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Heisenberg-limited Hamiltonian learning
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We develop a protocol for learning a class of interacting bosonic Hamiltonians from dynamics with
Heisenberg-limited scaling. For Hamiltonians with an underlying bounded-degree graph structure, we
can learn all parameters with root mean square error e using O(1/¢) total evolution time, which is
independent of the system size, in a way that is robust against state-preparation and measurement
error. In the protocol, we only use bosonic coherent states, beam splitters, phase shifters, and
homodyne measurements, which are easy to implement on many experimental platforms. A key
technique we develop is to apply random unitaries to enforce symmetry in the effective Hamiltonian,

which may be of independent interest.

Many tasks in quantum metrology and quantum sensing can be reduced to
the task of learning the Hamiltonian H of a quantum system, whose evo-
lution is described by the operator e ™', We call this task Hamiltonian
learning, a name that is commonly used in the literature'" ™. Besides
quantum metrology and quantum sensing, Hamiltonian learning is also
useful for quantum device engineering” ™, and quantum many-body
PhySiCS]OYHJ]JG.

Previous works on Hamiltonian learning for many-body quantum
systems are generally subject to the standard quantum limit (SQL), where to
estimate the parameters in the Hamiltonian to precision €, O(e~2) samples
are required>*"°. On the other hand, for simple systems such as those
consisting of a single spin, the Heisenberg limit can be achieved, where to
obtain € precision, only O(e™!) total amount of resources is needed.
Achieving the Heisenberg limit requires using quantum-enhanced proto-
cols that either use O(e™!) entangled probes™ or coherent evolution for
O(e™!) time"***", The resources consumed are the number of probes and
the length of time evolution, respectively.

The natural question is, can we achieve the Heisenberg limit for many-
body quantum systems? When applying the existing quantum-enhanced
protocols to the many-body setting, one quickly encounters difficulties.
When many entangled probes are used, one needs many copies of the
quantum system with the same parameters that can evolve simultaneously
without interacting with each other. It is often unclear how to create these
copies, except for certain scenarios, such as when many probes undergo
evolution under the same field strength. For long coherent time-evolution,
the many-body nature of the quantum systems becomes problematic as
subsystems undergo open-system dynamics, and phenomena such as
thermalization prevent local observables from having enough sensitivity to
achieve the Heisenberg limit. One can consider performing entangled

measurements across all parts of the many-body system. Still, the difficulty
in simulating the system makes finding a good measurement strategy
extremely difficult.

Recently, a method was proposed in* to perform Hamiltonian learning
for many-body spin systems with Heisenberg-limited scaling. The main
technique is to apply quantum control in the form of random Pauli
operators during time evolution so that the system evolves with an effective
Hamiltonian that is easy to learn and, at the same time, preserves the
parameters that one wants to learn. Another recent work proved that some
form of quantum control is necessary for achieving the Heisenberg limit in
this task®.

The above works are all focused on qubit systems, and Heisenberg-
limited Hamiltonian learning for bosonic systems is relatively less studied.
Bosonic systems, such as superconducting circuits**, integrated photonic
circuits” and optomechanical platforms*** are widely used for quantum
sensing, communication, and computing™ . These quantum applications
require efficient calibration', and it is thus highly desirable to develop
optimal algorithms for characterizing bosonic Hamiltonians. For example,
quantum computing and sensing with transmons require learning the
energy levels and interactions between the transmons and microwave
resonators.

For bosonic systems, there is a different set of “easy” quantum states,
unitaries, and measurements than for spins. This work assumes that one can
prepare coherent states, apply phase shifters and beam splitters, and per-
form the homodyne measurement. We note that although we may use terms
from quantum optics, such as “phase shifters”, we do not constrain our
discussion to the optical setting. Additionally, in our protocol, we do not
require any squeezing, which can be experimentally difficult to
implement™". Using these resources, we present a protocol to learn a class
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of interacting bosonic Hamiltonians with Heisenberg-limited scaling. Our
protocol can also tolerate a constant amount of noise in the state preparation
and measurement (SPAM) procedures and has a small classical post-
processing cost. We numerically demonstrate that our method is effective
within experimentally feasible parameter ranges.

In our method, we apply random unitaries during time evolution to
reshape the Hamiltonian into an effective Hamiltonian that is easier to learn.
This follows the same high-level idea as* but is specifically tailored to the
bosonic setting. Moreover, we can interpret the procedure as enforcing a
target symmetry in the effective Hamiltonian, thus putting constraints on the
dynamics. We believe this technique may be useful for other problems in
quantum simulation as well**”. In analyzing the deviation from the effective
dynamics, the unboundedness of the bosonic Hamiltonian terms poses a
challenge, as the analysis in* requires Hamiltonian terms to be bounded. We
use more involved techniques to overcome this difficulty in ref. 60, Section 5.

