclical growth J. R. Hicks9 employs a simple
rmultiplier-accelerator model_similar to that mentioned above and adds an
exogenous trend to the investment accelerator. Thus equation (2.2)

becomes:

1 At
I =g [ aDy + Ne ] (2.2.1)

. ; . 10
where N is a constant and A is the growth rate of the exogenous investment.

Thus the differential equation of the model reduces to:

TDY + (T + s - a)BY +sY = Ne At (2.5.1)

Tne homogeneous solution to this eguation is just that of equation (2-5).
However, now we will also have g Particular solution for Y which is given
by

Y = He At where H = N/[TEK + (T+s-a)A +s]
For the general solution of equation (2.5.1) this particular solution is
added to the homogeneous solution. Suppose that the homogeneous solution
ras complex roots so that Y oscillates; then in the gemeral solution Y
will oscillate around a steadily increasing growth rate He'kt. Hicks

calls the steady path the equilibrium rate of growth around which the

9J. R. Hicks, A Contribution to the Theory of the Trade Cycle (Oxford:

Tne Oxford University Press, 1950) and "Mr. Harrod's Dynamic Theory,"
X

conomica (May, 1949).

OHicks uses a discrete analysis so that his trend term is of the
form N(l+g)t.
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actual rate of growth oscillates. Thus the model has generated both
growth and oscillations,

Hicks then goes on to say that the increasing exogenous investment
Neht also determines a full employment ceiling and a lower equilibrium
floor boih of wuhich are also steadily increasing. In his complete model,
the floor and ceiling constrain the fluctuation of Y about the equilibrium

patih, This can be seen in figure (2.1) where the scale is logarithmic on

the vertical axis Y.

Figure 2,1. Hicks' Growth Trend with Floor and Ceiling.
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F is the full employment celling and L is the lower equilibrium. The
path of Y "must turn down when it gets to the top, and when it
approaches the bottom it must turn up.”ll

The model is successful in producing cyclical growth. However, it
leaves the reason for the growth trend unexplained in terms of the model.
The constantly increasing term added to the invesiment function is
exogenous. The model does not explain why this term is steadily
increasing. TFor a mere satisfaclory model the growih trend shoul@ be
explained endogencusly.

Good'.qinl2 has developed a model similar to that of Hicks., By
introducing nonlinear elements he demonstrates that cycles cannot exist
without eceonomic growth. In the Hicks' model the existence of fluectu-
ations is independent of growth, although there is an influence on
amplitude and frequency. The Goodwin model 1s therefore closer to the
Shumpeterian hkypothesis that cycles are a by=proauct of economic growth,
however, Goodwin's theory also leaves the source of economic growth un-
“explained in terms of his model. The trend in growth is explained
exogenously by population growth and technical progress.

A third model which uses a rather different technique of introducing
trend is that of Minsky.l3 Using the multiplier-accelerator model Minsky

introduces a growth trend by intermittently imposing new initial conditions.

llHicks, op. ecit. (1949), p. 331.

Goodwin, cop. cit. and also "The Problem of Trend and Cycle," Yorkshire
Bulletin of Economic and Social Research (August, 1953).

l3H. P. Minsky, "A Linear Model of Cyclical Growth,” Review of
Economics and Statistics (May, 1959). —
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The initial conditions are introduced in such a way that the supply of
income increases ai a given rate. This provides a celling. The floor I1s
then determined by the rate of capital consumptilon.

Minsky uses the muitiplier-acceleration model in finite terms,
so that the equation of the model is a difference equation rather than
a differential equation., The solution of the difference equation (analogous

to equation (2.5) for the continuous case) is:

t %
Y = Ajq) + A K, (2.6)

where g, and g, are the roots of the characteristic eguation.

1 2

The coefficients Al and A2 are determined by the initial conditions and KO

is interpreted as the income Y at which consumption equals income. Al and

A, can be altered by changing the initial conditions, so that the model

2

can display cyeclical growth. The values of Al and A2 are changed when
income deviates too far from eguilibrium; that is, when Y hits a floor
or & ¢elling. The model is successful in generating a cyelical growth
which is similar to certain occurrences in U.3. economic history; in
particular the great poaiwar boom, where wartime shorvages made ceiling
income much greater than actual income., In the Minsky model this allows
actual income fo rise for a considerable period before turning down again.
However, there is still the same disadvantage mentioned in the

Hicks and Goodwin models: the growth trend is supplied exogenously and is

not explained by features of the model.

2. Endogenous models of cyclical growth
A few economic models have been developed which can generate both

luctuwavion and growth without the superimposition of exogenous trends.
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We will briefly mention four models which demonstrate some of the methods
and complexities which must ve employed to produce endogenous cyclical
growth.

Smithieslh has developed a model of economic fluctuations and
growth which differentiates between actual income and a full capacity
income. Both of these can fluctuate and grow at different rates. The
essential feature of the Smithies model is a ratchet effect which means
that the highest level of income yet achieved influences the level of
income at the present time. This ratchet effect keeps the economy from
Talling greatly below past peak levels of income and permits growth
and fluctuation to occur at the same time, without the addition of
outside trends. (Smithies does include trend in part of hig analysis but
this 1s to include changes tnat occur independently of the ecornomy, i.e,
population growtin, The mcdel will produce cyclical growth without
these trends. )

The ratcinet effect enters the model in the consumption function and
consegquently in the savings Tuaction., Because the equality of savings
and investment is assumed without lag, the level of investment is also
determined vy the ratchel effect. The consumption function is defined

in finite term as:

= (1= + 5 Y
c = (1 al):A a,Y,

where YA ig actual income and ?A is the highest level of income yet attained.

When YA is iess than YA the ratchet keeps consumption from falling as far

4 L . .
Arthir Smithies, "Economie Fluctuations and Growth," Ecconometrica
(January 1957).
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as it otherwise would. The rationale behind the ratchet is that ounce
consuners have atialned a certaln level of income it Is difficult for
them to readjust to a lower ones. Therefore their level of consumption
does not decreaée in proportion to Y,.

A

The level of full capacity income Y., is proportionzl to net investment

F
and to the difference between the level of full capacity income and the level
of actual income in the last period. If actual income was greater than
full capaclty income in the previous period then there will be more
investment in the present period.

Because of the nonlineariiy of the ratchet assumption, the model
requires complicated solutions. One set of solutions apply when the
ratchet 1s not operating (YA > Y ) and the other set when the ratchet

A

is operating (Y

4 < ?A). The complexity of the solutions makes the model

difficult to use for more involved analysis such as govermment stablliza-
tion policies. Smithies mentions stabilization, but the investigation
is not rigorous.

Another model which atiempis to explain endogenous cyclical growth

15

is that of Kurehara. The distinguishing feature of this model is a
nenlinear investment function. This investment function i1s explained

. ‘ L .
endogencusly and is "the common maker of cycles and growth,' 6 This

. investment function can be written as:

I, = f(Yt_l) - BK, (2.7)

1 . '
’%. X. Kurinara, "An Endogenous Model of Cyclical Growth," Oxford

Bconomic Papers (October, 1960).

61554., p. 2i.
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where Y is income and K is the capital stock. Using the multiplier

analysis we can write:

ol

<
1l
nlH

I or AY = FANIE

We assume a constant output-capital ratio so that a full capacity level of

income could be written as:

YF = v or AXF = VAK

where v is the output-capital ratio. To see how this model generates
cyclical growth first assume that the economy is in the state of "balanced"

growth where AY = éXF. Then:
AT = svAK

where sv can be interpreted as the Harrod-Domar warranted rate of growth,

But this situation is unlikely. We must examine what happens wien equilibrium
does not hold. If AT > svAX then AT will decrease because the impact of
capital accumulation is greater than the impact of income expansion in
eguation (2.7). The cycle turns down. TIf AT < svAK then AT will increase
because the impact of capital accumulation is less than the impact of

lncome expansion. The cycle turns up. Thus, this model can display
oscillation about a balanced growih patin.

One disadvantage of this model is that the exact nature of the
nonlinear invesiment function is not stated. For extended analysis an
explicit function must be chosen and this requires a Justification for
thls particular type of investment relation, Despite this disadvantage

the model does illustrate one way to endogenously generate cyclical

growth,



Another way to produce both cycles and growth is to include price
levels and a money market in a conventional analysis of product markets.
This was done by Phillipsl7 and with further additions by Bergstrom.l8
Since the Phillips model is explained in detail in Chapter 3 we need
only state that it has the advantage of using linear relations which
do not require complicated mathematical treatment. By working in terms
of the ratios of the variables, the model reduces to linear differential
equations which display cyclical growth.

The Eergstrom model is an extension of the Pnillips model. The
significant difference is that thae Bergstrom model determines separate
paths for full emrployment and full capacity output. The full employment
level is restrained by the labor force growtin. However, this extension
greatly Increases the complexity of the model and the differential

eguatl .. are nonlinear.

“Ta, W, Phillips, op. cit. (1%961),

18 .
A. R. Bergstrom, "A Model of Technical Progress, the Production
Funetion, and Cyclical Growth," Zconcmica (November, 1962).



CHAPTER 3

A MODEL OF CYCLICAL GROWTH

As mentioned in Chapter 2 the model of cyclical growth which we
will use in this analysis closely resembles that of Phillips. By including
both product and money markets in the system we are able to generate
cyelical growth. The model is demand oriented and continuous. Tt
reduces to a system of linear differential equations whose varisbles
will be the ratios of the real variables of the model. T we consider
the case of no govermnment regulation the differential eguations are
of second order.

An important feature of the model is the concept of full-capacity
output (Prillips calls this "normal capacity output"), Full capacity
output is to be distinguished from actual output, Actual output can
easily be defined as the national product or income of the economy.
(There is no iag assumed between output and income.)

Full capacity output is defined as "the output that would be
obtained if firms were operating with that percentage utilisation of
avallable physical resources which they -rould consider to be the nost
satisfactory average percentage utiliSation over a period of years.”l
This definition is similar to that of Smithies "the output that the

existing stock of equipment ig intended to produce under normal working

“Pniliips, ov. cit. (19613, v. 360.

- 17 -
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condiﬁions.”g Notice that with these definitions actual output can be
greoter or less than full capacity output. 1In fact we would expect the
zctual cutput to fluctuate about the full capaciiy level.

We will find it useful to consider the ratio of actual ouiput ©o
full capacity output in this model, that is YA/YF = X. The relationship
between actual and full capacity output is the value of the variable X.
A value of X near unity would indicate full capacity production. We
would expect values less than unity to represeﬁt depressed levels_of
output, and values greater than unity tending toward over-utilization
or inflation. The value X-1 could indicate a proportional "gap'.

The model does not explicitlj distinguish between full capacity
output and full employment output. However, 1t i1s likely that the rate
of employment will fluctuate. in wmuch the same manner as the full capacity
ratio, We would expect a low level of employment when actual output is
well below full capacity output, and this level should increase as the
economy approaches full capacity. As the economy pushes past full
capacity the level of employment should increase still farther until
bounded by structural restraints and resulting inflation. Studies have
shown that the fluctuatlons between the two are highly correlated, with
the fluctuaticn in the ratio of actual to full capacity about five times
greater than fluctuation in employment rate.3

In a recent paper, Tinsleybr mentions some of the possible empirical

meastres of full capaclty and full employment outputs. The concephts can

2Smithies, op. cit., p. 8.
3Phillips, op. cit., p. 36L.

Jeter A, Tinsley, Poctential GNP and Discretionary Fiscal Policy,
Ph.D, Dissertation: Princeton University {1G65).
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both be combined in the frequeniiy-used term "Potential GNP". There are
various definitions and measures of this term, ranging from Okun's law
to engineerd surveys., The concept is not exact bub is necessary to any
thorough examination of growiia.

