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FAST COMPUTATION OF PARTIAL FOURIER TRANSFORMS∗

LEXING YING† AND SERGEY FOMEL‡

Abstract. This paper is concerned with the evaluation of the partial Fourier transform ux =∑
|k|<c(x) e

2πıxk/Nfk in one and two dimensions. The motivating application is the wave extrapo-

lation procedure in reflection seismology. As the summation in the frequency variable depends on
the location x, the standard fast Fourier transform does not apply here. Direct summation requires
quadratic complexity, which is extremely expensive for large values of N . The main idea of our ap-
proach is to decompose the summation domain in the (x, |k|) space hierarchically into dyadic squares
or cubes. The computation associated with each square or cube is accelerated by the fractional
Fourier transform in one dimension and by the butterfly algorithm for the sparse Fourier transform
in two dimensions. The resulting algorithm in one dimension has an O(N log2 N) complexity for
an input of size N and is numerically exact. The algorithm in two dimensions takes O(N2 log2 N)
steps for an input of size N × N and is also highly accurate. Numerical examples are included to
demonstrate the efficiency of these algorithms.
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1. Introduction. We consider the following partial Fourier transforms in one
and two dimensions. Let N be a large integer, which is assumed to be a power
of 2 without loss of generality. In the one-dimensional (1D) case, define two grids
X = {0, 1, . . . , N − 1} and K = {−N/2, . . . , N/2− 1}. Let α(t) be a smooth function
on [0, 1] with 0 ≤ α(t) ≤ 1/2, and introduce the cutoff function c(x) = N ·α(x/N) for
x ∈ X . Given a sequence of N numbers {fk}k∈K , the 1D partial Fourier transform
computes

(1) ux =
∑

|k|<c(x)

e2πıxk/Nfk, x ∈ X.

Here we use ı for
√−1 throughout this paper.

In the two-dimensional (2D) case, the problem is formulated in a similar way.
Define two Cartesian grids X = {(x1, x2), 0 ≤ x1, x2 < N, x1, x2 ∈ Z} and K =
{(k1, k2),−N/2 ≤ k1, k2 < N/2, k1, k2 ∈ Z}. Now let α(t) be a smooth function on
[0, 1]2 with 0 ≤ α(t) ≤ 1/2, and introduce the cutoff function c(x) = N · α(x/N) for
x ∈ X . Given a sequence of N2 numbers {fk}k∈K , the 2D partial Fourier transform
computes

(2) ux =
∑

|k|<c(x)

e2πıx·k/Nfk, x ∈ X.
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(a) (b)

Fig. 1. (a) 1D case. A multiscale decomposition of D = {(x, k) : |k| < c(x)}. (b) 2D case. A
cross section view of a multiscale decomposition of D = {(x1, x2, r) : r < c(x1, x2)}.

As the summation over k ∈ K in (1) and (2) depends on the location x, one cannot
apply the fast Fourier transform (FFT) directly. Direct evaluation of (1) and (2) has
quadratic time complexity, i.e., O(N2) operations for (1) and O(N4) operations for
(2). This can be extremely expensive when N is large, especially in 2D.

1.1. Outline of the approach. In this paper, we propose efficient algorithms
for the partial Fourier transform with optimal complexity. The main idea of our
approach is to construct a multiscale decomposition of the summation domain and
apply existing fast algorithms to each piece of the decomposition.

In 1D, the summation domain is D = {(x, k) : |k| < c(x)}. The algorithm
first constructs a multiscale decomposition of D by partitioning {(x, k) : 0 ≤ x <
N,−N/2 ≤ k < N/2} dyadically and recursively until the each leaf square is either
inside D or outside of D (see Figure 1(a)). One then considers the computation asso-
ciated with each leaf square inside D one by one. It turns out that the computation
associated with each square is a fractional Fourier transform, which can be computed
in almost linear time. The overall complexity of the algorithm is O(N log2 N).