The Hamiltonian reshaping technique used in this work is similar in
spirit to the commonly used dynamical decoupling technique®"*”. In fact, for
quantum systems with simple geometry, such as a 1D chain, dynamical
decoupling can be readily used to decouple it into isolated clusters, which is
one of the goals we want to achieve in our procedure. However, this does not
mean that our procedure is a simple application of dynamical decoupling. For
more complicated geometry on a general graph with a constant degree,
decoupling the system while still preserving the information to be learned
already involves a graph coloring problem, which we discuss in depth in ref. 60,
Section 4. For each isolated cluster obtained from this decoupling procedure,
we will want to learn the Hamiltonian associated with it, which generally
requires preparing the eigenstates in order to achieve the Heisenberg limit."
solves this problem by reshaping the Hamiltonian so that the eigenstates are all
product states, while this approach no longer works in the bosonic scenario. In
fact, the eigenstates are not even Gaussian states because we cannot completely
remove the quartic interaction term, and it is, therefore, unreasonable to
assume that we can efficiently prepare them. To solve this problem, we design
a protocol that does not require an eigenstate and can still achieve the Hei-
senberg limit, as discussed in Section “Learning an anharmonic oscillator”. We
can see from these comparisons that the bosonic Hamiltonian learning pro-
blem requires very different tools and analysis compared to the qubit version.

Results
In this work, we focus on quantum systems on N bosonic modes forming a
d-dimensional lattice, with the Hamiltonian of the form

H= (Z;hijb;rbj+zwibjbi+z%”i(”i_ 1), 1)
ij i i

where b; (biT) are bosonic annihilation (creation) operators, and n; = b,T b;.
(i,j) means that the summation is over sites i, j that are adjacent to each
other. h;; = h};,and each ¢ and w; is a real number. We also assume that |/,
|wi], |&] < 1. This class of Hamiltonians is relevant for superconducting
quantum processors'’, arrays of coupled cavities”, and phonon dynamics in
ion crystals®**. We will present a protocol that generates estimates I:lij, @,
and &; such that

Ellh; — b1, Elld; — w1, ENE — &P, )

The protocol has the following properties:
1. The total evolution time is O(e™');
2. The number of experiments is O(polylog (¢71));
3. A constant amount of SPAM error can be tolerated.

More precisely, our protocol consists of N, = O(polylog (e™)
experiments, which we number by 1,2, -+, N,,. In the jth experiment,
we will initialize each bosonic mode in the system in a coherent state, let the
system evolve for time ¢; > 0, and perform homodyne measurement for the

bosonic modes. During time evolution, we will apply random beam splitters
(on two modes) or phase shifters (on one mode). The total evolution time is

defined to be ZJN;?’ ts
experiments. We assume that after we prepare the initial state and before we
perform the measurement, the system goes through error channels £, and
&,, which model the SPAM error. If || £, — Z||,+ || £, — Z]|,, is upper-
bounded by a small constant, then our protocol will still be able to reach
arbitrary precision €. Here || - ||. is the diamond norm®, and 7 is the identity
channel. Our protocol also works in the case where the noise channels are
only locally close to the identity, but are independent for each bosonic mode.
We will explain this in more detail in Section “Learning an N -mode sys-
tem”. The precision is measured by the mean square error (MSE). We are
using the big-O notation to hide the constants for simplicity, and we note
that these constants never depend on the system size. Our protocol gen-
erates O(NN,y,) = O(Npolylog (€71)) classical data and it takes a similar

amount of time to process these data to compute the estimates.

which is the amount of time required to run all the

Below, we will describe the protocol in detail. We will start with a
protocol to learn a single anharmonic oscillator, which forms the basic
building block for more complex situations.

Learning an anharmonic oscillator
We first consider the simple case in which

H o = wn +gn(n - 1), (3)

where n = b'b. We want to estimate the coefficients w and £ with root mean
square error (RMSE) at most €.

This is a quantum sensing problem with two parameters to be esti-
mated. In quantum sensing, one usually calculates the quantum Cramer-
Rao bound (QCRB) that provides a lower bound on the MSE of unbiased
estimators. Because the two parameters correspond to Hamiltonian terms
that commute with each other, the QCRB scales inverse quadratically with
time, allowing us to achieve the Heisenberg-limited scaling. This bound,
however, is valid only for local estimation where the prior distribution of the
estimators is already concentrated around the exact value. Here, we provide
an estimation protocol that achieves this scaling without any prior knowl-
edge of the parameters.

