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Abstract

This paper studies the problem of action noise in model-based offline reinforcement learning,
i.e., the actions recorded in the transition trajectories are polluted with noise. Though this
is a relatively new problem in the literature, it has become a relevant issue since offline
reinforcement learning has become more and more widely used. This is particularly important
in applications where an offline dataset collected without the intention to improve the policy
is repurposed for reinforcement learning. This paper presents an error analysis for the value
function due to the action noise and provides numerical studies. This work also prepares for
further developments of novel algorithms for addressing action noise.

Keywords Reinforcement learning - Offline reinforcement learning - Action noise

1 Introduction

Markov decision process (MDP) is the central mathematical model for reinforcement learning
(RL). In recent years, offline MDP learning algorithms [19, 27], for which the data are
collected by a behavior policy prior to the training stage, have received significant attention.
Many model-based [4, 6, 8, 14, 23, 29, 32, 35, 40, 41] and model-free algorithms [2, 3, 5,
9-11, 16-18, 24, 26, 30, 43] have been proposed. Several convergence results [7, 13, 34,
37] have also been developed. Among them, the model-based offline MDP methods benefit
from the conceptual simplicity since learning the MDP model can be treated as a supervised
learning problem. The model extracted from the offline dataset enjoys generalization ability
if the behavior policy is sufficiently exploratory. In this paper, we consider this model-based
setting.
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For offline model-based algorithms, the statistical errors of the estimated rewards and
transitions due to finite sampling have been well-studied in the literature. In the situation
of partially observed states, the theory of partially observed MDP has also been extensively
investigated. In this paper, we are interested in the relatively unexplored issue of action
noise, i.e., the recorded actions in the offline dataset are contaminated by noises. There are
two common scenarios where this issue can occur. In the first scenario, the actions are not
recorded carefully when the offline trajectories are stored. In the second scenario, the dataset
is originally recorded without the intention of optimizing the policy, and hence, the action
information is simply ignored. For example, the initial goal can be the prediction of the next
state or its distribution while the policy remains fixed as the behavior policy or to classify
the trajectories of states to facilitate other downstream tasks. It is only later that one switches
the goal to the optimization of the policy and uses the dataset for reinforcement learning.
In this scenario, the actions must be inferred from other information, and such an inference
procedure often results in estimation errors. Motivated by these scenarios, it is therefore
highly relevant to study the impact of action noise on offline MDP algorithms.

1.1 Related Works

Offline RL has grown into a large topic. Unlike online or off-policy RL, no further interaction
with the true environment is allowed in the offline RL setting, and knowledge can only be
extracted from a fixed dataset. In this regard, offline RL is similar to supervised learning.
However, there is an essential difference between them. While it is usually reasonable to
assume that the training data and the test data follow the same or a similar distribution for
supervised learning tasks, this is not the case for offline RL. When performing reinforcement
learning tasks from offline datasets, the learned policy must be different from the behavior
policy if one wants to make a nontrivial improvement. Thus, the distribution of the agent’s
trajectories is different from that in the offline dataset when the learned policy is applied. This
phenomenon is usually referred to as distributional shift or covariate shift, which is a major
challenge in the field of offline RL. A variety of algorithms have been proposed to address
this challenge using either a model-based or model-free strategy. A common ingredient in
these algorithms is learning the behavior policy, which is also not accessible. Modern machine
learning models such as neural networks and variational auto-encoders (VAE) [15] have been
used to this end. This model should not be confused with the model of transition and reward
used in model-based methods.

An early example of a model-free method is [10], where the algorithm is built upon Q-
learning and the learned policy is forced to be a neural network perturbation of the behavior
policy. Several subsequent methods adopt the idea of policy constraint, which means that the
learned policy is restricted in a neighborhood of the behavior policy under certain metrics.
For example, the advantage-weighted regression (AWR) method [26] implicitly adopts the
KL-divergence constraint and a behavior cloning metric is used in [9]. Other metrics, such
as the maximum mean discrepancy (MMD) used in [17], essentially require that the learned
policy and the behavior policy must have equal support, which is shown to allow more
flexibility. Policy constraints can also be enforced through learning the representation of
actions. For example, the authors of [43] utilize the latent action of the CVAE trained to
mimic the behavior policy, and the authors of [5] further improve this idea by updating the
latent representation with the advantage function as weights.

