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The Gaussian beam method is an asymptotic method for wave equations with
highly oscillatory data. In a recent published paper by two of the authors,
a multiscale Gaussian beam method was first proposed for wave equations by
utilizing the parabolic scaling principle and multiscale Gaussian wavepacket
transforms, and numerical examples there demonstrated excellent performance
of the multiscale Gaussian beam method. This article is concerned with the
important convergence properties of this multiscale method. Specifically, the
following results are established. If the Cauchy data are in the form of non-truncated
multiscale Gaussian wavepackets, the multiscale Gaussian beam method provides
a convergent parametrix for the wave equation with highly oscillatory data,
and the convergence rate is % where J is the smallest frequency contained
in the highly oscillatory data.” If the highly oscillatory Cauchy data are in
the form of truncated multiscale Gaussian wavepackets, the multiscale Gaussian
beam method converges with a rate controlled by % + €, where € is the error
from initializing the Gaussian beam method by multiscale Gaussian wavepacket
transforms. To prove these convergence results, it is essential to characterize
multiscale properties of wavepacket interaction and beam decaying by carrying out
some highly-oscillatory integrals of Fourier-integral-operator type, so that those
multiscale properties lead to precise convergence orders for the multiscale Gaussian
beam method.
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1. Introduction

The Gaussian beam method is a high-frequency asymptotic method which can be
used to construct parametrices for wave equations with highly oscillatory data. The
idea of Gaussian beams dates back to 1960s; see [2]. Since then, Gaussian beams
have been used for many different applications, such as propagation of singularities
[24] and seismic modeling and imaging [7, 13, 14, 19, 21, 30]. However, all these
Gaussian beam methods cited above only deal with single frequency data. In a
recent work [23], Qian and Ying proposed a multiscale computational Gaussian
beam method for wave equations with highly oscillatory data by making use of
the parabolic scaling principle and multiscale Gaussian wavepacket transforms,
and the multiscale method is able to handle the Cauchy data with a broad band
of frequencies simultaneously. The aim of the current paper is to analyze the
convergence properties of this multiscale Gaussian beam method.

In order to apply the Gaussian beam methods efficiently and accurately, one
has to generate a beam decomposition for a general initial condition. There have
been some recent advances in beam decomposition for the wave equation [19,
26, 27] and the Schrodinger equation [17, 18, 22]. In particular, [22] introduced
single-scale Gaussian wavepacket transforms and developed on top of them a
highly efficient initialization algorithm for the Schrédinger equation. For the wave
equation, since the Hamiltonian is homogeneous of degree one, which essentially
constrains the resulting Hamiltonian flow to the cosphere bundle, a Gaussian beam
of the wave equation should satisfy the parabolic scaling principle [4, 25] at any
given time. Motivated by this principle, [23] introduced a set of multiscale Gaussian
wavepacket transforms that enable to decompose arbitrary initial conditions of the
wave equation and polarize mixed high-frequency initial data into different wave
modes at multiscale resolutions. Based on this multiscale decomposition, [23] further
proposed a multiscale Gaussian beam method for the wave equation with general
initial conditions.

From the work in [4, 25], it is well-known that for the wave equation with
smooth coefficients, a wavepacket remains a wavepacket at a later time if it
satisfies the so-called parabolic scaling principle, i.e., the wavelength of the typical
oscillation of the wavepacket being equal to the square of the width of the
wavepacket. Examples of such wavepackets include curvelets [1, 5, 6, 9, 25] and
wave atoms [10, 11]. The multiscale Gaussian wavepackets proposed in [23] were
inspired by these constructions and in fact inherited the overall architecture of
the wave atom construction; however, the transforms were modified appropriately
so that the wavepackets maintain a Gaussian profile. Such multiscale Gaussian
wavepackets are also similar to the wavepackets of Cordoba-Fefferman [§8], which
are sufficiently localized in phase space. From a more general perspective, such
multiscale wavepackets are also related to phase space transforms which were
recently used to construct parametrices for wave operators with rough coefficients
in [12, 28].

It was further shown in [23] that the multiscale Gaussian beam method
yields an asymptotic solution for the wave equation. In this paper, we carry
out the convergence study of the multiscale method. Specifically, we prove the
following results. If the Cauchy data are in the form of non-truncated multiscale
Gaussian wavepackets, the multiscale Gaussian beam method provides a convergent
parametrix for wave equations with highly oscillatory data, and the convergence rate
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is 1, where / is the smallest frequency contained in the highly oscillatory data. If
the highly oscillatory Cauchy data are in the form of truncated multiscale Gaussian
wavepackets, the multiscale Gaussian beam method converges with a rate controlled
by \/LZ + €, where € is the error due to initializing the Gaussian beam method with
multiscale Gaussian wavepacket transforms.

At this point, we mention that in [3] some convergence results for single-scale
Gaussian beams are given for wave equations; our convergence analysis aims at
multiscale Gaussian beams for wave equations so that our starting framework and
analysis tools are different from [3].

The accuracy of parametrices for this problem is tied to the regularity of the
coefficients of the wave equation. In [29] Waters constructed a parametrix for
general second-order wave equations assuming the minimal regularity as in Smith
[25], and following [25] she also proved that it was sufficiently accurate to allow
correction to an exact solution by a Volterra integral equation. She used a frame of
(modulated) Gaussians and also observed that in the presence of more coefficient
regularity this frame could be propagated as Gaussian beams. At essentially the
same time Qian and Ying [23] constructed a parametrix for the wave equation using
Gaussian beams initialized by a frame closer to the one in [25]. In the present
paper we prove the accuracy of that parametrix. Naturally at quite a few places the
arguments are close to those in [29].

The rest of the paper is organized as follows. Section 2 summarizes the
construction of a multiscale Gaussian beam parametrix, including Gaussian
beam setup and multiscale Gaussian wavepacket transforms. Section 3 details
some properties of Hamiltonian flows and wavepacket interactions and presents
convergence analysis of the multiscale Gaussian beam parametrix. Section 4 proves
some technical lemmas that are needed in the analysis.

The following notations are needed:

1. Let x be a vector in R¢, and let its usual Euclidean norm be denoted by |x|.

2. Let A be a symmetric matrix and ¢ be a real number. The expression A > ¢
means that the matrix A — ¢l is positive definite and symmetric. Here / denotes
the identity matrix.

3. Let A be a matrix, and denote by ||A| the matrix norm defined by ||A| =
sup, %.

4. Let f € CK(IRY), where k > 0 is an integer. Write || f || = sup,cpa{|SL]; |of < k).

5. Let f be a function defined in R?, x, a point in R¢, and k an integer. The
expression f = O(]x — x,|¥) means that %(xo) =0 for all o] <k —1.

6. Let a, b, and ¢ be three positive numbers. The expression a <. b means that there
exists a constant C depending on ¢ such that a < Cb.

2. Multiscale Gaussian Beam Parametrix Construction
2.1. Gaussian Beams

Consider the following wave equation,
U,—V*(x)AU =0, xeR? >0, (1)

U|t:0 ZfI(X), (2)
Ulimo = fr(%), (3)
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where the velocity function V(x) is smooth, positive, and bounded away from zero;
the functions f;(x) and f,(x) belong to H'(R?) and L?(IR¢), respectively, and they
are assumed to be highly oscillatory.

We are looking for asymptotic solutions to the wave equation in the
geometrical-optics form,

A(x, t)e\/jlwr(x,t)’ (4)

where 7(x, t) is the phase function and A(x, 7) the amplitude function. In the ansatz
(4), the frequency w is a large parameter and an asymptotic solution for the wave
equation is sought in the sense that the wave equation (1) and its associated initial
conditions (2) and (3) are satisfied approximately with a small error for large w.
After substituting the ansatz (4) into the wave equation (1) and considering the
leading orders in inverse powers of the large parameter w, we arrive at the following
eikonal and transport equations,

7 =V (@)|V,e(x, ) =0, )
2A,1, —2V?V A -V 1+ A(t,, — V’trace(z,,)) = 0. (6)

Factorizing the eikonal equation (5) gives
™+ GF(x, V7t (x, 1)) =0, (7

where G*(x, V1% (x, 1)) = £V(x)|V 15 (x, t)| correspond to two polarized wave
modes in the second-order wave equation. Accordingly, we define the Hamiltonians,

G*(x, p) = £V(¥)|p| = £V(x) /P .

where the square root is defined in the complex plane except the non-positive axis
by analytical continuation. Here G*(x, p) is clearly homogeneous of degree one in
the momentum variable p.

To construct asymptotic solutions for the wave equation, we employ Gaussian
beams [20, 24, 27]. Because the two polarized wave modes may be treated essentially
in the same way, we consider the following generic situation for the eikonal
equation:

7, + G(x, V,7(x, 1)) =0, (8)

where G can be taken to be either G* or G~ and 7 to be either t* or t~. According
to the Gaussian beam theory [20, 24, 27], a single Gaussian beam is an asymptotic
solution to the wave equation, and it is concentrated near a ray path which is the
x-projection of a certain bicharacteristic. To obtain Gaussian beam ingredients, we
solve the following system of equations,

. dx

X = E = Gp’ x|t:0 = Xp» (9)
. dp

=—=-G,, plizo= Do (10)

P="r =
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M= ‘”Zt(t) = (G, + MG, + G M(1) + M(1)G,,,M(1)), M|y =~~1el,
(11)
A= Ci’_‘? - (% (GX -G, + GZM(t)Gp — Vz(x(t))trace(M(t)))> , Al =A,
(12)

where t is time parameterizing bicharacteristics. See [20, 23, 24, 27] for detailed
derivations.