Our protocol builds upon a robust frequency estimation algorithm
similar to the robust phase estimation algorithm proposed in ref. 41 as well
as the alternative version in ref. 67. In the robust phase estimation algorithm,
we assume that through performing certain experiments that we will specify
when introducing our protocol, we have access to a random variable Zs(t)
from measurement results, such that |Zs(f) — e *|<1 with probability at
least 1 — &, and generating such a random variable requires time evolution
O(tlog(8™")). With multiple samples of this variable for different values of ¢
and §, we can generate an estimate of  with RMSE at most e using O(¢™!)
total evolution time. The algorithm proceeds by iteratively obtaining esti-
mates with increasing accuracy through longer time evolution until the
target precision is achieved. A detailed description of the algorithm and
proof of its correctness can be found in ref. 60, Section 1.

We  initialize the system in a  coherent  state
|a) = e*‘“|z/zzk(ak/«/ﬁ)|k), and let the system evolve under the
Hamiltonian Hapo. In the end we perform homodyne measurements with
quadrature operators X = (b4 b")/v/2 and P = i(b" — b)/+/2 in sepa-
rate experiments. With these measurement results we will be able to estimate
(b)y,; = (aleMamope~Huno! o), which can be exactly computed to be

(b),, = e~ 1o gmiwt plale ™ (4)

We perform this calculation in ref. 60, Section 2.
Using (4), we can extract the values of w and & from (b),, ,. For w, note
that (b),,/a = e~ 4+ O(|a|?), and therefore we can choose || to be
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below a small constant so that an estimate for (b),,/a will be close to e
within some small constant distance, which enables us to apply the robust
frequency estimation algorithm to estimate w with RMSE at most € using
total evolution time O(e™!). It is worth emphasizing that a does not need to
approach 0 thanks to the robust frequency estimation protocol and only
needs to be chosen as a constant. More specifically, we only require that |a|*
< 71/3, and therefore one can for example choose & = /7/6. The value of &
does not affect the choice of parameters in this procedure.

For &, we can extract its value by constructing a periodically oscillating
signal through

e—1Et _

1 “Z(b)al,t
B |0‘1|2 - |0‘2|2 og (“1(b)az,t b ©)

This enables us to estimate & using the robust frequency estimation algo-
rithm. Note that, once again, (), ,and (b), , only need to be estimated to
constant precision, rather than e precision which would result in an O(¢~2)
scaling that would destroy the Heisenberg-limited scaling.

In the above procedure, we need to estimate the expectation of X and P
operators, which are unbounded operators that can infinitely amplify any
error in the quantum state. Fortunately, we found that we can replace them
with operators X1y x<p and Plypicary, where 1y <y = flxlSM|x> (x|dx
and 1y pj<py is similarly defined. This means truncating the eigenvalues of
these operators at a threshold M. It is worth pointing out that M is chosen as
a constant that is independent of all problem parameters. In practice, we can
simply discard any X and P samples that are above the threshold M to
implement these truncated operators. This fact, together with the error
tolerance in the robust frequency estimation algorithm, enables us to tol-
erate a constant amount of error from SPAM and time evolution. The
combined error from all sources should be below a small constant, which is
sufficient for achieving arbitrarily high precision.

Learning two coupled anharmonic oscillators
Next, we consider a system consisting of two coupled anharmonic oscilla-
tors, where the Hamiltonian is of the following form:

H = w,b]b, + w,b}b, + hy,blb, + by bhby + %1y (n, — 1)

£ (6)
+3ny(n, — 1)
The goal is to learn all the coefficients w, wy, &), &, and hy, (hy, = h)).
We first focus on learning the single-mode coefficients w;, w,, &), and
&. To do this, we will insert random unitaries during time evolution to
decouple the bosonic modes from each other. In other words, the time
evolution operator undergoes the following transformation

r r N
—iHt t —iHtyr _ —iU'HU 7
e e [JUje Yy = [0 )
j=1 j=1

where the U, j = 1, 2, -+, 1, are the random beam splitters or phase shifters
that we insert, r = #/7, and the product goes from right to left. Each U; is
independently drawn from a distribution that we denote by D. In the limit of
T — 0, the dynamics can be described by an effective Hamiltonian

H =E,.pU'HU. ®)

effective

This can be seen by considering the Taylor expansion of the time-evolved
state in a small time step:

EUND[e—iU*HUrpeiu*HUT] =p— iTEUND[[U+HU7 P]] + O(TZ)

9
— e—x‘EU~,D[U'HU]rPeiEUND[U*HU]1 + O(TZ).