Now let us go on to model. There are six vasic equations., The
first is a simple production function which defines the full capacity

output as a constant ratio to the capital stock:
Yo = VK (3.1)

waere K 1s the capital stock and v is the constant output-capital ratio
which will not change in ithe model.
Secondly, there is a simple consumption funcition where C is assumed

to be a constant proportion (1-s) of Y,

C = {i-8)Y

(1)1,
g 1s of course the familiar savings ratio. Substituting this consumption
function into an actual incowme equation (remember we now assume no

government) we gei the following relation:

¥, = (l-s)YA + I (3.2)

Thirdly, the capiﬁal stock is defined as accumulated net investments

over time:

K = [ Iat or equivalently I = IK (3.3)
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where D = d/dt is the first derivative with respect to time,

In order to complete the definition of the product market (as
distinguished from the money.market} we need an investment function.
This investment function will define the disequilibrium condition of the

model, The investment function can be written:

1

I=5mm K [ E+ (%1} + ple-7)] {(3.4)
I

Thus, net investment 1s dependent on the capital stock and three other
relationshnips. Let us examine each in turn. E represents business
expectation, il.e. the expected rate of future output. That is,
entrepreneurs will invest according to their expectation of future
business conditions. Phillips suggests that the expected rate of future
output depends mainly on past rates of change, and goes on to define
such & relationship.5 However, throughout the bulk of his analysis he
assumes that E 1s a constant. In fact, the possibility of his suggested
relation 1s only mentioned briefly toward the end. Since the assumption
thatl E 1s constant greatly facilitates the analysis of the model {which

i1s almost mandatory when government expenditure is considered) we will

make that assumption,

The second term in the brackets represents the reactions of businessmen

to greater than or less than full capacity operation. For example, if
entrepreneurs obvserve that they have been operating at less than full
capacity, they will zdjust their investment plans so as to reduce this

unused capacity. Coanversely, if they observe that they have been

5Phillips, op. cit., p. 361,
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producing at over capacity they will adjust their investment plans in

; order to create greater capacity. This adjustment in investment plans
i does not have 1vs full effect immediately. Instead the entrepreneurs
plan to increase or decrease investment by a certain proportion
each year. At the end of l/y yvears they will have completely made the
adjustment. Thus we can call ¥ the speed of the adjustment process and

1/y the fixed time interval over which capacity is planned to be increased

or reduced to the desired level,

Tone third term represents the effect of interest rates on
investment, Tae parameter ¢ is cdefined as the marginal efficiency of
capital; that is, the rale of return, or yield, on capital investment.

; ¢ is a positive constant of the model. 7The market rate of interest r

is a variable to be defined below. When the rate of interest is greater
than the marginal efficiency of capital, entrepreneurs will invest

less according to the proportion p of the difference., When the marginal
efficiency is higher entrepreneurs will find it profitable to increase
thelr capital inveétments.

Finally, actual investment is lagged on the amount indicated by
the three fterms of the investment decision. The assumed lag is of
exponential form with a time constant TI and speed of response l/TI.

To understand the mechanism of this lag it will be helpful to

examine its derivation. It is a special Torm of the distributed lag:

o] 20

1(t) = [ w(N)I{t-7)dT  where [ w(7T)aT = 1
o . -
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That is I depends on the weighted sum of the past values I. w(T) is a

welghting function. In the case of exponential lag this weighting funection

2]

-T/T.. -T/T
. . 1 i I -
is an exponential: w(t) = e where T, I e aT =1
I v
so that we can write:
1o T
1(t) =5 [ e I{t-T)dr
T 0]

which can be reduced to a simple differential equation:

1 -T/TI t o 1/7(5-7)

I(t) =— e [ e I{t-T)dT
T —
I
T/TI t l/TI(t—T) _ .
T e () =[ e I{t-T)aT
7/T
differentiating and dividing by TIe we arrive at
DI = %&-(T—I)
T
1 -
or I = E;ﬁli I

which is the Torm found in (3.4). We now can see that the lag has the
effect of adjusting the difference between I and I over a time period TI'
These first four equations (3.1), (3.2), (3.3), and {3.4)

represent the product market. XNow we will examine the money market and

the two equations which determine interest rates and price changes,
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In cdeveloping a sultable equation for the rate of interest,
we will consider the demand for cash balances to be & function of money
2 = LI 4 6 e}
income (as opposed to real income) and the interest rate. The demand
for money can then be written as L(PYA,T) where P is the price level and
r the interest rate. A function L which satisfies these requirements and

waich 1g simple enough to use in the model, can be written as:

,r) KPY, e -r/p

where k and i are positive constants. The demand for money is therefore
an increasing function of money income and an exponentially cdecreasing
function of the interest rate, We can satisfy the supply and demand
conditions in the money market by equating this expression for demand

with the supply of money M.,

kPYﬂLe-r/‘J' =M

By taking the natural logarithm of both sides, we obtain an expression

for the interest rate
log k + log PYA-:Au = log M or

r =x' + u(log P + log ?A - log M) (3.5)

where k' = I log k .

With no contracyclical monetary policy, M is supplied exogenously at g

constant proportional rate m = EK D log M, We now can complete the

1

model with an expression for the rate of change of prices,

/

°A good explanation of this interest rate equation is found in
Allen, op. cit. (1967), p. 391.
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Tae rate of change in the price level is assumed %o take the

| following forwm:

DP/P = B(x-1) - DYF_/YF + 8 (3.6)

The rationale behind this expression is that the proportional rate of change
of prices should be related to the proportional full capacity "gap" minus
the change in productivity. Consider the gap first. As mentioned above
this can be written as x-1 = <¥A_YF)/YF' We would expect that prices
would tend to rise faster when YA > YF or x > 1 (periods of inflation)
and rise slower or fall when YA < YF or x < 1 (depressed periods).
Since there is an upward trend in prices over time, we include fhe
constant term & to account for this, & indicates the tendency of prices
! te rise when x = 1,

We assume that changes in productivity can be directly measured
by the proportional rate of change in full capacity output DYF/YF' This
will be true under the assumptions that the labor Tforce and the number
of hours worked per week is consiant. If we want to include a constantly
changing labor force and work week we can simply adjust the proportional
rate DYF/YF by a constant, Tor exagmple, if the labor force is constantly
| increasing we would subtract = positive constant equal to the proportional
| rate of growth. We will assume that the constant term & includes this
é adjustment,

The model (with no government sector) is now complete. There are

| six equations and six variables. Yoo Yo X, I, P, and r,
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Yﬁ = vK (3 l)

7 = () w (3.2)
t

K =/ Idt or DK =1 (3.3)
0

I = ?7%¢i K[ E+ 9(x-1) + ple-1) ] (3.4)
T

r =Xk + U(log P + log v, - log M) - (3.9)

DP/P = B(x-1) - DY_/Y_ + & (3.6)

where X = YA/YF. In order to visualize these relationships a block
dlagram has been provided; the boxes indicate arithmetic operations, the

lines are eiiher flow condiiions or definitional relations between the

7

variables. (Figure 3-1)

7A description of such block diagrams is found in Chapter § of
R. G. D. Allen, Matihematical Economics (New' York: Macmillan Co., 1960).
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Figure 3,1

Bleex Diagram of the Unregulated
Cyclical Growth Model.
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We now proceed to show how these eguations can be developed into
& linear second order differential equation. There are twc important
variables to remember. One tas already been mentioned. It is the
ratio Yn/YF = x. The other 1s the proportional rate of change of full
£i

cepacity output DYF/YF = D log YF' Let DYF/Y? =¥ These two variables

-
are related by equations (3.1), (3.2) and (3.3). From (3.1) we know that:

DY_

= vIK

and from {3.2) and (3.3)

so that:

DJ.F = VSYA

dividing by YF we get an equation for the proportional growth rate

y_ = svx
¥

Thus by obtaining an expression for x we can obtain an expression for the
proportional rate of growth yF. We will now reduce the model to a

differential eguation in terms of x.

From (3.1) and {3.2) we know that I = svkx. This can then be

substituted into (3.4) to obuain (cancelling X)

1 -
gVX = -ﬂﬁ:ﬁ [ 2+ ')/(X—l) + p(c-r) ]
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or

sV DX + (sv-9)x = E - ¥ + ple-r) . (3.7)

Notice that with a constant‘rate of interest this will be a simple first
order equation which can display either steady explosion or steady decline
in x. 1In order to include oscillations and cyclical growth we must
include the money market and a variable rate of interest.

I we differentiate equation (3.5) we obtain

Dr =D log P+ D log Y, - Dlog M. (3.5.1)

=i

Since D log P = DP/P we can odvtain from equation (3.6) an expression

for the Tirst term on the right hand side of (3.5.1). D log M has been

assumed constant (D log M = m)} so that we need only find an expression

for the second term. To do this we need to make an approximation.

By definition:

log YA—lOg YF = lOg [ l-}-(}{.—l)] = (x_l) q-.% (X—l)e +

.

The expansion is approximatcly equal (x—l) if x is near i, which we
assume to be True, Thus:
log Y, ~ log Y, + {x-1)

and differentiating:

D log

Y +
" D log YF Dx or

D log Y, Ve * Dx (3.8)

It
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Substituting this approximstion and (3.6) into (3.6.1) we obtain:
Dr = pu(Dx + B(x-1) + &-m) (3.9)

Now by differentiating (3.7) and substituting for Dr, from equation {3.9)

we get:

svTIDgx + (gv=y)Dx + pDr = O

SVTID2X + {sv-y +p U)Dx + Bp W x = p p(B-5+m) (3.10)

which is a linear second order differential equation in terms of x.
An equaticn for Vg is found by the simple substitution Vp = SVX .

Since the equation is of second order it is not difficult to
examine amalytically. The solution can be found by solving the quadratic
characteristic equation. Depending on the values of the roots we can
determine how the model will behave over time, Let us first examine the
steady state solutions; that is the values of x and yF which the model
will eventually approach if the system is stable. These can be found by
setting all the time derivatives in {3.10)} to zero.

We find that the steady state solution of x is X, = 1-(m-8)/8.
Thus, when the rate of change in the money supply is equal to the rate
of change in prices at full capaciiy operation (m = 8), we will have
actual output egual to full capacity output. The proportional steady
state growth rate is y,_ = sSVX_ = sv[1~(m-8)/8 ]. This rate will be a
constant which 1s dependent on the proportion of used capacity. We can

also find a steady state solution for the price level from equation (3.6}

(DP/P)S B{x, l)yFS + 8 = mesv
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From this relation we can see that prices will be constant if m = sv,
The value sv is recognized as the Harrod-Domar "warranted” rate
of growth. IT X is unity then the economy will approach the warranted
rate of growth YF = YFOESVt. However, this will be true if and only 1T
m = &, In order to have constant prices with the warranted rate of growth
we need to satisfy the additional condition that m = svj that 1s the rate
cf increase in the money supply must equal the warranted rate. For
warranted growth with constant prices both conditions must hold & = m = sv.
The rate of money supply could conceivably be set equal to either & or sv,
but there is nothing about the wmodel which guarantees that & = sv. Allen
points out that the equality of all three would be a "kind of faccidental?
agreement among the parameters.”8
Now let us go on to see how the model behaves before it reaches the
steady state values. This will be of most interest in this study since
we want tne medel to display varying or cyclicel growth over time. We

can see how the model generates cyclical growth by leooking &t the

homogeneous solution of (3.10)

o 1 Bpu
Dx + = (sv=y +pi)bx + G x =0 (3.10.1)
I I
The characteristic equation is:
s 1 Bpu
-y + =
g + ST (sv-y+pit)q + ST 0 (3.10.2)

8A11en, op. eit {1967), ». 396.
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the roots of the differential equation are therefore;

p B

SVTI

- 1y R 1.2 PRy
9109 = - ‘gg‘;'T; (sv-y +p 1) s \/( ST ) (sv=y +p )~k

Tne valves of these two roots will determine how the system will behave
over time. We are most interested in the case of complex roots because
these will give the desired cyclical growth. But Tirst consider the case

of real roots, 5
1 (sv-y +gu)