In general, the idea of pessimism or conservatism is widely used to avoid being over-
optimistic or exploiting the error caused by distributional shift, which often appears as a
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conservative adjustment to the model, value function, or Q function according to the uncer-
tainty in the information of the offline dataset. For example, a random convex combination of
Q functions, instead of a single Q function, is used to perform policy updates in [2]. In [11],
the standard deviation of an ensemble of independently trained Q functions is subtracted from
the Q function. In [18, 30], a mini-max formulation is used for the Q function to penalize
large Q values without sufficient data coverage. In [24], a conservative Bellman operator is
used where out-of-distribution (OOD) actions are treated differently. Another way to follow
the conservatism principle is to update the policy only once, which was proposed by Brand-
fonbrener et al. in [3] and dubbed the one-step method. No off-policy evaluation (OPE) is
needed for one-step methods, which alleviate the iterative exploitation of errors. In light of
this, Kostrikov et al. proposed implicit Q-learning (IQL) [16] where the expectile regression
is used to modify the Bellman maximal operator, and an approximated optimal Q function is
learned. The policy is then extracted from the approximate optimal Q function with an AWR
routine.

In spite of the huge success brought by model-free offline RL algorithms, one often
needs to tune the hyperparameters carefully to achieve ideal performance. The model-based
methods, on the other hand, take advantage of the more established and reliable supervised
learning methods to extract a model from the offline data and then obtain an improved policy
by planning with the learned model. Commonly used models include the discrete model,
kernel nonlinear regulator (KNR), Gaussian process (GP), and neural network (NN).

Early examples of model-based RL studies include [14,41]. In [41], the reward is penalized
by an estimation of uncertainty, quantified by the Frobenius norm of the covariance matrix
of the Gaussian transition model. In [14], the transition dynamic is halted, and the reward is
set as a negative constant if the uncertainty is larger than a threshold, where the uncertainty
is measured by the maximal distance between independently trained models. Eysenbach et
al. [8] augment the reward with a log-likelihood ratio term computed from a classifier that
distinguishes the real transitions from fake ones. Besides modifying the reward, conservatism
can also be integrated into model-based methods through the transition model. One common
strategy is to learn a policy that optimizes the worst case for an ensemble of transition models,
which is adopted by a line of work including [6, 29, 34]. Another way to use the model is
to generate imaginary trajectories and feed them to a model-free method. For example, the
COMBO method in [40] sends the imaginary trajectories generated from a learned transition
model to the CQL method [18]. An additional time-reversed transition model is learned in
[35] to generate reverse imaginations, and a double-check procedure of the imagination is
added in [23] to further enhance conservatism.

Another line of work addressing uncertainty in MDPs is the field of robust MDPs, which
investigates the complexity and tractability of MDP problems with adversarially chosen
dynamics. An earlier example of robust MDP research is [36], which explores various assump-
tions about the structure of the uncertainty set, such as the (s, a)-rectangular assumption and
the s-rectangular assumption. It was also shown that, without specific structural constraints
on the uncertainty set, the corresponding problem becomes NP-hard. More recently, [38] pro-
vided non-asymptotic performance analysis under the (s, a)-rectangular and s-rectangular
assumptions with different f-divergence type uncertainty sets. In the RL context, this field
is often referred to as robust RL. For instance, [33] combines robust MDP concepts with
deep reinforcement learning and conducts experiments on MuJoCo problems. The authors
of [33] also consider a setting where actions are subject to adversarial perturbations, which
bears some similarity to the setting studied in our paper. However, the algorithm proposed
in [33] relies on a known model or an online setting. This is fundamentally different from
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the problem addressed in our work, where perturbations (not necessarily adversarial) are
introduced in the offline dataset. One can also refer to [25] for a more detailed review.

1.2 Comparison and Contributions

At a high level, the suboptimality of an RL policy learned from an offline dataset can be
owed to two main sources, the first being the distributional shift and the second being the
finite sample size (or statistical error). The statistical error should not be confused with
the distributional shift since it exists even with a generative model, i.e., even when new
data points can be collected from interacting directly with the environment, though the idea
of conservatism can also be applied to the setting with a generative model. For example,
[21] proposes to perturb the empirical reward by a uniform noise or intentionally select
suboptimal actions with a random suboptimality in order to avoid the excessive exploitation
of the empirical model.

In this paper, we propose to analyze yet another source of error that is ubiquitous in real-
life offline RL applications, namely the misclassification of the action (or the action noise).
Unlike distributional shift and statistical error, the pollution in the action information has
been severely underexplored. We summarize our contributions below.

e We propose a methodology for studying a ubiquitous problem in offline RL where the
action information in the offline dataset is polluted. This has not been fully investigated
by the RL community.

e We provide error analyses of both the infinite-horizon and finite-horizon MDP models
for both the infinite-sample limit and the finite-sample cases.

e We include a verification of the theoretical result with numerical examples.

