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Heisenberg-limited Hamiltonian learning
for interacting bosons
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We develop a protocol for learning a class of interacting bosonic Hamiltonians from dynamics with
Heisenberg-limited scaling. For Hamiltonianswith an underlying bounded-degree graph structure, we
can learn all parameters with root mean square error ϵ using Oð1=ϵÞ total evolution time, which is
independent of the system size, in a way that is robust against state-preparation and measurement
error. In the protocol, we only use bosonic coherent states, beam splitters, phase shifters, and
homodyne measurements, which are easy to implement on many experimental platforms. A key
technique we develop is to apply random unitaries to enforce symmetry in the effective Hamiltonian,
which may be of independent interest.

Many tasks in quantummetrology and quantum sensing can be reduced to
the task of learning the Hamiltonian H of a quantum system, whose evo-
lution is described by the operator e−iHt 1–9. We call this task Hamiltonian
learning, a name that is commonly used in the literature10–24. Besides
quantum metrology and quantum sensing, Hamiltonian learning is also
useful for quantum device engineering25–30, and quantum many-body
physics10,11,31–36.

Previous works on Hamiltonian learning for many-body quantum
systems are generally subject to the standard quantum limit (SQL), where to
estimate the parameters in the Hamiltonian to precision ϵ,Oðϵ�2Þ samples
are required12–24,37–39. On the other hand, for simple systems such as those
consisting of a single spin, the Heisenberg limit can be achieved, where to
obtain ϵ precision, only Oðϵ�1Þ total amount of resources is needed.
Achieving the Heisenberg limit requires using quantum-enhanced proto-
cols that either use Oðϵ�1Þ entangled probes3–5 or coherent evolution for
Oðϵ�1Þ time1,40,41. The resources consumed are the number of probes and
the length of time evolution, respectively.

The natural question is, canwe achieve theHeisenberg limit formany-
body quantum systems? When applying the existing quantum-enhanced
protocols to the many-body setting, one quickly encounters difficulties.
When many entangled probes are used, one needs many copies of the
quantum system with the same parameters that can evolve simultaneously
without interacting with each other. It is often unclear how to create these
copies, except for certain scenarios, such as when many probes undergo
evolution under the same field strength. For long coherent time-evolution,
the many-body nature of the quantum systems becomes problematic as
subsystems undergo open-system dynamics, and phenomena such as
thermalization prevent local observables from having enough sensitivity to
achieve the Heisenberg limit. One can consider performing entangled

measurements across all parts of the many-body system. Still, the difficulty
in simulating the system makes finding a good measurement strategy
extremely difficult.

Recently, amethodwasproposed in42 toperformHamiltonian learning
for many-body spin systems with Heisenberg-limited scaling. The main
technique is to apply quantum control in the form of random Pauli
operators during time evolution so that the system evolves with an effective
Hamiltonian that is easy to learn and, at the same time, preserves the
parameters that one wants to learn. Another recent work proved that some
form of quantum control is necessary for achieving the Heisenberg limit in
this task43.

The above works are all focused on qubit systems, and Heisenberg-
limited Hamiltonian learning for bosonic systems is relatively less studied.
Bosonic systems, such as superconducting circuits44–46, integrated photonic
circuits47 and optomechanical platforms48,49 are widely used for quantum
sensing, communication, and computing50–53. These quantum applications
require efficient calibration16, and it is thus highly desirable to develop
optimal algorithms for characterizing bosonic Hamiltonians. For example,
quantum computing and sensing with transmons require learning the
energy levels and interactions between the transmons and microwave
resonators.

For bosonic systems, there is a different set of “easy” quantum states,
unitaries, andmeasurements than for spins. Thiswork assumes that one can
prepare coherent states, apply phase shifters and beam splitters, and per-
form thehomodynemeasurement.Wenote that althoughwemayuse terms
from quantum optics, such as “phase shifters”, we do not constrain our
discussion to the optical setting. Additionally, in our protocol, we do not
require any squeezing, which can be experimentally difficult to
implement54–57. Using these resources, we present a protocol to learn a class

1Department of Mathematics, Stanford University, Stanford, CA, 94305, USA. 2Institute for Quantum Information and Matter, California Institute of Technology,
Pasadena, CA, 91125, USA. 3Racah Institute of Physics, TheHebrewUniversity of Jerusalem, Jerusalem, 91904Givat Ram, Israel. 4Institute for Computational and
Mathematical Engineering, StanfordUniversity, Stanford, CA, 94305, USA. 5These authors contributed equally: Haoya Li, Yu Tong. e-mail: lexing@stanford.edu

npj Quantum Information |           (2024) 10:83 1

12
34

56
78

90
():
,;

12
34

56
78

90
():
,;

http://crossmark.crossref.org/dialog/?doi=10.1038/s41534-024-00881-2&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1038/s41534-024-00881-2&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1038/s41534-024-00881-2&domain=pdf
http://orcid.org/0000-0002-7555-9373
http://orcid.org/0000-0002-7555-9373
http://orcid.org/0000-0002-7555-9373
http://orcid.org/0000-0002-7555-9373
http://orcid.org/0000-0002-7555-9373
mailto:lexing@stanford.edu
www.nature.com/npjqi


of interacting bosonic Hamiltonians with Heisenberg-limited scaling. Our
protocol canalso tolerate a constant amount of noise in the state preparation
and measurement (SPAM) procedures and has a small classical post-
processing cost. We numerically demonstrate that our method is effective
within experimentally feasible parameter ranges.