The roots will be real if Jéi <
SVO M TI

Bou

svT

Since Gp-qy = -

> 0 the roots will either be both positive or both

negative. Thus there will either be steédy explosion or steady decline

o the steacy state solution. Explosion will occur if sv-7y +oU < O

(roots positive) and will be dawped if sv-y +pu> 0 (roots negative)
The more interesting [and more realisiic case) 1s when the roots

are complex. In this case we will have oscillations in x and therefore

2
1 (SV-?‘*'p ru’)
giving cyelical growth. The roots are complex if s>y —MmM—

iny T

b

svppTI
The oscillations will be demped if (sv-y +p M) > O and will explode when
the opposite is true.
Notice that if sv > 7, {where ¥ is the speed of entrepreneurs
adjustment to under or over capacity operation) the model will always
be damped (either oscillating or steady). On tze other hand if sv < v,

then the model will be demped or explosive depending on value of pu .
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The variocus possibilities in either case can be seen in Figure (3.2)

which plots S on the vertiecal axis and Ol on the horizontal axis.

jl:)fu Y=-8v PH
WHEN SV= Y WHEN Syoy
I: Steady Approach II: Damped Oscillation
III: Explosive Osciilation IV: Steady Explosion

Flgure 3.2. Range of Values of 8 and pM Which Generate

Fach Type of Behavior.
P can be interpreted as a combined monetary influence on net investment: M
operating through the interest rate by way of the quantity of money and QO
determining the magnitude of the influence of the interest rate. A high pl
would indicate strong monetery influences. We will recall that B indicates
the influence of under or over capaclty operation on prices. An example
behavior of the model for each Possibility is then plotted in Figure (3.3)

where we assure that Xq < xsathe path is exactly reversed when Xy > X

9Allen, op. cit. (1967), p. Loo.
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-+ t

I: STEADY APPROACH ' DAWMPED OSCILLATION

b
, ,_3\ WA _/1 ,_/_
7 i
t
T =
T: CYPLOSIYE  OSCILLATION V. STEADY EXPLOSION

Figure 3.3. Time Paths of Actual to Full Capacity Ratio (x)
Tor Each Type of Behavior.



Let us examine the oscillations case more closely to see how the
model is actually displaying cvelical growth, We kaow that x oscillates
and thatv therefore Yy = SVX oscillates with the same frequency. Both
will oscillate about their respective steady state values menticned above.

In terms of the actual variables of the model, YF fluctuates zbout the
v. t

steady state growth path sz =Y. e fs . These fluctuations will either

0

be damped or explosive depending on the values of the parameters mentioned
previously., Actual output YA will have a double fluctuation, since
YA = xYF and both x and YF are oscllliating. DPossible paths for the

damped case are plotted in Figure (3.4),
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[V
T

Figure 3.L. Time Paths of Y., and YA Compared with yp &nd x

for the Case of Damped Oscilla:ions.



Having examined the nature of this model of cyclical growth we
now proceed to an analysis of possible government fiscal and monetary
Dolicies. We will then determine the effect of these policies on fluctu-
ations and the growth rate. Using the model we can investigate such
guestions as whether there is a ‘trade off decision between fluctuations
and desired growth because of the negative effect of stabilization

policies on the growth rate.



CHADTER L

GOVERNMENT STABILIZATION POLICIES

The contracyclical policies which are used in this model of
cyelical growth are modified versions of policies mentioned by Ph;llips
in his article on economic stabilization in a closed economy.l These
pelicies are analogous to feedback methods of control which enginsers
have used in stabilizing electrical systems. Phillips applied these
methods to a disequilibrium multiplier-accelerator model similar to that
discussed in the first section of Chapter 2, The aim of this chapter is
t0 illustrate the methods of fiscal stabilization used by Phillips, show
Mow they should be modified to f1t in the model of cyclical growth, and
finally propose some related methods of monetary stabilization which will

also be applied to the model.

A, Tisecal Policies

By fiscal stabilization policies we shall mean policies through
which the government creates an addition (or subtraction) to the total
demand of the economy by adjusting expenditures, tax rates, or transfer
payrents. Such policies have the aim of moving the output of the economy
closer to a full-capacity (or full employment) ievel of income and to

cifset undesirable income trends so as to keep the economy stabilized

lA. W. Phillips, op. cit, {1954},
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about this desirable full capacity level. It is claimed that such
stabllization policies will reduce the size and frequency of fluctuations
about full capacity and as a consequence increase the rate of growth of
the econowy. This last conclusion rests on the assumption that economic
fluctuations are not necessary for a high rate of economic growth, and
in fact that they tend to lower the rate. This analysis will help
examine that last assumption.

In the following representations of fiscal polley there wi}l be
no distinction among the actual methods used by the govermment to create
demand. Instead expenditures, taxes, and transfer payments will be
lumped under one concept: budget surplus (+) or deficit (-). An increase
in the budget surplus or a decrease in the deficit can occur through a
decrease in expenditures and transfer payments or through an increase
in taxes, Conversely, a decrease in budget surplus or an increase in
the deficit can occur through an increase in expenditures and transfer
vaymenis or a decrease in taxes. Therefore when the govermment is adding
to official demend we can say 1t is increasing the deficit; or when sub-
tracting from olficial demand, it is decreasing the defieit. TFor
simplicity we willl speak of increases in the deficit as government
spending and remember that this can mean increased transfer payments or
lower taxes,

The policies discussed are of a continuous type; that is we assume

that the govermment can continuously adjust the budget according to present

levels and trends in income. Continucus policy can be distinguished from

Ed . H2 - v ] -
one shot policy. With a one stot policy the govermment will adjust

NG

Eoward Pack, Formula Flexibilit

Quantitative Analysis, Ph.D.
Dissertation: Massachusetts Inst

A
tute of Technology (1964), p. 19.

;(JT
i
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the budget deficit by a certzin amount determined by economic indicators,
and then wait until the indicator returns to its normal level bvefore
cutting spending. It has been suggested that one shot policy will aggravate
fluctuations because it is initialized after the trend has passed and 1s
cut off after a new trend is getting started.3 This is partly due to the
large effective time lag and the inaccuracy of indicators which are used
only when they reach extreme points., This disadvantage is partly aveided
by continuocusg policy because the indicatdrs are constantly being observed
and adjustments are made in the deficit at each observed change rather than
only at extrexe points. The time lag between the actual bpehavior of the
economy and the initiation of corrective policy is thus shorter.

We will consider three forms of continuous goverrment fiscal
policy: proportional, integral, and derivative., The effect of each of

these on actual demand will be lagged.

1. Proporticnal fiscal policy

Using this type of policy the govermment will spend in proportion
to the difference between a desired level of income (e.g. full'capacity)
and the actual level, If we let the desired level of lncome be full
capacity then we can write this policy as —gp(YA-YF), where gp is
fiscal derivative coerficient. For example, if gﬁ is 0.5, when there
is a 2% gap between actual and Tull capaciiy income, the government
spends 1% of national income. The policy has the aim of bringing the

econcmy closer to the desired level of income,

3. .. ,

Milton Friedman, "The Effects of Full Employment Policy on Fconomic
tability: A Formal Analysis," in Essays in Positive ¥conomics
(Chicago: University of Chicago Press, 1953).
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This is wanat Phillips has czlled the potential policy demand using

& proportional policy. If there is no time lag then the potential policy
demand will equal the actual policy dewand. However, 1t is realistic to
incorporate a distributed exponential lag between potential and actual
policy. The lag 1s the same form used as the investment lag in

eguation (3.4}. The time constant T, will indicate the average period
between the actual change in the economy and the initiation of the

corrective policy, Thus we can write

1
GP = m [ —-gp(YA-Y_F) } (h.l)

G

This lag i1s the time required for observation of the indicators, for
acdjusting the corrective action accordingly, and for the corrective
actlon to produce its full effect on demand.

When we apply a policy like this to our ecyeclical growth model the
wost important change is that Y? is now a variabie. Thus, government
spending may change when the growth of actual income remains steady.

An example oI such a situatlion could be a time saving technological
innovation suddenly introduced throughout the economy. This would cause
YF to increase more rapidly relaitive to YA and the proportional policy
would indicate an increase in the govermment deficit in order to increase
YA towards the relatively larger Y?. In the proportional policy of
Pnillips, such a development is not possible because YF is assumed to be

a constant., We will find that more realistic assumption that YF is a

variable, has Important consecuences for stabilization policy.

binns . . .
Philliips, op. cis. (195&) assunes that the desired level of income is zero.

Tnls is possible by simply placing YF at the origin, since YF is & constant.
Such a simplification is not Tossible when YF is a variable.



The notation of this poliicy will be slightly different when we
apply 1t to the cyelical growtn model, The equivalent expression can
be found by factoring out YF from eguation (4.1)

The result is:

1 . ~
Gp = TED_""—]: [ -ngF<X‘J-) 1. (4.2)

This will be the proportiocnal peolicy which we shall use, As we shall see

in Chapter 5, this expression in terms of Y_ and x can be incorporated

F

directly into the e¢yelical growth model,

2. TPiscal integral policy

A proportional pelicy alone cannot bring the economy completely to
ti2e desired level of oubtput in the multiplier-accelerator model. This is
cue to the fact that proﬁortional spending gets smaller as we approach
the desired level of income. The level will be approached but never
reached, Thererore a second type of policy is introduced which is designed
to eliminate the gap completely.

Tois policy 1s called integral stabilization policy. It is applied
to The cumulative gaps in income over time, We will assume the same

exporentiai lag in this case. The lagged policy can be writien as follows:

T

L fO (YA-YF)dt ] (4,3)

1

The governuent demand i1s proportional to an integrated sum of differences

between YA and YF starting at the time the system is initiated (t=0).

This will completely eliminate the gap because no matter how small a



- 42 .

gap persists, the time integral of that gap in the corrective factor
will be increasing. However, this policy has a disadvantage of making
the multiplier-accelerator model unstable, This can be seen by observing
that the corrective action will continue even after the gap has been
eliminated., The combination of the proportional and integral policies
will eliminate some of these fluctuations.

This policy will have to be modified slightly for application to
the model of cyclical growth. As in the proportional case, we first

factor Y, from the integrand of equation (2.3). This results in:

1 t
G, = m+——= [ -84 f YF(x-—l)dt ] (L4}

+
i TGD 1 0
This expression will need further modification before it can be
mathematically inserted into the model. It will be desirable to have
the variable YF on the left-hand side of the integral. Doing this

equation (4.L) becomes:

t
o = o [ -ealp I fztjar ] (1.5)
G 0
Equation (L4.5) is obviously different mathematically from equation (L.b4),
and when the definite integrals are evaluated their magnitudes will differ.
However, the relationship between the gap and the aim of the poliey will
remain roughly the same. The impact of the policy on demand will still
be the cummulative sum of the gaps between actual and full capacity
output, Furthermore, the difference in the magnitudes of the two
representations will be small unless Y_ increases at an unusually high

F

rate. Therefore, we will assume that the effect of equation (4.5)



RN

on the model would be similar ¢ that of (L.L). The necessity For
this wmodification in the integral policy arises because of the wmore
realistic feature that YF is a variable rather than a constant target.

The acvantage of being able to treat Y, as a variable has already been

F
mentioned, and still exists with the necessary modification of the

integral policy,

3. Fiscal derivative policy

The integral policy is necessary for a complete elimination of the
gap In the multiplier-accelerator model, but it has the disadvantage of
Cecreasing stability. To offset this tendency, a third policy has been
proposed czlled a derivative stabilization policy. In the multiplier
accelerator model, using the same Tiscal lag as earlier, this takes

the form
G = L -2 D(Y,-Y .} ] (4.6)
D T.DH DYVATF ’

With the assumption of constant Y_ this reduces to

G = [ ~g DY, ] (Lk.6.1)

The policy cemand 1s opposite in sign and proportional to the rate of change
of getual income. The effect is to offset income trends by deficit spending
when YA is faliing and increasing the budget surplus when fA is rising.

