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SPARSE FOURIER TRANSFORM VIA BUTTERFLY ALGORITHM*

LEXING YINGT

Abstract. This paper introduces a fast algorithm for computing sparse Fourier transforms with
spatial and Fourier data supported on curves or surfaces. This problem appears naturally in several
important applications of wave scattering, digital signal processing, and reflection seismology. The
main idea of the algorithm is that the interaction between a frequency region and a spatial region
is approximately low rank if the product of their widths are bounded by the maximum frequency.
Based on this property, we can approximate the interaction between these two boxes accurately and
compactly using a small number of equivalent sources. The overall structure of the algorithm follows
the butterfly algorithm. The computation is further accelerated by exploiting the tensor-product
property of the Fourier kernel in two and three dimensions. The proposed algorithm is accurate and
has the optimal complexity. We present numerical results in both two and three dimensions.
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1. Introduction. We consider the rapid computation of the following sparse
Fourier transform problem. Let N be a large integer. The spatial domain X and
the Fourier domain Q are both equal to [0, N]¢ where d = 2,3. My and Mg are two
smooth or piecewise smooth manifolds of codimension 1 in X and €2, respectively, and
we assume that both of them are smooth on the scale of N. Suppose that the point
sets {x;} and {¢;} are, respectively, samples of Mx and Mg (see Figure 1). Given a
set of sources {f;} located at {¢;}, the sparse Fourier transform that we consider is
the computation of the potentials {u;} defined by

(1 ui= Y TGN g
J

In most of the applications that we are concerned with, {x;} and {¢;} sample the
manifolds Mx and Mg with a constant number of points per unit length. As a result,
the two sets {z;} and {¢;} are both of size O(N?~1). Direct evaluation of (1) for all
{u;} clearly requires O(N??~2) steps, which can be quite expensive for large values
of N, especially in the three-dimensional case.

1.1. Outline of the approach. In this paper, we propose an algorithm that
computes the values of all {u;} accurately in only O(N?~!log N) steps. This complex-
ity bound is optimal up to a logarithmic factor from the information-theoretical view-
point. The discussion of our approach focuses on the two-dimensional case (d = 2);
the algorithm can be extended to the three-dimensional case (d = 3) without any
significant modification.

The main idea of our algorithm is the following geometric low rank property of
the Fourier kernel e2™#¢/N  Let A ¢ X and B C Q be two square boxes in the spatial
and Fourier domains, respectively. If the widths w4 and w? of these two boxes satisfy
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FIG. 1. The formulation of the sparse Fourier transform. X = [0, N]? and Q = [0, N]? are the
spatial and Fourier domains. Mx and Mg are two manifolds of codimension 1 in X and . The
point sets {x;} and {§;} sample Mx and Mq with a constant number of points per unit length.

the condition wAw? < N, then the interaction e2mw€/N hetween 2 € A and £e Bis
approximately of low rank and the approximation rank is independent of the value of
N. If we define

(2) UB(QJ) — Z 627711-51-/ij

{;eB

to be the potential function generated by the sources { f;} in B, this low rank property
guarantees that one can approximate the potential u”(x) in the box A with a set of
equivalent sources in B and the number of equivalent sources required is bounded by
a constant independent of V.

Based on this observation, our approach follows the general structure of the but-
terfly algorithm proposed in [22, 23]. The data structure of the algorithm consists of
two quadtrees T'x and Tq of the points sets {x;} and {{;}. Tx takes the spatial do-
main X as its root node and partitions the set {z; } recursively. Similarly, the quadtree
Tq takes the Fourier domain € as its root node and partitions {{;}. Both of these
quadtrees are constructed adaptively, and all the leaf boxes are at level L = logy N
and of unit size. In the first step, the algorithm constructs the equivalent sources
for the interaction between the root box of Tx and the leaf boxes of T. Next, we
traverse down in T'x and up in Tq simultaneously. For each level [ of T'x, we construct
the equivalent sources for the interaction between all pairs of boxes (A, B) with A at
level [ of Tx and B at level L — [ of T,. Each of these pairs satisfies the constraint
wAw?P = N. Finally, we visit all of the leaf boxes of T'x and use the equivalent sources
of the interaction between the leaf boxes of T'x and the root box of T to compute
the potentials {u;} at points {z;}.

1.2. Applications. Sparse Fourier transforms of form (1) appear naturally in
several contexts. An important example is the calculation of the far field pattern of
scattered fields [12]. Suppose that D is a smooth scatterer in R? illuminated by a
time harmonic incoming wave field. The scattered field u(x) satisfies the Helmholtz
equation

(3) Au(z) + K?u(z) =0, ze€RI\D

with appropriate boundary conditions. Here, k is the wave number and large values
of k correspond to high frequency waves. The far field pattern uo(Z) of the scattered
field u(x) is defined by

Uoo (2) = lim r@=D/2e= kIl (g 7 e ST

T—00

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



1680 LEXING YING

and is of great importance to many applications. One of the most efficient approaches
to solve (3) uses boundary integral equation formulations where the unknown quantity
is a surface density ¢(x) supported on dD. Once ¢(z) is resolved, the far field pattern
Uoo (Z) can be computed easily using an integral such as

(4) oo () = /8 o) ds(y).