In 2D, we consider a different set D = {(x1, x2, r) : r < c(x1, x2)}. To build a
multiscale decomposition of D, the algorithm partitions the domain {(x1, x2, r) : 0 ≤
x1, x2, r < N} dyadically and recursively into cubes, until each leaf cube is either
inside D or outside D (see Figure 1(b)). The projection of each leaf cube onto the
r axis is a dyadic interval. The computation associated with each dyadic interval I
of the r axis is the interaction between a circular band of points in K and a set of
points in X that lie in the (x1, x2) projection of the cubes that projects to I in the r
axis. This interaction is a special case of the sparse Fourier transform, which can be
computed efficiently and accurately using the butterfly algorithm in [19] in a number
of steps that are linear to the input size. A careful complexity analysis shows that the
overall number of steps is O(N2 log2 N), again almost linear in terms of the number
of inputs.

1.2. Motivating application. Our study of the partial Fourier transform is
motivated by the one-way wave extrapolation procedure in reflection seismology [4].
In this procedure, one often computes the integral [13]

(3) uz(x) =

∫
R2

e2πı(x·k+
√

ω2/v2(x)−k2·z)û0(k)dk,
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112 LEXING YING AND SERGEY FOMEL

where ω and z are fixed constants (frequency and extrapolation depth), v(x) is a given
function (layer velocity), and û0(k) is the Fourier transform of a function u0(x). The
wave modes that correspond to |k| < ω/v(x) are called propagating, while the ones
that correspond to |k| > w/v(x)(x) are called evanescent. For the purposes of seismic
imaging, often one is only interested in the propagating mode, and, therefore, we have
the following restricted integral to evaluate:

(4)

∫
|k|≤ω/v(x)

e2πı(x·k+
√

ω2/v2(x)−k2·z)û0(k)dk.

To make the computation efficient, the term with the square root is often approxi-
mated by a separated representation in x and k with a small number of terms:

(5) e2πı
√

ω2/v2(x)−k2·z ≈
∑
n

fn(x)gn(k),

where z is sufficiently small. Putting this approximation back into (4) results in

∑
n

fn(x)

[∫
|k|≤ω/v(x)

e2πıx·k (gn(k)û0(k)) dk

]
.

It is clear now that the main computational task is the evaluation of∫
|k|≤w/v(x)

e2πıx·k (gn(k)û0(k)) dk,

which takes the forms of the partial Fourier transform after discretization.

1.3. Related work. The multiscale decomposition adopted in the 1D partial
Fourier transform has appeared in the fast computation of temporal convolutions. In
the discrete setting, given a sequence {fi}1≤i≤N , the temporal convolution computes

ui = fi +
∑

1≤j<i

wi−juj , i = 1, 2, . . . , N,

where wi are the convolution weight. One approach for the fast temporal convolution
is given by Hairer, Lubich, and Schlichte in [11]. Their algorithm partitions the
triangular summation domain {(i, j), 1 ≤ j < i ≤ N} hierarchically into squares
and applies the FFT to accelerate the convolution associated with each square. The
resulting algorithm has an O(N log2 N) complexity.

A different approach for the temporal convolution problem was introduced in
[12] and extended in [6, 17], where a more complicated decomposition is adopted.
Within each part of the decomposition, the convolution kernel is approximated by a
sum of exponentials with the help of the Talbot contours for the Laplace transform.
The convolution associated with each exponential is then computed by explicit time
integration. The running time of the resulting algorithm is of order O(N logN), where
the prefactor is proportional to the number of terms in the exponential approximation.

The rest of this paper is organized as follows. In section 2, we describe the
algorithm for the 1D partial Fourier transform. The algorithm for the 2D partial
Fourier transform is presented in section 3. Finally, we conclude with some discussions
for future work in section 4.
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(a) (b)

Fig. 2. (a) The curves of |k| = c(x) and the summation domain D is the region between the two
curves. (b) The multiscale decomposition constructed of the summation domain D. The disjoint
union of the squares is exactly equal to D.

2. Partial Fourier transform in one dimension.

2.1. Algorithm description. Let us define the summation domain D to be
{(x, k), |k| < c(x), 0 ≤ x < N,−N/2 ≤ k < N/2}. The idea behind our algorithm for
computing

ux =
∑

|k|<c(x)

e2πıxk/Nfk, 0 ≤ x < N,

is to construct a multiscale decomposition of D. Starting from the square {(x, k) :
0 ≤ x < N,−N/2 ≤ k < N/2}, we partition the domain recursively as follows:

1. If a square B is fully inside D, it is not subdivided, and we keep it in the
decomposition.

2. If a square B is fully outside D, it is discarded.
3. Otherwise, B is further subdivided into four child squares with equal size.