Since the corresponding ray path is y = {(x(¢), ) : t = 0}, by construction,
we have p(r) = t,(x(¢), 1), M(t) = 7,.(x(?), p(¥)), and A(r) = A(x(¢), t) along 7. In
addition, by homogeneity of the Hamiltonian G, t(r) = t(x(¢), #) can be taken to
be zero along y. It follows from the symplectic structure of the Hamiltonian system
that the Hessian M(¢) along y has a positive-definite imaginary part provided that it
initially does; see [20, 24, 27].

We are now ready to construct a single Gaussian beam along the ray path y by
defining the following two global, smooth approximate functions for the phase and
amplitude:

t(x, 1) = p(1) - (x — x(1) + %(x — x(1)"M() (x — x(1)), (13)
A(x, t) = A(x(1), t) = A(1), (14)

which are accurate near the ray path y = {(x(¢), 7) : t > 0}. These two functions
allow us to construct a single-beam asymptotic solution,

D(x, 1) = A(x, ) exp («/—_1 wt(x, t)) . (15)

This beam solution is concentrated on a single smooth curve y = {(x(¢), t) : t > 0}
which is the x-projection of the bicharacteristic {(x(z), p(¢)) : t > 0} emanating from
(x9» po) at 1 = 0. Since the phase t(x, r) has an imaginary part, Im(z(x, 1)) = 1 (x —
x(6))TIm(M(1))(x — x(¢)), the function ®(x, t) has a Gaussian profile of the form,

exp (=3 (x — (1) "Im(M() (x = x(1))

which is concentrated on the smooth ray path y.

Applying the above construction to the two polarized modes with G = G*
results in two sets of solutions x*(¢), p*(r), M=(¢), A(¢), t¥(x, 1), A%(x, 1), and
®=(x, £). These functions are uniquely determined by the initial data x,, py, M,,
and A,. We denote these initial data collectively by a tuple « = (x,, py, My, Ay). In
the rest of this paper, in order to emphasize the dependence on «, the solutions
are denoted, respectively, by xF(r), pE(r), M=(r), AX(1), tF(x, 1), A¥(x,1), and
®E(x, 1).

For a given tuple o = (x, po» My, Ay), the Gaussian beams ®F(x, ) have a
simple Gaussian profile in the spatial variable x. For a general initial condition
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(U(x, 0), U,(x, 0)), one needs to find two sets I and I~ of tuples such that at
time r =0

Ux,0) ~ Y &f(x,0)+ Y &, (x,0),

oaelt oael~
U(x,0) = Y @ (x,0)+ > D ,(x,0).
aelt oel~

Once this initial decomposition is given, the linearity of the wave equation gives the
Gaussian beam solution

Ux, 1)~ Y ®f (x, 1)+ > @, (x,1).

oelt oel~

To justify that the beam solution constructed this way is a valid asymptotic
solution for the wave equation (1) with initial conditions (2) and (3), one
must take into account the initial conditions in the beam construction as well.
However, this depends on how the initial conditions are decomposed into Gaussian
profiles and how the beam propagation is initialized; see [17-19, 22] for several
different approaches for the Helmholtz and the Schrodinger equations. In the
Schrodinger case, the Hamiltonian is not homogeneous, hence one cannot restrict
the Hamiltonian flow to the cosphere bundle; consequently, the single-scale
Gaussian wavepacket transform is used to initialize the beam propagation for
the Schrédinger equation. For the wave equation, since the Hamiltonian G*(x, p)
is homogeneous of degree one, the initialization requires multiscale transforms
with basis functions satisfying the parabolic scaling principle. In [23], Qian and
Ying designed such multiscale transforms, called multiscale Gaussian wavepacket
transforms, to carry out the needed multiscale decomposition. These multiscale
transforms follow the architecture of the wave atoms proposed in [10, 11].

In the next subsection, we summarize the formulation of these multiscale
Gaussian wavepacket transforms and prove some approximation properties of the
resulting frames.

2.2. Multiscale Gaussian Wavepacket Transforms

We start by partitioning the Fourier domain R¢ into Cartesian coronae {C,} for
£ >1 as follows:

C, =[-4,4]",
Co={E= (& bovrn &) s max & | € 474}, €22

It is clear that ¢ € C, implies that |¢] = O(4%). Each corona C, is further partitioned
into boxes

=

Bz,i =

[2°i.2° (i, + )],
1

5

where the integer multi-index i = (i, i,, . . . , i;) ranges over all possible choices that
satisfy B,; C C,. All boxes in a fixed C, have the same length W' =2 in each
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dimension and the center of the box B, ; is denoted by &,; = (&1, &pins -+ +» Epia)-
To each box B, ;, we associate a Gaussian function g, ,(¢) by

a0 = (5,

where g, = W, /2.

To construct a Gaussian-beam parametrix, we need to decompose the Cauchy
data into Gaussian wavepackets; however, computationally it is highly nontrivial
since a Gaussian function is not compactly supported in the Fourier domain.
Consequently, we introduce truncated Gaussian bumps. To do that, we first choose
a cut-off function y € C(R"”) with 0 <y <1 such that y(&) =1 for &e {¢:
max, ., |¢| < 1} and (&) = 0 for & € {&: max,_,_,|&| = 2}. Since 6, = % =21
we define a truncation function y, ; for each box B, ; by

20(8) =1 <ﬂ> :
Oy

The truncated Gaussian bump g, ; in the frequency domain is given by

gz,i(f) = Xz,i(f)g’z,i(f)’

where g, ;(&) is compactly supported in a box centered at ¢, ; of length L, = 2W,.
Now, we define a conjugate filter &, ; for the truncated Gaussian bump g, ; by
setting

%e.i(8)
20 10,i(€)8ei(E) .

We notice that this conjugate filter is slightly different from the one used in [23].
We have following properties about the conjugate filter A, ;.

hé,i(é) =

Lemma 2.1.

1. For any given &, there exist at most 3% indices (¢, i) such that y, (&) # 0.
2. The denominator of h,; is always positive. Moreover, there exist positive constants
C, and C, such that

C, <h, (&) <C, foralléeB,,
Proof. Let (£, 1) be an index such that y, (&) # 0. By the definition of y,;, we have

max | — ‘fe,i,s| < 20y,

1<s<d

or |& — &, | <20, forall 1 <s < d. Since for each s there exist at most three real
numbers of &, ; s such that |& — &, | < 20,, it follows that there are at most 3¢
numbers of &, ,;’s such that max,__, [, — &, ; ;| < 20,. The first part of the lemma is
proved.

Next we show the second part. Assume that ¢ € B, ;, which implies that

max |& — &, ; | < o

1<s<d -
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Thus y,;(£) =1 and

80.:(8) = 10.1(9)8.:(S) = e_(%)- > e

Therefore

Z Xz,i(é)ge,i(f) > e,
€

On the other hand,

ZX[,i(é)gl,i(é) = Zyez(é)gzz(i) =< ZX[,i(é) <39

where we have used the result in the first part of the lemma.
Consequently, we have proved that

O ZX@,i(é)ge,i(é) <39, (16)

The second part of the lemma follows. |

By construction, the products of g, ;(¢) and A, ;(£) form a partition of unity:

Z gz,i(f)hz,i(é) =1,

and £, ;(£) is a smooth function compactly supported in a box centered at &, ; with
size L, = 2W, in each dimension (i.e., [1°_,[¢,., — W,, Eois + Wi

We then introduce three sets of functions {¢,;,(x)}, {(}e’i’k(x)}, and {,; (%)},
defined in the Fourier domain by

A | I T
¢z,i,k(f) = Ld/ze /I 81,;‘(5)’ Vk € Z°,
¢

o 1 o= k&
Puis®) = e (O, ke T,
¢

N | O T
lpz,i,k(f) = Ld/ze /I he (&), Vke z°.
¢

Taking the inverse Fourier transforms gives their definitions in the spatial
domain:

1 /= 1(x—£)-¢

Pl = o [ T g 0de, Vhe T, a7
L

~ 1 /T (e )

D) = o [T R 0ae, Ve, )
t
1 L)

Veia(®) = = [ T, (9de. ke (19)

LZ!/Z R4
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As shown in [23], the definition of g, ;({) implies that

d
i —1x=7-)Eei = x—k
¢zlk(x) (,/ I ) -e2“ﬁ( )<, e g |x— \2; (20)
¢

ie., (?)Z,,-,k(x) is a Gaussian function that is spatially centered at k/L,, oscillates
at frequency ¢,; with |&,;| = O(4%), and has an O(c,) = O(W,) = O(2%) effective
width in the Fourier domain and an O(1/ag,) = O(27%) effective width in the spatial
domain.

For ease of notation, followmg [25] we introduce the triple y = (E i,k) € N x
Z¢ x 7. Then ¢, ,(x) = ¢,(x), ¢pip(x) =, (x), and ¥, (x) =, (x). We also
write 4, = |£ | = |fe il &= Q i» and B, = B, ;. Furthermore, we deﬁne x, = LL[ and
D, = Hle[x},’s — 2L T ] Note that the products of the boxes D, x B, form a
tiling of the phase space IRZ"

We next present some properties about the three sets of functions {¢,(x)},
{{b.},(x)} and {y,(x)}. First functions {y,(x)} and {¢,(x)} are dual frames for the
space L*>(R?) as shown in [23].

Lemma 2.2. [23] For any f € L*(R?),

f) =3, £, (x). 2D

Proof. See [23] for the proof. O
We then give the following stability estimate for the co-frame {y.,(x)}.