Since we often discretize the integral (4) with a fixed number of points per wavelength
in high frequency scattering applications, the discrete version of (4) takes exactly the
form of (1) if we scale & and y by a factor of k.

Another application of the sparse Fourier transform comes from the one-way
seismic wave extrapolation procedure [21] of reflection seismology, where an important
computation task is the evaluation of the following partial Fourier transform. Suppose
that X and  now are the N x N Cartesian grid {(n1,n2),0 < ni,ne < N,ni,ng € Z}.
Given a function f(&) for & € Q, the partial Fourier transform computes for each
re X,

u()= 3 T p(),

k| <c(z)

where ¢(x) is a given function (often smooth on the scale of N). The main difficulty
of this computational problem is that the summation constraint of k¥ now depends on
x through the function ¢(z). This prevents us from using the standard fast Fourier
transform (FFT) to compute u(x) efficiently. Recently, [26] proposed an efficient
solution to this problem by decomposing the summation domain hierarchically into
simpler components. Each of these components then takes the form of the sparse
Fourier transform in (1) and hence can be computed efficiently using the algorithm
proposed in the current article.

1.3. Related work. Since the development of the fast Fourier transform (FFT)
[13], there has been a lot of work devoted to the rapid computation of various Fourier
summations. The nonuniform fast Fourier transform (NFFT) [1, 14, 18, 20, 24] gener-
alizes the FFT and computes efficiently the Fourier summations when at least one of
the spatial and Fourier grids is unequally spaced. The type-3 NFFT, which addresses
the case that both grids are unequally spaced, can be used directly to compute the
sparse Fourier transform in (1). However, since the complexity of the type-3 NFFT
is of order O(N%log N), the algorithm proposed in the current article is much more
efficient for sparse data.

During the reviewing process of the current article, the referees pointed to our at-
tention the articles [2, 11]. These papers considered the same sparse Fourier transform
and the algorithm proposed there is similar to our approach. The main difference is
on how to approximate the potential function u?(z) in (2). In [2, 11], uP(x) is ap-
proximated compactly by interpolating its values at a Cartesian grid with special
interpolation schemes [6]. In our approach, however, we approximate u?(z) using
equivalent charges. The accelerated computation of the equivalent sources using the
tensor-product structure of the Fourier kernel is also new. The numerical results in
section 4 show that our approach results a significant improvement in accuracy when
the same number of degrees of freedom is used for approximation.

Most functions or signals that we work with in high-dimensional problems have
strong smoothness properties for mixed derivatives. For many of them, the Fourier
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coefficients are supported only on the so-called hyperbolic cross

H={(&,...,6), (A +[&])---(1+[&l <N}.

An obvious question here is how to evaluate these functions from their Fourier co-
efficients efficiently by exploiting the sparsity of the Fourier data. When the spatial
points {x;} lie on the sparse grid [7], this task is called the hyperbolic Fourier transform
and there exist exact fast algorithms [3, 17] of order O(N log? N). In [16], Fenn et al.
addressed the general case where the spatial points {x;} are chosen arbitrarily. How-
ever, their algorithm does not have the optimal complexity in the three-dimensional
case. Finally, when the spatial points {z;} are samples of a smooth curve, this prob-
lem starts to resemble the sparse Fourier transform considered here. In this case,
we can generalize the algorithm proposed here to obtain an algorithm with optimal
complexity.

1.4. Contents. The rest of this paper is organized as follows. In section 2, we
outline the overall structure of the butterfly algorithm. Section 3 proves the main
analytic result and describes our algorithm in detail. We provide numerical results
for both the two- and three-dimensional cases in section 4. Finally, we conclude in
section b with some discussions on future work.

2. Butterfly algorithm. In this section, we outline the butterfly algorithm
described in [23] in the simple one-dimensional case. Suppose now that {x;}1<i<n
and {&;}1<;j<n are two sets of points in [0, N|. Given the coefficients { f;}1<;j<n, the
goal is to compute the values {u;}i1<i<n defined by

ui =Y G(x:i,&)f5,
J

where G(z, &) is a given kernel function. In order for us to use the butterfly algorithm,
the kernel G(z,¢) should satisfy the following geometric low rank property. Suppose
that A and B are two subintervals of [0, N] of width w? and w?, respectively. If
wAwP < N, then for any accuracy ¢ there exists a separated approximation of the
Fourier kernel G(z,§) of form

(5) G(z,8) = > o (@) (¢)| <e, VueAVEeB,
t=1

where af'B(z) and BB (€) are functions of only z and &, respectively. The separation

rank r depends on only the accuracy € and grows very slowly as € decreases. This
property holds for the kernels in many polynomial transforms and integral equations.
The most important case is the Fourier transform where G(z,¢) = e2™®¢/N | Other
examples include the Fourier—Bessel transform, the Legendre polynomial transform,
and the Chebyshev polynomial transform. Geometrically, this property says that
{G(z,€),¢ € B}, viewed as functions of x € A, stay approximately in a r-dimensional
space. As a result, one expects that each member of {G(z,£),£ € B} can be approxi-
mated by a linear combination of r carefully selected members of this set. It is shown
in [10, 19] that this is indeed the case and one can choose af'B(z) = G(x, AP) with
AB ¢ B carefully chosen.