For each child, go to step 1.
At the end of this process, our decomposition contains a set of squares with dyadic
sizes, and the union of these squares is exactly equal to D (see Figure 2).

Let us consider a single square B of the decomposition. Suppose that B is of size
s and that its lower-left corner of B is (xB , kB). The summation associated with B
is given by

(6)
∑

kB≤k<kB+s

e2πıxk/Nfk

for xB ≤ x < xB + s. Denoting x = xB + x′ and k = kB + k′, we can write this into
a matrix form Mf with

(M)x′k′ = e2πı(x
B+x′)(kB+k′)/N = e2πı(x

B+x′)kB/N · e2πıx′k′/N · e2πıxB(kB+k′)/N ,

with 0 ≤ x′, k′ < s. Since the first and the third terms depend only on x′ and k′,
respectively, one can factorize M as M = M1 ·M2 ·M3, where M1 and M3 are diagonal
matrices given by

(M1)x′x′ = e2πı(x
B+x′)kB/N , (M3)k′k′ = e2πıx

B(kB+k′)/N ,



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

114 LEXING YING AND SERGEY FOMEL

and M2 is a full matrix given by

(7) (M2)x′k′ = e2πıx
′k′/N

for 0 ≤ x′, k′ < s. Applying M2 to a vector of size s is the so-called fractional
Fourier transform [3], which can be evaluated in O(s log s) operations using the FFT.
Furthermore, as both M1 and M3 are diagonal matrices, (6) can be computed in
O(s log s) steps as well.

In summary, the algorithm consists of the following steps:
1. Construct a decomposition for D = {(x, k), |k| < c(x)} by partitioning the

square domain {(x, k) : 0 ≤ x < N,−N/2 ≤ k < N/2} recursively. The union
of the squares in the final decomposition is equal to D.

2. For s = 1, 2, 4, . . . , N , visit all of the squares of size s in the decomposition.
Suppose B is one such square. Compute the summation associated with B:∑

kB≤k<kB+s

e2πıxk/Nfk

for xB ≤ x < xB + s using the fractional Fourier transform, and add the
result to {ux, x

B ≤ x < xB + s}.
The first step of our algorithm clearly takes at mostO(N logN) steps. To estimate

the complexity for the second step, one needs to obtain an upper bound on the
number of squares of size s. Based on the construction of the decomposition, the

center of a square B of size s must lie inside a band of width 3
√
2

2 s around the curve
{(x, k) : |k| = c(x)}. This is because otherwise the parent square of B would have
been disjoint from the curve, and B would not have been generated. Recall now that
the function α(t) used in the definition of c(x) is smooth. Therefore, c(x) itself is
smooth on the scale of O(N). As a result, the length of the curve {(x, k) : |k| = c(x)}
is at most of order O(N). Hence, the area of the band is at most O(Ns), and there are
at most O(Ns/s2) = O(N/s) squares of size s inside this band. Since the algorithm
spends O(s log s) operations in the fractional Fourier transform for each square of size
s, the number of steps for a fixed s is O(N/s · s log s) = O(N log s) = O(N logN).
Finally, summing over all logN possible values of s, we conclude that our algorithm
is O(N log2 N). As no approximation has been made, the algorithm is exact.

2.2. Numerical results. All of the results presented here are obtained on a
desktop computer with a 2.8GHz CPU. For each example, we use the following no-
tations: Ta is the running time of our algorithm in seconds, Rd/a is the ratio of the
running time of direct evaluation to Ta, and Ra/f is the ratio of Ta to the running time
of a Fourier transform (timed using the package FFTW from [10]). As the complexity
of our algorithm is O(N log2 N), one expects Rd/a to grow almost linearly and Ra/f

to grow like logN .
We apply the 1D partial Fourier transform algorithm to three test examples:
1. α(t) = t/2. Then c(x) = N · α(x/N) = x/2.
2. α(t) = sin(πt)/2. Then c(x) = N/2 · sin(πx/N).
3. c(x) corresponds to a 100Hz wave propagation through a slice of the Marmousi

velocity model [18] taken at 2 km depth.
Tables 1, 2 and 3 summarize the results for these three tests. From these examples,
we observe clearly that Rd/a, the ratio between the running times of direct evaluation
and our algorithm, indeed grows almost linearly in terms of N . Although the ratio
Ra/f has some fluctuations, its value grows slowly with respect to N .
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Table 1

Results of test 1. Top: the decomposition of D. Bottom: the results for different values of N .
Ta: the running time of our algorithm. Rd/a: the ratio between direct evaluation and our algorithm.
Ra/f : the ratio between our algorithm and one execution of FFT of size N .