In our method, we apply random unitaries during time evolution to
reshape theHamiltonian into an effective Hamiltonian that is easier to learn.
This follows the same high-level idea as42 but is specifically tailored to the
bosonic setting. Moreover, we can interpret the procedure as enforcing a
target symmetry in the effectiveHamiltonian, thus putting constraints on the
dynamics. We believe this technique may be useful for other problems in
quantum simulation as well58,59. In analyzing the deviation from the effective
dynamics, the unboundedness of the bosonic Hamiltonian terms poses a
challenge, as the analysis in42 requires Hamiltonian terms to be bounded.We
usemore involved techniques to overcome this difficulty in ref. 60, Section 5.

The Hamiltonian reshaping technique used in this work is similar in
spirit to the commonly used dynamical decoupling technique61,62. In fact, for
quantum systems with simple geometry, such as a 1D chain, dynamical
decoupling can be readily used to decouple it into isolated clusters, which is
one of the goals we want to achieve in our procedure. However, this does not
mean that our procedure is a simple application of dynamical decoupling. For
more complicated geometry on a general graph with a constant degree,
decoupling the system while still preserving the information to be learned
already involvesagraphcoloringproblem,whichwediscuss indepth in ref. 60,
Section 4. For each isolated cluster obtained from this decoupling procedure,
we will want to learn the Hamiltonian associated with it, which generally
requires preparing the eigenstates in order to achieve the Heisenberg limit.42

solves this problembyreshaping theHamiltonian so that the eigenstates are all
product states,while this approachno longerworks in the bosonic scenario. In
fact, the eigenstates arenot evenGaussian states becausewecannot completely
remove the quartic interaction term, and it is, therefore, unreasonable to
assume that we can efficiently prepare them. To solve this problem, we design
a protocol that does not require an eigenstate and can still achieve the Hei-
senberg limit, as discussed inSection “Learningananharmonicoscillator”.We
can see from these comparisons that the bosonic Hamiltonian learning pro-
blem requires very different tools and analysis compared to the qubit version.

Results
In this work, we focus on quantum systems onN bosonic modes forming a
d-dimensional lattice, with the Hamiltonian of the form

H ¼
X
i;jh i

hijb
y
i bj þ

X
i

ωib
y
i bi þ

X
i

ξi
2
niðni � 1Þ; ð1Þ

where bi (b
y
i ) are bosonic annihilation (creation) operators, and ni ¼ byi bi.

i; j
� �

means that the summation is over sites i, j that are adjacent to each
other.hij ¼ h�ji , and each ξi andωi is a real number.We also assume that ∣hij∣,
∣ωi∣, ∣ξi∣ ≤ 1. This class of Hamiltonians is relevant for superconducting
quantumprocessors16, arrays of coupled cavities63, and phonon dynamics in
ion crystals64,65. We will present a protocol that generates estimates ĥij, ω̂i,
and ξ̂i such that

E½jĥij � hijj2�; E½jω̂i � ωij2�; E½jξ̂i � ξij2�≤ ϵ2: ð2Þ

The protocol has the following properties:
1. The total evolution time isOðϵ�1Þ;
2. The number of experiments isOðpolylog ðϵ�1ÞÞ;
3. A constant amount of SPAM error can be tolerated.

More precisely, our protocol consists of Nexp ¼ Oðpolylog ðϵ�1ÞÞ
experiments, which we number by 1; 2; � � � ;Nexp. In the jth experiment,
we will initialize each bosonicmode in the system in a coherent state, let the
system evolve for time tj > 0, and perform homodyne measurement for the

bosonicmodes. During time evolution, wewill apply randombeam splitters
(on twomodes) or phase shifters (on onemode). The total evolution time is

defined to be
PNexp

j¼1 tj, which is the amount of time required to run all the

experiments.We assume that after we prepare the initial state and before we
perform the measurement, the system goes through error channels E1 and
E2, which model the SPAM error. If k E1 � Ik�þ k E2 � Ik� is upper-
bounded by a small constant, then our protocol will still be able to reach
arbitrary precision ϵ. Here∥ ⋅ ∥⋄ is the diamondnorm66, andI is the identity
channel. Our protocol also works in the case where the noise channels are
only locally close to the identity, but are independent for eachbosonicmode.
We will explain this in more detail in Section “Learning an N -mode sys-
tem”. The precision is measured by the mean square error (MSE). We are
using the big-O notation to hide the constants for simplicity, and we note
that these constants never depend on the system size. Our protocol gen-
erates OðNNexpÞ ¼ OðNpolylog ðϵ�1ÞÞ classical data and it takes a similar
amount of time to process these data to compute the estimates.

Below, we will describe the protocol in detail. We will start with a
protocol to learn a single anharmonic oscillator, which forms the basic
building block for more complex situations.

Learning an anharmonic oscillator
We first consider the simple case in which

HAHO ¼ ωnþ ξ

2
nðn� 1Þ; ð3Þ

where n = b†b. We want to estimate the coefficients ω and ξwith root mean
square error (RMSE) at most ϵ.