This low rank separated representation allows us to represent the interaction
between two such sets A and B compactly. Let us recall that u”(x) is the potential
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1682 LEXING YING

generated by all the sources &; in B, i.e.,

uP(z) = G, &)1

§€eB

Applying (5) for each &; with weight f; gives

uB(x) =Y G, &) [ Y BrE(E)f || =0(), vaeA
t=1

£;eB

This says that the equivalent sources {}_; BAB(E;)fi}1<i<r located at points
{5{‘3 }i<i<r can serve as a compact representation for the interaction between A
and B. We would like to emphasize that, even for a fixed B, the equivalent sources
are often different for different A.

The basic idea of the butterfly algorithm is to combine the above observation
with hierarchical decomposition. In order to simplify the description, we assume that
N is an integer power of 2 and set L = log, N. The target domain X and the source
domain Q are both equal to [0, N]. The algorithm starts by constructing hierarchical
decompositions for X and €2. At each level [ = 0,1,...,L, X and € are partitioned
into 2! subintervals X;,, = [N/2"-m, N/2! - (m + 1)] with m = 0,1,...,2' — 1 and
Qn = [N/2V-n,N/2!- (n+1)] with n =0,1,...,2! — 1. In the special case of [ = 0,
we have Xy o =X and Qg = (.

The butterfly algorithm visits the levels of X from top to bottom and, at the
same time, the levels of 2 from bottom to top.

1. Let us use [ to denote the level of X that is currently visited by the algorithm.
First, we set [ = 0. The algorithm constructs the equivalent sources for the

interaction between X and Qp, with n = 0,1,.. .,2% — 1. In this case,
the two boxes are A = X9 and B = 1, ,,. From the previous discussion, we
have

T

uPla) =Y G, &) Y BiP(E) 1| = 0(), Ve A,

§€eB

and the equivalent sources are given by

(6) A= P
§EB 1<t<r
2. For [ = 1,2,..., L, the algorithm constructs the equivalent sources for the

interaction between all pairs of boxes A = X;,, and B = Qp_;, with m =
0,1,...,2" =1and n=0,1,...,257" — 1. Let us use P to denote A’s parent,
ie., P =X 1 |m/2), and By and By to denote the children of B, i.e., By =
Qr_i11,2n and By = Qp_j41,2n41. From the computation at the previous
level, we have already computed the equivalent sources {f/ '} <;<, and
{ ftP B 2} <i<r. Therefore, the interaction between P and Bj is approximated
by

=0(e), VzeP,

(@) = 3G (a6 £
t=1
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and the one between P and Bs by

uB2 (z) — Z G (a:,ngz) FPB| — O(c), Vae P,
t=1

Since u®(z) = uP'(z) + uP?(x), summing them up gives us

uB(z) - (ga(x,gf&) P B +§G(x, 5’32) ,3’32>

As A C P, this approximation is certainly true for any z € A. Since A
is on level [ and B is on level L — I, wAw®? = N. Therefore, we can take
{2 Yi<i<r and {fFP2}1<i<, as the sources in B and apply the low rank
representation. The final result is that interaction between A and B can be
approximated accurately by a set of equivalent sources

t t
0 { AB S GAB (PP PB4 3 g (¢P) f532} |
u=1 1<t<r

u=1

=0(e), VzeP

3. When [ = L, we have A = X, withm =0,1,...,2X — 1 and B = Qg . For
each pair (4, B), the equivalent sources {f45 }i<i<r provide an approxima-
tion:

u®(z) — ZG (x,éf‘B) ABl = 0(e), VoeA=Xp .
t=1
For each z; € A = X1, ,,, we set

(8) Uj %ZG(ﬁl, ?B) tAB.
t=1

A schematic illustration of the algorithm is given in Figure 2.

Let us estimate the number of operations used in the butterfly algorithm. In the
first step, the number of operations in (6) for each B = Qy, ,, is proportional to the
number of points §; in B since the rank r is a constant for a fixed . As there are
only O(N) points in {¢;} in total, the first step takes O(NN) operations. At each level
I of the second step, we construct the equivalent sources {f{*#};<;<, for all pairs of
boxes (A4, B) with A = X;,, and B = Qp_;,. It is clear from (7) the number of
steps used for each {f/A8}1<1<, is O(r?) = O(1) for fixed r. Since m =0,1,...,2 -1
and n = 0,1,...,2570 — 1, there are exactly 2! - 21=! = 2 = N pairs of (A, B) to
consider. Therefore, the number of operations for each level [ is O(N). Summing over
all L = logy N levels gives an O(N log N) operation count for the second step. In the
final step, (8) clearly takes only O(1) steps for each point z;. Therefore, the total
number of operations of the butterfly algorithm is of order O(N log N).