N Ta(sec.) Rd/a Ra/f

1024 6.25e-03 2.40e+01 1.02e+02
4096 3.25e-02 7.88e+01 1.56e+01
16384 1.80e-01 2.28e+02 1.08e+01
65536 7.30e-01 8.98e+02 6.19e+01
262144 3.10e+00 2.54e+03 5.98e+01
1048576 1.42e+01 8.13e+03 1.15e+02

Table 2

Results of test 2. Top: the decomposition of D. Bottom: the results for different values of N .

N Ta(sec.) Rd/a Ra/f

1024 1.00e-02 1.50e+01 1.67e+02
4096 5.00e-02 5.12e+01 2.40e+01
16384 2.60e-01 1.58e+02 1.64e+02
65536 1.18e+00 5.55e+02 1.82e+02
262144 5.30e+00 1.61e+03 1.02e+02
1048576 2.45e+01 4.70e+03 1.80e+02

3. Partial Fourier transform in two dimensions. A direct extension of the
1D algorithm to the 2D case would partition the four-dimensional summation domain
D = {(x, k), |k| < c(x)} with a similar four-dimensional tree structure. However,
this does not provide us with an algorithm with optimal complexity. To see this,
let us count the number of cubes of size s in our tree structure. Repeating the
argument used in the complexity analysis of the 1D algorithm shows that there are
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Table 3

Results of test 3. Top: the decomposition of D. Bottom: the results for different values of N .

N Ta(sec.) Rd/a Ra/f

1024 8.13e-03 1.72e+01 1.33e+02
4096 4.50e-02 5.69e+01 2.15e+01
16384 2.30e-01 1.78e+02 1.38e+01
65536 9.00e-01 6.83e+02 1.40e+02
262144 4.04e+00 2.11e+03 1.44e+02
1048576 1.70e+01 6.17e+03 1.36e+02

about N3s/s4 = N3/s3 cubes of size s. Even though the computation associated with
each cube can be done in about s2 log s steps, the total operation count for a fixed s is
about N3/s3 · s2 log s = N3/s log s, which is much larger than the degree of freedom
N2 for small values of s.

3.1. Algorithm description. Since only |k| appears in the constraint of the
2D partial Fourier transform

ux =
∑

|k|<c(x)

e2πıx·k/Nfk

for x = (x1, x2) and k = (k1, k2), we propose looking at a slightly different set
D = {(x1, x2, r), 0 ≤ r < c(x1, x2)} instead.

The algorithm first generates a multiscale decomposition for D. Starting from the
cube {(x1, x2, r) : 0 ≤ x1, x2, r < N}, we partition the domain recursively as follows:

1. If a cube B is fully inside D, it is not subdivided, and we keep it in the
decomposition.

2. If a cube B is fully outside D, it is discarded.
3. Otherwise, the cube B is further subdivided into eight child cubes with equal

size. For each child cube, go to step 1.
At the end of this process, our decomposition contains a group of cubes with dyadic
sizes, and the union of these cubes is exactly equal to D (see Figure 3).

The projection of any cube of the generated decomposition onto the r coordinate
is a dyadic interval. Let us consider one such interval I of size s and denote by GI

the set of all cubes of size s that project onto I (see Figure 4(a)). Define KI to be the
set {k, |k| ∈ I} (see Figure 4(b)) and XI to be the image of the points in GI under
the projection onto the (x1, x2) plane (see Figure 4(c)). As I is an interval of size s,
KI is a circular band of points in the (k1, k2) plane with width equal of order O(s).
Since the function α(t) used to define {c(x), 0 ≤ x1, x2 < N} is smooth, the function
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(a) (b)

Fig. 3. Left: c(x1, x2) is a Gaussian function. Right: a cross section view of the multiscale
decomposition of D (the domain below the surface c(x1, x2)). Here N = 32.

