Introduction to Transformers
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LLMs are built out of transformers

Transformer: a specific kind of network architecture, like a
fancier feedforward network, but based on attention

Attention Is All You Need
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A very approximate timeline

1990 Static Word Embeddings

2003 Neural Language Model

2008 Multi-Task Learning

2015 Attention

2017 Transformer

2018 Contextual Word Embeddings and Pretraining
2019 Prompting

2019 RLHF Alighment

2021 Instruction Tuning




The transformer
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How to compute contextual embeddings

*  Contextual embeddings: Each word has a different
vector in each different context that represents
different meanings depending on surrounding words

* How to compute contextual embeddings?
Attention




Reminder: contextual embeddings
Let's consider the embeddings for an individual word from a particular layer

Next token long and thanks for all
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Reminder: problem with static embeddings (word2vec)

They are static! The embedding for a word doesn't reflect how its
meaning changes in context.

The chicken didn't cross the road becaus@was too tired

What is the meaning represented in the static embedding for "it"?




Contextual Embeddings

The chicken didn't cross the road because 1t

What should be the properties of "it"?

The chicken didn't cross the road because 1t was too tired
The chicken didn't cross the road because 1t was too wide

At this point in the sentence, it's probably referring to either the chicken or the street




Intuition of attention

Build up the contextual embedding from a word by
selectively integrating information from all the

neighboring words

We say that a word "attends to" some neighboring
words more than others




Intuition of attention:

columns corresponding to input tokens
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Attention definition

A mechanism for helping compute the embedding for
a token by selectively attending to and integrating

information from surrounding tokens (at the previous
layer).

More formally: a method for doing a weighted sum of
vectors.




Attention is left-to-right
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Simplified version of attention: a sum of prior words
weighted by their similarity with the current word

Given a sequence of token embeddings:
X; X X3 X4 X5 X X7 X

Produce: a, = a weighted sum of x, through x- (and x;)
Weighted by their similarity to x;

SCOI‘@(X,‘,X]') — X Xj

o;; = softmax(score(x;,x;)) Vj<i

d;, — E OCinj

J<I




Intuition of attention:

columns corresponding to input tokens
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An Actual Attention Head: slightly more complicated

High-level idea: instead of using vectors (like x; and x,)
directly, we'll represent 3 separate roles each vector x; plays:

query: As the current element being compared to the
preceding inputs.

key: as a preceding input that is being compared to the
current element to determine a similarity

value: a value of a preceding element that gets weighted
and summed



Attention Intuition
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Intuition of attention: query
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An Actual Attention Head: slightly more complicated

We'll use matrices to project each vector x; into a
representation of its role as query, key, value:

* query: W2
¢ key: WK
* value: WV

q; = x;WY ki =xWK; v, =x,W"




An Actual Attention Head: slightly more complicated

Given these 3 representation of x
Qi =xW ki =x;WK; v, =xWY

To compute similarity of current element x; with
some prior element x;

We’'ll use dot product between q; and k.
And instead of summing up x;, we'll sum up v;



Final equations for one attention head

qi:XiWQ; kj XjWK; Vj:XjWV
q; - k;

Vi

softmax (score(x;,x;)) Vj <i

E OCijVj

J<I

score(X;,X )

OCij

d;




Calculating the value of a3

Output of self-attention as

6. Sum the weighted
value vectors

5. Weigh each value vector
31

2. Compare x3’s query with
the keys for x1, x2, and x3

1. Generate
key, query, value

vectors X1




Actual Attention: slightly more complicated

* |nstead of one attention head, we'll have lots of them!
* Intuition: each head might be attending to the context for different purposes

Different linguistic relationships or patterns in the context

q¢ = x;WYE; k§=ijK°; Vi = x, WV, Ve 1<c<h

qc - ke
score” (X;,X;) = \l/chJ
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Multi-head attention
a.

| /
| [1xd]
Project to fi
Ina :
| representation WO [Ad,, x d]
usually d =d/A
,~Ad/A, hence [d x d]

COl ICatena O
te UtpUtS | I |
I | [7 X Ad h
] ere A=
74 =4

Each head —1 [1xd,]
v [1xd, ]
4

attends di
noe grl]f[fee;fntly Head 1 -~
WK7 WV1 ea 2
~~|./|/Q1 WK2 W2 W2 WK':ead 3 /l—@é\
V3
_ZV WQ3 WK3 WV4 WQ4

------
- =
> == -:-.rqr-.r-’-o—r—

.....

..--------"‘-‘-'.— ''''''''''''

.
-
.......................
..........................
............