This is a quantum sensing problem with two parameters to be esti-
mated. In quantum sensing, one usually calculates the quantum Cramer-
Rao bound (QCRB) that provides a lower bound on the MSE of unbiased
estimators. Because the two parameters correspond to Hamiltonian terms
that commute with each other, the QCRB scales inverse quadratically with
time, allowing us to achieve the Heisenberg-limited scaling. This bound,
however, is valid only for local estimationwhere the prior distribution of the
estimators is already concentrated around the exact value. Here, we provide
an estimation protocol that achieves this scaling without any prior knowl-
edge of the parameters.

Our protocol builds upon a robust frequency estimation algorithm
similar to the robust phase estimation algorithm proposed in ref. 41 as well
as the alternative version in ref. 67. In the robust phase estimation algorithm,
we assume that through performing certain experiments that wewill specify
when introducing our protocol, we have access to a random variable Zδ(t)
from measurement results, such that ∣Zδ(t) − e−iωt∣≤1 with probability at
least 1− δ, and generating such a random variable requires time evolution
Oðt logðδ�1ÞÞ.Withmultiple samples of this variable for different values of t
and δ, we can generate an estimate of ωwith RMSE at most ϵ usingOðϵ�1Þ
total evolution time. The algorithm proceeds by iteratively obtaining esti-
mates with increasing accuracy through longer time evolution until the
target precision is achieved. A detailed description of the algorithm and
proof of its correctness can be found in ref. 60, Section 1.

We initialize the system in a coherent state

∣αi ¼ e�jαj2=2P
kðαk=

ffiffiffiffi
k!

p
Þ∣ki, and let the system evolve under the

HamiltonianHAHO. In the end we perform homodyne measurements with
quadrature operators X ¼ ðbþ byÞ= ffiffiffi

2
p

and P ¼ iðby � bÞ= ffiffiffi
2

p
in sepa-

rate experiments.With thesemeasurement resultswewill be able to estimate
bh iα;t ¼ αjeiHAHOtbe�iHAHOt jα� �

, which can be exactly computed to be

bh iα;t ¼ αe�jαj2e�iωtejαj
2e�iξt

: ð4Þ

We perform this calculation in ref. 60, Section 2.
Using (4), we can extract the values of ω and ξ from bh iα;t . For ω, note

that bh iα;t=α ¼ e�iωt þOðjαj2Þ, and therefore we can choose ∣α∣ to be
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below a small constant so that an estimate for bh iα;t=α will be close to e−iωt

within some small constant distance, which enables us to apply the robust
frequency estimation algorithm to estimate ω with RMSE at most ϵ using
total evolution timeOðϵ�1Þ. It is worth emphasizing that α does not need to
approach 0 thanks to the robust frequency estimation protocol and only
needs to be chosen as a constant.More specifically, we only require that ∣α∣2
< π/3, and therefore one can for example choose α ¼

ffiffiffiffiffiffiffiffi
π=6

p
. The value of ξ

does not affect the choice of parameters in this procedure.
For ξ, we can extract its value by constructing a periodically oscillating

signal through

e�iξt ¼ 1

jα1j2 � jα2j2
log

α2 bh iα1;t
α1 bh iα2;t

 !
þ 1: ð5Þ

This enables us to estimate ξ using the robust frequency estimation algo-
rithm. Note that, once again, bh iα1 ;t and bh iα2 ;t only need to be estimated to
constant precision, rather than ϵ precision which would result in anOðϵ�2Þ
scaling that would destroy the Heisenberg-limited scaling.

In the above procedure, we need to estimate the expectation ofX and P
operators, which are unbounded operators that can infinitely amplify any
error in the quantum state. Fortunately, we found that we can replace them
with operators X1{∣X∣≤M} and P1{∣P∣≤M}, where 1fjXj≤Mg ¼

R
jxj≤M ∣xi xh ∣dx

and 1{∣P∣≤M} is similarly defined. This means truncating the eigenvalues of
these operators at a thresholdM. It is worth pointing out thatM is chosen as
a constant that is independent of all problemparameters. In practice, we can
simply discard any X and P samples that are above the threshold M to
implement these truncated operators. This fact, together with the error
tolerance in the robust frequency estimation algorithm, enables us to tol-
erate a constant amount of error from SPAM and time evolution. The
combined error from all sources should be below a small constant, which is
sufficient for achieving arbitrarily high precision.

Learning two coupled anharmonic oscillators
Next, we consider a system consisting of two coupled anharmonic oscilla-
tors, where the Hamiltonian is of the following form:

H ¼ ω1b
y
1b1 þ ω2b

y
2b2 þ h12b

y
1b2 þ h21b

y
2b1 þ ξ1

2 n1ðn1 � 1Þ
þ ξ2

2 n2ðn2 � 1Þ
ð6Þ

The goal is to learn all the coefficients ω1, ω2, ξ1, ξ2, and h12 (h21 ¼ h�12).
We first focus on learning the single-mode coefficients ω1, ω2, ξ1, and

ξ2. To do this, we will insert random unitaries during time evolution to
decouple the bosonic modes from each other. In other words, the time
evolution operator undergoes the following transformation

e�iHt 7!
Yr
j¼1

Uy
j e

�iHτUj ¼
Yr
j¼1

e�iUy
j HUjτ ; ð7Þ

where the Uj, j = 1, 2,⋯, r, are the random beam splitters or phase shifters
that we insert, r = t/τ, and the product goes from right to left. Each Uj is
independentlydrawn fromadistribution thatwedenote byD. In the limit of
τ→ 0, the dynamics can be described by an effective Hamiltonian

Heffective ¼ EU ∼DU
yHU: ð8Þ

This can be seen by considering the Taylor expansion of the time-evolved
state in a small time step:

EU ∼D½e�iUyHUτρeiU
yHUτ � ¼ ρ� iτEU ∼D½½UyHU ; ρ�� þOðτ2Þ

¼ e�iEU ∼D ½UyHU�τρeiEU ∼D ½UyHU �τ þOðτ2Þ:
ð9Þ

Note that the above is not a rigorous proof because theOðτ2Þ residue is an
unbounded operator. We provide a rigorous bound of how far the actual

dynamics deviate from the limiting effective dynamics with finite τ > 0 in
ref. 60, Section 5.