(a) (b) (c)

Fig. 4. (a) The cubes inside the set GI for an given interval I of the r coordinate. (b) The set
KI in the (k1, k2) plane. (c) The set XI in the (x1, x2) plane. Here N = 32.

c(x) itself is smooth on a scale of O(N). Hence, the set XI is a set of points in the
(x1, x2) plane with its boundary of length O(N).

The summation associated with the interval I is given by

(8)
∑
k∈KI

e2πıx·k/Nfk

for x ∈ XI . Since XI and KI are two sets of points in [0, N)2 and [−N/2, N/2)2,
respectively, the computation of (8) is a special case of the sparse Fourier transform
considered in [19], where both the frequency and spatial data are sparse. The al-
gorithm proposed in [19] is an extension of the butterfly algorithm [14, 15, 16] and
computes the sparse Fourier transform in almost linear time. The description of this
algorithm is postponed to the next section. Here we emphasize only that this algo-
rithm computes an accurate approximation of (8) in O((|XI | + |KI | + N) · logN)
operations.

Combining these ideas together, we obtain the following algorithm for the 2D
partial Fourier transform:

1. Construct a decomposition for D = {(x1, x2, r), r < c(x1, x2)} by partitioning
the domain {(x, k) : 0 ≤ x < N,−N/2 ≤ k < N/2} recursively. The union of
the cubes in the final decomposition is equal to D.
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2. For s = 1, 2, 4, . . . , N , visit all the dyadic intervals of size s in the r coordinate.
Suppose that I is one such interval. Compute the summation associated with
I: ∑

k∈KI

e2πıx·k/Nfk

for x ∈ XI using the sparse Fourier transform algorithm proposed in [19],
and add the result to {ux}x∈XI .

Let us consider now the complexity of this algorithm. The first step of the algo-
rithm takes O(N2 logN) steps. In order to estimate the number of operations used
in the second step, let us consider a fixed s. For each interval I of size s, the number
of steps used is of order O((|XI |+ |KI |+N) · logN). Summing over all cubes of size
s, we get

O

⎛⎝ ∑
I:|I|=s

|XI | logN
⎞⎠+O

⎛⎝ ∑
I:|I|=s

|KI | logN
⎞⎠+O

⎛⎝ ∑
I:|I|=s

N logN

⎞⎠ .

As
∑

I:|I|=s |XI | = ∑
I:|I|=s |KI | = N2, the above quantity is clearly bounded by

O(N2 logN). Finally, after summing over different values of s, we have a total com-
plexity of order O(N2 log2 N).

3.2. Sparse Fourier transform. Here, we provide a brief description of the
sparse Fourier transform, adapted to the current setting. Fix an dyadic interval I.
To simplify the notation, we drop the superscript I in the following discussion. From
the above discussion, K is a band of points in the frequency domain [−N/2, N/2)2,
X is a set of points in the spatial domain [0, N)2, and the boundaries of both sets are
of size O(N), due to the smoothness of c(x1, x2) on the O(N) scale. The aim is to
compute

ux =
∑
k∈K

e2πıx·k/Nfk, x ∈ X

efficiently.
The algorithm presented in [19] is a special case of the butterfly algorithm [14,

15, 16] for general oscillatory integral interactions. The algorithm first constructs
adaptive quadtrees TX and TK for the sets X and K, respectively. The quadtree TX

takes [0, N ]2 as the top level square. Each square is partitioned recursively into four
identical child squares until all leaf squares are of unit size, and only the squares that
contain points in X are kept. The quadtree TK is constructed in the same way with
[−N/2, N/2]2 as the top level square and K as the point set.

The main idea of the algorithm is based on the following geometric observation.
Let A and B be two squares in TX and TK , respectively. If the product of their
widths wAwB is bounded by N , then the interaction e2πıx·k/N for x ∈ A and k ∈ K
is numerically low rank. More precisely, for any fixed ε, there exists a number Tε =
O(log(1/ε)) and two sets of functions {αAB

t (x)}1≤t≤Tε and {βAB
t (x)}1≤t≤Tε such that∣∣∣∣∣e2πıx·k/N −

Tε∑
t=1

αAB
t (x)βAB

t (k)

∣∣∣∣∣ ≤ ε.