Note that the above is not a rigorous proof because the O(z?) residue is an
unbounded operator. We provide a rigorous bound of how far the actual

dynamics deviate from the limiting effective dynamics with finite 7> 0 in
ref. 60, Section 5.

To learn all the single mode coefficients, we let the unitary U drawn
from the distribution D be

U=e  g~U(0,2n]). (10)

Here U([0,27]) is the uniform distribution over [0, 271]. We can then
compute the effective Hamiltonian

1 2
H oo = —
effective 2 0

—I—%an(nz —1).

¢ He ™" df = w,n, + w,n, + %nl(n1 -1)

(11)

In other words, the coupling term hlzbJ{b2 + thb;b1 is canceled in the
process, due to the equality e b, e~ = ¢=®b . We can interpret this
procedure as enforcing a particle number conservation on the first bosonic
mode. In the effective Hamiltonian, the two bosonic modes are no longer
coupled together, and therefore, we can apply the learning algorithm
described in Section “Learning an anharmonic oscillator” to learn the
parameters of the two modes separately. For a more detailed description of
the protocol, see ref. 60, Section 3.1.
Next, we will learn the coupling coefficient h;,. We will use the fol-
lowing unitaries
U(0) = ei@(hsz-#h;b,)’ U,(0) = 00—y

(12)

Our protocol is based on the observation that under a single-particle

basis rotation, hj, can be estimated from the new single-mode

coefficients. More precisely, we let b = Uy(rr/4)blU;(rr/4),

b, = U, (n/4)b, U;(T[/4), and the new bosonic modes will be related
cos(m/4)

to the old ones through
b, B sin(r/4) \ /b,
)= Gt i) ()

We will then rewrite the Hamiltonian (6) in Jterms of l~74 and EZ. The
guaNdTrgtic part of H can be written as @,b,b, 4+ @,b,b, + h;,b,b,+
hy b,b;, where

(13)

W tw,

by =22 4 Relyy. (14)

Therefore, Re h;, can be estimated if we can learn @,. The quartic part
becomes more complicated, but the procedure we describe next will yield an
effective Hamiltonian of a simpler form.

In our protocol for learning Re h,,, we will let the random unitaries U;
in (7) be
where U([0, 27r]) denotes the uniform distribution on [0, 27z]. Note that
e 0 = ¢=i10/2mm)y (—0/2) where 71, = b, b,, and because the total
particle number n + ny is conserved, the random unitary U/(— 6/2) is
equivalent to e~ up to a global phase. This random unitary, as in (11),
results in an effective Hamiltonian in which 7, is conserved. The effective
Hamiltonian can be written as the following

_ 3 &y

H foctive = 01711 + @511, +%’~11(’~11 -1 +7”z(’~12 — D+ &pinn,.

(16)
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For a derivation of this effective Hamiltonian see ref. 60, Egs. (68)-(71). In
this effective Hamiltonian, the two bosonic modes b, and b, are still coupled
through the term &,,7,71,. However, because the particle numbers on both
modes are conserved, we can initialize the system with no particle on the
mode b,, and the coupling term will have no effect. More specifically, the
initial state we use is Uy(n/ 4)|«)|0), which is an a-eigenstate for b, and a
0-eigenstate for b,. The effective Hamiltonian can then be further reduced to

‘J‘m

H/effective = &’1’7’1 + < ;11(;11 - 1)~ (17)

\S]

This enables us to learn @, using the single-mode protocol in Section
“Learning an anharmonic oscillator”, which then gives us Reh,, through
(14). When performing homodyne measurement in the end, we also need to
apply U,(— n1/4) to rotate back to the original single-particle basis. We write
down the quantum state we get right before measurement to summarize the
whole procedure:

(LG (3) ) Graw.

where all 8; are independently drawn from the uniform distribution over
[0, 27].

The above procedure yields Re h,,. For Im h,,, we only need to switch
the roles of U,(6) and U,(6)) and go through the same procedure. For a more
detailed discussion, see ref. 60, Section 3.2.

(18)

Learning an N-mode system
So far, we have concerned ourselves with learning small systems with one or
two modes, but the protocol we develop can be easily generalized to N-mode
systems. This section will focus on N bosonic modes arranged on a 1D chain.
For the more general situation with a bounded degree graph, e.g., D-
dimensional square lattice, Kagome lattice, etc., see ref. 60, Section 4. The
Hamiltonian is described by (1), where the bosonic modes are labeled 1, 2,
.-+, N, and i and j are adjacent only when j =i+ 1.