......................
SesezeTeeIeIgeR T

-
- = =2
-----
-------

I i ol

-------
------

X . -3 -: P < ‘::::::::: - : -:-:- : -‘:-'::- -----------------
_ SX HEY -:-:-:- .--:-:.-- e :.-::; R : - :. - ’.-..’.—- = 5. :_._—_-._1._-..'...-—
-3 -0 Xi_. { A e SRR T
X
/




Summary

Attention is a method for enriching the representation of a token by
incorporating contextual information

The result: the embedding for each word will be different in different
contexts!

Contextual embeddings: a representation of word meaning in its
context.

We'll see in the next lecture that attention can also be viewed as a
way to move information from one token to another.
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The Transformer Block

Transformers




Reminder: transformer language model

Next token long and thanks for all
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The residual stream: each token gets passed up and
modified
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We'll need nonlinearities, so a feedforward layer
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Layer norm: the vector x; is normalized twice

i Mg
Feedforward
4
Layer Norm
2
MultiHead
Attention
_____ medeecdeado L Ll __AAA
] ] i R4 L ) I X L g4
Layer Norm
)

Xi-o Xi-1 X




Layer Norm

Layer norm is a variation of the z-score from statistics, applied to a single vec- tor in a hidden layer
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Putting together a single transformer block

hio Mg
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A transformer is a stack of these blocks
so all the vectors are of the same dimensionality d

Block 2

_______

Block 1




Residual streams and attention

Notice that all parts of the transformer block apply to 1 residual stream (1
token).

Except attention, which takes information from other tokens

Elhage et al. (2021) show that we can view attention heads as literally moving
information from the residual stream of a neighboring token into the current

stream .

Token A Token B
residual residual
stream stream




The Transformer Block
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Parallelizing Attention
Computation
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Parallelizing computation using X

For attention/transformer block we've been computing a single
output at a single time step / in a single residual stream.

But we can pack the N tokens of the input sequence into a single
matrix X of size [N x d].

Each row of X is the embedding of one token of the input.

X can have 1K-32K rows, each of the dimensionality of the
embedding d (the model dimension)

Q = XWQ: K =XWK: v=XxwV




QK'

Now can do a single matrix multiply to combine Q and K’
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Parallelizing attention

* Scale the scores, take the softmax, and then

multiply the result by V resulting in a matrix of
shape N x d
* An attention vector for each input token

A = softmax (mask (?g )) V




Masking out the future

A = softmax (mask ((\Q/Pc(T;: )) V

* What is this mask function?
QK" has a score for each query dot every key,
including those that follow the query.

* Guessing the next word is pretty simple if you
already know it!




Masking out the future
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Another point: Attention is quadratic in length
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Attention again
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Parallelizing Multi-head Attention

Qi _ XwQI : Ki _ XwKi : Vi _ XWVi

iKiT _
softmax (Q ) \"A
vy
MultiHeadAttention(X) = (head; @ head,... ® head;)W°

head; = SelfAttention(Q', K', V')




Parallelizing Multi-head Attention

O = LayerNorm(X + MultiHeadAttention(X))
LayerNorm(O + FFN(O))

I
|

or
T! = MultiHeadAttention(X)

T? = X+T!

T°> = LayerNorm(T?)
T = FEN(T?)

T5 — T4. 73

H = LayerNorm(T?>)
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Input and output: Position
embeddings and the Language
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Token and Position Embeddings

The matrix X (of shape [N x d]) has an embedding for
each word in the context.

This embedding is created by adding two distinct
embedding for each input

* token embedding
* positional embedding




Token Embeddings

Embedding matrix E has shape [|V | x d].
* One row for each of the |V | tokens in the vocabulary.

e Each word is a row vector of d dimensions

Given: string "Thanks for all the"

1. Tokenize with BPE and convert into vocab indices

w = [5,4000,10532,2224]

2. Select the corresponding rows from E, each row an embedding
. (row 5, row 4000, row 10532, row 2224).




Position Embeddings

There are many methods, but we'll just describe the simplest: absolute
position.

Goal: learn a position embedding matrix Epos of shape [1 x N ].
Start with randomly initialized embeddings
* one for each integer up to some maximum length.

* j.e., just as we have an embedding for token fish, we’ll have an
embedding for position 3 and position 17.

* As with word embeddings, these position embeddings are learned along
with other parameters during training.




Fach x is just the sum of word and position embeddings

Transformer Block

X = Composite
Embeddings
(word + position)

Word QL) <
Embeddings |@ =
Position

Embeddings
Janet will back the bill




Language modeling head

Language Model Head

takes hLN and outputs a
distribution over vocabulary V

LayerL ,——d—————— I

Transformer |
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Language modeling head

Unembedding layer: linear layer projects from hLN (shape [1 X d]) to logit vector

) (2 ... (M) Word probabilities 1x|V]
Why "unembedding"? Tied to ET

/[ ] Softmax over vocabulary V\ Y 5

Logits 1 x|V|

Unembedding : . . _
wu ET Unembedding layer dx | Weight tying, we use the same weights for
- @P . / two different matrices
N X

------------ Unembedding layer maps from an embedding to a
' 1x| V| vector of logits




Language modeling head

) (2 ... (M) Word probabilities 1x|V|
/
[ Softmax over vocabulary V
Logits 1x |V
Unembedding Unembedding layer dx V]
layer = ET
1\ J
@@ 1xd
____________ \
____________ /
| L :
y

Logits, the score vector u

One score for each of the |V |
possible words in the vocabulary V.
Shape 1 X |V .