In fact, the function αAB
t (x) can be chosen to be of form e2πıx·k

B
t /N , where {kBt }1≤t≤Tε

belong to a Chebyshev grid of the square B. For a fixed accuracy ε, the size of this
Chebyshev grid Tε is independent of N (see [19] for details).
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Let us define the partial sum uB(x) by

(9) uB(x) =
∑

k∈B∩K

e2πıx·k/Nfk

with the sum restricted to k inside B. The geometric observation implies that, for
A and B with wAwB ≤ N , the restriction of uB(x) to x ∈ A can be approximated
by placing a set of equivalent sources {fAB

t }1≤t≤Tε at location {kBt }1≤t≤Tε . The
computation of the equivalent sources {fAB

t } is done by equating the partial sum
uB(x) and the potential generated by {fAB

t } at a Chebyshev grid {xA
s } inside A.

More precisely, one solves for {fAB
t } from the following equation:

uAB
s := uB(xA

s ) =

Tε∑
t=1

e2πıx
A
s ·kB

t /NfAB
t , 1 ≤ s, t ≤ Tε.

Solving this system requires inverting the matrix (e2πıx
A
s ·kB

t /N )st. However, due to
the translation-invariant property of the Fourier kernel, the matrices to be inverted
for different combinations of A and B are almost identical. Furthermore, the solution
of {fAB

t } can be accelerated using the tensor-product structure of the 2D Fourier
kernel.

Evaluating uAB
s := uB(xA

s ) directly using (9) is computationally expensive when
the square B is large. The next ingredient of the butterfly algorithm addresses how
to do this efficiently. Let P be the parent of A and Bc, c = 1, . . . , 4, be the children
of B. From the definition (9),

uB(x) =

4∑
c=1

uBc(x).

Now, suppose that the equivalent sources {fPBc
t } are available already; then the

quantities {uAB
s } can be approximated by

uAB
s := uB(xA

s ) =
4∑

c=1

uBc(xA
s ) ≈

4∑
c=1

(
Tε∑
t=1

e2πıx
A
s kBc

t /NfPBc
t

)
, 1 ≤ s ≤ Tε,

based on precisely the definition of the equivalent sources. This offers a much more
efficient way for computing {uAB

s }, as the size of the Chebyshev grid is a constant.
After putting these components together, the sparse Fourier transform algorithm

in [19] is in fact a systematic way to construct {fAB
t }1≤t≤Tε for all pairs of squares

A ∈ TX and B ∈ TK with wAwB = N . It consists of the following steps.
1. Construct the quadtrees TX and TK for the point sets X and K, respectively.

These trees are constructed adaptively, and all the leaf squares are of unit
size.

2. Let A be the root square of TX . For each leaf square B of TK , compute

uAB
s =

∑
k∈B∩K

e2πıx
A
s ·k/Nfk, 1 ≤ s ≤ Tε,

and solve for {fAB
t }1≤t≤Tε from

uAB
s =

Tε∑
t=1

e2πıx
A
s ·kB

t /NfAB
t , 1 ≤ s ≤ Tε.
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3. For each � = 1, 2, . . . , logN , construct the equivalent sources {fAB
t } for each

pair (A,B) with A at level � of TX and B at level (logN − �) of TK . Let P
be the parent of A and Bc, c = 1, . . . , 4, be the children of B. Compute uAB

s

using

uAB
s =

4∑
c=1

(
Tε∑
t=1

e2πıx
A
s kBc

t /NfPBc
t

)
, 1 ≤ s ≤ Tε.

Next, solve for {fAB
t }1≤t≤Tε from

uAB
s =

Tε∑
t=1

e2πıx
A
s ·kB

t /NfAB
t , 1 ≤ s ≤ Tε.

4. Finally, let B be the root square of TK . For each leaf square A of TX and for
each x ∈ A ∩X , set

ux =

Tε∑
t=1

e2πıx·k
B
t /NfAB

t .