The elffect of this policy is stabilizing in the sense that the damping

of the oscillations is increased. However, as Baumol has 'pointed out

such policy is destablilizing in another sense: it increases the freguency
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ot the oscillation.5 Thus, the net effect of the policy
nay be mixed,

Waen we consider this type of policy in the model of cycliéal
growth, the assumption that YF is a constant must be dropped and we
agaln have eguation (M.6). Now the policy demand is opposite in sign and
proportional to the rate of change in the gap between actual and “ull
capaclty income. If the gap is growing larger (either through a relative

increase in the growth rate of Y or a relative decrease in the growth

F
rate of YA) then the govermment will offset the movement by deficit
spending.

Tone derivative policy wili also be modified so that it may fit
mathematicaily into the eycliecal growth model, As before we factor out

Y- to gel an expression in terms of x and Y Thus eguation (4.6)

F*

becomes:

i~ —_— :L » =Y
4y = Tgﬁ;i [ -8DDYF(ﬁ'l) ] (h-7)

Lgsin, we would like to have the Tactor YF "outside" of the time

derivative. Doing this we obtain the following

fal

— l ™ T
“p T T DI Lgp¥iDe ] (+-8)

Ire difference between (L.7) and (4.8) is the difference between Y.Dx and

DYF(x—l). Completing the second differentiation we obtain

[ I AP, . . -
Williem J. Baumol, "Pitfalls in Contracyeclical Policies: Some Tools
and Results,” Jeview of Kconomics and Statistics (February 1961).

4 similar efrect Is found for proportional policy.




DY_(x-1) = Y Dx + (x—l)DYF

Thus the difference between the iwo eguations for derivative policy 1is
the term (x-l)DYF. Several taings can be said about this term. First,
it will always be small relative to YFDX. Por example, in a discrete
interval of one year, typical values and changes might be x = 1,0L4,
Ip = 500, Ax = 0.01, AYp = 20. Then Y Ax = 5.0 while (x—l)AYF = 0.8.
Secondly even though the term is small and might be ignored, it 1s not
clear whether we want it anyway. TFor example if x > 1 and YF is increasing
then the effect will be that the government will spend less as a result of
this term; this might decrease YA and increase the gap even further.
A more realistic policy with the term (x-1) is found in the proportional
policy méntioned above... There we have (x-l)YF rather than (x-l)AXF.
For these reasons we will assume that the term is not Ppresent in the
derivative policy, and shall use equation (L,8).

These are the three fiscal policies whieh we shall consider, They
can all be used at the same time and with various values for the fiscal

coefficient g. When they are all used together we can write:

t
1 - .
G = T;ﬁ?f [ -gFYF(x—L)-giYF fO (x-1)dt - gpYDx ] (4.9)
Several points should be mentioned in reference to the madifications
made in the fiscal policy as applied to the model of eyclical growth. The
elimination of the assumption that YF is a constant (as Phillips assumed),

has obvious advaniages in the examination of volicy effects on growth.

However, the inclusion of YF as a variable maskes trne expressions more



difficult to handle mathematically and apply to the cyclical growth model.
The resulting necessary modifications are therefore made in the integral
ead derivative policies. Tn both cases the modifications are small and

i do not change the purpose of the policies. That is, the modified stabili-
zatlon policies still work to offset the size of the gap (integral) and
trends in the gap (derivative). The policies are still intuitively
realistic. It now remains to apply these policies to the model of
eyclical growtn, But first let us consider some possible monetary

policies that the government might undertake to stabilize fluctuations.

3. Monetary Policies

We will assume that the central bank of the economy can increase

i or decrease the supply of money through actions on the open market, Ey
selling securivies the monetary authority can decrease the money supply
(which will raise interest rates in the model) and conversely by ouying
securities the authority can increase the supply of money (decrease in
interest rates). We will assume that these operations on the open
market can be carried on continuously, and that the correct action is
calculated by observation of economic indicators {e.g. GNP and
potential GNP).

The structure of the monetary policies is similar to that of the
fiscal policies slready mentioned. The monetary authority will adjust
the money supply depending on three variable factors: proporticnal,

cerivative, and integral policies.6 The authority will be adjusting

Phillips, oo. ecit. (1961), p. 367, mentions the p0o53ibility of a

derivative monetary policy. We shall consider al. three possibilities.

-
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the rate of growth of the money supply aroundé some constant
equilibrium rate. Using logarithmic notation so that the expression
is in proportional terms, we can write an equation for the money supply
which is dependent on this govermment regulation:
£

log ¥ = log M_ - gmp(x—ﬂ -8 Dx - g . [ (x-1)at {4.10)
O

[

Thus the monetary authority proportionally adjusts the monetary supply
about a level Mf {which increase steadily over time) according to the
proportional size of the gap, the rate of change of the gap, and the
cunulative sum of the proportional gap over time. The parameters ng,
E.n 7 gmi indicate the amount by which each term affects the money supply.
Tor example, government monesvary proporiion policy will alter the money
supply by - times the proportional gap (x—l).

The varisgble Mf can be intverpreted as the money supply when there

15 no monetary stabilization policy (g = g ., = 0) or when the net

mp - ng mi

erfect of the monetary poliecy is zero. We will assume that the central

bank increases Mf by a constant rate so that D log M, = DMf/Mf =1

£ f

whlch is a constant. A consitent M when there is no monetary contra-
cyclieal policy, is the kind of moenetary action that Friedman has

7

suggested, That 1s, the money supply is increased at a constant rate
regardless of whether there is a deflationary or inflationary gap.

Thus we are able to separate his proposal from the contracyclical

policies,

7Milton Friedman, A Program for Monetary Stability (New York: Fordam
University Press, 1960).
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An appropriate lag could bte incorporated in this contracyclical
wonetary policy similar to that in the fiseal policy. However, such a
lag greatly complicates the analysis and necessitates further assumptions
for proper mathematical investigation. Therefore, we will assume that there
is no lag in the monetary policy. This can be partially justified by
assuming the monetary authority is less subject to political restraints
and delays than a fiscal authority; and also that the full effect of i
monetary action on the money supply will occur more quickly than ﬁhe
Tull effect of fiscal action on final demand.

Equations (L.9) and (L.10) are the fiscal and wmonetary policies
which shall be applied to the model., We can investigate different mixes
of each type of policy by varying the values of the parameters Byr B;»

2. (fiseal policy) and B’ &

&, s Eg {monetary policy). In addition the

o

lag of the fiscal policy can be varied by altering the value of TG’

the time constant of the policy lag.



CHAPTER 5

THEE GOVEZRNMENT REGUIATED MCDEL
0r CYCLICAL GRCWTH

L. The Differential Equaticn of the Regulated Model

To regulate the model of cyclical growth explained in Chapter 3,
we must add two additional variables defined by two equations. Tnese
variables (G = govermment deficit spending, or surplus collections, and
M = a variable money supply) have been defined in the previous chapter
by eguations (4.9) and (4.10). When added to the model, it becomes &
system of eight equations and eight variables. In addition, the income
equation (3.2) must now include the variable G. Equation (4.10) for the
money supply can be considered as an extension of tiae assumption that M 1s
increasing at a constant rate, Now it will be increasing at a varlable
rate, To investigate this regulated system we will reduce it to a set
of differential equations in terms of the ‘variables x and Yp- These will
be interpreced exactly as in the regulated case. When all policiles are
considered, the system including expressions for yF, will be of fif'th order.

Let us begin by summarizing the model:

Lo = VK (3-1)

¥, = (1-8)Y, + I +¢ (3.2)

X =/ Idt or DK = I (3.3)
o

- hg -
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= T;%?I X [ E+ y(x-1} + plc-r) ]

[mal
1

L]
l

= k' + u(log P + log ¥, - log M)

DP/P = S{x-1) - DYF/YF + B

1 t
G = ﬁgﬁli [ -g?YF(x—l) - g ¥ Io (x~1)dt - gDYFDx ]

£
log M = log M, - gmp(x-l}-gmi fo (x-1)at - g Dx

The parameters and variables of this system are listed below:

Variables:

p

v
pi

F

actual level of iacome

i

1]

full capacity level ol income

K = giock of capltal

1 = nev investment

r = rate of interest
P = price level

G = goverrment demznd

M = variable money supdly

(3.4)

(3.5}

(3.6)

(k.9)

{4.10)

M. = tret part of the money supply which increases at a fixed rate
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Parameters:

v = oulput-capital ratio

§ = marginal propensity to save

¥ = speed of enirepreneurs investment adjustment to reduce
excess capacity or increase insufficient capacity

¢ = marginal efficiency of capital

P = influence of interest rate on investment

™

on interest rate

= influence of price level, actual income, and money supply

B = iafluence of over or under capacity output on prices

TI = time constant of investment lag

L = business expectations {assumed constant)

8 = constant price trerd

Government Stabilization Policy Coefficients:

0
il

proportional fiscal policy

]
Il

integral fiscal policy

It

&y derivative fiscal policy

Hl
I

fiscal lag

G
gmp = monetary proportional policy
8.: = monetary integral policy

€ = monetary derivative policy

A clock dlagram for this government regulated model is provided

in Figure 5.1.
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Figure 5,1. Block Diagram of the Cyeclical Growth Model
when Regulated by Fiscal and Monetary Policies
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This is analogous to figure (3.1) with the additicn of government policy.
Tne lines of flow and the particular type of operation used in each
policy are snown in red, It can be seen that the direct effect of
Tiscal policy is to add or subtract an additional quantity to YA
depending on the magnitudes of x = YA/Y?‘ The direct effect of monetary
policy is on the interest rate r.

Now let us derive the differential eguation of the model, The
derivation ls more complicated than in the unregulated system, because
of the higher order eguations. However, the wmodifications in fiscal
policy outlined in chapter & heip to simplify the problem and leave the
equations in linear form, Zrom eguations {3.1), (3.2) and (4.9) we

derive an expression for T in terms of x and K. From equation (3.2):

i = SYA-\:
Using ihe identity iA = XYF this can be written as:
I = sxY -G {5.1)

Substitution for G in (5.1) Trom eguation (L.9) gives:

%
1 -
I = sxy_ - 7o [ - ngF(x-1)~gin fo (x-—l)dt—gDYFDx ]
Y t
= sxY_ TS [ e, (x-1) + g fo (x-1)at + g Dx ] (5.2)

Now from equation (3.1) we can substitute for Y_ in eguation (5.2).

F

This gives the desired equaticn for I in terms of x and K:
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t
_ Vi r _m - o
I = svKkx + TGD+1 [ gp(x 1+, fo (x-1)dt + g

DX ] (5.3)

Equation (5.3) can now be susstiftuted directly into the investment
equation (3.4), which after cancelling K, results in a differential

ecuation in terms of x and r:

t
1 _ .
+ - - + - T+ =
SVE ¥ == V[ gp(x 1) + g ] (x-1)at &Dx ]
G O
L

5T [ E + p(x-1; + p(c-r) ]
L

After multiplying through by (TﬁD+l}(TID+l) and collecting terms we get:
o .