Lemma 2.3. There exist positive constants K, and K, such that the following hold:
K FI3 < 21K, AP < K115 (22)
Kl 30 < 221K, HF < Kl FIl7- (23)
y

Proof. Note that

1 P = szdp/ TR, (O] ()d

ik

=3 [, (@ @)Pde

=/Q(anxof>v@nma
REN g

] R 2
AN =TIl T [, & h07 @
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=Y [ e Plh O @Pde
i "R?

“h (Z '5€,f|2lhz,,-(é)lz> 7P
L,i

Using properties of functions #,;’s in Lemma 2.1, one can check that there exist
positive numbers K, and K, such that

K, < Z|hz,i(f)|2 <K,
0
Ki(|Ef+1) < Z |é£,i|2|hé,i(é)|2 <K,(l¢F+1),
X,

which yield (22) and (23). O

Since the proof of Lemma 2.2 relies on g,; being compactly supported in
an essential way, the representation f(x) = > (\,, f)®,(x) holds only for the set
of (truncated) Gaussian wavepackets {¢,(x)}, not for the set of (non-truncated)

Gaussian wavepackets {q’) (x)}; namely, f(x) # > (¥, f)db (x). However, when
initializing multiscale Gaussian beam propagation as 1llustrdted in [23], we need
the Cauchy data to be in the form of (non-truncated) Gaussian wavepackets ¢..
Therefore, a natural question is: what is the difference between {¢,(x)} and {(}5},}?

To illustrate this point, we estimate ||(2> - c}SII 12rey- By direct calculation,

= = [, 17 BP0 = 2y

| _M E—C&y, ’
e

1

=g [, 7 = ueyac

1 Sl
—2[¢]
< — e d
44 /|:\>1 :
< (0.0072)7,
which is a small number. Moreover, the above approximation error (0.0072)¢ can
be made arbitrarily small by increasing the support of the truncation function y.
Consequently, we may substitute {¢,(x)} with {¢,(x)} in the expansion of f.
Moreover, we have the following two results.

Lemma 2.4. Let f € L*(R?) be such that
F) =20, )d,(x) = X c,,(x).

Define

F@) =Y c,¢,00).
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Then there is a number & > 0 which is independent of f such that | f —]~C||Lz(]Rd) <
8||f”L2(IRd)'

Proof. See Subsection 4.2. a

Similarly, we have

Lemma 2.5. Let f € H'(IRY) satisfy

1) = S0 19,00 = e,

y

Define

F@) =Y ed,).

Then there is a number € > 0 which is independent of f such that |f —]‘||H1(]Rd) <
8||f||H'(JRd)-

2.3. Multiscale Gaussian Beam Parametrix

We construct the multiscale Gaussian beam parametrix for the wave equation
(1)~(3) in this section. We begin by assuming that the initial conditions (2) and (3)
are highly oscillatory. By Lemma 2.2, we have the following decompositions for the
initial conditions:

fi(x) =3, a,¢,(x), (24)
fr(x)=2,0,4,(x) , (25)

where a, = (f},,) and b, = (f5, },).

To construct the Gaussian beam parametrix, we need to decompose initial
conditions (2) and (3) into non-truncated Gaussian wavepackets. Since <}5,,,(x) is
a good approximation for ¢, (x), we can get approximate decompositions by
substituting ¢, (x) with (7>,},,(x) in (24) and (25). Although this introduces an extra
error in the approximation of initial data, it is reasonable as long as the error is
small.

Therefore, to simplify subsequent discussions, we consider the wave equation
with the following approximate initial data instead of the exact data (24) and (25):

U,—V*x)AU =0, xeR? >0, (26)
Ulieo = X, a,,(x), (27)
Ulio = X, 0,0, (). (28)

Motivated by the approximation

d 3 (727[2
- 7 a2 n(T ke
¢}7(-x) :( L 6£> e 1/“,("' Lt) e ) te )’
14
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where 4, = |¢, ;| behaves like a large parameter o, as shown in [23] we can construct
one Gaussian beam for each wave mode, respectively, by solving

: k
k=G, x= I (29)
. g,
p==Gp Pplmg=2n-", (30)
. r ST 27’07
M=-G M-MG, —MG,M~-G,, M|_,=v-1- 7 I, (31)

. A T d
A=-3c (Vitrace(M) — G, - G, — G'MG,), Al = ( /L_eo'e> . (32

where we take G = G to obtain the “4+” wave mode and G = G~ to obtain the “—”
wave mode, respectively. Denote the solutions by x;* (1), p; (1), M} (1), and AZ (7).

By the homogeneity of the Hamiltonian function G(x, p) we can easily verify
that ¢ (1) = 4, p,(1) and x,(¢) also satisfy differential equations (30) and (29),
respectively.

We are now ready to construct the multiscale Gaussian beam parametrix for
the wave equation (26). For each wave mode, we define the corresponding phase
function 7 (x, t), amplitude function A7 (x, 1), and Gaussian beam @7 (x, 1) by

T (x 1) = pr(0) - (x—x7(0) + %(x — x5 ()" M (1) (x = x (1), (33)
A (x, 1) = AF (D), (34)
PE(r 1) = AR Dexp (VT 4, T (1)) (35)

The global multiscale Gaussian beam parametrix to the wave equation (26)
takes the following form:

Ux,0) =Y ¢ 0 (x, 1)+ Y ¢, (x, 1), (36)

where the coefficients ci are determined by matching the beam asymptotic
solution with initial conditions (27) and (28). As derived in [23], these coefficients
are given by

1 b,
ctF==1a - , (37)

y H Rl V=1-G+ (L% zn@/)

1 b,
c,==\a, : . (38)

y 2 y + x/—_l G+ (LL[’ 2nf},)

This finishes our construction of the multiscale Gaussian beam parametrix.
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3. Analysis of Multiscale Gaussian Beam Parametrix

In this section, we prove the convergence of the multiscale Gaussian beam
parametrix (36) for the linear wave equation (26)-(28). To do that, we need some
technical lemmas.

3.1. Properties of Hamiltonian Flows and Phase Functions

First we present some properties of solutions to the system (29)-(32) which are
crucial to our analysis.

Lemma 3.1. For T > 0 fixed, assume that |M (t)|| < C for all 0 <t < T. There exist
positive constants C,, C,, Cs, and C, depending on ||V|q, T and C such that

C =lp,O =G, (39)
C,2f < 14,0] < Gl (40)

Proof. For simplicity, we suppress the index y and take G(x, p) = V(x)|p|. To prove
(39), we note that p(r) = —V,_(x(¢))|p(?)|. By using the Gronwall inequality, we have

%MD(N2 = =2p()" V. (x@)|p()| < 2lpO PVl ex
= [P < [pO) e Vler.
Similarly,
%|P(f)|2 = =2p()"V,(x(1))Ip()] = =2|pO [Vl
= (O = [pO)Pe e
Since |p(0)| = 27, we may choose C; = e IVlcl and C} = e"lVlet, so that (39)

holds for C; = 2nC} and C, = 2nC;.
We next show (40). Rewrite equation (32) as

dlog A(¢) 1 ,
— =73 (V’trace(M) — G, -G, — GLMG,).

Recall that G(x, p) = V(x)|pl, G,(x, p) = V(x) &, and G, (x, p) = V,(x)|pl, we
have

Ll - ‘z|p1<r)| (V(x(t))trace(M([))
— Vo (x(1)) - p(t) — V(x(2)) <%> M(5) (%) )

Denote the right hand side of the above equation by f(#). Note that f is a complex
valued function. Since [trace(M(?))| < d-||M(?)|| <d-C and C, > |p(?)| = C,, we
see that |f(7)| < w. We can check that

A(f) = A(0)e? o 745
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is the solution to the equation (32). It follows that

Wl @c+c+6y) |A(l‘)| HVHc] (dC+C+Cy)

e pIey < pLe
= 1A0) =

Now, since A(0) = (\/> ) (VZ2+ 1) (5)2 - (491 = 0(A%), (40) follows for

properly chosen constants C; and Cj. O

We also have the following two lemmas about the Hamiltonian flow.

Lemma 3.2. Let T >0 be fixed. Then there exist positive constants Cs and Cs,
depending on | V|| 2 and T such that the following holds for all t € [0, T]:

Cs (2l |2,(1) — x, (D> + |E,(1) — E, (D)
oyl |%,(0) — x,, ) + 1£,00) — &, 0)?
—x, (O + 18,0 = & (0P). 1)

Proof. Denote v(t) = x,(t) — x, (1), w(t) =¢,(1) =&, () = 4,p,(t) — 4,p,(t). We
have

dv(t) 67(1‘) é ()
‘ ‘ Vi(x, (I))|6,(t)| V(x, ())|5 ol
f o
= 00 = Vs Oy |+ v 025 -
< Vi@l + 1Vie ||£ ((t))||
= Wl v+ ul 0.
where we have used the inequality |} — mI |x|‘>xll ‘)\|‘x|| = |atbi= lemlxl(x 9| < Z‘T l\‘ tor

all x, y # 0. By the symmetry between y and y’, we also have

o) 2Vlles
V t t.
‘ 2| = Vle O]+ =22 o)
Thus
dv(t) i ! —1
‘ di 5||V||c1|v(t)|+2||v||co|w(f)|mm{Aycl’i},,cl}

2V 1
] 1)|.
il

< Vllerlv(0)] +
It follows that

[w(®)].

d ih,)\,ﬂ/ t v
@‘ = Vliel /1)», ()| + —< ” ||c0
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Using the fact that %?‘2 2400 f(#) < 2|“9| .| f(1)] and the Cauchy-
Schwartz inequality, we further get

d(A, 2 |u(t) 1)
dt

4 VIIZo
C?

1

<2IIV||<:1 + ) Ayl 0O + [w()]. (42)

We next estimate |42 |,

dw(t)

= [Vo(x,(0)I&, (0] =V (x, )IE, (]

< [Vi(x, () = Vil )] - 1€, + [V (e, (D) (1€, (D] = |, (D)D)
< Vlielv@ - 4,C, + [V er [w(D)]
= G|Viel4v@ + [Vl lw@)].