So far, we have not discussed how to select the locations {¢/*%}1<;<, and how to
construct the functions {3/*%(£)}1<i<,. In [23], this is done with a preprocessing step
using the so-called interpolative decomposition [10, 19]. The number of steps used in
the preprocessing step is equal to O(N?), which can be quite costly for large values of
N. The associated storage requirement is approximately O(r2N log N) because one
needs to store the interpolation matrices for all pairs (A, B) appeared in the algorithm
[23]. This storage requirement can become a bottleneck in practice when N is large
and r is no longer negligible. In section 3, we will show how to remove these time and
storage constraints in the case of the sparse Fourier transform.
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F1a. 2. A schematic illustration of the butterfly algorithm when N = 8 and L = 3. The four
plots (a)—(d) represent the status of the algorithm when | = 0,1,2,3. At each level I, the interac-
tion between X and 2 is partitioned into N blocks, each of which corresponds to the interaction
between A = X, and B = Qp,_; . The black columns in each block stand for the components
{G(w,&f‘B)}l<t<T associated with the equivalent sources at {5{‘3}1<t<r and x € A. In this figure,
the rank 7 is set to be 1 for simplicity. The white columns give no contribution. It is clear from
the algorithm that, as | increases, the size of A = X, decreases. Therefore, the lengths of the
black columns shrink accordingly. In each plot, the whole potential function u(x) := Z]- G(z,&5)f;
is approzimated by the sum of all the dark columns. Finally, in (d), the value of u(z) at any x € X
can be computed by summing the r columns in the horizontal block that contains x.

From the above discussion, we conclude that the general structure of the butterfly
algorithm utilizes three important components:

e Hierarchical structures for the target domain X and the source domain ).

e An approximate low rank property of the kernel G(z, &) whenever the target
region A and the source region B satisfy the condition ww? < N; see (5).

e A method to represent u”(z) for x € A compactly, i.e., the locations
{¢B}1 <4<, and how to compute the equivalent sources {f*Z}i<i<,; see
(6) and (7).

3. Sparse Fourier transform. In this section, we describe how to adapt the
butterfly algorithm to the sparse Fourier transform. Let us recall that X = Q =
[0, N4, and {z;} and {¢;} are samples of the curves My and Mg, respectively.

As we mentioned at the end of section 2, the butterfly algorithm uses three major
components. For the hierarchical structures, we construct two adaptive quadtrees T'x
and Ty for the sets {z;} and {{;}, respectively. The quadtree T'x takes the whole
spatial domain X as its root node and partitions the set {x;} recursively. Similarly,
the quadtree T takes the whole Fourier domain €) as its root node and partitions
{&}. Since the curves Mx and Mq are assumed to be smooth on the order of N, at
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Fi1G. 3. The quadtrees. (a) Tx. (b) Tq. Both quadtrees are constructed adaptively so that bozes
with no points inside are discarded. Here N = 64 and L = 6.

each level [ of Ty and Tg, there are at most O(2') nonempty boxes. Figure 3 illustrates
the quadtrees for a simple case with N = 64.

3.1. Low rank property. In this section, we prove the low rank property of
of the interaction between two boxes A € Ty and B € Tq that satisfy the condition
wrwB < N.

THEOREM 3.1. Let A be a box in Tx and B be a box in Tq. Suppose the width
w? and wB of A and B satisfy ww® < N. Then, for any ¢ > 0, there exists a
constant T'() and functions {oy(x),1 <t < T(e)} and {Bi(k),1 <t < T(e)} such
that

T(e)

eZﬂlz'k/N _ Z Oét(ﬁl:)ﬂt(k) <e

t=1

for any x € A and k € B.

The proof of Theorem 3.1 is based on the following elementary lemma (see [15]
for a proof).

LEMMA 3.2. For any Z >0 and e > 0, let S = [max(denZ,log,y(1/¢))]. Then

S—1 t
2mx (27TZ$)
€ - Z 1

t=0

<e

for any x with |z| < Z.

Proof of Theorem 3.1. The proof of the theorem is is quite simple. Let us use
et = (cf,cd) and ¢? = (cP, cB) to denote the centers of boxes A and B, respectively.
Writing = ¢* + 2’ and k = ¢® + &/, we have

A ’ B ’ A ’ B . A .7
e2mz-k/N _ e2m(c +x )(c +k )/N _ e2m(c +x )-c /N _e2mw'-k'/N . g2mck /N.