2
7 + T + + + + -
(SVLITG LIgDv)D x [SV(TI TG) Tregv +ogpy Ty ¥] Dx

t
+ [sv + Trgv * g V=¥ I x+ g fo (x-1)at + T, PDr + pr
= TIgiv + gpv + E-y + pe (5.4)

—n order to convert this eguation to strict linear differential form we
Gifferentiate with respect to time so as to eliminate the integral
expressilon. Doing so we arrive at the following third order eguation

in terms of X and r:

3 | iy 2
m + T =+ T -0 5 -
(SVTIﬁG iIgDV)D X [SV(LI 1G;+T1gpv T gv-T, 71D x

. 2 -
+ (svirg,v o+ gpv—}QDx * gvx + T,pD°r + phr-vg, =0 (5.5)



I
heL
A1

I

In order to obtain the Final differential equation of the model
we must substitute suitable expressions for D2r and Dr in equation (5.5).
The money market with the proposea monetary stabilization policy must now
te considered. We begin by suostituting for log M in equation (3.5} from
the money equation (4.10) and differentiating with respect to time:

2
= { T - o M + - =+
Dr = {4(D log P + D log ¥,-D log M, gmpr + gmi(x 1) 8.0 X} (5.6)

By substituting for D log P from equation (3.6) and for D log Y, from the
approximation outlined in Chapter 3, and collecting terms, we arrive at

the following eguation for Dr in terms of x:

i o N ‘ . ' )
Dr = Ble D e+ (gmpTl)Dx i (ﬁTgmi)x_ﬁ'S_mf_gmi ] (5.7)

where Mf =D log Mf 1s the constant rate of increase in the meney supply.

. o . 2
Differenviatiang we get an expression for Dr

DFr = ul ngD3x + mﬁ+l)D2x + (B +gmi)Dx 1. (5.8)

Eguetions (5.7} and (5.8) can now be used to substitute for [Fw
and Dr in eguation (5.5). The result is the linear third order differential
equatlon of the model in terms of the variable x. This equation will give
us the path of x over time when the system is regulated by monetary and

Tiscal policy with a lag:
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~ . T 3
= T4+ T + 1
LSVT_lG lIgDV TG ppoD I D7x

. 2
+ [ev(T +T7  + v o+ - T Ol ol g - X

I3

r + _ -
TSyt lpev g vey kT pp(B +g ) + pi{s, *1) 1 Dx

*legy T o8B+ g )] x = ve, v opuiB + m~dtg . ] (5.9)

In orcer to complete the eguations of the model we must show the
relationship between x and Yoo In the unregulated case we found that
yF = svx, But this will no longer be true when the system 1s regulated

by fiscal policy. From eguation (3.1}, (3.2) and (3.3) we know that:

o
r<
I

vIK = vI

V(SYA—G)

g
|

= DY /Y = V(SYA-G)/Y? (5.10)
Substituting for G from equation (4.9} we get

t

1 ;
Vg T SVX 7 g v gp(x—l) + g; f (x-1)at + gDDx]
G 6]
or
t
TPy * vg = T,svDx + svx + gpv(x-l) *g.v fo (x-1) + g vDx (5.11)

By differentiating equation (5.11) we can eliminate the integral ang get

& differential eguation for ¥ in terms of K

F

2 z
T v = Dy = (TGsv + gDv)D x + (sv + gpv)Dx * g X8, (5.12}



This equation is of second order in ¥n. When combined with the
variable x and its time derivatives the entire system considering
both x and N (with government monetary policy and fiscal pelicy with
lags) becomes a fifth order equation, By examining the behavior of
equations (5.9) and (5.12) over %time we can determine the effects of
Tiscal and monetary policy.

In the following two sections of this chapter the impacts of such
pelicies are examined, In section B the examination is mathematigal and

in section C simulation technioues are used.

B. Analytic Investigatioca
A

If we ignore fiscal lag and assume that there is no fiscal

Gerivative policy'(TG =&

linear second order differential equation:

= 0}, then equation (5.9) is reduced to a

+ T g + -v + puls +
By s SV F eV ot vy T opple 1)

- Dx
+z 5+ =
TIV(S gp’ i SnD

g v+t pu( g L) va, T pu(f + m-8tg )
L1 mi x = i i i (5.13)

TIv(s+gp)+p,u g0 g;v + ou{B +_gmi)

3y examinirg the roots of eguation (5.13) we can determine the effects of
all policies without lags except fiscal derivative . The eriterion for
stability and the steady state values of the variables can be determined
directly from (5.13). In this way, we can determine the general path of
the wvariables. The more specific paths of the variables are then deter-

mined in section C by simulazion.



We can rewrite the homogeneous bart of equation (5.13) as;
2
X +dDx t0x =0

The rcots of the characteristic gguation are then:

—

o=

[ & - o

1
= o = 4+
Gy2 95 5 435

where & deterpines stability in terms of damping and J1+G - ag gives

the frequency in the case of oscillations. ¢ is the damping factor;
when positive the system is stable; when negative the system is explosive,
When & = 0 the system oscillates with constant armplitude., We will now

proceed to examine the impacts of each policy alone on stability and

—_

growih under the assumption of zero lag.

1. Fiscal proportiocnal policy

When proportional policy is used alone the damping factor

from equation (5.13) becomes:

SV F g v =Yigu
a = R

+ m
svTI LIgpv

~ N ] - . L. T
I we take the partial derivative of @ with respect to gp we get:

S Y — Pl
98, o v(stg )2
I D




Thus proportioral policy will incregse stebility by increasing the
magnitude of the damping factor & iT ¥ > pb , and conversely it will
decrease damplng if ¥ < pu . To understand the significance of this
consider the uanregulated model. TI the unregulated system is unstable
then, from Chapter 3, ¥ > sv + pu which implies that y > PL . Therefore,

if the unregulated system is unstable, then the initiation of proporticnal

iy

iscal policy will increase stability. I the unregulated system was
already stable, then the proportional polié& will either increase or
cecrease damping depending on whether y is greater than or less than PU
If ¥ = pu then the proportional policy will not change the stability of
the system. In that case @ will remain equal to l/TI nc matter how much
we increase g,- If ¥ > pu then @ < 1/TI and the initiation of g_ will
move d toward l/TI and thus increase damping, If ¥ < Pt then a > l/TI
and the initiation of gp will decrease damping. We can see the various
cases by looking at Figure 5-2, where @ is the crdinate and gp is

the abscissa.
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Flgure 5.2, The Effect of Proportional Fiscal Policy on the
Damping Factor & for Three (cses



The value of @ at the vertical axis indicates the damping of the
anregulated system. The three cases of @ g 0 at g, = O are considered
P

ard in each an increase in gp aas a different effect, The only case
where govermment proportional policy will increase stabllity is case 3.
Kotice tonat this includes the situation where the unregulated system is
unstable { @ < 0 when gp = O). Since l/hI > C proportional fiscal policy
alone will never make the system unstable, but it could reduce damping.

Considering the effects of proportional policy on the growth rate

we see tnat equation (5.11) reduces to:

= -+ - .
Yp = SVX VgF(X 1)

In the unregulated model, ¥ T svx so that proportional policy has the
effect of adding an additional term to the growih equation. However, the
impact of the policy can not be determined simply by comparing these two
expressions Ior growth, because the value of x will be different in each
éxpression. To see the impact on growth, consider a situation where x is
less than unity in the unregulated system; that is, YA < YF. In this
case the proportional policy will increase demand by delicit spending
since G = —vgp(x-l) > 03 thus totel demand YA will be increased. This
will result in a higher value for x whieh will in turn induce investment
causing & higaer rate of growsh, This effect is represented by the

term svx. But we must alsc consider the second term., If X remains

less than unity (elthough now greater than before) the term gpv(x-l)

w-ll have the effect of not letting the growth rate lncrease quite as
much., This is due to the fact that governmment spending, as we have

.’..D ]

aefined it, does not directly add to investment. Govermment spencding



- 2 -

has been entirely on consumption; the addition to investment came

indirectly through the increase in the term x of the investment function

-

-

Ir the increase in YA nad been accomplished in the private sector then
investment would have increased by the normal amount and the growth rate
would be svx. As we shall demonsirate in Appendix 2, the goverrnment
deficit would increase yF by a greater amount if ¢ is in the form of
investment, rather than consumption spending. The sum effect of this
government »olicy has therefore been to increase the rate of growph by
increasing demand and thus increasing x, but not by the same amount zs
an equivalient increase in demand in the private sector. The argument is
similar wher x > 1; in that case the government decreases the rate of
growsh by decreasing demand and thus decreasing x, but not by the same
amount as an egquivalent decrease in demaﬁd in the private sector.

Now let us look at the goal of full capacity output (i.e. full

employment) in light of this effect of government policy on growth.

fhe goal of Tull capacity is the goal of x = YA/Yﬁ = 1. Followingz the
I

Same procedure as above, if x < 1 then government increases YA' But if
T, increases by the same amcunt then the gap 1s not decreased, However,

government policy has a tendency to not let YF increase by the same

anount as Yﬁ, because the term vgp(x~l} has a negative effect on You

I the term &, is large enough ic make YF increase at a slower rate than

Y, (when x < 1) then the economy will approach full capacity x = 1,
FaS

Conversely when x > 1 We want to decrease YA but not by the same
amount as Y.. Therefore the positive effect of the term,vgp(x-l) is

added to Vg IT the term gp is large enough to make Y. decrease at

slower rate than YA’ then the economy will approach full capacity,



We now begin to see that effect of gp on the growtn equation 1s necessary
if' the suvability of the system i1s to be increased by proportiocnal policy.
The effect on growth is desirable if we want x = 1. This conclusicn is
important because 1t could zol be seen in the multiplier-accelerator model
where YF is & constant.

The last point to consider about propertional fiscal policy is the
effect on the steady state ratio of actual to full capacity output. By

setting all derivatives in eguation (5.13) to zero, the steady state

ratio in the absence of other policies is

This is exactly what we found in the regulation case, so that the
proportional policy has no effect on the steady state ratic. If we want
the steady state o be consistent with the desired level x = 1, then we
must adjust LY the constant rate of increase in the money supply. Thus

we milght say that the target of x = 1 is established by adjusting LY and

proportional policy can be used to get us to that target faster.

2., Tlscal integral policy
Uging the same type of analysis as used Tor proportioznal poliecy,

we see that integral fiscal policy alone without lag has a damping factor:

sV-y * O+ Tg.v

i1

TIVS

[

Taking the partial derivative witia respect to g, we get
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which is aiways positive. Traus the integral policy without lag will
always increase the stability of the system by increasing the damping
factor., If the system is already stable then the initiation of integral
fiscal policy will bring the economy te the full capacity output more
gulckly than 1t otherwise would. As the value of g is increased the
system will approach this desired level of income at faster rates.
This, in ths absence of lags integral policy 1s a much stronger tool
than proporticnal policy which could only attain a maximum level of
damping {@ = I/TI ).

The effect of proportional policy on the growth equation can
pe written as: |

t

= 4= - 71
yp = svx tovg, fO (x-1)dt .

Zo evaluate the impact we must compute the integral. This is not possible
unless we kKnow the exact path of %, but we can consider some cases which
help explain the behavior. 2% us assume that x < l-and that the integral
policy completely stabilizes the system s0 That there 1z a steady

increase in x towards 1., As irn the proportional case there Is an

increase in the ierm svx. bBut now the negative eifect of the integral
policy i1s much larger, and in Jacit could be largsr than the positive
effect of svx. {onversely, if x > 1 and the system is steadily damped
towarcs 1, <hen svx will have a negative influence on the growth rate

and the integral expression will have a positive influence, The impact

of the integral can be seen in figure (5.3) a5 the area beiween the
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CATE 3! LESY MIgajiWE EFFECT

O GROWTH

CASE 2! SHADED AREA ADDED
TO GRowTH
CASE 4. MpRE NzGATIVE EFFECT

ON GRoOWTH

Figure 5,3. Possible Effects of Integral Fiscal Policy
on tne Rate of Growth.



curve x and the line x = 1. To pursue this, the bottom two graphs in
figure (5.3), show that the _reater the damping (i.e., the larger gi)
the greater the effect of the integral term.

It seems possible, therefore, that the iategral policy as we
have defined it could drastically reduce the growth rate of the model
if 1t is initiated when the economy is in a depression {x < 1).

(This will be shown by simulation in the next section.)