The symmetry between 7y, 7 yields

‘dl;—gt) = G|Vl 4, v + [V o [w(D)].
Thus
‘dgt) < G|Vl - min{2, 4} - [o(8)] + |V ]| et [w(D)]
< GlVleayf 2ydoy (D] + [V [| 1 [w(D)]
It follows that
Cuwd—(:)P < QIVIe + IVIZC) - Tw@) P + 4,2, [o(0) . (43)

Define E(t) = i},/l},,|v(t)|2 + |w(#)|>. Then (42) and (43) yield

dE 4VIE,
——§G+HWMHWW@@ =< ) EO.

1

A direct application of Gronwall’s inequality gives the second inequality in (41).
A similar consideration for v(¢) = v(T —t) and w(¢) = w(T — t) yields the first
inequality in (41). d

We remark that the inequality in Lemma 3.2 stated in a different form has also
been proved in [29] by a different argument.

Lemma 3.3. For a fixed constant T > 0, the following estimate holds,

(1) = x, (O 2 ¢ M) - 1 (0) = x, () — 4T - [V |eo (44)
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Proof. Denote v(t) = x,(t) — x,(#). By direct calculation

dv(n)| _ p,(1) Py (1)
= Ve, () 220
P, py (0]
p,(1) p,()  p,(0)
= [V(x, (1) — V(x, (t))|’ + Vix, ())' Kau
lp, () I, 1p, ()]
= [Vilalv(®)] + 21V ] co-
Using the fact that %_2"” v(t) > |dl(t)| |v(r)] and the Cauchy-
Schwartz inequality, we further get
d|v(®)?
SO = —(1 420V - oOF = 4V IEs
By Gronwall’s inequality, (44) follows. |

The following result is implied in a theorem shown in [15, page 101].

Lemma 3.4 [15]. For any given T > 0, the solution Myi(t) for the Riccati equation (31)
is well defined for 0 <t < T. Furthermore, there exist positive constants c,, ¢,, and
¢, which depend on T and the velocity field V(x), such that ¢, < Im{Myi (0} < ¢, and
[Re{M(1)}|| < ¢, uniformly for all 0 < t < T and .

Next we present two lemmas about the phase function 7, and the single
beam ®,.

Lemma 3.5. Assume that Lemma 3.4 holds.
Ty,t(l’ 'x) = —G(.X, T",',x(t’ 'x)) + 0(|)C - X},(I)P).

Proof. We suppress the index y. Direct calculation yields
dx
G0 = L= x) + 00+ (-5

30— D 20) — (x— x(0) M) 5
= ~G,(+(0), p(0) - (x = x(0) = p(0)- G, (1), p(1)
—i—%(x —x()" - (=G}, - M" =M -G, —M'G,,M—G,)-(x—x(1),

7.(1, x) = p(1) + M) (x — x(1)). (45)

On the other hand, by using the Taylor expansion for G around x = x(¢) up to
the third order term, we have

G(x, 7, (1, X)) = G(x, p(1) + M(1) - (x — x(1))
= G(x(1) + x = x(1), p(1) + M(1) (x — x(1)))
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= G(x(0), p() + G, - (x — x()) + GLM()(x — x(1)
§ 50— x(0) Gy~ x(0)

50— x(0) MO G, M) (3 3(1)

+ (x = x(1)" G, M(0) (x — x(1))

1 ! &G
5], T 0+ S5 = x0). 00+ MO = 0)
x (x — x())*(M(t)(x — x(2)))" ds. (46)

We may write the last term as Y, _;(x — x(2))*F, (¢, x). It is clear that

1F, (2 Il enmay S NV emesways

provided that the norm of the matrix M(r) is bounded.
Summing up (45) and (46), we have

(1, %) + G(x, 7,(t, %)) = —=p()" - G, (x(1), p(1)) + G(x(1), p(1))
+ Y (x = x(0)*F,(1, x).

Jor]=3

By the homogeneity of G, p" - G ,(x, p) = G(x(¢), p(1)). It follows that

7,4+ G(x, 1,(t, x) = Y_ (x — x(1))"F,(1, x). 0

Jor|=3
Lemma 3.6.
®,,(1.2) = ~®,(1.2) - 1, - G(x,(1). p, (1)) + P, (1. 1) - D,(1)
— V=1 ®,(t, %) - 2, - O(|x — x,(1)]) + V=1 2,®,(t, x) - O(|x — x,(1) ),
where D,(t) is defined as
A
A4,

V2(x,(1)trace(M, (1)) — G, (x,(1), p,(1)) - (G(x,(1), p,(1))
+ M,(1) G, (x,(1), p,(1)))
2G(x,(1), p,(1)

Proof. Suppressing the index y, we have

D,(1) =

D,(1, x) = B(t, x) (% + V=121 (1, x))

= (1, ) (D) + V=T 4 (=G (x. 7,0, %)) + O(x = x(1)")))
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— (1, x) (D(t) F VT2 (=G, (1) + M(D) - (x — x(1)))
+0(lx — x(1)]))) .

A Taylor expansion of the function G(x, p(¢) + M(¢) - (x — x(¢))) around x =
x(t) yields

G(x, p(t) + M(1)(x — x(1))) = G(x(2), p(1)) + O(|x — x(1)]).
Since 2 - G(x(1), p(t)) = G(x(1), &(1)), we have
A+ G(x, p(t) + M(1) - (x — x(1))) = G(x(1), &(1)) + 4 - O(|x — x(1)]).

The lemma follows. g

3.2. Wavepacket Interaction and Beam Decaying

The following lemma describes interaction between Gaussian wavepackets which
plays an important role in the proof of Lemmas 3.8 and 3.9.

Lemma 3.7. Assume that M, and M, are two symmetric and positive definite matrices
satisfying 0 < ¢yl < M|, M, < c,1, and that N, and N, are two symmetric matrices such

that |N||, ||V, || < c,. Assume also that 5x and 5¢ are two vectors in R?, and 1, and A,

. 32
are two positive numbers. Let ¢} = C;”. Then
0

V X (x—ox) - oV T0E kA xT (My+3/=T-Ny ) v= i (=0) (My 4/ =T-Np) (x=03) g
]Rd

_eohidy 50 [og
< 1 e e L e 1
~cg d [E] [l
(A + 4y)2 YRR
Proof. See Subsection 4.3. a

We remark that the special case of Lemma 3.7 corresponding to o« = f§ =0,
N, =N, =0, and M, = M, = I can be evaluated directly as done in [29].

Furthermore, the following two lemmas show that different Gaussian beams are
“almost orthogonal” to some extent.

Lemma 3.8. Assume that ®,(t, x) is defined as in (35), and b, are complex numbers

with Y, |b,|* < oo and b, =0 for all y = (¢, i, k) with £ < 1. Let m be a non-negative
integer. If |oa(y)| > m for all y, then

uniformly for 0 < t < T, where T is given.

2

SO LA

L2(R7) b

S b (1, ) - (- — x,(1)"?

Proof. See Subsection 4.4. O
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In Lemma 3.8, we have characterized interactions between propagated
multiscale Gaussian wavepackets along bicharacteristics in terms of various
vanishing orders, and these vanishing orders in turn define the orders of the
accumulated interaction. A similar result has been established in [29] (Theorem 2.1
in [29]) for the interaction between propagated Gaussian wavepackets with Gaussian
frame functions, and the proof relies on some specific properties of the frame
constructed there, such as the specific form of the scale factor inherent in that frame.

Lemma 3.9. Let ®,(t, x) be defined as in (35); let b, be complex numbers such that
>, |b7,|2 < oo and b, =0 for all y = (¢, i, k) such that £ < 1. Assume that F(t, x) =
O(|x — x,()|") for each y. Then

2

SO LA

L2(R7) b

Z)“/% b,®,(t, ) - Fy(t, ")

uniformly for 0 < t < T, where T is given.

Proof. Taylor expanding F,(t, x) about x = x(t) up to the N,-th order, where N is
to be determined later, we can write

F0= Y dut— @ + X F 00— x(0) = K0 + FO (),
|o|=m [e|=Np+1

where all d,, are uniformly bounded complex numbers and F, ,(z, x) S O(1).
By Lemma 3.8, the following holds:

2

Y iib @) FO@| ST IbP (47)
7 L2(RY) Y
Next we show that
2
Tb,@,(1, ) FA(t, ) Sy Ib (48)
LZ(]Rd) Y
To see this, we first apply Lemma 4.6 to get
| <2 @, FP(1,-), 23 D, FO (1, ) > |
d <
< (A, 2y)7 » h\v(r) P 1
N Ry BQEm aG)lm
Gyt )" o

Since 4, > 1 for those y with € > 1, we further get

| < 2 @ FD(1, ), 20 0 F D (1) > | S e HmOmw0F T

< ef%o\x.l‘(t)fx),r(l)\z . .};d—l
~ b, b

where we have taken N, = 2d 4+ 1 + m.
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Define

— 01y (= 2 —d—11—d—
d}’,"," —e [, (1) X;”(’)‘ . j’yd lﬂwd l.