Notice that the first and the third terms depend only on z’ and k', respectively.
Therefore, we only need to construct a factorization for the second term. Since |z'| <
w?/v/2 and |K'| < wP/V2, |2 K'|/N < 1. Invoking the lemma for Z = %, we obtain
the following approximation with S(g) terms:
S(e)—1
eZTmz’-k’/N _ Z (27”’1;/ ) k//N)t <e

n <
= t!
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F1G. 4. The construction of {fS’%B} using {ff;B‘:}. Be is one of B’s child boxes and P is A’s
parent box. We first evaluate the potentials {uBY} located at {z2} using fffc and then solve for
{fABY so that they produce the same potentials.

After expanding each term of the sum using 2’ - k' = (2k} + x4k}), we have an
approximate expansion

T(e)
eQﬂ"LI'k/N _ Z Ott(f)ﬂt(k) <e,
t=1
where T'(¢) depends only on the accuracy e. O

3.2. Equivalent sources. Once we have the low rank property of the interac-
tion between two regions A and B satisfying w?w® < N, one approach to obtain an
O(N log N) butterfly algorithm for the sparse Fourier transform is to use the inter-
polative decomposition as [23]. However, as we pointed out earlier, such an approach
has two bottlenecks: the O(N?) precomputation step and the O(rN log N) storage
requirement. In this section, we show how to remove these constraints by choosing
the locations {&P} carefully.

Given a box B in T, we recall that u?(z) is a potential field generated by the
sources inside B:

’U,B(CE) _ Z eQTrzr{j/ij'

§€eB

For a fixed integer p, we define a Chebyshev grid in the interval [—1/2,1/2]

et}
Q; = — S .
2 P—=1) ) ocicp1

Let ¢ = (cP,cB) be the center of B. For the efficiency reason to be discussed shortly,
we pick the equivalent sources to be located on the following tensor-product grid of
B:

{8 = (P + asw?, B +aw®), st=0,1,...,p—1}

(see Figure 4). Notice that the locations {¢5} are now independent of the box A.
The size of the grid p depends on the prescribed accuracy € (see section 4).
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In the first step of the butterfly algorithm (see section 2), one needs to construct
the equivalent sources {45} (located at {¢B1) for the interaction between the root
box A of T'x and a leaf box B of T. To do this, we first select a grid in A:

{xft = (0‘14 —|—o<sw‘4,c‘24 —l—atwA) , st=0,1,...,p— 1}
where ¢ = (cf!, c4') is A’s center (see Figure 4). Then, {f4P} are computed so that

they generate the field {u4? := u?(z4)} at the points {z4}; i.e.,

A B
§ eQﬂ'zrst fs/t//Nfﬁﬁ _ u?tB'

s't!
Writing this into a matrix form M f = u and using the definitions of {z%} and {¢Z,,},
we can decompose the p? x p? matrix M into a Kronecker product M = M; @ Mo,
where

]\41 o (62ﬂ1(0f+a5wA)(cf+aszw3)/N)
- )
ss’

My = (e2r(ef e ) ) V)

tr
Since (M; ® My)~! = M ® My *, in order to compute f = M~'u we need only to
invert the p x p matrices M; and Ms. Expanding the formula for M7, we get

(9) (Ml)ss/ _ eQﬂ'z(cf‘+a5wA)c{3/N . eQﬂzasas/wA]\}”B . e2ﬂlcf‘(aszw3)/N.

Noticing that the first and the third terms depend only on s and s’, respectively,
and wAwB/N = 1, we can rewrite M; into a factorization M; = M1 - G - Mo,
where M7; and Mips are two diagonal matrices and the center matrix G given by
(G)ssr = e2m sy ig independent of N and the boxes A and B. The situation for My
is exactly the same. The result of this discussion is that we have successfully reduced
the complexity of f = M~!u from O(p*) operations to O(p?®) operations using the
Kronecker product structure of M.

Now, let us assume that B is a nonleaf box of T, and A is a box in Tx with
wAw? = N. In the second step of the butterfly algorithm (see section 2), one needs
to construct the equivalent sources { £} from the equivalent sources of B’s children.
Let us denote the children of B by B.,c = 1,...,4 and the parent of A by P. As
we construct the equivalent sources in a bottom-up traversal of T, when one reaches
the box B the equivalent sources of B, have already been computed. Since A C P,
the check potentials {u4®} can be approximated using the equivalent sources { f/, %}
of B.:

4
AB Z Zz A.¢Be /N »PB.
ulP ~ ( e2mTy Eslt// fs’t/ )
c=1

s't’

Be
for 0 < s,t < p—1 (see Figure 4). The inner sum eQ’TW?t'Es/t//NfSIftE,}C for each
fixed ¢ can be rewritten into a matrix form Ef. Using again the Kronecker product,
we can decompose F as E1 ® Fs where
El _ (627r1(cf’+o¢3wA)(cchras/wBC)/N)

)
’

E2 _ (e2ﬂz(c?+o¢tw‘é’)(cchrat/wBC)/N)
ss tt’ '

Expanding the formula for E7, we get

(10) (El)ss/ _ 82771(0{"+o¢5wA)c?‘:/N . eQﬂzasas/wA;\,"Bc . eQﬂ'ch‘(ozs/ch)/N.