For this N-mode system, we consider a divide-and-conquer approach.
We will apply random unitaries so that in the effective dynamics, the system
is divided into clusters of one or two modes, each of which does not interact
with the rest of the system. In this way, we can learn the parameters asso-
ciated with each cluster independently and in parallel using our protocol in
Section “Learning two coupled anharmonic oscillators”.

More specifically, we apply random unitaries in the same way as
described in (7). The random unitary Uj is first chosen to be

[N/3]

U= [J e, (19)
k=1

where the random variables 65 are independently drawn from ([0, 27]),
the uniform distribution over [0, 277]. Randomly applying the unitaries from
this distribution enforces particle number conservation on sites with indices
that are integer multiples of 3. Therefore, any Hamiltonian term b] b; that
involves sites 3, 6, 9, --- are canceled. The effective Hamiltonian is

= w1y + Wy 4 hyyblby + by bIb,
+ wyny + wshs + h45bzb5 + h54b;rb4
+Z%n,~(n,- —1).
1

H effective

(20)

In this Hamiltonian, the two modes 1 and 2 form a cluster: they only interact
with each other but not with the rest of the system. The same is true for
modes 5 and 6, 7 and 8, etc. We can then apply the two-mode protocol in
Section “Learning two coupled anharmonic oscillators” to learn all

coefficients associated with modes 1, 2, 5, 6, --- . Note that coefficients
associated with different clusters can be learned in parallel in the same
experiment.

Other coefficients remain to learn, such as ws, h,3, and hs4. We can
adopt the same strategy but choose the random unitary U; =

H;EZ(/)SJ ! =i g0 that modes 2 and 3,5 and 6, etc. now form clusters.
Similarly, we can let modes 3 and 4, 6 and 7, etc., form clusters. In this way,
we can learn all the coefficients in the Hamiltonian using three different
clustering schemes. The total evolution time required for carrying out all
experiments will only be three times the cost of a two-mode protocol
because different clusters can be learned in parallel.

Next, we will show that our protocol is robust against extensive SPAM
error: i.e., every local state preparation and measurement procedure involves
a constant amount of error. More precisely, after we prepare the initial state,
each bosonic mode goes through a noise channel &, so that the entire
system goes through a channel £5". Similarly, we assume that before the
measurement each bosonic mode also goes through a noise channel £,,, so
that globally we have £5V. We will show that the observable error can be
controlled bylocal errors || £, — I+ || £y — Z ||, rather than the global
error || ESN — I®N|| + || ESN — 7).

To see this, we observe that, in the parallel learning procedure
described above, we decompose the system into ] = @(N) different clusters
that do not interact with each other in the effective Hamiltonian, and the
initial state, as well as the observables that we want to measure, are also local

to each cluster. This means we can write the initial state as p= ®J]-:1 p;»and
the effective Hamiltonian as H g, e = Zjl':l H;, with each H; supported
only on the jth cluster. We are only interested in the expectation of truncated
local observables X; = X;1 (1%, <y and P,=P1 (1P, < my- Now let us focus
on site 7 in the jth cluster, and we want to measure the expectation value of
X;. The ideal expectation value is

tr[f(ie*iHewecuwfpeiHeemwet] = tr[}?iefiHJtpjeint], (21)
where we have used the fact that e~Mawo!= ®/_ e™"". With the noise
channels £, and £, what we actually get will be

tr[X, €5 (¢ Metwo! EPN (p)eemt)] = t[X,Ep (™' Epp)e™")] (22)

From this we can see that the difference between the ideal expectation
value and the expectation value we actually get is upper bounded by

IX 1 Ep = Tl Il Egg = T <Ml Ep = Zllo+ 1l Er = T1)-
(23)

In the robust frequency estimation protocol, we can tolerate a constant
amount of error in the signal. Because the truncation threshold M is chosen
to be some constant, we onlyneed || £, — Z||,+ || £, — Z ||, tobebelowa
certain small constant (independent of the system size) to reach arbitrarily
high precision. Following the same argument, we can also show that the
above conclusion holds for noise channels that are tensor products of error
channels on each individual cluster (rather than sites). We conjecture that
this result can be extended to a wider range of noise channels that preserve
locality.

More generally, we consider a system whose interaction can be
described by a bounded-degree graph. We can design similar clustering
schemes based on an appropriate coloring of its link graph, i.e., the graph
whose vertices are the edges of the original graph. The overhead introduced
will be quadratic in the degree of the original graph and independent of the
system size N. This is discussed in more detail in ref. 60, Section 4.