Let us denote by NX and NK the numbers of points in X and K, respectively.
The first step of the algorithm clearly takes at most O(NX logN)+O(NK logN) steps.
The second and fourth steps spend a constant number of steps per point in X and
K, thus resulting in an extra O(NX) + O(NK) steps. The dominant computation is
in the third step. Let us use b to denote the side length of a generic square in TX and
TK . Recall that in our setting K is a band of points with a boundary of size O(N).
As a result, each b×b square that overlaps with K must be less than 2b away from K.
Therefore, each such square is contained in an area at most of size O(Nb+NK). Since
there squares in TK are nonoverlapping, there are at most O((Nb+NK)/b2) squares
that overlap with K. Similarly, for a fixed size b, there are at most O((Nb+NX)/b2)
squares that overlap with X .

At the �th step of the algorithm, the squares in TK are of size 2�, and the squares
in TX are of size N/2�. Therefore, the number of pairs (A,B) visited in the �th step
is at most equal to

O

(
N2� +NK

22�
· N ·N/2� +NK

N2/22�

)
= O(NX +NK +N).

This estimate is also the number of operations used in the �th step as one spends a
constant number of operations for each pair. Finally, summing over all logN levels
gives the O((NX+NK+N) logN) estimate of the sparse Fourier transform algorithm.

3.3. Numerical results. In the sparse Fourier transform algorithm, the size of
the Chebyshev grid for the equivalent sources controls the accuracy. This accuracy
further determines the accuracy of the 2D partial Fourier transform algorithm. In the
following tests, we set the grid size to be 5×5 for low accuracy calculation and 9×9 for
high accuracy calculation. To quantify the error, we select a set S ⊂ {0, 1, . . . , N−1}2
of size 100 and estimate the error by

(10)

√∑
x∈S |ux − ua

x|2∑
x∈S |ux|2 ,

where {ux} are the exact results and {ua
x} are our approximations.
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Table 4

Results of test 1. Top: c(x1, x2) when N = 128. Bottom: the results for different combinations
of (N, p), where p× p is the size of the Chebyshev grid used in the sparse Fourier transform compu-
tation. Ta: the running time of our algorithm. Rd/a: the ratio between direct evaluation and our
algorithm. Ra/f : the ratio between our algorithm and one execution of FFT of size N . Ea: the
estimated error.

(N, p) Ta(sec.) Rd/a Ra/f Ea

(128,5) 1.05e+00 3.90e+01 1.12e+03 6.38e-04
(256,5) 7.36e+00 9.35e+01 1.68e+03 7.66e-04
(512,5) 3.99e+01 3.12e+02 1.11e+03 7.68e-04
(1024,5) 2.03e+02 1.11e+03 1.47e+03 1.07e-03
(2048,5) 1.03e+03 4.42e+03 1.05e+03 1.33e-03
(128,9) 7.70e-01 5.32e+01 8.21e+02 8.33e-15
(256,9) 7.55e+00 9.11e+01 1.73e+03 6.25e-09
(512,9) 5.27e+01 2.24e+02 2.14e+03 1.69e-08
(1024,9) 3.10e+02 9.38e+02 1.68e+03 1.47e-08
(2048,9) 1.59e+03 3.18e+03 1.96e+03 2.38e-08

Similar to the 1D case, the following notations are used: Ta is the running time
of our algorithm in seconds, Rd/a is the ratio of the running time of direct evaluation
to Ta, Ra/f is the ratio of Ta over the running time of a Fourier transform (timed
using FFTW [10]), and finally Ea is the estimated error in (10).

We apply the 2D partial Fourier transform algorithm to the following three tests:
1. α(t1, t2) = (t1 + t2)/4. Then c(x1, x2) = (x1 + x2)/4.

2. α(t1, t2) =
1+sin(2πt1) sin(2πt2)

4 . Then c(x1, x2) =
N
4 · (1 + sin 2πx1

N sin 2πx2

N ).
3. c(x1, x2) corresponds to a 50 Hertz wave propagation through a slice of the

SEG/EAGE velocity model [1] taken at 1.5 km depth.
The numerical results of these three tests are summarized in Tables 4, 5, and 6.
From these results, we see that the estimated relative error of the 2D partial Fourier
transform is consistent with the error of the sparse Fourier transform presented in
[19]. In terms of the running time, our implementation indeed has a complexity
almost linear in terms of the number of grid points. However, due to the relatively
complex structure of the sparse Fourier transform, the prefactor of our algorithm is
quite large compared to the one of FFTW.