Softmax turns the logits into
probabilities over vocabulary.
Shape 1 X |V |.
L T
hy E

softmax(u)
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Sampling for LLM Generation
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Recall: Conditional Generation: Generating text
conditioned on previous text!

1. Give the LLM an input prompt

2. Have it generate token by token
* conditioned on the prompt and the generated tokens

We generate from a model by

1. computing the probability of the next token w; from the prior
context: P(w;|w_))

2. sampling from that distribution to generate a token




Where does token probability come from?

LLMs internally generate real-valued logits for each token in the
vocabulary.

Score vector u of shape [1 x |V]]

logits-

all] 1.2
the| 0.9
your | 0.1

Transformer (or other decoder) that | 205

So long and thanks for 7




Where does token probability come from?

LLMs internally generate real-valued logits for each token in the
vocabulary.

Score vector u of shape [1 x |V]] is turned into a probability by softmax
y = softmax(u)

U y
logits—— softmax —probabilities
all] 1.2 all | .44
the| 0.9 the | .33
your | 0.1 your|.15
Transformer (or other decoder) that| 0.5 that| .08

So long and thanks for 7




Decoding

Choosing a word to generate based on model
probabilities

Autoregressive generation:

* Decoding from a model

* |eft-to-right

* repeatedly choosing the next token
* conditioned on our previous choices




Greedy decoding

A greedy algorithm is one that makes a choice that is locally
optimal

* (whether or not it will turn out to have been the best
choice with hindsight)

Simply generate the most probable word:

W, = argmax, ., P(w|w;)




Greedy decoding: choosing "all"

u y
logits—— softmax —probabilities
all] 1.2 all | .44
the| 0.9 the| .33
your | 0.1 your| .15
Transformer (or other decoder) that | -0.5 that | .08

So long and thanks for 7




We don't use greedy decoding

It chooses extremely predictable tokens
resulting in generic and repetitive text

Instead, people prefer more diverse text, so we
do sampling




Random sampling

Sampling from a distribution:
* Choosing random points according to their likelihood.
Sampling from an LM:

* Choosing the next token to generate according to its probability
assigned by the LM

Random (multinomial) sampling:

We randomly select a token to generate

* according to its probability defined by the LM
* conditioned on our previous choices,
Generate it, and iterate.




Random Sampling

u y

logits—>| softmax — probabilities—> >2"P'®

all | 1.2 I .44

the | 0.9 the | .33

your | 0.1 your | .15 the
Transformer (or other decoder) that | -0.5 that | .08

So long and thanks for 7




Sampling a word from a distribution

polyphonic
0=.0000018
however 3
the of a to in (p=.0003) _ |
0.06 0.03 | 0.02 0.02]0.02 000 = T *N
, T N R N [ e 1
.06 .09 .11 .13 .15 .66 .99




Random sampling

11

wi ~ p(w)

while Wi 1= EOS
11+ 1
wi ~ pw; | w<i)




Alas, random sampling doesn't work very well

Even though random sampling mostly generate
sensible, high-probable words:

> There are many odd, low- probability words in the tail of
the distribution

> Each one is low- probability but added up they constitute
a large portion of the distribution

> So they get picked enough to generate weird sentences



Factors in word sampling: quality and diversity

Emphasize high-probability words
+ quality: more accurate, coherent, and factual,
- diversity: boring, repetitive.

Emphasize middle-probability words
+ diversity: more creative, diverse,
- quality: less factual, incoherent




Temperature sampling

Reshape the probability distribution

* increase the probability of the high
probability tokens

* decrease the probability of the low
probability tokens




Temperature sampling

Divide the logit by a temperature parameter t before
passing it through the softmax.

Instead of o :

We do
y = softmax(u/7)




Temperature sampling

u y u softmax y
logits—> softmax —probabilities logits—> with >probabilities
- (@) P temperature exp(a/7)
7 b 4
b ) where exp(b/T)
- eXI; Z =expl(a) C 7
d exp(c) +exp(b) d eXp(ZC/ 7)
Z Fexp(c) e exp(d/7)
M exp(d) +exp(d) Z
A -
SN (b)




Temperature sampling O<t<1

y = softmax(u/T)

Why does this work?

* When tis close to 1 the distribution doesn’t change much.
* The lower tis, the larger the scores being passed to the softmax
* Softmax pushes high values toward 1 and low values toward O.