Similar to the proof of Lemma 3.8, we can show with the help of Lemma 3.3
that

diy Sy miny o e (49)

B xeD,,éeB,, €D,y ,&'€By

for some properly chosen ¢, > 0, where D, and B, are defined in Subsection 2.2.
Defining function b(x, &) by letting b(x & = b for all x € D,, ¢ € B,, we have

2 [bibydy | S [, 16 b &)l i e~ ¢ | ddéd' d

< [ (b OF + b, )Py g1 axdéavas

=2 [ b Pt e dx'd g dxd

S [ Ve PIE dxd

< [, leGx, O dxac

- 5 ZIp (50)
This proves (48). Combining this with (47) yields the lemma. O

3.3. Main Convergence Results

With Lemmas 3.8 and 3.9 at our disposal, we are ready to estimate the error between
the Gaussian beam solution and the exact solution. We first estimate the error that
comes from approximating the Cauchy data.

Lemma 3.10. Assume that U(0) and U,(0) are defined as in (27) and (28). Assume
also that cf, ¢ and U(t, x) are defined as in (37), (38), and (36). Then

@. X, 4 P +1e17) £ 2,4 e, * + [b,7):

(b). T(0) = U(0);

©. 1T,(0) = U,(0) | 2wy S
where a,, b, =0 for all yﬁrr;ritch that L, < dpin With Joy, > 4.

1 (Sl +16,7)",

Proof. We first show (a). Using (37), we have

ﬂ b,
) IVHISILES 3-8 (lay|2+ T
y - vz(f)(zm},)z

2

Vz( )(2%)2

=37 |a|2+2
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Since V(x) is bounded away from zero, we get

32 1et P S Y + b)),
b 7

Similarly, it is easy to show that

2 -2 2 2 2
Y2 le P S Y Elal + b)),

which completes the proof of (a).
The proof of (b) follows from the fact that @ (0, x) = ®7(0, x).

Next, we prove (c). By Lemma 3.6, we have

U,(0, x) = U,(0, x) = 3" ¢/ (0, x)DF (0) — v/=1- 3" 4, (0, x) - O(|x — x,(0)])

The same results hold for other terms in (51) with sup-script

foll

Lemma 3.11. Assume that T > 0 is fixed and 2.

y
/

+ V=13 et (0, %) - O(x — x,(0))
+ ZC{ @7(0, x)D; (0)

_J1. ZA S D7(0, x) - O(|x — x,(0)])

)3’

+ V=13 2, @70, x) - O(Jx — x,(0) ).

By Lemma 3.8 and Lemma 3.9, we have

2
0% (0, )DH(0)

STl = - 22

L2(R) y mm y

PR

L2(R?) )”mln y

_22

L2(R9) “min

2

A\

Z%Cﬁqﬁ((), ) O0(] - =x,(0)])

A\

”Zi ¢ @7(0,) - O] - —x, (0)|)

[T3L

OWS.

(51

(o

(o

eI

. Using part (a), (c)
O

Now, we estimate the error that comes from beam propagation.

‘min

> 4. Assume also that c, are complex

numbers such that Y- |c, P27 < o0 and ¢, =0 for all ), < Juy. Define u(t, x) =

, €, @, (t, x). Then

||Pu||L2(]Rd) S 3 2/12|c |, uniformly for all 0 <t < T,

where Pu = (0,, — V*(x)A)u.
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Proof. By a direct calculation, we have

PO,(1,x) = (3, — VA (x)A)A, (1)e T4
=~ (1.0) = V0T, (1. 1)) - A, (e

+ \/—_1 N )0,:{2‘[«;,[(1" X)Ay,t(t)

+A,(0)(t,, — V? (x)trace(t, .. (1, x))) } eV (1)

C R0 (2,00 — VWL (.0)
0
A,(0)

+ 7,1, x) — Vz(x)trace(r},,xx(t, X)) }

+ V=12, D1, x){2fy,t(f, X

Let
g1 (6,2) = 2, (1, %) — VAT (1, ),
A, (1) 5
g2t x) =21, (1, x A,(t) +1,,(t, x) — V=(x)trace(t, (1, x)).
Then
Pq) (t X) D, (t )C) g) l(t X) + ) (Dy(t’ X) . gj),2(t’ X).

By Lemma 3.5, we have

8.1t x) = O(|x — x()*).

Then Lemma 3.9 yields

2
3
H ZC}'}"f D (1,-) - g, (2, ) H Z C«/if Ay @8, 0) - g, (2 0)
y L2(R9) L2(RY)
1
<y (c},/l}?) Z;L le, . (52)
V mm P
We can also show that
2
H Z Cy)Ly : q)y(t’ ) : gy,Z(t’ ) Z/L2|C |2 (53)
Y LZ(IR") Ao Y

Indeed, using Lemma 3.9, we need only show that g, ,(, x) = O(|x — x,(¢)]). This is
done in the next lemma, namely Lemma 3.12. Thus we have proved (53). Combining
this with (52) yields the theorem. |



Downloaded by [Stanford University] at 16:35 18 August 2014

114 Bao et al.

Lemma 3.12.

g,2(t, x) =21, (1, x) +1,,(t x) — Vz(x)trace(ry,”(t, x)) = O(|x — x,(1)]).

A1)

A,

Proof. We suppress the index y. By Lemma 3.5, we have
7,1, x) = —G(x, 7,(t, x)) + O(|x — x())

= —G(x, p(t) + M(1)(x — x(1))) + O(|x — x(1) ).
Furthermore, direct calculation shows that
T,(t, x) = =G, (x, p(t) + M(2)(x — x())){p(2) + M (1) (x — (1)) + M(1)(—x(1))}

+ O(|x — x(1)*),
7. (8, x) = M(¢).

Thus
& (t, x) = 21,(1, x)% + 1,,(t, x) — V*(x)trace(M(t))
A1)
= —2m - G(x,1,.(t, X))
— G, (x, p(1) + M(1)(x — x(1))) - {p(r) + M (1) (x — x(1)) + M(1)(—(1))}
+ O0(|lx = x(0*) = V(x)trace(M(1)) + O(|1x — x(1) ). (54)

When x = x(¢), we have

g1, x(1)) = 22,z x(z))% 2,6, x(1) = V2(x()trace(M(1).  (59)

Substituting the equalities

A VA(x(0)traceM(t) = G, - G, — G (x(1), p(1)) M(1) G, (x(1), p(1))
A1) G(x(1), p(1)) ’
7,(1, x(1)) = =G (x(1), p(1)),

7, (1, x) = =G, (x(1), p(1)) - p(1)) + G, (x(1), p())M(1) G, (x(1), p(1))
= G, (x(1), p(1)) - G, (x(1), p(1)) + G, (x(1), p()M()G ,(x(1), p(1))

2

into (55), we get

(1, x(1)) = 0.

Using Taylor expansion about x = x(¢) for the function g,(¢, x) with expression
(54), the result g,(¢, x) = O(|x — x(¢)|) follows. d

Before we state the main result, we first recall the following estimate from [16].
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Theorem 3.1 [16]. Suppose that f, € H'(RY), f, € L*(R?), and f € L*(0, T, L*(R?)).
Then there exists an unique solution u € C'(0, T; L*(R%)) (N C(0, T; H'(IRY)) to the
following wave equation

U, - Vx)AU=f, xeRY 0<t<T,
Ulmo = f1(x),
Uilizo = fo(%).

Furthermore, the following estimate holds,

lullcro,:r2ray A co.z:m ®ayy S Wil ey + 12 lli2way + 1 0, 7:22(ra)) -
Finally, we can state and prove our main result.
Theorem 3.2. Consider the following wave equation

U, —Vx)AU =0, xeR? 0<t<T,
Ul =Y a,,(x).
Y

UI|[:0 = an,(ﬁ,(x).

Assume that Z},()u4/2,|a.),|2 +1b,1*) < 00, Jpin > 1, and a, = b, =0 for all y such that
oy < Jmin- Let ¢ and ¢ be defined as in (37) and (38). Define the Gaussian beam
parametrix by

U(t,x) =Y. cF 0 (1, x) + Y ¢, @ (1, x).
v 7

Then
U e C'(0, T; LA(RY)) () C(0, T; H'(RY)). (56)

Furthermore, the following error estimate holds for the Gaussian beam solution:

1

- 1 ?
U — U”C'(O,T;LZ(]R"))ﬂC(O,T;H'(]R”)) < T (Z (7u>2,|a3,,|2 + |b«,-|2)> > (57)

“min ’

where U € C'(0, T; L>(R%)) N C(0, T; H'(RY)) is the exact solution.

Proof. Denote u(t, x) = 3, ¢, ®,(t, x), where ¢, ®,(#, x) can be either ¢ ®7 (1, x) or
¢, ® (¢, x). It is clear that we ‘need only show the relation (56) for u(t, x) Without
loss of generality, we take ¢, ®,(#, x) = ¢/ ®F (¢, x). By direct calculation, we have

u (1, x) = 3 4,0, @, (1, X)(p, (1) + M, (1)(x — x,(1)))
=) 2,¢, @, (t, x)p, (1) + > 2, @, (t, X)M, (1) (x — x,(2)).
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Using the fact that both |p,(7)| and ||M,(#)|| are uniformly bounded for 0 <t <T
(Lemmas 3.1 and 3.4), we can apply Lemma 3.9 to conclude that

' < 2l
V

H Z;tycyq)y(t’ )M;(t)( - xy(t))H 5 Zl},lc},lz.