Numerical examples
In this section, we simulate the protocol for a one-dimensional chain of
bosonic modes with nearest neighbor interactions. We first study the case of
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Fig. 1 | Estimation errors and Trotter errors in various cases. The left and middle
plots correspond to a Hamiltonian that contains only linear terms. The right plot
corresponds to the full Hamiltonian with non-linear terms. Left: Average estimation
error per measurement of the {);;} parameters. m denotes the number of samples
used to estimate the parameters, here m = 500. The number of modes is N = 20, and
the initial state is a product of coherent states with & = 1. Solid blue line: the ideal
statistical error (1/(2t)). The estimation error with 7= 2 ns (orange squares), 7= "5 ns

1 10
t (us)

(yellow squares), =10 ns (purple squares) are compared to the ideal statistical error.
Deviations are due to the Trotter errors. Inset: systematic errors due to Trotter for
different 7's (without shot noise). Middle: estimation errors of the {w;} parameters,
same values of m, N, a as above. Right: estimation error of the {h;} terms, where the
Hamiltonian contains also non-linear terms and N = 4. Here, the initial state is a
product of coherent states with « = 0.5.

alinear-optics Hamiltonian for which numerical simulation and analysis are
simple, and then present numerical results also for the general, non-linear
case. Starting with the linear case, the Hamiltonian we want to learn is of the
form

H= Z hi,i+1bjbi+l + h;ii+1bj+1bi + w;n;. (29)
f

In our numerical examples, we apply Gaussian unitaries at fixed interval 7in
a deterministic fashion rather than stochastically, which is also simpler for
implementation and works equally well for simple geometry. The Hamil-
tonian parameters, w;, Reh;;, Imh;;, are chosen at random from the
interval [0, 10 MHz]. These values are comparable to experimental values of
microwave photons and superconducting devices'’. The time steps T are
taken to be between 2 and 10 ns.

To estimate Re hi_’j7 Im hi,j we simulated the following (deterministic)

pulse sequence: for Re h; :

Niteps

Uy = [U; <U1Z'e—iHr Uze—im) Uy (U}e—iHT UZe—iHT)} . (25)
. . T

with U, = II; ™%, Uy =11, ¢m(busibyathe) - The  above pulse

sequence makes the system evolve first under the Hamiltonian H, and then

under U}H U,, UI(H Uy, and U} U;H U U,, each for time 7. The above

time evolution can be thought of as the Trotter decomposition due to the

effective Hamiltonian

1
Hagicive = 7 (H + UJHU, + UYHUy + ULUHUXU).  (26)

The application of U and U} removes all hopping terms involving sites 3, 6,
9, -++, resulting in an effective Hamiltonian of the form (20). Focusing on the
bosonic modes 1 and 2, the effective Hamiltonian governing their evolution
is

w; + w,

2 (n; + 1) + Re hlz(brbz + b;bﬂ +ilm hlz(bibz - b;bﬂ

w; —

w
12
27)

These four terms correspond to the I, X, Y, and Z matrix, respectively.

Applying Uy and U, will further remove the Y and Z terms because they fail
to commute with Uy. Thus the effective Hamiltonian for modes 1 and 2 is

@39 () + n,) + Re h,,(bib, + blb,). We can then estimate Re h,, from
it using a two-mode coherent state as discussed in Section “Learning two
coupled anharmonic oscillators”, with the information of w; and w, (we will
discuss how to estimate w;, which is in fact much simpler than h;). Likewise
we can estimate all the Re hyy | 5|, terms. The rest of the real part terms are
obtained by varying the pulses in U.Im h, ; are obtained by replacing Ux
1

with Uy = Tke™(Psr1Phae) i the sequence.

The average estimation error of the h; ; parameters is shown in Fig. 1 for
different values of 7. These estimation errors are compared to the ideal
statistical error, A(h; 7]-)i el = 1 /(2t) (see ref. 60 Section 6 for derivation of
this expression). The error in the numerics consists of two terms: A(h; J-)2 =
1 2
Ak iJ)ideaJ
words, the estimation error in the absence of shot noise but only with Trotter
error, and m is the number of samples used to estimate the parameters. The
estimation error thus coincides with the ideal Heisenberg limit expression as

long as e < A(LJ# We observe that e ~ w'r’, where w = 10 MHz is the

order of magnitude of the Hamiltonian terms. Note that the first-order
Trotter error in fact vanishes, and we analyze this in ref. 60, Section 6.

+ ezT, where €7 is the bias due to finite step size, or in other

To estimate the w; terms, we perform the following pulse sequence:
— |yt —iHT iy | Mo 28
Utot - UZ e UZ e ’ ( )

where now U, = ITke"™. These pulses suppress all the nearest neighbor
interactions. As a result, the effective Hamiltonian is

Heffective = Z w;n;. (29)
i

The average estimation error of the w; parameters is shown in Fig. 1 for
different values of 7. We find that €7 has an interesting behavior: at short
times it goes as ~ w*r and at longer times as ~ . We explain this error
behavior in ref. 60, Section 6.