An explanation for this behavior can be found by examining. the
operatlon of the system with integral policy after the steady state
has been reached. If we assuze that the steady state value of x is 1,
then the value of the integral will be constant (equal tc the area in
figure (5.3), case 1)}, That is, ¢ will be a positive constant in the
income equavion. But I in the income equation will not be increased
by G at all as can be seen in Tigure (5.1). The value of x is 1 so that
entrepreneurs will keep investment at a constant level.1 The result is
fet government policy i1s having no positive effect on the rzte of change
ol YF; the vaiue of DYF is what 1t was before the integral policy was
initiated. But YF is now larger hecause YA is larzer and YA = YF'
Thererore, the proportional rate of growth DYF/YF = Yp is smaller,

The negative effect indicates a trade-cff coasideration between
stability and growth when using integral policy during a period of

depression. The policy mighi be effective in bringing YA into equality

We are now assuuing that the effect of interest rate on investment
is negligible. If it is included then investment would be even lower
because r 1s greater with a higher value of YA'
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with Y, but the economy would be growing at an extremely slow rate
afterwards. This point will be pointed out in the next section.
Integral policy also has an effect on the steady state ratio x .
2 b y ‘ s

With integral policy this ratio is:

pu(Brag-8) + ve,

pUp + Ve

Taking the partial derivative of this expression with respect to

E’XS —p;i(mf—ﬁ)

da, (oudrve,)”

Thig is positive if m, <8 {(which is when;xs< 1 in the unregulated case)
and i1s negative if m > & (whica is when Xs> 1 in the unregulated case).

rm

L

o

cus, the addivion of integral fiscal policy will bring the steady state
rgUio closer to 1. That is, the higher the value of g the closer the
economy will be to full capacity operation in the steady state. This
desirable erfect must also be evaluated in light of the negative effect

on the growth rete.

3. Fiscal derivative poliecy

_ Whern fiscal derivative policy is added to the model the differential
equation becomes third order. Tais is true even ir the case of zero lags.
Ynerefore, an analytic investigation is nct possible in simple mathematical

terms., Bectlion C.2 provides an iavestigation of this case by simulation,



In the limiting case fiscal derivative policy has no effect
on the steady state ratio of actual to full capacity ocutput. This can
be seen by setting all the derivatives in equation {5.9) equal tc zero

and solvirg for x.

L. Monetary proportional policy
In the absence of the cther policies the damping factor for

proportional monetary policy is

sv-y + pi{g, 1)

Va3
I

o =

50 that the addition of proportional monetary policy with no lags will
always increase stability.
As wisth the other monetary policies, the growth relationship

Vo = svx still holds as in the unregulated case., Thus the effect of

b

nonetary policy on growta is dependent on the effect on x. Proportional
volicy will stabnilize the osciliation in the rate of growth, since it
stablilizes Xx.
/
Wnen ®x < 1 the monetary authority will increase the money supply
which will cause interest rates to fall and incresse investmens. The
result is an increase in the rate of growth. In our model this increase

in she rate of growth is represented by an inecrease in x. x rises because

an increase 1n iavestment causes an increase in Y, reiative to Y_. Thus

P2 %



the proportional growth rate Yo = VX also increases. We see then That

& reduction in interest rates can increase the rate of growth in this model.
Conversely if x > 1 the monetary authority will decrease the money supply
cauging interest rates to rise and investment to fall. Thus yF decreases,

This chain of events can be seen in the block diagram in Figure 5.1.

5. Monetary integral policy

Sirce there 1s no term = in the damping coefficient, the integral

.

monetary policy has no effect on the stability of the system. However,
it will increase the frequency of the oscillations in x and thus in yF.
As in the case of fiscal integral policy, the monetary ilntegral

policy brings the steady state ratio closer to unity:

T

Taerefore as g . 1s increased the economy will be nearer to full capacity
Lll

gperaticn in the steady state.
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. Monetary derivative policy

In this case the camping Tactor is:
V- + £l
o =
Vs +
Ti ﬁ#ng

The partizl derivative of & with respect to gmi is positive i7T @ < 0 and
negative if ¢ > 0. Thus if tne system is explosive the introduction of
monetary derivative policy will make the system less explosive, but it
will never stabilize the system. I the model is stable already, then
the addition of derivative policy will decrease damping.

Whern YA 1s increasing relative to YF then the derivative policy
will increase the money sugply and thus reduce the interest rate. This
will resulv 1n increased invesiment and a higher rate of growth Ypo
The coaverse 1g trues when YA is decreasing relative to YF. This will
guabllize, or destabilize the system depending on the parameters.

The examinatlon of all policies together is more difficult, vecause
of the wide variety of combinations which might be tried. Therefore
simulaticn i1s used to investigate the combined effects., This will be
done 1n the Tfollowing section. The results of section B are summarized

in Figure 5.4,

C. Investization 3y Simulation

In tais section the model i1s simulated with numericsl values given
to all the parameters. The simulation technigues used are outlined in

A

Appendix l. There are several advantages in using such simulation
technigues. TFirst, the exact paths of the variables of the model can

be determlned so chat we can find their values at any point in fime,
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not just the general behavior and the steady state soluticn as was done 1n
section B, Tais will give us more insight into the behavior of the model
even winen it i1s of second order. A second advantage 1s that we can deter-
mine the behavior of the model when the differential eguation is higher
tnan second order. The behavior would be almost imposgible to determine
analytically lor the fifth order equation which arises when fiscal lags
and derivative policy are considered.

The mumerical values chosen for this simulation are those
suggested by Phillips and Allen in their desecriptions of the cyclical
growth model.2 The values are such that the time unit assumed is
one year, For example, the value of the output-capital ratio assures
vearly output. Some of these parameters will remain unaltered throughout

the analysis. These will Ye:

= 0.1
v = 0.25
TI =-1.0
¥ = 0.1
5 = 0,03

The other parameters will be adjusted to consider the varlous general
cases 0r the model's behavior. 3By considering different values of pH
we can make the unregulated system stable or unsieble; variations in 8
can determine either a steady or oscillating padh.

In addition, by changing the value of M. We can determine the effect
o a change on the constant rate ol money supply. The value of TG can be
varied 1o exanine the effects of Tiscal lags. Tinally, the values of the

stablliization policy parameters can be altered: . . .
i Yy P G ng gl’ gD’ gmp: gmlJ ng

2, .. -y g o on s
Allen, op. cit, {1967), has a good description of the Pnillips model
in his isst caapler on cyclical growth,



1. The unregulated system
In Chapter 3 we discussed the wmodel of cyclical growth as

developed by Phillips when taere wasg no govermment stabilization policies.

We saw how different values of the parameters would produce different time

paths for the variables, The first simulation presented is of this
unregulated model. Using ﬁhe paramneter values given above, the model

: should be explosive if £4 < 0.075; and damped if pi > 0,075, In addition
it will oscillate or move steadily depending on the value of 3 . Trying
each of these Tour possivllitlies we gee in Figure 5.5 that the simulation
supports our analytic conclusions. These exact paths can be compared to
the generzl paths of x in Figure 2.3. In addition we can also follow the

paths of the propeortional growth rate and the interest rate. Finally

as an example of what the ouftpul actually lcoks like, a graph plotted
by the digital computer is provided in Figure 5.6. Since the smallest
increment on this graph is one print line, the curves seem discontinuous.

However, the actual values of each paramefer ere also given by the

computer and represent much smoother curves. The value of pU in Figure 5.6

is 0.075, Trerefore, the osciliations are neither damped nor explosive
but of constant amplitude. The output ' ratic i1s plotted with the
character (x), growth rate y_, = (*), and interest rate r = (R). The

1

values ol tThe growth rate ani the interest rafe are much smaller in

magnitude than the ratio o actual to full capacity output. Therefore,

? they are plotied on a magnified scale relative to x.
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The initial values3 for these simulations are

x(0) = .95

x(0) =0

v.(0) = =vxz(C) = 0.02375
}(o) = .05

Dgx(o} is then determined from these according to the values of the
verameters. Notlice that the period of all these oscillations is

about 5 years, except that r is slightly lagged behind x and Ve This
can be seen in equation (3.9) where the rate of change of r depends on

(x-1) as well as the rate of change of x. When x starts its downiturn

ch
iy

here is still a net peositive elfect on Dr, because the positive effact
of (x-1, is greater than the negative effect of Dx. As x and Dx conbinue
to decrease the net effect on Dr will become negative and r will then
begin ivs downturn. There is a similar effect when x begins its upturn

at the bottom of the cycle,

The eccnomic aspect of <als point is that high interest rates

b

persist for a wille after a boom and similarly low interest rates persist
Tor a while alter a depression. This might indicate that interest rates
are not good incdicators of Tuture economic nehavior.

These are the possible tyses of behavior of the unregulated model,
We will rnow proceed To examine the effects of stabilization policies.
Ihe policles will alm at redicing the amplitude and Tfrequerncy of a
system like Figure 5.6. (Craphs similar to Figure 5.6 are provided

as iliustratlons 1n the more interesting cases,

S

r the amplitude and freguency of the

DifTerent initial values would alite
a2 x{(0) = 0.9 the amplitude would be about

oscillatlons, Tor example wit
twice as large.
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2. The simulaticn of the regulated cases discussed in section B

In section B of this chapter the impaect of the fiseal and
? monetary policles with ne lags was examined analytically. Using
| simulation we can extend that discussion by examining the path of the
3 variables before the steady state is reached.
3 First, consider the case where the unregulated economy is éompletely
| explosive, Tne lmpacts of the various policies on stability are shown in
Figure 5.7. This is in agreement with the analysis of section C. | Fiscal
integral poiicy (gi) has the most desirable effect: the unstable systen
is quickly orought to full capacity ocutput as x —» 1. Monetary and fiscal
sroportlonal (gmp and gp) policies alsc stabilize the system but reguire
a nuch longer time to reach full capacity. Monetary derivatvive policy
increases daxping but not enougn to stabilize the economy. Finally

monatary integral policy does not influence stability at all; in fact

cl
s
w
%3]
cl
)
[£M

it andesirable erfect of increasing freguency.

In the unstabilized mocdel the effeet of stabilization policies

on the growth rate is difficul. to evaluaite because the gystem never
reaches an unrezulated steady steve. Of course trose policies which
stabilize the system have a beneficial gtabliizing effect on growtia.

| For a wore meaningful evaleation of the impacts of fiseal and

i monetary poilcy on the proportionzsl growta rate we will choose parameters
waieh make\the tnregulated system produce ecyclical growth of constant
ampiitude, i,e. when the damping factcr 1s zero. This case was simu-
iated in Figure 5.6. The model oscillates around siteady state values

ol x_ = ., Vpg = 0.025, and r, = 0.055, BSuabllization policies are
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Several magnitudes of the policy cceffTicient were friea for
each type of policy. In gensral 11 wag found that the higher the wvalue
of the coefficient (i.e. more powerful govermment policy) the wmore
magnified were the lmpacts on stability and growth; if the ilmpacts were
harmful 1t wes found that a more powerful policy was more harmful; and
conversely, 1f the impacts were desirable, a powerful pclicy was more
desirseble. 1In some cases the impacts on stabiliity could not be increased
beyond a certain iimit, as was shown for fiscal proporiional policy in
section B.1l.

Figure 5.8 shows the effect of a fiscal proportlonal policy with
coefficient g, = 0.5.  Thig and the graphs for the other policies can be
compared with Figure 5.6 of the unregulated econocmy. Fiscal proporiticnal
policy has very little effect on damping x, however 1t does decrease the
frequency of the oscillations, The period here is about 2L years, as
compared with 5 years in the unregulated model. (Figure 5.8 onliy shows
a little more than halfl of one cycle.u) The most interesting effect
nere 1s tne greatly increased amplitude and the higher steady state value
Tor the proporviocnal growth rate. The reason Tor the increased amplitude

as discussed in section B, is thaet the policy results in an larger

increase in the rate of growth of YF when YA > YF or x > 1; and larger
decrease in the rate of growth of YF when YA < YF. In other words the

elTective coefTiclent of x in the growth eguation is increased, so that

with similar fZuctuations in x the fluctuaticas in y_ will be much larger.
I

The solution was carriec out over the whole cycle but only this section
1s plotted.