To learn all the single mode coefficients, we let the unitary U drawn
from the distributionD be

U ¼ e�iθn1 ; θ∼Uð½0; 2π�Þ: ð10Þ

Here Uð½0; 2π�Þ is the uniform distribution over [0, 2π]. We can then
compute the effective Hamiltonian

Heffective ¼
1
2π

Z 2π

0
eiθn1He�iθn1 dθ ¼ ω1n1 þ ω2n2 þ

ξ1
2
n1ðn1 � 1Þ

þ ξ2
2 n2ðn2 � 1Þ:

ð11Þ

In other words, the coupling term h12b
y
1b2 þ h21b

y
2b1 is canceled in the

process, due to the equality eiθn1b1e
�iθn1 ¼ e�iθb1. We can interpret this

procedure as enforcing a particle number conservation on the first bosonic
mode. In the effective Hamiltonian, the two bosonic modes are no longer
coupled together, and therefore, we can apply the learning algorithm
described in Section “Learning an anharmonic oscillator” to learn the
parameters of the two modes separately. For a more detailed description of
the protocol, see ref. 60, Section 3.1.

Next, we will learn the coupling coefficient h12. We will use the fol-
lowing unitaries

UxðθÞ ¼ eiθðb
y
1b2þby2b1Þ; UyðθÞ ¼ eθðb

y
1b2�by2b1Þ: ð12Þ

Our protocol is based on the observation that under a single-particle
basis rotation, h12 can be estimated from the new single-mode
coefficients. More precisely, we let ~b1 ¼ Uyðπ=4Þb1Uy

yðπ=4Þ,
~b2 ¼ Uyðπ=4Þb2Uy

yðπ=4Þ, and the new bosonic modes will be related
to the old ones through

~b1
~b2

 !
¼ cosðπ=4Þ sinðπ=4Þ

� sinðπ=4Þ cosðπ=4Þ

� �
b1
b2

� �
: ð13Þ

We will then rewrite the Hamiltonian (6) in terms of ~b1 and ~b2. The
quadratic part of H can be written as ~ω1

~b
y
1
~b1 þ ~ω2

~b
y
2
~b2 þ ~h12~b

y
1
~b2þ

~h21~b
y
2
~b1, where

~ω1 ¼
ω1 þ ω2

2
þ Re h12: ð14Þ

Therefore, Re h12 can be estimated if we can learn ~ω1. The quartic part
becomesmore complicated, but the procedurewe describe next will yield an
effective Hamiltonian of a simpler form.

In our protocol for learning Re h12, we will let the random unitariesUj

in (7) be

Uj ¼ Uxð�θ=2Þ; θ∼Uð½0; 2π�Þ; ð15Þ

where Uð½0; 2π�Þ denotes the uniform distribution on [0, 2π]. Note that
e�iθ~n1 ¼ e�iðθ=2Þðn1þn2ÞUxð�θ=2Þ where ~n1 ¼ ~b

y
1
~b1, and because the total

particle number n1 + n2 is conserved, the random unitary Ux(− θ/2) is
equivalent to e�iθ~n1 up to a global phase. This random unitary, as in (11),
results in an effective Hamiltonian in which ~n1 is conserved. The effective
Hamiltonian can be written as the following

Heffective ¼ ~ω1~n1 þ ~ω2~n2 þ
~ξ11
2
~n1ð~n1 � 1Þ þ

~ξ22
2
~n2ð~n2 � 1Þ þ ~ξ12~n1~n2:

ð16Þ
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For a derivation of this effective Hamiltonian see ref. 60, Eqs. (68)–(71). In
this effectiveHamiltonian, the twobosonicmodes~b1 and~b2 are still coupled
through the term ~ξ12~n1~n2. However, because the particle numbers on both
modes are conserved, we can initialize the system with no particle on the
mode ~b2, and the coupling term will have no effect. More specifically, the
initial state we use is Uyðπ=4Þ∣αi∣0i, which is an α-eigenstate for ~b1 and a
0-eigenstate for~b2. The effectiveHamiltonian can thenbe further reduced to

H0
effective ¼ ~ω1~n1 þ

~ξ11
2
~n1ð~n1 � 1Þ: ð17Þ

This enables us to learn ~ω1 using the single-mode protocol in Section
“Learning an anharmonic oscillator”, which then gives us Re h12 through
(14).Whenperforminghomodynemeasurement in the end,we also need to
applyUy(− π/4) to rotate back to the original single-particle basis.Wewrite
down the quantum statewe get right beforemeasurement to summarize the
whole procedure:

Uy � π

4

� �Yr
j¼1

Ux

θj
2

� �
e�iHτUx � θj

2

� �� �
Uy

π

4

� �
∣αi∣0i; ð18Þ

where all θj are independently drawn from the uniform distribution over
[0, 2π].