YA, @, (1, )p,(1)

Thus the series representing u, converges uniformly for 0 <t <T. It follows that
u e C(0, T; L>(IR%)) and hence u e C(0, T; H'(R%)).
The fact that u € C'(0, T; L*(IR¢)) follows from

u(t,x) == ®(t,x)- L, - G(x,(1), p,(1)) + D¢, @, (1. x) - D,(1)
~ 3 V=1, (1,x) - e, - O(1x — x,(1)])
+ VT 2, @, (1 %) - O(x — x, (1))

Since G(x,(t), p,(1)) and || D, ()| are uniformly bounded for 0 < ¢ < T, we can apply
Lemma 3.8 and Lemma 3.9 to conclude that

2
| ZCD}'(I’ ) : )”ycy : G(x}'(t)7 p},(l‘)) 5 Z/l;zrlcylz;
Y L2(RY) 7
2
‘ ch'q)r(t’ ) Dr(t) S Z |C}'|2;
b L2(R) 7
2
‘ Z q)y(t’ ) ' ;Lycy ! 0(| ' _x}'(t)l) 5 Z/lylc}'lz;
v L2(RY) 7
2
H Z/L;qu)y(t’ ) : 0(| : _xy(t)|3) 5 Z/ly_llcylz'
7 L2(R) b

Thus the series representing u, converges uniformly for 0 < ¢ < T and hence u, €
C(0, T; L*(IR)). Besides, it is also easy to see that u € C(0, T; L>(R?)). Therefore
we have u € C'(0, T; L*(R?)). (56) is proved.

Now we show (57). Let w(z, x) = U(¢t, x) — U(t, x). It follows that

w, — Vi(x)Aw = —PU(t,x), xeRY >0,
w(t =0) =0,
w,(t = 0) = U,(0) — U,(0).

It follows from Lemma 3.10, Lemma 3.11, and Theorem 3.1 that

1
1 2
||w||cl(o,T;L2(1Rd)mC(o,T;Hl(JRd)) S %_ (Z (}';2!|ay|2 + |b~/|2)> >
min

Y

which completes the proof of (57). d
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Theorem 3.2 combined with Lemmas 2.4 and 2.5 yields
Theorem 3.3. Consider the following wave equation

U, —Vx)AU =0, xeR?, 0<t<T,
U|t:0 = fl ('x) = Zay(by(x)’

Uiz = fo(x) = Zbyd)y(x).

Assume that f, € H'(R?), f, € L*(RY), A, > 1, and a, = b, = 0 for all y such that
Jy < i Let ¢ and ¢ be defined as in (37) and (38). Define the multiscale Gaussian
beam solution by

U(t, x) = Dol ®r(r,x) 4+ )¢ @ (1, x).

Then
U e C'(0, T; LA(RY)) (" C(0, T; H'(RY)). (58)

Furthermore, the following error estimate holds for the multiscale Gaussian beam
solution:

Amin

~ 1
IU = Ullero,r..2ry) A co, 71 (REY) S <£_ + 8) (||f1||H1(1Rd) + ||f2||L2(1Rd)) , (59)

where U € C'(0, T, L*(R?)) (N C(0, T; H'(RY)) is the exact solution and & is
determined in Lemmas 2.4 and 2.5.

We conclude the paper with the following remarks.

Remark 3.1. The method and results in this work can also be applied to the
general second order wave equation U,(t, x) — Zf jo1 @ (6, XU, (2, x) =0 with
highly oscillatory Cauchy data, where q; ;’s are assumed to be smooth functions
and the matrix {a; J}j’ j=1 formed by a; ;’s is assumed to be symmetric and uniformly

positive definite.

Remark 3.2. The method and results may also be applied to the general first
order wave equation (D, — a(x, D,))U(t, x) = 0 with highly oscillatory Cauchy data,
where a(x, D,) is a first-order homogeneous pseudo-differential operator.

4. Proof of Technical Lemmas
4.1. Some Nonstandard Inequalities

Lemma 4.1. Let A be a symmetric, positive-definite matrix in IR, and ¢, be a positive
number. Then

A>cl & A <L
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Proof. Since A is symmetric and positive-definite, there exists an orthogonal basis
in RY: ¢,,... &,, and positive numbers Z,, ... 4, such that

d
Zzz

Then

A>col<:> mll’l/L >c0<:>>rnax)]1<c01

1<j<d

s A7 Z/L e <c0 7. 0

Lemma 4.2. Assume that A = (a,;;) is a symmetric, positive-definite matrix in R,
and c, is a positive upper bound of A, i.e. A < c|I. Then ||A|| = sup, % <c¢, and

la; ;| <c.

Proof. Since A is symmetric, we have

|A | < Ax, x >
Al =SuP T p——— =¢,
|x| ) < X, X >
|ai,j| =| < Ae, €; > | <|Aeg;| < |A]l < ¢y g

Lemma 4.3. If f(x) = e~ x" with x > 0, then

1
) s =

T2

Proof. We have f/(x) = e ™ x"(—21x + ). For 0 <x <.,/Z, f'(x) > 0; for x >
V3. f'(x) <0. Thus

max f(x) = f Q/g) =e

Lemma 4.4. If o is any multi-index in IR¢, then

s
~
NS
~
[FE)
o —
A
—_—
O

n?

‘ eﬂnw%)’lzya dy‘ <e T,
R4

Proof. The following proof is based on direct evaluation which is analogous to
the one used in [29]. Denote the integral with multi-index o by I(x). We prove by
induction. For oo = 0, it is well known that

7

10) = [ T dy = (mfe

Next we assume that the result holds for any multi-index o < u € Z¢. Let p/ €
Z¢ be such that only the j’s component is 1 and all others are 0. Consider the
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integral I(u + /). We have

) s . 1 de~ 1
I(n+ w') = / eV Tmy=Dl Y gy = = eﬁﬂryyue_ dy
R4 2 R ayj

1 2 0

- __ —b‘\_(fny )d
2lee € By, Y

= _! e P eYTlmyyn /Ty dy — l/ e*\y\zeﬂm’% dy.
2 R4 J 2 R4 ayj

Thus

. 1 1 2 ﬁy
J .- _ =PI V=lny 27
uw+unszm|umn+2u;e el

'<um+neﬂs
J
This closes our induction and the lemma is proved. |

‘2
e HH |

Lemma 4.5. For a positive number ¢, let g(¢, &) =
\i’lZ

R? x R? and 1(&) = [p. 8(&, &) dE. Then
16) S [El%, for |¢ = 1.

Proof. We divide the integral I(¢) into three parts: [,(¢) = f%\cflsli’lszlél g(&, &) dé,

L&) = fIA|<1\c\ g(&,8)dE and L(¢) = f 12221 8(6, &) dE'. We estimate these three
integrals one by one.

be a function defined on

s w2
=& 2

NS

In the region I: 5|é| < |&| < 2|¢|, we have g(&, &) < e TR ‘2‘4 . Thus
&4
d-gp 26
I < TTE . dé
l(é) = j];{d e |£|% é
24 / ap 1 <|z|)‘z’ Lt
= e q . _ e p— .
[HERS TlEE e ¢t
cle?
In the region II: |&'] < §|e;|,wehaveg(5, gy <e . |¢ % = e . |¢) 4. Thus
R L
L(¢) < i dE <e T pratdl gy
(O[T lertarse s
STt 5 et

In the region III: |¢'] = 2/¢], we have &= &] = |¢] = [¢] > 5! > 3¢+ 1.
Thus Em!z‘ > =<1 and consequently g(¢, &) < e (21¢) 4. Tt follows that

bO=[ e amrwg<m“/ gz

"[Z21¢]
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4.2. Proof of Lemma 2.4

Proof. ?tep I. Denote x, = 271%, X, = ZnLiU, 606=¢,,— ¢y Ox=x,—x, and
a,, =, —¢,, ¢, — $,). Then

ay,*," = <¢ ¢ ¢ >

1 el letp P
[Toox-¢ 2 2
e 71*0»&6 aq 13

L‘Z/Z Ld{/z R

(52 (529

We want to estimate a,,. Without loss of generality, assume that £ < ¢'. By the
change of variable, ¢ = g,z + ¢,» we get

1 L‘” 2
7Y | 4d d/2

& i— 5[’ i’

Foa- 2(2))

la

/ e—x/jl«ix«r(ze*mz*“[/z

2 / oV Tovaz PR (). < (”‘ﬁ» “
R4 ’

Vi

where t = :—f < 1 by the assumption that ¢ < ¢'.

Step 2. Let
ez 252 0
R oy
Define the differential operator L = % about the variable z. We have
(fe X

Le—\/—l-éx»alz — e*\/fl«éx-wz‘

Then

I= /}R ) L (e Y Tovery ST ) ( (rz - i—é)) dz

Y

— ! —v=T.0x-0z m Pl g/
(L4 a2|ox|?)m /]R ¢ (I=2) (8 (1= 1)

(rfe- )

where m is an integer to be determined later. Since 0 < 7 < 1, we can check that

roer (e (1= 1))

2m
|z == 2 P2 0
< e <1+|z|2’"+ & )

Ty
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Thus
NS s [ e
~ 1+ a2 ox|m gz
1 -l |22
< [ 352/ / e*T dZ
~ 1+ a2 ox|2m =1
1 _ g2

302,

—_— ¢
~ 1+ 2| Sx|2m

Step 3. By the result in Step 2, we have

d/2 1 _log 1 _1og?

i < ¢
1+ a2m|5x|>m

a, . <———— ¢
1| S g T3 g o

provided that £ < ¢'. We now claim that

> la,.,
1£Ns
'
/

<0(1)

uniformly for all fixed y.

To prove this claim, we first let k, be the least integer such that 4% > 8/d. We
then divide all y”’s into four regions, where regions I, II, IIT and IV consist of y"’s
such that ¢/ > £+ ky, ! <€ —ky, £ <€ < {l+ky and £ — k, < £’ < £, respectively.
In what follows, we estimate }., |a, | in these four regions, respectively.