Noticing that the first and the third terms depend only on s and s’, respectively, and
wiwBe = N/2, we can write E; into a factorization £y = FEqq - H - E19 where Eq;
and Fjo are again diagonal matrices and the matrix H given by (H)sy = €™’
is independent of N. Now, it is clear that the computation of the product Ef is
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also reduced from O(p*) operations to O(p®) operations using the Kronecker product
structure of M.

3.3. Algorithm. We now summarize the proposed algorithm. It contains the
following steps:

1. Construct the quadtrees Ty and Ty, for the point sets {x;} and {¢;}, respec-
tively. These trees are constructed adaptively and all the leaf boxes are of
unit size.

2. Construct the equivalent sources for the interaction between the root box A
of T'x and the leaf boxes of T. For each leaf box B in T, we calculate
{f4B1} by matching the potentials {u%B} (see section 3.2).

3. Travel down in T'x and up in T simultaneously. For each level [ of T'x, we
construct the equivalent sources {f42} for the interaction between a box A
at level [ of Tx and a box B at level L — [ of T;. The widths of these boxes
satisfy wtw? = N. These equivalent sources {47} are computed from the
equivalent sources of {f5 5} where P is A’s parent and {B.,c = 1,...,4}
are the B’s children (see section 3.2).

4. Compute {u;}. Now B is the root box of Tq. For each leaf box A in T'x, we
compute for each z; € A

-~ Z 2mz;-¢5 /N fAB
uj ~ e J gst/ fSt .
st

Figure 5 illustrates the pairs of boxes visited in T'x and T, at different levels of the
algorithm.

Let us first estimate the number of operations of the proposed algorithm. The
first step clearly takes only O(N log N) operations since there are at most O(NN) points
in both {z;} and {&;}. Since the curves Mx and Mq are smooth on the scale of N,
for a given size w, there are at most O(N/w) nonempty boxes of size w in both T’x
and Tq. In particular, we have at most O(N) leaf boxes in T'x and Tq. This implies
that the second and fourth steps take at most O(NN) operations. To analyze the third
step, we estimate level by level. For a fixed level [, there are at most 2! nonempty
boxes in T on that level, each of size N/2!. For each box B on level [, we need to
construct {f42} for all the boxes A in Tx with size N/(N/2!) = 2. Tt is clear that
there are at most N/2! non-empty boxes in T'x of that size. Since the construction
for each set of equivalent sources take only a constant number of operations, the total
complexity for level I is O(2! x N/2!') = O(N). As there are at most O(log N) levels,
the third step takes at most O(N log N) operations. Summing over all the steps, we
conclude that our algorithm is O(N log N).

Our algorithm is also efficient in terms of storage space. Since we give explicit
construct formulas (9) and (10) for constructing the equivalent sources, we only need
to store the equivalent sources during the computation. At each level, we only keep
O(N) set of equivalent sources, each of which takes O(1) storage space. Noticing
that, at any point of the algorithm, we only need to keep the equivalent sources for
two adjacent levels, therefore the storage requirement of our algorithm is only O(N).
This is where our algorithm differs from the one in [23] where they need to store
O(N log N) small matrices for the interpolative decomposition [10, 19], each of which
is of size O(r) x O(r).

The three-dimensional case is similar. Since Mx and Mg are smooth surfaces
in [0,1]3, the number of points in {z;} and {¢;} are O(N?) instead. The Kronecker
product decomposition is still valid and, therefore, we can construct the equivalent
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Fia. 5. Computation at different levels of the algorithm. Here N = 64 and L = 6. (a) and (b)
show the bozes in Tx and Tq that are visited when | = 2. For each pair of the bozes (A, B), we
construct the equivalent sources {f4B}. (c) and (d) show the bozes in Tx and Tq that are visited
when | = 3. (e) and (f) show the bozes in Tx and Tq that are visited when | = 4.

sources efficiently in O(p*) operations instead of O(p®). The algorithm remains exactly
the same and a similar complexity analysis gives an operation count of O(N?1log N),
which is almost linear in terms of the number of points.

4. Numerical results. In this section, we provide some numerical examples to
illustrate the properties of our algorithm. All of the numerical results are obtained
on a desktop computer with a 2.8GHz CPU. The accuracy of the algorithm depends
on p, which is the size of the Chebyshev grid used for the equivalent sources. In the
following examples, we pick p = 5,7,9. The larger the value of p, the better the
accuracy.

4.1. 2D case. For each example, we sample the curves Mx and Mg with five
points per unit length. {f;} are randomly generated numbers with mean 0. We use
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{u?} to denote the results of our algorithm. To study the accuracy of our algorithm,
we pick a set S of size 200 and estimate the error by

2ies [ui — ui|?

Eies | ’

where {u;};cs are the exact potentials computed by direct evaluation.