The above procedure yields Re h12. For Im h12, we only need to switch
the roles ofUx(θ) andUy(θ) and go through the same procedure. For amore
detailed discussion, see ref. 60, Section 3.2.

Learning an N-mode system
So far, we have concerned ourselveswith learning small systemswith one or
twomodes, but the protocolwedevelop canbe easily generalized toN-mode
systems.This sectionwill focus onNbosonicmodes arrangedona1Dchain.
For the more general situation with a bounded degree graph, e.g., D-
dimensional square lattice, Kagome lattice, etc., see ref. 60, Section 4. The
Hamiltonian is described by (1), where the bosonic modes are labeled 1, 2,
⋯, N, and i and j are adjacent only when j = i ± 1.

For thisN-mode system, we consider a divide-and-conquer approach.
Wewill apply randomunitaries so that in the effective dynamics, the system
is divided into clusters of one or twomodes, each of which does not interact
with the rest of the system. In this way, we can learn the parameters asso-
ciated with each cluster independently and in parallel using our protocol in
Section “Learning two coupled anharmonic oscillators”.

More specifically, we apply random unitaries in the same way as
described in (7). The random unitary Uj is first chosen to be

Uj ¼
YbN=3c

k¼1

e�iθ3kn3k ; ð19Þ

where the random variables θ3k are independently drawn from Uð½0; 2π�Þ,
the uniformdistribution over [0, 2π]. Randomly applying the unitaries from
this distribution enforces particle number conservation on sites with indices
that are integer multiples of 3. Therefore, any Hamiltonian term byi bj that
involves sites 3, 6, 9,⋯ are canceled. The effective Hamiltonian is

Heffective ¼ ω1n1 þ ω2n2 þ h12b
y
1b2 þ h21b

y
2b1

þω4n4 þ ω5n5 þ h45b
y
4b5 þ h54b

y
5b4

þ� � �
þP

i

ξi
2 niðni � 1Þ:

ð20Þ

In thisHamiltonian, the twomodes 1 and2 forma cluster: they only interact
with each other but not with the rest of the system. The same is true for
modes 5 and 6, 7 and 8, etc. We can then apply the two-mode protocol in
Section “Learning two coupled anharmonic oscillators” to learn all

coefficients associated with modes 1, 2, 5, 6, ⋯ . Note that coefficients
associated with different clusters can be learned in parallel in the same
experiment.

Other coefficients remain to learn, such as ω3, h23, and h34. We can

adopt the same strategy but choose the random unitary Uj ¼QbN=3c�1
k¼0 e�iθ3kþ1n3kþ1 so thatmodes 2 and 3, 5 and 6, etc. now form clusters.

Similarly, we can let modes 3 and 4, 6 and 7, etc., form clusters. In this way,
we can learn all the coefficients in the Hamiltonian using three different
clustering schemes. The total evolution time required for carrying out all
experiments will only be three times the cost of a two-mode protocol
because different clusters can be learned in parallel.

Next, we will show that our protocol is robust against extensive SPAM
error: i.e., every local statepreparationandmeasurement procedure involves
a constant amount of error.More precisely, after we prepare the initial state,
each bosonic mode goes through a noise channel EP , so that the entire
system goes through a channel E�N

P . Similarly, we assume that before the
measurement each bosonic mode also goes through a noise channel EM , so
that globally we have E�N

P . We will show that the observable error can be
controlled by local errors k EP � Ik�þ k EM � Ik�, rather than the global
error k E�N

P � I�Nk�þ k E�N
M � I�Nk�.

To see this, we observe that, in the parallel learning procedure
described above, we decompose the system into J =Θ(N) different clusters
that do not interact with each other in the effective Hamiltonian, and the
initial state, as well as the observables that we want tomeasure, are also local
to each cluster. This means we can write the initial state as ρ¼NJ

j¼1ρj, and

the effective Hamiltonian as Heffective ¼
PJ

j¼1 Hj, with each Hj supported

only on the jth cluster.Weare only interested in the expectationof truncated
local observables ~Xi ¼ Xi1fjXi j≤Mg and ~Pi ¼ Pi1fjPij≤Mg. Now let us focus
on site i in the jth cluster, and we want to measure the expectation value of
~Xi. The ideal expectation value is

tr½~Xie
�iHeffectivetρeiHeffectivet � ¼ tr½~Xie

�iHjtρje
iHjt �; ð21Þ

where we have used the fact that e�iHeffectivet¼NJ
j¼1e

�iHjt . With the noise
channels EP and EM , what we actually get will be

tr½~XiE�N
M ðe�iHeffectivetE�N

P ðρÞeiHeffectivetÞ� ¼ tr½~XiEMðe�iHjtEPðρjÞeiHjtÞ� ð22Þ

From this we can see that the difference between the ideal expectation
value and the expectation value we actually get is upper bounded by

k ~Xi k ðk EP � Ik�þ k EM � Ik�Þ≤Mðk EP � Ik�þ k EM � Ik�Þ:
ð23Þ

In the robust frequency estimation protocol, we can tolerate a constant
amount of error in the signal. Because the truncation thresholdM is chosen
to be some constant, we only needk EP � Ik�þ k EM � Ik� to be below a
certain small constant (independent of the system size) to reach arbitrarily
high precision. Following the same argument, we can also show that the
above conclusion holds for noise channels that are tensor products of error
channels on each individual cluster (rather than sites). We conjecture that
this result can be extended to a wider range of noise channels that preserve
locality.