4. Conclusions and discussions. In this paper, we introduced two efficient
algorithms for computing the partial Fourier transforms in one and two dimensions.
In both cases, we decompose the appropriate summation domain in a multiscale way
into simple pieces and apply existing fast algorithms on each piece to get optimal
complexity. In one dimension, the fractional Fourier transform is used. In two dimen-
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Table 5

Results of test 2. Top: c(x1, x2) when N = 128. Bottom: the results for different combinations
of (N, p).

(N, p) Ta(sec.) Rd/a Ra/f Ea

(128,5) 1.64e+00 2.50e+01 1.61e+03 3.89e-04
(256,5) 1.36e+01 5.29e+01 3.11e+03 5.85e-04
(512,5) 7.99e+01 1.49e+02 2.61e+03 1.01e-03
(1024,5) 4.20e+02 7.32e+02 2.15e+03 1.53e-03
(2048,5) 2.11e+03 2.27e+03 2.65e+03 6.77e-04
(128,9) 1.10e+00 3.72e+01 1.08e+03 9.09e-15
(256,9) 1.57e+01 4.39e+01 3.58e+03 8.35e-09
(512,9) 1.13e+02 1.15e+02 3.19e+03 9.14e-09
(1024,9) 6.60e+02 4.66e+02 3.50e+03 1.96e-08
(2048,9) 3.25e+03 1.52e+03 4.11e+03 3.53e-08

Table 6

Results of test 3. Top: c(x1, x2) when N = 128. Bottom: the results for different combinations
of (N, p).

(N, p) Ta(sec.) Rd/a Ra/f Ea

(128,5) 7.00e-01 5.85e+01 7.47e+02 6.46e-04
(256,5) 4.24e+00 1.55e+02 1.13e+03 5.98e-04
(512,5) 2.41e+01 5.21e+02 8.99e+02 6.46e-04
(1024,5) 1.23e+02 2.50e+03 6.46e+02 1.03e-03
(2048,5) 6.13e+02 7.79e+03 5.40e+02 1.18e-03
(128,9) 5.60e-01 7.31e+01 5.51e+02 3.65e-15
(256,9) 4.71e+00 1.46e+02 1.21e+03 8.48e-09
(512,9) 3.39e+01 3.60e+02 1.03e+03 2.04e-08
(1024,9) 1.91e+02 1.60e+03 1.03e+03 1.77e-08
(2048,9) 1.00e+03 4.76e+03 8.70e+02 2.47e-08
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sions, we resort to the butterfly algorithm in [19]. Asymptotically, both algorithms
are only O(logN) times more expensive than the FFT.

In Tables 4, 5, and 6, we notice that our 2D algorithm has a relatively large con-
stant. One direction of future research is to improve on our current implementation
of the butterfly algorithm. Another direction is to seek different ways for computing
the Fourier transforms with sparse data. In the past several years, several algorithms
have been developed to address similar oscillatory behavior efficiently (see, for exam-
ple, [2, 5, 7, 8, 9]). It would be interesting to see whether these ideas can be used in
the setting of the Fourier transform with sparse data.

We have restricted our discussion to the case of N being a power of 2. For general
values of N , the algorithm is almost the same. The only difference is that now the size
of the squares or cubes are not necessarily integers. However, this difference does not
affect the result of the computation, as neither the fractional Fourier transform used
in one dimension nor the sparse Fourier transform used in two dimensions assumes
an integer size.

So far, we have assumed that the spatial grid X and the frequency grid K are to
be uniformly distributed Cartesian grids. The algorithms presented in this paper can
also be extended to quasi-uniform grids. In the 1D case, since the points in X and K
are no longer uniformly distributed, the fractional Fourier transform cannot be applied
directly. Instead, we will need a butterfly algorithm to compute the summation
associated with each box in the decomposition. In the 2D case, the algorithm remains
unchanged as the sparse Fourier transform does not make any assumption on the
uniformity of the grids X and K (see [19] for details).

As we mentioned earlier, this research is motivated mostly by the wave extrap-
olation procedure in seismic imaging. Our model problem considers only one of the
challenges, i.e., the existence of the summation constraint. The other challenge is to

improve the evaluation of the e2πı
√

ω2/v2(x)−k2·z term, for example, by constructing
different approximations within each component of the hierarchical decomposition.

Acknowledgments. The authors thank the reviewers for their comments and
suggestions.
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