Before reporting the numerical results, let us summarize the notations that are
used in the tables. IV is the size of the domain, p is the size of the Chebyshev grid used
for the equivalent sources, P is the maximum of the numbers of points in {z;} and
{&}, Th is the running time of our algorithm in seconds, Ty is the estimated running
time of the direct evaluation in seconds, T/T, is the speedup factor, and finally &,
is the approximation error.

Tables 1 and 2 report the results for two testing examples. From these tables, it
is quite clear that the running time 7, grows indeed almost linearly in terms of the

TABLE 1
2D results. Top: Both Mx and Mg are ellipses in unit boz [0,1]2. Bottom: Running time,
speedup factor, and accuracy for different combinations of N and p. N is the size of the domain, p
is the size of the Cartesian grid used for the equivalent sources, P is the maximum of the numbers
of points in {x;} and {&;}, Ta is the running time of our algorithm in seconds, Ty is the estimated
running time of the direct evaluation in seconds, Ty/Ta is the speedup factor, and finally €4 is the
approximation error.

}2

(a) (b)

(N, p) P Ta(sec) Ta(sec) Ta/Ta €a

( ) 1.64de+4 1.23e+0 3.03¢e+1 246e+1 2.29¢—3
( ) 328¢+4 278 +0 1.20e+2 4.30e+1 2.5le—3
(4096,5) 6.55e+4 6.12e+0 4.88+2 7.98e+1 242 —3
( ) 13le+5 1.35e+1 1.95e+3 1.45e+2 2.57¢—3
(16384,5) 2.62e+5 2.96e+1 7.80e+3 2.64e+2 2.53¢—3
(32768,5) b5.2de+5 6.43e+1 3.17e4+4 494de+2 2.57¢—3
(1024,7) 1.64e+4 2.03e+0 3.03e+1 1.49e+1 8.1lle—6
(2048,7) 3.28e+4 4.54e+0 1.20e+2 2.63e+1 7.28¢—6
(4096,7) 6.55e+4 1.00e+1 4.85e+2 4.83e+1 7.37e—6
(8192,7) 1.3le+5 225¢+1 1.96e+3 8Tle+1 8.35e—6
(16384,7) 2.62e+5 5.12¢+1 7.93e+3 1.55e+2 9.0de—6
(32768,7) 5.24e+5 1.18¢+2 3.1Te+4 2.70e+2 9.12¢—6
(1024,9) 1.64e+4 3.17e+0 295e+1 9.30e4+0 1.53e—8
(2048,9) 3.28¢+4 7.02e+0 1.2le+2 1.73e+1 1.6le—8
(4096,9) 6.55e+4 1.55e¢+1 4.85e+2 3.13e+1 1.53e—38
(8192,9) 1.3le+5 345e+1 1.96e+3 5.68¢+1 1.62¢—38
(16384,9) 2.62e+5 7.57e+1 7.92e+3 1.05e+2 1.80e—8
(32768,9) 5.24e+5 1.83e+2 3.1Te+4 1.73e+2 1.73¢—8
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TABLE 2
2D results. Top: Mx and Mq are two smooth curves in unit boz [0, 1]2. Bottom: Running
time, speedup factor, and accuracy for different combinations of N and p.

(a) (b)

(N, p) P Ta(sec) Ta(sec) Ta/Ta €a
(1024,5) 1.64e+4 1.95e+0 3.03e+1 1.55e+1 2.50e—3
(2048,5) 3.28¢+4 4.37e+0 1.2le+2 2.77e+1 2.56e—3
(4096,5) 6.55e+4 9.75e+0 4.85e+2 4.97e+1 2.56e—3
(8192,5) 1.3le+5 21le+1 1.96e+3 92%+1 3.19¢—3
(16384,5) 2.62e+5 4.82e+1 7.93e+3 1.65e+2 2.95e—3
(32768,5) 5.24e+5 1.02e+2 3.18¢+4 3.12¢+2 2.75¢—3
(1024,7) 1.64e+4 3.16e+0 3.03e+1 9.59¢e+0 8.69¢—6
(2048,7) 3.28¢+4 7.08e+0 1.2le+2 1.7le+1 887e—6
(4096,7) 6.55e+4 1.58e¢+1 4.85e+2 3.06e+1 8.42e—6
(8192,7) 1.3le+5 3.52e+1 1.96e+3 5.56e+1 9.59 —6
(16384,7) 2.62e+5 822¢+1 7.92e+3 9.63e+1 9.6le—6
(32768,7) 5.24e+5 1.93e+2 3.17Te+4 1.64e+2 9.09¢ — 6
(1024,9) 1.64e+4 4.94e+0 3.03e+1 6.14e4+0 1.63e—8
(2048,9) 3.28¢+4 1.1le+1 1.20e+2 1.08e4+1 1.62¢e—8
(4096,9) 6.55e+4 244e+1 4.82e+2 1.97e+1 1.8le—38
(8192,9) 1.3le+5 5.56e+1 195¢e+3 3.5le+1 1.77e—8
(16384,9) 2.62e+5 1.2le+2 7.93¢e+3 6.55e+1 1.87¢—8
(32768,9) 5.24e+5 285e+2 3.3le+4 1.16e+2 1.93e—8

number of points, and the accuracy e, remains almost unchanged. For larger values
of N, we obtain a substantial speedup over the direct evaluation.