More generally, we consider a system whose interaction can be
described by a bounded-degree graph. We can design similar clustering
schemes based on an appropriate coloring of its link graph, i.e., the graph
whose vertices are the edges of the original graph. The overhead introduced
will be quadratic in the degree of the original graph and independent of the
system size N. This is discussed in more detail in ref. 60, Section 4.

Numerical examples
In this section, we simulate the protocol for a one-dimensional chain of
bosonicmodeswith nearest neighbor interactions.Wefirst study the case of
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a linear-opticsHamiltonian forwhichnumerical simulationandanalysis are
simple, and then present numerical results also for the general, non-linear
case. Startingwith the linear case, theHamiltonianwewant to learn is of the
form

H ¼
X
i

hi;iþ1b
y
i biþ1 þ h�i;iþ1b

y
iþ1bi þ ωini: ð24Þ

In our numerical examples, we applyGaussian unitaries atfixed interval τ in
a deterministic fashion rather than stochastically, which is also simpler for
implementation and works equally well for simple geometry. The Hamil-
tonian parameters, ωi; Re hi;j; Im hi;j; are chosen at random from the
interval [0, 10MHz]. These values are comparable to experimental values of
microwave photons and superconducting devices16. The time steps τ are
taken to be between 2 and 10 ns.

To estimate Re hi;j; Im hi;j we simulated the following (deterministic)
pulse sequence: for Re hi;j:

U tot ¼ Uy
X Uy

Ze
�iHτUZe

�iHτ
� �

UX Uy
Ze

�iHτUZe
�iHτ

� �h iN steps
; ð25Þ

with UZ ¼ Πk e
iπn3k ; UX ¼ Πk e

iπ b3kþ1b
y
3kþ2þh:c:ð Þ: The above pulse

sequence makes the system evolve first under the HamiltonianH, and then
under Uy

ZHUZ ; U
y
XHUX , and Uy

ZU
y
XHUXUZ , each for time τ. The above

time evolution can be thought of as the Trotter decomposition due to the
effective Hamiltonian

Heffective ¼
1
4
ðH þ Uy

ZHUZ þ Uy
XHUX þ Uy

ZU
y
XHUXUZÞ: ð26Þ

The applicationofUZ andU
y
Z removes all hopping terms involving sites 3, 6,

9,⋯, resulting in an effectiveHamiltonian of the form (20). Focusing on the
bosonicmodes 1 and 2, the effectiveHamiltonian governing their evolution
is

ω1 þ ω2

2
ðn1 þ n2Þ þ Re h12ðby1b2 þ by2b1Þ þ iIm h12ðby1b2 � by2b1Þ

þω1 � ω2

2
ðn1 � n2Þ:

ð27Þ

These four terms correspond to the I, X, Y, and Z matrix, respectively.

ApplyingUX andU
y
X will further remove theY andZ terms because they fail

to commute with UX. Thus the effective Hamiltonian for modes 1 and 2 is

ω1þω2
2 ðn1 þ n2Þ þ Re h12ðby1b2 þ by2b1Þ. We can then estimate Re h12 from

it using a two-mode coherent state as discussed in Section “Learning two
coupled anharmonic oscillators”, with the information ofω1 andω2 (wewill
discuss how to estimateωi, which is in fact much simpler than hij). Likewise
we can estimate all theRe h3kþ1;3kþ2 terms.The rest of the real part terms are
obtained by varying the pulses in UZ : Im hi;j are obtained by replacing UX

with UY ¼ Πkeπ b3kþ1b
y
3kþ2

�h:c:ð Þ in the sequence.

The average estimation error of thehi,jparameters is shown inFig. 1 for
different values of τ. These estimation errors are compared to the ideal
statistical error, Δðhi;jÞideal ¼ 1=ð2tÞ (see ref. 60 Section 6 for derivation of

this expression). The error in the numerics consists of two terms:Δðhi;jÞ2 ¼
1
mΔðhi;jÞ2ideal þ ϵ2T ; where ϵT is the bias due to finite step size, or in other

words, the estimation error in the absence of shot noise but onlywithTrotter
error, andm is the number of samples used to estimate the parameters. The
estimation error thus coincideswith the idealHeisenberg limit expression as

long as ϵT <
Δ hi;jð Þidealffiffiffi

m
p . We observe that ϵT ~ w3τ2, where w = 10MHz is the

order of magnitude of the Hamiltonian terms. Note that the first-order
Trotter error in fact vanishes, and we analyze this in ref. 60, Section 6.

To estimate the ωi terms, we perform the following pulse sequence:

U tot ¼ Uy
Ze

�iHτUZe
�iHτ

h iNsteps
; ð28Þ

where now UZ ¼ Πkeiπn2k : These pulses suppress all the nearest neighbor
interactions. As a result, the effective Hamiltonian is

Heffective ¼
X
i

ωini: ð29Þ

The average estimation error of the ωi parameters is shown in Fig. 1 for
different values of τ. We find that ϵT has an interesting behavior: at short
times it goes as ~ w2τ and at longer times as ∼ wτ

t : We explain this error
behavior in ref. 60, Section 6.