* Large inputs pushes high-probability words higher and low probability
word lower, making the distribution more greedy.

* As tapproaches 0O, the probability of most likely word approaches 1




all
the
your

that

logits

1.2
0.9
0.1
-0.5

softmax output with temperature 7

7=0.1 7=0.5 =1 =10 7=100

95 .59 44 27 25
.05 32 33 26 25
0 .07 15 24 25
0 .02 .08 23 25
\— - _J \— - _J
low temperature high temperature
sampling sampling

(towards greedy) (towards uniform)



Temperature sampling comes from thermodynamics

* asystem at high temperature is flexible and can explore
many possible states,

* asystem at lower temperature is likely to explore a subset
of lower energy (better) states.

In low-temperature sampling, (t < 1) we smoothly
* increase the probability of the most probable words
* decrease the probability of the rare words.
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Pretraining Transformers
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Self-supervised pre-training algorithm

We simply train them to predict the next word!
1. Take a corpus of text

2. At each time step t
I. ask the model to predict the next word

il. train the model using gradient descent to minimize the
error in this prediction

"Self-supervised" because it just uses the next word as the
label




The language modeling loss

* We want the model to learn to guess the next word

* =to assign a high probability to true word w,, ,

* = high loss if the model assigns low probability to w4

* So LM loss should go opposite of probability
* The negative log probability of next word

-log p(Wii1)

* |f the model assigns too low a probability to w,,,
o We move the model weights in the direction that assigns a higher probability to

Wi+1




From chapter: Why —log prob turns out to be cross-
entropy loss

CE loss: difference between the correct probability distribution

and the predicted distribution

o - -Thl

L : cV -
The correct distribution vy, Knows the next word, so it is 1 for the

actual next word and it is O for the others.

> Example: correct next word w4 is "fish" which is word #3
°Y,=[000100000.....]]

° Leg =0 (log V[0]) + O (log V,[1]) + O (log V[2]) +1 (log V,[3]) +O....
So all terms get multiplied by zero except one:

* the logp the model assigns to the correct next word
—log §; [Wi+1]



Teacher forcing

* At each token position t,
> model sees correct tokens w4,
o computes loss (—log probability) for the next true token

Wit
* At next token position t+1

> we ignore what model predicted for w,,,

° |Instead, we take the correct word w,,,, add it to context,
and move on




Training a transformer language model

True next token

CE Loss
per token
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LLMs are mainly trained on the web

CommonCrawl, snapshots of the entire web produced by
the non-profit Common Crawl! with billions of pages

Fineweb corpus (2025)
18.5 trillion tokens of English
From 96 CommonCrawl dumps from 2013-2024.




How to make an LLM multilingual?

Surprising answer

Just throw all the languages data in a big file and pretrain on it!

FineWeb2 dataset

* 1000 languages

* 5 billion documents
*  From Common Crawl|




ISO  Script Name Language  Words Documents Disk size
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Evaluating Large Language
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Better LMs are better at predicting text

Reminder of the chain rule:
Pwin) = Pwi)P(walwi)P(wzlwin)...P(Wy|Win_1)

= HP(WZ"WQ')
i=1
Given text w,., we could just compare the log likelihood from two LMs;

LM , log likelihood(wy.,) = log | | B(wilw<;)
=1

LMg log likelihood(wi:,) = log | | P(wilw<;)
=1




But raw log-likelihood has problems

Probability depends on size of test set
* Probability gets smaller the longer the text

* We would prefer a metric that is per-word,
normalized by length




Perplexity is normalized for length

Perplexity is the inverse probability of the test set,
normalized by the number of words

(The inverse comes from the original definition of
perplexity from cross-entropy rate in information theory)

Probability range is [0,1], perplexity range is [1,°°]




Perplexity

So just as for n-gram grammars, we use perplexity to measure how
well the LM predicts unseen text

The perplexity of a model 6 on an unseen test set is the inverse
probability that © assigns to the test set, normalized by the test
set length.

For a test set of T tokens w,.; the perplexity is :

||
=~
=
2
.

Perplexity (wy.7)




Perplexity

* The higher the probability of a sequence, the lower its perplexity.
* = Lower the perplexity of a model on the data, the better the model.
*  Minimizing perplexity is the same as maximizing probability
Also:

1. Perplexity turns out to be the exp of the cross-entropy
1T
Lcg (batch of length T) = = ; —log P(w;|w;)

2. Perplexity is sensitive to length/tokenization so best used when
comparing LMs that use the same tokenizer.




(as we said in lecture 1)
Many other factors that we evaluate, like:

Size

Big models take lots of GPUs and time to train, memory to store
Energy usage

Can measure kWh or kilograms of CO2 emitted

Fairness

Benchmarks measure stereotypes, or decreased performance for
language from or about some groups.