4.2. 3D case. We apply our algorithm to the problem of computing the far field
pattern (4). In this setup, Mx is always a sphere and M is the boundary of the
scatter. We sample the surface Mx and Mg with about 5 x 5 = 25 points per unit
area. Tables 3 and 4 summarize the results of two typical examples in evaluating the
far field pattern of scattering fields.

5. Conclusions and discussions. In this paper, we introduced an efficient
algorithm for computing Fourier transforms with sparse spatial and Fourier data
supported on curves and surfaces. Our algorithm is accurate and has the optimal
O(N?'log N) complexity. The main idea behind the algorithm is based on a low
rank property concerning the interaction between spatial and frequency regions that
follow a certain geometrical condition. We use the equivalent sources supported on
tensor-product Chebyshev grids as the low rank representation and exploit the tensor-
product property of the Fourier transform to achieve maximum efficiency. Further-
more, our algorithm requires only linear storage space.
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TABLE 3

3D results. Top: the surface Mg is the boundary of an F16 airplane model. Bottom: Running
time, speedup factor, and accuracy for different combinations of N and p.

A

\\\\\\\\\\>>>"
\\\\\\..
\\\\\\\

(N, p) P Ta(sec) T4 (sec) Ta/Ta €a

(16,5) 2.14e+4 246e+0 1.50e+1 6.10e+0 1.79 —3
(32,5) 819e+4 9.66e+0 1.80e+2 187e+1 2.25e—3
(64,5) 3.22e+5 39le+1 2.77e+3 7.09e+1 2.35¢—3
(128,5) 1.28¢+6 1.64e+2 4.32¢+4 2.63e+2 2.45e—3
(256,5) 5.13¢+6 6.70e +2 6.9le+5 1.03e+3 2.80e —3
(16,7) 2.14e+4 6.69e+0 1.50e+1 2.24e+4+0 5.35e—6
(32,7) 819e+4 2.62e+1 1.88e+2 7.19e+0 8.06e—6
(64,7) 3.22e+5 1.06e+2 280e+3 2.65¢e+1 7.62¢ —6
(128,7) 1.28¢+6 4.34e+2 4.32¢e+4 995¢+1 8.67e—6
(16,9) 214e+4 1.42e+1 1.50e+1 1.06e+0 1.20e —8
(32,9) 819e+4 556e+1 180e+2 3.2de+0 1.5de—8
(64,9) 3.22¢e+5 2.26e+2 280e+3 1.24e+1 1.65e—38
(128,9) 1.28¢+6 9.2le+2 4.37e+4 4.74e+1 1.57e—8

TABLE 4

3D results.

Top: the surface Mgq is the boundary of a submarine model.

time, speedup factor, and accuracy for different combinations of N and p.

(N, p) P Ta(sec) T4 (sec) Ta/Ta €a

(16,5) 2.14e+4 3.14e+0 1.07e+1 3.4le+0 1.55e —3
(32,5) 8.19e+4 1.26e+1 1.3le+2 1.04e+1 1.62e—3
(64,5) 3.22e+5 5.0de+1 2.13e+3 4.22¢+1 2.18¢—3
(128,5) 1.28¢+6 2.04e+2 3.38¢+4 1.65e+2 2.4le—3
(256,5) 5.13¢+6 8.24e+2 5.58¢+5 6.77e+2 2.26e—3
(16,7) 2.14e+4 859 +0 858+0 9.98 —1 5.55e—6
(32,7) 8.19e+4 3.34e+1 1.39%e+2 4.17e+0 6.36e —6
(64,7) 3.22e+5 1.33e+2 2.10e+3 1.57e+1 7.02¢ —6
(128,7) 1.28¢+6 5.4le+2 348¢+4 643e+1 843e—6
(16,9) 214e+4 187e+1 858¢+0 458 —1 1.0lc—8
(32,9) 8.19e+4 7.08e+1 1.3le+2 1.85e+0 1.16e—8
(64,9) 3.22e+5 2.83e+2 2.16e+3 7.63e+0 1.38¢—8
(128,9) 1.28¢+6 1.15e+3 3.46e+4 3.00e+1 1.47¢—8
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The problem considered in this paper is only one example of many computational
issues regarding highly oscillatory integrals. Some other examples include the compu-
tation of Fourier integer operators [25], scattering fields for high frequency waves [12],
and Kirchhoff migrations [4]. In the past two decades, many algorithms have been
developed to address these challenging computational tasks efficiently. Some exam-
ples include [5, 8, 9, 15]. It would be interesting to see whether the ideas behind these
approaches can be used to study the problem addressed in this paper, and vice versa.

Acknowledgment. The author would like to thank the reviewers for their com-
ments and suggestions.
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