We perform a similar analysis with the general Hamiltonian of (1) that
also includes the non-linear terms. The non-linear case requires some
modifications compared to the linear case. The deterministic pulse sequence
used for estimating the {Re h; J}i,j terms (Eq. (25)) is modified to

-, t - 7, T, t Nas
Ui = {(uzuﬁ( 2 wu,u U o () UUZUS}’)U] :
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Fig. 2 | Estimating w under SPAM error on a single mode. We provide the target
error and the actual error (evaluated as the mean absolute error of 20 independent
runs) as a function of both the total evolution time (left, the cumulative time needed
to run all experiments) and the maximum evolution time (right, the maximum time
needed for one experiment). The gray dashed lines indicate error scaling as 10*/¢otal
and 1/t,,,, in the left and right figures respectively. Here w = 0.15 MHz and £ =

1.0 MHz. We use coherent state |a) where a = 0.5, and model SPAM error by letting

N
I —_—
< 10 actual err
b —— target err
e 10-2 4
9 o)
o
2
-4 ]
4(-6' 10
S
S 1075
(%]
o

o v re o
max evolution time (us)

the actual initial state be |, ;) fOr &acruar drawn from a Gaussian distribution with
mean « + 0.03 + 0.03i and standard deviation 0.1 on the real part. For the expec-
tation value (b), we add a further systematic error 0.02 + 0.02i to model the effect of
truncating with a threshold M on top of the shot noise (modeled as Gaussian), even
though for a single model no such truncation is needed. No knowledge of the noise
or & is used in the estimation protocol.

where Ugf) =1I; eie(bﬂﬂbgﬂﬁh'c'), and the similarly for {Imh;;} . where
U(f) =1II, sy, ) replaces Ug? . oY

The numerical results are plotted in Fig. 1c. We observe that the
behavior of the estimation Trotter errors remains the same as in the linear
case, where it scales as w'7’. The behavior of the statistical error slightly
changes due to the non-linear terms; it becomes larger by a factor of at most
exp(2|a*) given an initial state of |r). However, by an appropriate tuning of
the measurement time in each block we can get rid of this factor and retrieve
the statistical error in the linear case (see details in supplemental material).

In Fig. 2, we numerically demonstrate that our protocol is robust to the
SPAM error. We focus on the single-mode case for simplicity, where the
Hamiltonian is H = wn + (&/2)n(n — 1). In this simulation, we assume no
prior knowledge of w except that |w|<1 MHz. We model the SPAM error in
the following way: each time we prepare the coherent state |&), we assume
that we obtain a different coherent state |, ;) Where &, is equal to «
plus Gaussian noise, which can have a systematic bias. The initial state,
therefore, undergoes a random displacement error channel, where we
assume no knowledge of the properties of this channel, e.g., the variance and
bias of the displacement. We also include the shot noise and error coming
from the truncation of X and P quadratures in our simulation. For specific
parameters, see the caption of Fig. 2. We assume no knowledge of these
parameters, or of £, in our estimation protocol.

Discussion
In this work, we propose a protocol to learn a class of interacting bosonic
Hamiltonians with Heisenberg-limited scaling. Our protocol uses only
elements of linear optics that are easy to implement on many experimental
platforms. Besides achieving the Heisenberg-limited scaling, our protocol
can also tolerate a constant amount of noise thanks to the robust frequency
estimation subroutine discussed in Section “Learning an anharmonic
oscillator”. As a part of the protocol, we also propose a method to enforce
symmetry on the effective Hamiltonian governing the system’s evolution.
To our knowledge, our work is the first to propose a method that learns
non-interacting bosonic Hamiltonians with Heisenberg-limited scaling in a
scalable way. However, many open problems remain to be solved in this
research direction. In this work, we only consider the particle-number
preserving Hamiltonian in (1), but realistic Hamiltonians may contain
terms that do not preserve the particle number, such as the coupling term in
the Jaynes-Cummings model®. Also, higher-order anharmonic effects
beyond the fourth order may be non-negligible in certain quantum systems.
In our protocol, we need to apply random unitaries with a frequency
that depends on the target precision. For higher precision, the speed of
applying these unitaries will also need to be faster, which may be a problem
for experimental implementation. In ref. 60, Theorem 7, we proved that it
suffices to apply the random unitaries with a frequency scaling as O(N?/¢),
but we have reasons to believe that this rigorous bound is over-pessimistic.