In the region I, we have

&, > 4" > 4ttt > 2/dat > 2)¢ |

Thus
N O 15 Y
3a3, 362 T 4362 T 4
Hence
1 l2|
<_
|(l~,y,y’| ~1F O'%m|(3x|2me &
It follows that
< 1 eyl
2 layls X ZZI T I _ 2k jam
V'l =Ltk Usttky @K + o} | - o |
Ié 1 |
ST et dK
" Uzttko ¥ Re 1+ G§m|2L”—lk,/ — 2LL[k|2m

sl (Ly\* d+1
S Y X <—Z) where we take m = [L} +1

O>0+ky ¥ 0y 2
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2 \Qg/,r\
5(—> X e T W

Oc) pzevky @

S e ¥ ag S 01).

[&|=[4¢]

By symmetry, in the region II, we have

2, ¥
a, . S —e 4
o 1 +a%,’"|5x|2m
Thus
1 11
) SIS ZZ et
2m 2nk” 2nk|2m
y/:l’gl—ko 2/<z ko 7 7
< -t ! i’
4
S X e /}Rd 1+ 02| 2 27rk|2m
U<t—ky 7 Ly
el d+1
S Y Y e wherewetakem:[T +1
U<t—ky 7
_at
SED DD
U<t—ky 7
V=0—k,
g2
< Z 2d€ e 4

=1

< 22747 < 0(1).

In the region III, we have

15— P

1 362 1
<S——5——5e¢ 7 < 5 e
1+ a7"|ox|>" 1 4 4-komgsm|ox|>m

|am’

1
Z |ay,y’| S Z Z Z 1 + 4 komo.Zm 27rk’ 27zk |2m ¢

V<t <l4ko—1 L=<t <tl4ko—1 ¥ v

154yl 1
< 2 E e 3y f dk
!
~ R4 1—}—4—"0"’05/"' |2Ln§ 27[k|2m

<t <l+ko—1 '

v v 2
[gi=Cp 17

- d+1
> e 3y where we take m = [;

(<t <t+kg—1 ¥’ 2

A

=g
2

—e 3(:[, dé/

A

d
(<t <ttky—1 "R Wi

< Y o0()=o0().

0= <t+ko—1

!

]+
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In the region IV, i.e. £ — k, < £’ < £, we have

1 e
a” . S [ — 3(1{
il = 15 a2 ox |
Thus
Eo—& 2
§ 1 _\C;\}(T,;/\
> lels X ZZ m) 25k 2ﬂk|2me ‘

2
Vil—ky <t/ <t l—kg<l/<l i 1+ oy To

|—k/\‘
S X Ye T /]R 1 —u; 9K

a1 + O.2m 2nk’
o

L—ko<l'<l ¥ L,
| Coi—Ep i S d 1
S X e ~ % where we take m = [L] +1
L—kog<l' <t 1 2
leei=¢P
5 Ld Sa% dé,
—kyoe<¢ RS Wy
= ) o)=o00).

C—ko<tl/' <t

By combining the above results, we can conclude that 3°, |a,

< 0(1).
Step 4. Finally, we have

If = Fllime) =

E c,.c,a, .
PTVTY
77
77

le, |2+|C *

— Z |a}7,y’|
= Z |Cy| |a7,y’|
7Y
= Z |C7|2 Z |aw’
7 ¥

4.3. Proof of Lemma 3.7

This subsection is devoted to the proof of Lemma 3.7. We begin with two technical
lemmas.

Lemma 4.6. Let M, and M, be two symmetric and positive definite matrices such that
M, M, > cy > 0, A, and 7, be two positive numbers, and 5x be a vector in R?. Then
the following estimate holds:

1 D414 52 1

/ |xm| . |(.X _ 6x)[i| . e*il,\:7‘M1X*iz()‘*‘sx)”‘Mz(X*‘sx)dx S./co —d€72()‘1+)‘2)
R (41 + 4)2 yi

=

=
>
Ss
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Proof. Denote the integral on the left hand side of the above inequality by I. Let
A be the symmetric positive definite matrix such that i, M, + 1,M, = A%. By the

change of variable, x — y = Ax, we have

2 xT My x 4 2y (x — 0x)" My (x — 6x) = xTA%x — 27,(Ax, A" M,0x) + 2,(5x, M,x)
= |y — WA My0x|* — A3(5x, MyA> M, 6x)
+ A, {(0x, M,0x).

Since
IoMy — JAMyAT My = JoaMy A (I My + I My) — JaMyA™2(FaM,) = 4y I My A7 M,
we have
Iy xT My x 4 2y (x — 6x)"My(x — 0x) = |y — A" "M, ox)? + (9x, 2 JsMyA™2 M, 5x).
Thus the integral I becomes

1= [det(AT)]e @m0 [ |(A7y) |- (A7 y = dx)f] - e gy,

By the change of variable, y — z = y — 1,A"'M,x, and using the fact that
Ay —0x = A7z + LA M,0x — dx = A7z — A A2 M, bx,
we obtain
I = | det(A")|e i 0uMaA M0 / (A" 2 + 1, A2 Mydx)?|
(AT = 1AM Sx)P| - e dz. (60)
Let B = /,4,M,A~>M,. Then
B = M APM = 0 My 4 A M

Since M,, M, > ¢, > 0, Lemma 4.1 implies that M;', M;' < %I. Thus B! < (% +

1 1 1 1\-1 _ Ay
Z)%l' It follows that B > (Z + 2) cl = Coil‘%]- Hence

PR oA <
— 0129 <0x, My A"2 M dx> 02172 | 5x2

< e Uit

e (61)
In addition, since A% =AM, + A,M, > (A + /y)col, Lemma 4.1 yields

|det A7%| < (goymz) " It follows that

1

. 62
(g +7p)* ©

-1
detA”| 5,
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Next, we estimate the term |(A~'z + L, A72M,6x)*| - |(A~'z — 4,A72M,6x)"|. We
have

(A2 + A, A2 M,0x)%| - |(A™'z — A, A72 M, 6x)F|
S (A" 2" + A2 Mo0x () - (A" 2|7+ |2, A7 M, 6171

- |z| N A o) F N AP | ox 18 ©3)
T\ + iz)% (21 + 22) (A + Az)% (A + )P ]

Substituting inequalities (61), (62), (63) into (60) and integrating over z, we get

1 i s 1 8] A | 5x| 1P
IS 4 ¢ G JEEET] (1 + AAZ | X|m A1+ | X|\m
(41 +4)2 (4 +742) 2 (4 +25)2 (A4 + 4p) 2

_ M2 |5y2 1 7 a 181
< me Gy 19%] W( +;» |5x|| \) (1 +)»12 .|5x|\/3\)'
1 2 2o

Applying Lemma 4.3, we have

ol JET} 18l
e T P (1 4 27 ox] ) - (1427 - [ox|F)

l2 18l

12| A A\ 2 181 A+ A\2

Seo <1+ 2-(‘A+ 2) ) <1+/1’ ( + ) )
v v

, lstf1g]
4 (A +74,) 2
- JE2) 18l
)
Y 2

It follows that

I SCO ;de,’:o/l/z |ox|? ) ﬁ -
(4 +4)>2 A Ay

Lemma 4.7. Let M, and M, be two symmetric and positive definite matrices such that

0 < ¢yl < M, My < c1. Assume that A, and 1, are two positive numbers; ox and ¢

are two vectors in RY. Then the following estimate holds,

‘/ X (x—ox)P - oY/ T0E w0 3T My x— (v=02)T My (x—0x)
R4

L) log? 1
< —e_2<;.1+m)“”‘| 4[1(/1+/2) .

Proof. As in the proof of Lemma 4.6, we denote the integral by I and let A be
the symmetric positive-definite matrix such that 2, M, + 1,M, = A%. After changing
variables twice, we can transform the integral into

I = | det(A—l)|e—)v122<(3x,M2A’2M1(3x> e*\/*lé@/‘,zA’lMgéx .

/ (A" 2+ 7 AT2Mox)* - (A" — 1y A2 M, Ox)F - eV 71A 00 g,
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Letting B= (b;;) =A™, u =/, A"'M,dx, and v= 1,A"'M,0x, we first show
that

(Bz+v)* Bz —u) = dz",

[l <lal+1Bl

where d,’s are algebraic combinations of b;;’s, u;’s and v;’s, and they satisfy the
following estimate,

plal=lml 5 1A=l
2

d|< 2 TN (Sx DB 64
LR Ve () (64)

M=o <p

Indeed, by Lemma 4.2, we have

A

A
b | < ——— —=b; u| <|ul < L 16x); o, < o] < ox|.
| l,_]|NC(] (;\’1_}_}'2)% | j|—| |Nfa )~]+/12| | | j|—| |NC() ;L1+)~2| I
Consider the term (Bz + v)*. Direct calculation gives
o _ 1)
(Bz +v)* = Zd” vl
=
with d() < plfu|l-1ul
Similarly,
—_ )P = (2) u
(Bz —u)’ = Zdu 7!
u=p
with d2 < b [u]/F1-101,
As a result, we have
D 42 ,
(Bz+v)'(Bz—uw) = Y dPdPze.
<o, <p
It follows that
_ 1) 42
dM - Z d/ll dllz ’
Htpp=p
w = <p
and moreover,
|d#| < Z plal+lmal |u|\0<|*|u1| . |U|\/3\*\#z\
NCO
mitip=p
= <p
orl =l [Bl=mal
<. ¥ ! Y - (A (S| HHHAI I
N(,‘O n M ; ) 1 i
i =p (/L] + /12) 2 ‘1 + “2 A + 2
M= =<p

Z ilzoz\flm\;bllﬁ\*l/tz||5x||oc\+\ﬂ\—|#|
= N _lal
whme (g A A

m=a, )p=p

Inequality (64) is proved.
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Now, we estimate /. We have

_ M2 (5.2 CTTalsca 1.
|I| SCO —e (/.|+/,2>|()X\ Z |du| . ‘/dzue V=1A"16¢2 Mzdz .
(4 +4)2 lul<lod-+161 R

Using the inequality

n
_ MR |52 A+ 7,72
e s ox| < ( ,

Lemma 4.4, and the fact that |[A716&)> = (8E)TA26¢E > ()1+)z)c |6&]%, we get
_ M7 |6x|2— o2
e 201+2) 4<1(/1+/7) .