We perform a similar analysis with the general Hamiltonian of (1) that
also includes the non-linear terms. The non-linear case requires some
modifications compared to the linear case. The deterministic pulse sequence
used for estimating the fRe hi;jgi;j terms (Eq. (25)) is modified to

U tot ¼ UZU
�π=2ð Þ
X

� �y
UUZU

�π=2ð Þ
X U

π=2ð Þy
X UU

π=2ð Þ
X UZU

πð Þ
X

� �y
UUZU

πð Þ
X U

	 
Nsteps

;

Fig. 1 | Estimation errors and Trotter errors in various cases. The left and middle
plots correspond to a Hamiltonian that contains only linear terms. The right plot
corresponds to the full Hamiltonian with non-linear terms. Left: Average estimation
error per measurement of the {hi,j} parameters. m denotes the number of samples
used to estimate the parameters, herem = 500. The number of modes isN = 20, and
the initial state is a product of coherent states with α = 1. Solid blue line: the ideal
statistical error (1= 2tð Þ). The estimation error with τ= 2 ns (orange squares), τ= 5 ns

(yellow squares), τ=10 ns (purple squares) are compared to the ideal statistical error.
Deviations are due to the Trotter errors. Inset: systematic errors due to Trotter for
different τ's (without shot noise). Middle: estimation errors of the {ωi} parameters,
same values ofm,N, α as above. Right: estimation error of the {hi,j} terms, where the
Hamiltonian contains also non-linear terms and N = 4. Here, the initial state is a
product of coherent states with α = 0.5.
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where U θð Þ
X ¼ Πk e

iθ b3kþ1b
y
3kþ2þh:c:ð Þ; and the similarly for fIm hi;jgi;j where

U θð Þ
Y ¼ Πk e

θ b3kþ1b
y
3kþ2�h:c:ð Þ replaces U θð Þ

X .
The numerical results are plotted in Fig. 1c. We observe that the

behavior of the estimation Trotter errors remains the same as in the linear
case, where it scales as w3τ2. The behavior of the statistical error slightly
changes due to the non-linear terms; it becomes larger by a factor of atmost
exp 2jαj2� �

given an initial state of ∣αi.However, by an appropriate tuningof
themeasurement time in each blockwe can get rid of this factor and retrieve
the statistical error in the linear case (see details in supplemental material).

In Fig. 2, we numerically demonstrate that our protocol is robust to the
SPAM error. We focus on the single-mode case for simplicity, where the
Hamiltonian is H = ωn+ (ξ/2)n(n − 1). In this simulation, we assume no
prior knowledge ofω except that ∣ω∣≤1MHz.Wemodel the SPAM error in
the following way: each time we prepare the coherent state ∣αi, we assume
that we obtain a different coherent state ∣αactuali where αactual is equal to α
plus Gaussian noise, which can have a systematic bias. The initial state,
therefore, undergoes a random displacement error channel, where we
assumeno knowledge of the properties of this channel, e.g., the variance and
bias of the displacement. We also include the shot noise and error coming
from the truncation of X and P quadratures in our simulation. For specific
parameters, see the caption of Fig. 2. We assume no knowledge of these
parameters, or of ξ, in our estimation protocol.

Discussion
In this work, we propose a protocol to learn a class of interacting bosonic
Hamiltonians with Heisenberg-limited scaling. Our protocol uses only
elements of linear optics that are easy to implement on many experimental
platforms. Besides achieving the Heisenberg-limited scaling, our protocol
can also tolerate a constant amount of noise thanks to the robust frequency
estimation subroutine discussed in Section “Learning an anharmonic
oscillator”. As a part of the protocol, we also propose a method to enforce
symmetry on the effective Hamiltonian governing the system’s evolution.

To our knowledge, ourwork is thefirst to propose amethod that learns
non-interacting bosonic Hamiltonians withHeisenberg-limited scaling in a
scalable way. However, many open problems remain to be solved in this
research direction. In this work, we only consider the particle-number
preserving Hamiltonian in (1), but realistic Hamiltonians may contain
terms that do not preserve the particle number, such as the coupling term in
the Jaynes-Cummings model68. Also, higher-order anharmonic effects
beyond the fourth ordermay be non-negligible in certain quantum systems.

In our protocol, we need to apply random unitaries with a frequency
that depends on the target precision. For higher precision, the speed of
applying these unitaries will also need to be faster, which may be a problem
for experimental implementation. In ref. 60, Theorem 7, we proved that it
suffices to apply the random unitaries with a frequency scaling asOðN2=ϵÞ,
but we have reasons to believe that this rigorous bound is over-pessimistic.

In the spin scenario, using the Lieb–Robinson bound, one can show that a
frequency ofOð1=ϵÞ suffices, which is independent of the system size, and
one can further improve it to Oð1= ffiffiffi

ϵ
p Þ using Trotterization42. Since the

Lieb–Robinson bound is also available for the Bose–Hubbard model69, one
would expect that a similar scaling also holds for the present setting. In fact,
we numerically show that a system-size-independent scaling is sufficient, at
least for the non-interacting case in ref. 60, Fig. 1. However, technical dif-
ficulties with the unbounded operators in the Hamiltonian prevented us
fromobtaining this scaling in a rigorousway. Ifwe are allowed to apply non-
Gaussian operations, then onemay be able to reduce the required frequency
further following43,70. Moreover, since our protocol requires letting the
system evolve coherently for Oðϵ�1Þ times to reach ϵ precision, the
achievable precisionwill be limitedbyquantumnoise such asdephasing and
photon losses that limit the coherence time of most experimental Bosonic
systems. It would be therefore interesting to explore whether noise sup-
pression techniques such as quantum error correction71,77–82 can mitigate
this limitation and whether they can be incorporated into our protocol in a
useful and scalableway. In thiswork, the goal is to learn all the parameters in
theHamiltonian, but if we only want to learn a function of these terms, as is
relevant for the quantum sensing setting in refs. 72–74,83, we may also
consider whether the operations employed in our protocol can lead to
practical benefits.