In the spin scenario, using the Lieb-Robinson bound, one can show that a
frequency of O(1/e¢) suffices, which is independent of the system size, and
one can further improve it to O(1/4/€) using Trotterization’. Since the
Lieb-Robinson bound is also available for the Bose—-Hubbard model®, one
would expect that a similar scaling also holds for the present setting. In fact,
we numerically show that a system-size-independent scaling is sufficient, at
least for the non-interacting case in ref. 60, Fig. 1. However, technical dif-
ficulties with the unbounded operators in the Hamiltonian prevented us
from obtaining this scaling in a rigorous way. If we are allowed to apply non-
Gaussian operations, then one may be able to reduce the required frequency
further following"”’. Moreover, since our protocol requires letting the
system evolve coherently for O(e™!) times to reach ¢ precision, the
achievable precision will be limited by quantum noise such as dephasing and
photon losses that limit the coherence time of most experimental Bosonic
systems. It would be therefore interesting to explore whether noise sup-
pression techniques such as quantum error correction’”’””" can mitigate
this limitation and whether they can be incorporated into our protocol in a
useful and scalable way. In this work, the goal is to learn all the parameters in
the Hamiltonian, but if we only want to learn a function of these terms, as is
relevant for the quantum sensing setting in refs. 72-74,83, we may also
consider whether the operations employed in our protocol can lead to
practical benefits.

Another limitation of our method is that in order to implement the
random unitaries used in our protocol, one would need some knowledge of
the underlying quantum system”>”. This means that our method is likely
more suitable for obtaining high-precision estimates of the system para-
meters using low-precision prior knowledge, rather than directly estimating
the parameters in a completely unknown quantum system.

Methods
Enforcing symmetry using random unitaries
This section will describe how to enforce symmetry using random unitaries.
This strategy is similar in spirit to the symmetry protection strategies in
refs. 58,59, but is easier to scale to an N-mode system in the current setting.
Let us first consider the general case where we have a compact Lie
group G that describes the symmetry we want in the quantum system. Our
quantum system is evolving under a Hamiltonian H that does not neces-
sarily satisfy this symmetry, i.e., there may exist g € G such that gHg™' # H.
We want to have the system evolve under an effective Hamiltonian Hefrective
that satisfies the symmetry, i.e.,
gH effective§ = H effective * (3 O)
We achieve this by inserting random unitaries in the same way as in (7),
which gives us an effective Hamiltonian according to (8). The distribution
from which we draw the random unitaries is the Haar measure on G, which
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we denote by u. The effective Hamiltonian can be computed as

Heffective:/gHg_l.u(dg)- (31)

When the Hamiltonian H is unbounded, the above equality may only hold
in a weak sense. We can verify that this effective Hamiltonian satisfies the
desired symmetry because

g/HeffectivegF] :/ g/gH(g/g)ilf"(dg) :/ g/gH(g/g)ilﬂ(d(g/g)) = Heffective'
(32)

Here, we have wused the the Haar

that u(d(g’g)) = p(dg).

It may not be easy to apply elements from the symmetry group G
randomly. Still, in our learning protocol, we will only enforce symmetries
that are either U(1) or U(1) x U(1) x --- x U(1) = U(1)™", where sampling
can easily be done for each U(1) group separately.

We also remark that oftentimes one does not need to implement g very
precisely, and our protocol is robust against certain types of errors in the
implementation. To see this, let us consider the case where we would like to
enforce a particle number conservation on site i, by applying a series of
random phase shifts e =" for random 6 ~U([—7, 71]) so that the effective
Hamiltonian is

measure

property  of

1 /7 ) .
Heffective = 5/ d6819niHe—19ni‘
—n

Now consider if every time we want to apply e~ we actually get e~/(0+200

with a random Gaussian error A8 ~ A (, 0?) in the rotation angle, then the
actual effective Hamiltonian will be

(A6—p)?

’ _ 1 00 — u i(0-+AO)n —i(6+AB)n;
Heffective — 202 f—oo dAfe” = ffn dfe ‘He '
@o-p? . :
— _1 00 — 2 A0, —iAOn;
- S22 f—oo dAfe™ "¢ Heffectivee .
We will show that H. g, e = Hegrective- First, we note that
iAOn; —iAOn; __
e H effective € — *effective

Therefore, integrating the left-hand side with the Gaussian distribution for
A6 (or in fact any other distribution) results in the same Heggective- From this,
we can see that having a potentially large error Af (large both in its
magnitude and in its uncertainty) in the phase shift does not affect the result
at all. This argument is also true for random beam splitters.
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