This higher value for Voo = 0.056 is very appealing despite the
Pk

increase in the amplitude of the fluctuations, But this value is
partially due to the way in which the propertioral policy with no lag

was initiated at ¢ = 0. What we have aszumed is that the unregulated

economy was fluctuating as in Figure 5.6 when suddenly the government
policy was acdded. This sudden initiation occurred at t = O in Figure 5.8,
so that we can look at the econciy to the left of t = 0 as that represented

in Figure 5.6. The value of y_ %o the immediate left of £ = Q is-given

5 by vy = svx = 0.2375. Therefore we set Yo to the same value at t = 0.

dcwever, now the equation for growth is yF = gvx + vgi(x-l); the result
is that there is a discrepancy between the value of Vo glven vy the new

growth equation and yF given at t = 0. The numerical simulator eliminated

the discrepancy by adding a constant to the growth equation. Thus:

yp = 0.2375 = svx + vg, (x-1) + 0.025.

Tnis consvany 0.025 is then the ancunt by which the steady state value

of ¥ is raised. In economic terms the effect of this constant can be
j interpreved as assuming that the full effects of the fiscal rolicy

§ throughout the economy cccur instantanecusly. In other words this

lerge increase in the growth rate is partially a consequence of our
assumption of zero lag. As we shall see in the next secticn when lags
are considered, the effect on the growth rate is still positive but not
by the same amount. We therefore interpret the increase in Yo as

stown in Tigure 5.8, to be an exaggeraticn of the actual value.

; riscal proportional policy increases the amplitude of the interest

rate fluctuations, wita no change in the steady state value.
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It was wentioned eariler that [iseal integral policy can have
a negative effect on the rate of growth. This is clearly demonstrated

in Figure 5.9. The policy is effective in completely stabillzing the

economy at full capacity cuiput, but the conseguence 1s & drastically
cecreased rate of growth. The more powerful fiscal integral policy
gets, the more proncunced is this negatlive efrfecti. Thus, there is a

definite trade off censideration petween fluctuations and growth when

a Tiscal integral policy 1s used when the economy is below fuil
employment. The implications on publie policy could be important
in this case,.

oy combining fiscal proportional and integral pollcy we {ind that
mach of this negative effect oan the growth rate is eventually eliminated.
However, as mentloned above some of positive impact of fiscal proporticnal
policy on growin is exaggerated because of the assumption of zero lag.

In Figure 5,10 the paths of the variableg are ploited for this combined
policy.

The mosv promising type cof monetary policy as indicated oy simulation
was & monetary proportional peliey. As shown in Pigure 5.11, the policy
elTectively damps tine oscillations with no negative effect on the
growth ratve or the interest rate in the steady state. The fluciuations
of the growtn rate and the interesl rate are also reduced..

The impacvs of monetary integral and derivative5 policies are
winimal, except on frequency. The monetary derivetive policy tends to

lower the freguency and monetary inftegral tends to increase it.

[

- . R} . = ] 3 B ra - I '
Monetary derivative policy has nc effect because the unregulated
system has ¢ = O cauping facltor, and therefore g does not affect

stabiiity as shown in section 3B.
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As a final example of these policie:z with no lags, Figure 5.12
represents a combination of fiscal and monetary policies. Comparing this
witn Figure 5.10 which had the same fiscal policy with no monetary policy
we see that the combined effect of the monetary policy is almost insigni-
Ticant when compared with the fiscal policies. Both graphs are approxi-
mately the sawme. However, the actual numbers which represent these plots
indicate that the growth rate and the interest rate have a tendency to te
slightly higher with the addition of the monetary policy.

For more accurate evaluation of these policies we must consider
the erfect of lags. But first Let us consider fiscal derivative policy

1

which was not exawmined analytically.
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3.

Figcal derivative policy

ik no lag
When this type of gover

i

rment regulation is applied to the model,
tne differecial equation is of thnixd order so it 1s desirable to use
simulation to examine the impacts,

fiscal derivative policy equal to G.5.

Figure 5,13 shows the effect of

The policy will damp the system

O. 55,

0,025

iy
Figure 5.13.

YEARS

Simulation of the Model Regulated by Fiscal
Derivative Policy with Zero Lag.
considgerably.

gD = 0.5.
However, there is a very slow appreoach to full capacity
level of outpus.

It takes almost 15 years before actual output is
significantly close to full cepacity output!

In an egulvalent time,
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vie unregulated model has undergone three business cycles so that an
average value of x = 1, Lere the average value is less than one. The
derivative policy can iren cut fluctuations but it leaves the economy

at a less than Cull capacity level for a long time. Higher values of gD
resulted in similar though slightly improved results. The derivative
poiicy will add o the growth rate as x increases because Dx is pesitive,
Tais factor will eventually die out as x approaches unity and Dx approaches
zero, The derivative fiscal policy is not therefore gignificantly bene-
Tlcial when used alone. The long time necessary to achieve full capacity
ocperation is a disadvantage. Fowever, when derivative policy was applied
©o the mulviplier-accelerator wodels with no growth, 1t was done so in
conjunctlon with the other policies. We will consider this aspect

oelow when discussing fiscal legs.

L. The effects of lags in fiscal wolicy
When we drop thie assumpiion that there are no lags in fiscal
poilcy, the differential equation of the model becomes third order and

£rowith eguation i1s of fifth order. Using simulation we can examinre the

efTect of lags of varying lerngth, by adjusting the value of T the time

C_)
constant of the exponential fiscal lag.

When Tiscal proportional policy with a lag is introduced to the
systen the behavior of the model is different than in the o lag case.
The freguency o7 the oscillation is decressed with the addition of g
lag and as the value of the lag is increased the frequency continues
to decrease. The amslitude of the oscillations is not influenced by the

length of The lag. Thus the vath of x is much as in Figure 5.8 except



1
O
<
[

thet trere are oscillations. For a lag of 6 menths (7, = 0.5), the
Trequency is about twice that of Figure 5.8, i.e. the period is about
15 years. For a lag of 3 years the period is avout 5 years, or
approximately what 1t was with no regulation at all,

The addition of a lag alsc reduces the increase in the steady
state growih rate for proportional fiscal policy. With a lag of 1 year
the system was initiated as in Figure 5.8 and the steady stase value of
Yp was 3.2% as compared with 5.3% with no lags. WNevertheless the_value
is stili kigner than without regulation.

Tre effect of lag in tae fiscal integral policy 18 to greatly
increase the Ireguency of trhe oscillations in the variables, anc to reduce
ihe growth rate even more drasiically than withoub lag. As the length of
the lag increases, the frequency of the oscillations is increased even
Turther, TFigure 5.1k illustrates fiscal integral policy with a lag of
one year. The perlod of eack tusiness cycle {(oscillation of x) is two
ard a helf years., Comparing tals with Figure 5.9 we see that the
acdltion of & lag in the integral policy makes guite a difference
in the vehavior o the systen. The growth rate ir this case is reduced
e 0.1% per caonum!

It was Zound that the e®fect of lags on fiscul derivative policy
is small. 43 the lag is increased the system vegins to oscillate at
higher frequencies, but even with a lag of three years the periods of
osciliation are &s large as fifieen years. The derivative fiscal policy
1s capatle of danping the sysiem if the system I1s already stable.
simuiation shows that the growsh rate is slightly reduced with the

introduction of fiscal derivaiive policy.
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When all three fiscal policies are used in conjunction we can

arrive at

n

ome desirable stavpilization effects even with fiseal iags.

rigure 5.:5 illustrates the behavior of the model when gp =g, = gD = 0.5.

with a I'iscal lag of one year, This combination will elfectively damg
the system and eliminate the business cycle completely after only four
years. However, there is a great negative effect on the growth rate as
the simulation shows. The resuliing lower growth rate would be such a
severe disadventage that sucn a policy as this could never be seriously
considered,

I we eliminate, or reduce, the size of the coelficient of the fiscal
integral poliey, this negative effect on growta disappears, But the
resuliing comdination of fiscael derivative and proportional policy does
net damp the system, and we nave cycles of similar amplitude but much
lcange:xr periods as in the unregiiated case,

The addition of wmonetary policy (all g = 0.5) does not improve

I
tae growth rate significantly when integral policy is used in the systen.
When all six policies are used togethér with a fiscal lag of one year,
whe benavior of the system 1g very gimilar to that of Blrure 5.15 where
we had no moretary policy, except that the damping is slightly increased,

In an effort to alleviate this situasticn of a lower growth rate,
the constant rate of money supply (around which monetary policy
Tluctuates) was increased from 3% to 5%. The result of this action
1s favorabtle on the growth rate. TFigure 5.16 shows that when m. 1s increased
to thls value that the system as reguiated by all policies (all coefficients

0.5) with a fiscal lag of cne year will eventually produce a higher rate
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of growth than with the lower value of Bl The interest rate is greatly
decreased &s a result of this asction. Simulation of the rate of price
change indiceted that prices‘went up considerably which i3 a logical
result of such a large increase in the money suppLy.

The mwost important conclusion from this simulation is that there
1s no simole method of determining the most desirable policies to use for
Tluctuations and growth. There are great numbers of combinations of
policies which can be considered ard the impacts of these policies.are
altered by various assumptions about lags. The simulation supported
our anralytic examinatlon znd gave additional insight into the operations

of the model as regulated by fiscal and monetary policy.
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CHAPTER 6

CORCLUDING REMARKS

in the Introduction to this study, it was mentioned that a
relatively unexplored area existed in the theorevical examination of
government policies for stablliiy and growtn., Thls study has attémpted
to investigate that area by epplying government volicies to a wmodel
wnleh expiains odoth growth sxzd fluctuwations. Let us briefly review
what hag been done,

In Crapter 2 we examined the problem of cyellical growth and men-
tioned some of the varicus attempts io represent both growth and
fluctuations ftogether. fThis was done as an introduction to the
Phililips model wnich was set up in Chapter 3,

n Crapter 4 we stowed how various types of continuous siabilization
policies would te represented when a variable growth rate was assumed.
secaise actual output is distinguished from full-capacity output, each
policy is & function of two variables. In stationary models the policies
are a funcilon ol only one variavle., Therefore, ithe broader assumption
necegsivated rmore complicated representations of fiscal policies, which
were wodilled Tor convenient mathematical analysis., Three similar types
of monetary policy were also iantroduced and these were added to the money

and interest rate equations,

- 96 -
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When these stabllization wolicies were added to the model of
cycllceal growtn in Chapter 5, the order of the differential equation was
aitered., In particul.r, the ecuation for the ratioc of actuzl %o full
capacity output became third order rather than second. The equation for
the proportlonal rate of growth was now a differential equation of second
order; whereas, in the unregulated model, growth was a simple iinear
relationskip of the actual to full cepacity ratio.

To Investigate the behavior of the model, when regulated by
these stabilization policles, we made an analytic investigation of the
general beravior of the differeantial equations. Finally, to exarine the
impacts of lags end to further support the analytic investigatvion, the
model was simulated with various numerical values of the parsmeters.

Several interesting results were discovered, some of whick could

aave policy implications. EHvery type of policy considered has some

()]

effect on the rate of growth. Tor fiscal proportional policy, the

growtin rate is altered depending on whether the economy 1s at over or
under capacity operation. In aspressed periods this policy raises the
growtl rate of full capaciity output, but not by the same amount that
private demand could ralse it, This effect is related to stability.