1] < 1
~cy (}1 +12)(EI
Z Z igx\*\ﬂl\i\lﬂ\*lﬂz\ - <}vlﬂ+ ,12>

‘ —_ld
lpelpl mtm=n (A + A,) A= Ay dy
W= <f

[ +IBl=ln]

Note that for each u; < o and u, < f,

[+ 1Bl =
2

i\;l*‘#l‘)ﬂlﬁ‘*‘ﬂz‘ A4 s
(g 4 A)EHA=51 X 442,

l+1Bl legl=lrol 18—
2 2

7 I

1Bl 181 _
() () +(2)
T\ A4t 4 Zo Zo
L +1Bl || +18]
2 7
= < 1 “ I XZ)W
At A Ay
1
< .
=F T
Al A,
Thus,
e 1 — 7 e—zfﬁ?flrjzz) jox? 4c1(/1‘;/2> T ! T
(A + 4)? Ryl

Now we are ready to show Lemma 3.7.

Proof of Lemma 3.7. Following the proof of Lemma 4.7, we denote the integral by
I and let A be the symmetric positive-definite matrix such that i, M, + A,M, = A2
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After changing variables twice, we get
1] = |det(A‘1)| . e—)vl),2<6x,M2A’2M16x>
‘ /(A_IZ + I AT MOx)* - (A7 — A, AT2 M 6x)F

. e«/—l«n«zf\z\zfx/fl«zTA"()~1N1+22N2)A"zdz

s

where n = A7'6E — 4,4, AT\ NJAT2 M, 0x + A AT Ny A2 M 6.
Since A"'(A; N, + 4,N,)A~! is symmetric and

Me+ /e 6

ATYAN, 4+ L,N)ATY < =
AT (AN, + AN)AT | < Wit e

bl

we can find an orthogonal matrix 7 such that
TTA7' (O N, + 2,N,)A™'T = diag(e,, €5, ..., €,),

where €;’s are eigenvalues of A™' (4, N, + 4,N,)A™" and satisfy e, < f—é
By the change of variable, z — T~z = w, we have

J = ‘ / (A" 24 A2 M,0x)* - (A 2 — ;A2 M, 0x)"
4

V=T ypz—|z]? =127 A7} ().1N|+i.2N2)A"de’

N ‘ /‘(AilTw + AT M%) - (A Tw — }V1A72M15x)ﬂ

. eV_l‘TT’l‘w_w2_‘/_1'51“)%_'“_‘/_1'@'”‘21dw"

As in the proof of Lemma 4.7, we can show that

(A" Tw + LA My0x)" (A~ Tw — LA Mx)f = Y d, 2",

1l <lol+IBl
where d,’s satisfy the following estimate,
sl =lu 5 1B1=|1o]
A A
d, < 2 ! (18 ]) 1A=l
T e (4 +}~2)M+w_%l (1o
m o =f
Let 77y = o. Then
J < Z |d“| . ‘/ w/tex/jl«r-wf(lﬁ»x/jlfl)u)%7~-~7(1+«/jl~ed)w§dw . (65)

R4

[el=lal+1Bl
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Using the well-known fact that

, ' T 12
/ eV gy = (2] e
R Z

for any complex number z with a positive real part, we can show by a similar
procedure as in the proof of Lemma 4.4 that

‘/X —x—réxdx
R

ol—

42
7Re{z}$

IZI

for any nonnegative integer n and any complex number z with a positive real part.
Applying this fact to the right hand side of (65) we get

lo? Inf? In?
J< Z |d;4| ) 4(1+(((,) ) Z |d”| e a0+(2)0 < Z |d”| e w(+(2) )

[l <lol+[B] [l <lol+[Bl [l =led+1Bl

where 7 > 1 will be determined later. Moreover,

_ _ _ 1
|AT N AT Myox| < AP - IN |- [[M, ] - 10x] < ————¢,¢,]6x],
(co(41 +4))2
_ _ _ 1 .
|AT' N, A7 M x| < AP - IN,]| - (1M ] - 10x] < ———¢,6,]6x].

(co(4y + 42))2

Let u = 2,4, A"'NJA72M,dx, and v = —4, .1, A"'N,A=>M, 6x. Then

> = [A710¢ —u —uf?

> |AT'OE) + u+ v —2|A716E] - [u + vl
A715 2
Z % — |u + v|2
|A~16¢)?
> PR g+ iy
0> dejeidids|ox]
T 20/(4 +4y) (o4 + )P
067 AcicidAy|ox]?
T 2¢1(4 + 4) co(4 + 42)
Thus
_ o2 ¥ 1 2’1’° |ox|?
J < Z |d | .e 8‘1(’1“2)1(”(%) ) [0(’1+’2)I(1+(0()) )
< u

lel=ledl+1Bl

As in the proof of Lemma 4.7, this combined with (65) and Lemma 4.3 gives

— M2 SGLL 6x2— log? .
L] 4 - 2
e (‘[)(/l+/z)’f<|+( ) ) Srl(kl+iz)r(l+(%) )

S — 4 —_— .
(h+ ) a8 a2

| |NCO
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32 .
By choosing 7 = :{J‘:Z% and ¢ = 320%) 2, it follows that

gl A 15¢12

|I| ,SCO ;{]674(21L'.22) ‘(3x|276.»ls(/:1+/12) . ﬁ’
(A1 +4y)2 YR

which completes the proof.
4.4. Proof of Lemma 3.8
Proof. Step 1. Let a,,=474; <®,(t,x) (x— x, (1)), @, (1, x) -

x,())*@") >. Then

4yl = 2125 14,1 14,01 [ [ (=) (= (0))

VT8 (1) X7 (x=5, () My () =, (D)~ (r—y () My (D=0 ) |

Using Lemma 3.1 and Lemma 3.7, we further get

L od o SV ()12
0ty ) 150-¢ 0
la, | < A2a2 (Zy2) "2 O OF=Sqa a0 !
Ay | Sty Ay Ot ) € ‘ ‘ LI )l
i » 172 2
y Ay Aoy
(2 )%1 ' , 150-¢, 0
(o —30 ;/)|x.’,(t)7x7,r(t)\ *W
) d ’
(Ay + ﬂv.,,,) p

where ¢, and ¢, are some constants.

Step 2. Denote

C A)E
M+ )8

By Lemma 3.2, we have

5 d 0Cllyiy C41E(0)—¢, )2
d (/“VAV’) fo- 20,775 |, (0)—x,s (0)]~ T Uy
|aw/’ =y = R ' !
( y 7’)2
for some Cj > 0.
Step 3. We claim that

Oy (O)2 ' QA

e thy 1 (0) = O < min e 1Tl b=l ,

~ xeD,,CeB,,x'eDy ,5’6871

|e=¢'12
5 min el
xeD, . ¢eB, ,x'eD,y,l'eBy

/ /
for some properly chosen ¢; and c.

(x—

(66)

(67)

(68)

(69)
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To see (68), we recall that [¢] ~ 4, || ~ 4,. Thus

S
AA+1ED ~ Gyt

Moreover,

lx —x)? = |x — X, F X, =X, + X, — x|

< 3lx, — x, " 4+ 3|x, — x|” + 3|x, — x|

3 3
<3|x —.X/|2+E+L—2.

Since Z, = 0(4"), 2, = 0(4"), L,=0(2"), and L, = 0(2"), we have -
o(1). The mequahty (68) follows. Similarly, we can prove (69).

(1 1‘/)=

Step 4. For the given b, we define function l~7(x, &) by letting b(x, &) = b, for
all x e D,, £ € B,. We can check that ||b||L2
Define

(R2) =

|§|§|5/|% , |0\‘+‘\‘ \‘x okt |2

(&) = (e, OB, & (, e
%X ) = b O O e

The inequalities (68) and (69) yield
y,y’| ~ veD, m |f(X é X §)|

,C€B,,x'eDy

|b,b,d
It follows that
J=Y|bb,d | S / If &0, &) dxdEdx e (70)
; o R4
VsV
Step 5. To estimate the integral fnw f(x, & X, &) dxdédx'dE, we define

16,¢) = [ b(x, b, &)e T dxa,

lélle]
[&l+1e]

where 1 = By the change of variable, x = u + v and X’ = v — u, we have

1E O = [ Blut v, 9b(o — . €)™ dudn
= 2"/ e XAl du/ b(u+ v, &)b(v — u, f’)dv‘

< 2d/ o2l g (/ B2 (u + v, é)dv+/ P — u, é’)dv)
Lg ([ 1BPCe &y dx + [ 1BP(x, €)dx)

- <—CO(||55|IIE|€/D) (f PG, ydx+ [ 1BP(x, €)dx)

I A
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Thus

[, fonexe

edlet e
g ¢ —e AEET gédg
‘/( EREI -

5/ |5|%|5/|%ei‘j‘(‘g‘W déde (/ | (x, f)dx+f |b]? (x, f/)dx>
/ |b| é(x é)d dé/ PR ”|§|*z a4

5/|13|2(x, &)dxdé by Lemma 4.5

1
= §Z|by|z- (71)

Step 6. Finally, combining (66), (67), (70), and (71), we have

<> bb,a,,

L2(R4) 7Y

sz () ( —X(t))““

The lemma is proved. O
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