Another limitation of our method is that in order to implement the
random unitaries used in our protocol, one would need some knowledge of
the underlying quantum system75,76. This means that our method is likely
more suitable for obtaining high-precision estimates of the system para-
meters using low-precision prior knowledge, rather than directly estimating
the parameters in a completely unknown quantum system.

Methods
Enforcing symmetry using random unitaries
This sectionwill describe how to enforce symmetry using randomunitaries.
This strategy is similar in spirit to the symmetry protection strategies in
refs. 58,59, but is easier to scale to anN-mode system in the current setting.

Let us first consider the general case where we have a compact Lie
groupG that describes the symmetry we want in the quantum system. Our
quantum system is evolving under a Hamiltonian H that does not neces-
sarily satisfy this symmetry, i.e., there may exist g ∈G such that gHg−1 ≠H.
We want to have the system evolve under an effective HamiltonianHeffective

that satisfies the symmetry, i.e.,

gHeffectiveg
�1 ¼ Heffective: ð30Þ

Weachieve this by inserting randomunitaries in the samewayas in (7),
which gives us an effective Hamiltonian according to (8). The distribution
fromwhich we draw the randomunitaries is theHaarmeasure onG, which

Fig. 2 | Estimating ω under SPAM error on a single mode.We provide the target
error and the actual error (evaluated as the mean absolute error of 20 independent
runs) as a function of both the total evolution time (left, the cumulative time needed
to run all experiments) and themaximum evolution time (right, themaximum time
needed for one experiment). The gray dashed lines indicate error scaling as 103/ttotal
and 1=tmax in the left and right figures respectively. Here ω = 0.15 MHz and ξ =
1.0 MHz.We use coherent state ∣αiwhere α = 0.5, andmodel SPAM error by letting

the actual initial state be ∣αactuali for αactual drawn from a Gaussian distribution with
mean α + 0.03 + 0.03i and standard deviation 0.1 on the real part. For the expec-
tation value bh i, we add a further systematic error 0.02+ 0.02i to model the effect of
truncating with a thresholdM on top of the shot noise (modeled as Gaussian), even
though for a single model no such truncation is needed. No knowledge of the noise
or ξ is used in the estimation protocol.
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we denote by μ. The effective Hamiltonian can be computed as

Heffective ¼
Z

gHg�1μðdgÞ: ð31Þ

When the HamiltonianH is unbounded, the above equality may only hold
in a weak sense. We can verify that this effective Hamiltonian satisfies the
desired symmetry because

g 0Heffectiveg
0�1 ¼

Z
g 0gHðg 0gÞ�1μðdgÞ ¼

Z
g 0gHðg 0gÞ�1μðdðg 0gÞÞ ¼ Heffective:

ð32Þ

Here, we have used the property of the Haar measure
that μðdðg 0gÞÞ ¼ μðdgÞ.

It may not be easy to apply elements from the symmetry group G
randomly. Still, in our learning protocol, we will only enforce symmetries
that are either U(1) or U(1) × U(1) ×⋯ × U(1) = U(1)×N, where sampling
can easily be done for each U(1) group separately.

We also remark that oftentimes one does not need to implement g very
precisely, and our protocol is robust against certain types of errors in the
implementation. To see this, let us consider the case where we would like to
enforce a particle number conservation on site i, by applying a series of
random phase shifts e�iθni for random θ∼Uð½�π; π�Þ so that the effective
Hamiltonian is

Heffective ¼
1
2π

Z π

�π
dθeiθniHe�iθni :

Nowconsider if every timewewant to apply e�iθni we actually get e�iðθþΔθÞni
with a randomGaussian errorΔθ∼N ðμ; σ2Þ in the rotation angle, then the
actual effective Hamiltonian will be

H0
effective ¼ 1

2π
ffiffiffiffiffi
2σ2

p
R1
�1 dΔθe�

ðΔθ�μÞ2
2σ2
R π
�π dθe

iðθþΔθÞniHe�iðθþΔθÞni

¼ 1ffiffiffiffiffi
2σ2

p
R1
�1 dΔθe�

ðΔθ�μÞ2
2σ2 eiΔθniHeffectivee

�iΔθni :

We will show that H0
effective ¼ Heffective. First, we note that

eiΔθniHeffectivee
�iΔθni ¼ Heffective:

Therefore, integrating the left-hand side with the Gaussian distribution for
Δθ (or in fact any other distribution) results in the sameHeffective. From this,
we can see that having a potentially large error Δθ (large both in its
magnitude and in its uncertainty) in the phase shift does not affect the result
at all. This argument is also true for random beam splitters.

Data availability
The data supporting the findings of this study are available from the cor-
responding author upon reasonable request.

Code availability
The code supporting the findings of this study are available from the cor-
responding author upon reasonable request.
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