For exawmpie, the deflationary gap will not be eliminated if Full
capacity oulbput rises as fast, or faster than, zctual output. The
proportional policy can act es & stabilizer by nos letting full capacity
lnerease as fast as actual capacity. The gap is reduced. The argument
~s similar when there is an inflationary gap. This particular elfect

on growth iz Therefore necessary 17 the provoriional policy is to stabilize

the economy at Tull capacity or full employment cutput.



Fiscal integral policy has a strong impact on the proportilonral
rate of growth, If initlalized during a depressed period, vhis policy
will quickly stabilize the ecizomy at full capacity output, but with a
drastic reduction in the rate of growth. This suggests that there is a
trade off consideration between growth and fluctuations, when integral
wolicy is used during a period of under capacity output. Of course,

The reverse is true if the policy is used when the economy is operating
at over capacity., But such a sivuation is not usual in an econonmy

1likxe the United States, where recent economic history shows that under
capacily 1s & more prevalent state of output.

The monetary policles influence the rate of growth through an
influence cun the interest rate. However, the inivluence iz not as strong
as that of Tiscal policies. A possible reason for the lesser influences
1s tne cpposite effect which a change in actual income has on interest
rates. ror exawple, i1if the monetary authority decreases the money supply
Guring infiation, then interest rates will risef Trisg will reduce invest-
nent and thaus the growth rate wlll be lower. 3ut at the same time the
reduced invesiment makes actual ircome lower which in turn will tend to
pull interest rates down again. Thus the eventual effect is that
interest rates are ai, or near, thelr original level, and the growth
rate is nol significantly changed.

Morezary »clicies are not as strong as fiscal policles in their
effect on stablility. This was Tound by simulating fiscal regulation of

the model with and without monetary regulation. The path of the

economy was almost identical iz both cases.
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The araiytic investigatlon showed that some fiscal and moretary
poliicies can be either stabilizing or destavilizing cepending on the

rarameters of the unregulated model. Some of these stability conclusions

were due 1o the broader assumption that full capacity output and actual

output are two different variables. The multiplier-accelerator analysis
; would yileld cifferent stability conclusions, because it assumed = station-

ary level of desired or full capaclity output.

Finally, simulation showed that when lags are introduced to fiscal
% policy, lrte impacts on stability and growth are changed. TFor some
volicles the frequency of tre oscillaticns was inereased as a result of
lags; for others, the impacts on growth were magnified. These results

were glven in tioe last gection of Chapter 5, and indicate that further

E studies wigat ceal with the problem of fiscal and monetary lags in a

cyclical growth uodel.

5l

ncogerncus cyclical growtih models, like that of Phillips, are a
relatively rew development of sconomic theory. With further research
such moaels could open a whole new area For theoretical economics. It is
aoped that this study wignt irdicate how a cyclical growth model can be a
useful framewcrk from which to extend the theories of positive economics
to the problems of normative econcmics, including the problems of

govermmensy policies for growth and stability.




APPENDIX 1

SIMULATION TuCHNIQUES

Simulation was used to investigate the behavior of the regulated
model of cyclical growth when the differential equations became too
cumbersome or impossible to solve analytically. Twe technigues were
nged: (1) numerical solutions of the differential sguation using a
TEM Model TOS4 digital computer, and (2) electro-analeog solutions using
an plectronic Assocliates TR-20 electro-anslog computer. The latter
method was used primarily as a preliminary investigating tool and a8
an ald in urnderstanding the behavior of the model. Eoth methods are

brief_y descrised.

A. Simulavlon oy Numerical Solution on & Digital Computer

In order to determine the numerical solution of these equations,

a package of computer programs was used. The name of this paciage 1s

1 . ' , i - - ‘ . .
ODEPAC™ and 1s currently availcble on the IBM Model 709L at the Princeton

university Computer Center. Given the set of differential equations, the

values of <he parameters, and the initial conditions, the program will
solve tThe system giving values for all variables at any desired points

in time. Tae tecnnigues of numerical solution used in the prograx are

1 - . - . : . .
See I. Thnormas Cundiff, "On the Automation of the Numerical Soilution of
T

Ordinary DilTerertial Equations,"” {Washington, D. C., August, 1967) for
-~ discussion of the programming methods involved in this package.

1
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similar to those discussed by Henrici.2 Basically the method involwves
successive integration of the ecuations at certain varianle intervals
or stevs.

In order to change tae differential egquation of the model of
cyelical growth into a desirable form for numerical solution, it is
written in Fortran IV as a set of simultaneous first order differential
equations. In the most involved case this involved three eguations for

the variables x(= YA/YF), plus Two for the variable growth rate, and

I
finally one for the rate of interest r. Thus, the set consisted of six

=3

irst order diz

i

Terential equations. The values of these variables were
then given at various intervals in time. For exauple, if the interval

1s sSet at % T, then the values o7 each variable arec given at guarterly
intervals in the economic terms of the model. If the interval is 2%,

tten the values are given for every two years., By changing the parameters
o the equations, we can investigate the behavior of the system uncer
different types of govermment regulation.

It was Tound that the ocuvout, consisting of a great volume of
Tlgures, was difficult to analyze, especially waen wany different values
for the paramelers were tried. “Therefore, a vlotting routine was
installed into tne program to graph the output, The vlotting routine
is currently stored in the compuber and its use only Involived some simple
CALL stavemenus. BSelected results of this plotting are presented in the
wext. Because the printer is limited to inerements of one print line

the graphs seem alscontinuous; the curves they represent are much

25

P. Henrici, Discrete Variable Methods in Ordinary Differential Taguatlons
(New York: Wiley 1062)-
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smoother. AfTer examinlng t.e tenavior of these graphs, the actual
rumbers can then oe consulted or more exact analvsis.

Tnis wmethond of simulatiocn was a great nelp 1n investigacving the
model, and can be a useful tool in examining other economic models which
can be represented as differential equations. The high accuracy of the
numerical soiutions was demonsirated when some of the more simgple
sirulations were compared with aralytic solutions (e.g. the second
order case). Tae actual numbers can then be consulted for more

exact cormparison.

—

3. Electro-Araiog Simulat

Tne usefuiness of electro-analog methods in economic analysis has
peen demonstrated in a number of articles.3 In this poper the analog
compuver was used as a tool in uncerstanding she behavior of tne
govermmernc regu.ated model.

The lcea behind electro-anslog computing is that certain combirations

of eleciurical clircultry can perform mathematical operations., For exarple,

i we let voliage ve & variatle thnen we can sum several different voltages

by Joining trem together in an electrical c¢ireuit., Similarly, integrations

can be performed by a comoination of & capacitor and an amplifier in paraifel
It is beyond the scope <P this paper to expisin the detailed

technigues. Tae elrcult wnich represents ithe eguation of the medel is

represented in Figure Al.1l, Tce bottom loop of this circuit represents

&)

For a good description of some gpplications, see R. H.Strotz, J. F. Calvert,
nd

a N‘ . Toreheuse, "inaloge Couputing Technigues Avplied to Economics,'
Transactions in the American Institute of Electrical Engineers I (1551).
L

Jee Welter Sorcxa, Anaiog Metiiods ln Computatior and Simulztion
(New York: dcGraw HilLl, 1954).
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the three lategrabions needed to solve the third order eguation for the
actual to Tull capacity ratic x. The upper loop represents the growth
ecuation for Yo which is a funetion of Dgx, Dx end x. By changing the
values of the resistors (this can be done with variable resistors) the
parameters of the models can be changed. Two oscilloscopes are then
conanected to toe circult to ovserve the patn of the variables. Using
the TR-20 Analog-Computer this circuit is relatively simple to set up.

An advantage of electro-analogue solutlions over numerical solutions
is tThat the integrations are performed continuously rather than in dis-
crete intervals, However, there are several disadvantages. When the
carameters of the system are larger ths values of the resistors musti be
very low, and tnere is a possibility of inaccurate measurement witvh a
potentiometer. Furihermore, the results are not given in numerical form
and must be computed with a plotting device. Also, when we wish Lo examine
seny differect values of the parameters, it is necessary to calculate the
va.ues of the resistors in eaca case,

Because ol these disadvantazes the numerical methods on the
digltal computer are an attractive alternative and would be a usef'ul

tocl in other ecornomice studies.



APPENDIX 2

THE EFFECT CF A POSSIBLE MODIFICATICN
| OF GOVERMMENT FISCAL POLICY:
TNVESTMENT VERSUS CONSUMPTLION SPENDING

In Chapter 5 we menticrned that some of the effects of government

policy on the growth rate were due to the definition of goverrment spending.

This appendix will demonstrate 20w that definition assumed that all

government spending was on consumptlon goods, and will investigate the

effects of an aiternative definition, The analysis is hypothetical, but

it does show now different definitions might alfect investigations of

Tiscal policy and growth.

In Chapter L4, we defined G as a budget surplus collection or
deficit spending. Now, let us further define how that deficit might

oe composed, Where G represents deficit spending we will write;

3=0G.+%G . (A2.1)

ined a8 government investment expenditures plus private

where GI is del

investments included in govermment projects. Thus GI will include Invest-

i ment projects waich the government contracts to private industry. Today,

such contracts make up the larger parv of government investment spending.

G, is what pert of government consumption which changes with stavilization

| policy. TReither GI ner GC irciude "necessary’ government spending; for

example, natlonal defense is nct considered as a variable to be adjusted

Tor stabilizatiion,
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The size of § will be determined as in Chapter 4 by the three
stabilization policies: proportional, integral, and derivative., Butl
now the goverrment will decide how much of G i1s Te be invesiment an
Mow much consumption. Let us assume that the govermment decides to make
ezch type of spending a fixed proportion of total spendinz. We can then
write:
T = bIG
(1-b)G ' {(a2.2)

jop]
H

o
!

waere bI and (1-b.) are the fixed proportions of invesiment and
consumptlon respectively.

The income eguaiion is now written as

voo= {1- + T+ O+
v,o= {l-s)Y, + I+ G+ G,

so that totel investment in the economy is:

TG =&Y, -G . -

I A C

4

Substituting from equation (A2,2) %his becomes:
I+ G, = sY, - (l-bI)G . (a2.3)

With the additicn of government investment in the model, we will have to

redefine the rete of capital accumulation:

+
K=/, {(I+g_)at
0
or
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Substituting tiois expression into the production function we have:

DY

3]

VDK = v(I + G}

and the proporitional rate of growih 1s

low, if we substitute for (I - GI) from equation (A2.3) this expression

for growth becomes

ve = vl sv, - {1-0)6 1/vg | (42.5)

This ecuation can now be compared with eguation (5.10):

V- = V| SYA-G j/YF

Dll

There are geveral Iwportant poinis.

First, if b, = C then equation (A2.5) is the same as equation (5.10).

Tnus we can deduce, as menvioned in Chapter 5, that the previous analysis

assumed vzat G = G,. That Is, the entire govermment deTicit consisted

. = 1 then tre equation for growth becomes y._, = svx
:

o

welch is exactly what it was in tne unregulated model where government

spending was zero,
Ag an exauple, consider proportional fiscal vpolicy without a lag.

Before the growth rate was given as:
& g

v_ = svx + g vix-1) .
Yo gp \ /
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But when b_ = L the second term on tie right will oe zero. Trhus the only
effect of proportionsl policy on the growth rate is througn its effect
cr x, This could rave implications for the stabilizing aspects of fiscal
oroportionsl policy. For example, when x <1, that is YA < YF, then YF
is permitted %o increase by the full amount as determined oy the increase
in x. This increase 1n YF may be greater than the increase 1in YA so that
tre evenbual effect could be destabilizing. When the secona term on the
right existed Tor proporvion policy, we found that YF was increased by a
smaller amouns. Therefore, it secms that the inclusicn of government
investment in tre analysis could have interesting effects on stanility.
This develcpment could suggest that further studies of fiscal

policy in & cyclical growtn model might be concerned with such effects,
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