1.3 Contents

The paper is organized as follows. Section2 covers the basic material of MDP in both dis-
counted infinite-horizon settings and undiscounted finite-horizon settings. Section 3 derives
the error estimates solely due to action noise, assuming that the rewards and transition proba-
bilities can be accessed without error. The work in Sect.4 considers a more realistic scenario
where the rewards and transition probabilities need to be estimated from a finite number of
samples. Here, an additional statistical error is introduced due to the estimation. Numerical
results are provided in both sections to verify the error bounds. Finally, Sect.5 discusses
some future directions, including the extension to continuous actions and the derivation of
novel pessimism algorithms based on action noise.

2 Preliminaries
We consider both the discounted infinite-horizon MDP and the undiscounted finite-horizon

MDP. This section covers some preliminaries of MDPs for completeness. We refer the readers
to the existing literature [1, 28, 31, 39] for more details.
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2.1 Infinite-Horizon

A discounted infinite-horizon MDP model is a tuple (S, A, P, r, y), where S is the state
space, A is the action space, P is a transition probability tensor such that the entry Py, is the
probability of transitioning from the state s to the state s’ when action a is taken, and r is a
reward matrix where ry, is the reward obtained when action « is taken at state s. We assume
that the reward is bounded and without loss of generality rg, € [0, 1]. Finally, 0 < y < 1 is
a discount factor.

A policy m is a collection of probability distributions over A indexed by the states in S,
where 7, is the probability of choosing action a at state s with ), , 75, = 1. For a given
policy =, let (so, ao, s1,ai, ...) be a stochastic trajectory generated by following 7. The
value function v associated with 7 is the expected discounted accumulative reward

o0
. k
vy =E, |:Z Y rsa | S0 = s:| )
k=0
Associated with 7r, we define the transition matrix P” and the reward vector r” by

To.__ T._
Pss"_ E Tsa Psas's Ty = E Tsalsa-
a a

The vector v then satisfies the Bellman equation
Vi =rT +y PV .
Since 0 < y < 1 and P” is a transition probability kernel, (I — y P™) is invertible and
V= —yP")T. €0

The goal of MDP s to find the policy that maximizes e ' v™ for some positive weight vector e.
In fact, the optimal policy is independent of e (see [22, 28]). Using (1), the problem becomes
finding the optimal policy 7* such that

n*:=argmax e' (I —y P™)~ /7
T
According to the theory of MDP, there is a deterministic optimal policy 7* such that
vf* = m;lx[rm + )/Pm.v”*].

Another related function is the state-action value function, defined for a fixed policy 7 as

o
qga:=]E |:Z ykrskak | S0 =S,ap0 = a:| .

k=0
Tt is related to the value function v™ via
q;ra =Trsa + VPswUJT~
At the optimal policy 7*,
q;Ta =rsa + ¥ PsaV" =r5q+ ¥ Psa [maxqz/ .
a'eA
Since the rewards are assumed to be bounded in [0, 1], 0 < v}, g7, < ﬁ
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2.2 Finite-Horizon

An undiscounted finite-horizon MDP is similarly described by a tuple (S, A, { Py}, {r1}, H),
where H is the horizon, i.e., the number of steps of each episode. Py, and rj, are, respectively,
the transition probability tensor and the reward tensor at time step /. For a fixed triple (4, s, a),
> Pnsas = 1. Again, we assume that the reward ry, is bounded without loss of generality
in [0, 1].

A policy 7 is a collection of probabilities over A for each s and h: 7y, is the probability
of choosing action a at state s at time & with ), mpe = 1. For a given policy m, let
the sequence (so, ao, s1,4a1,.-.,SH—1,aH—1,SH) be a stochastic trajectory generated by
following the policy 7. The value function v™ of the policy 7 is the expected accumulative
reward

H-1
v =K, |:rHSH + Z Fs;a, | Sh =si| , h=0,1,...,H—1,
t=h

with the terminal condition vy = rpys. By defining the transition matrix P™ and reward
vector r”

P;,TSSI:= Z Thsa Phsas’s r;’fS:= Z Thsalhsas
a a

we notice that the value function satisfies the finite-horizon Bellman equation:
vy =rp +Prvg, h=0,1,....,H—1.

The goal is to seek an optimal deterministic policy that is guaranteed to exist by MDP theory.
At the optimal policy 7*,

v, = rn;lx[rhm + Ppsa-vj ), h=0,1,...,H—1.

The associated state-value function is defined as
H—1
Broa =B | D Fisia, | sn =501 =a
1=h

At the optimal policy 77*, it satisfies the following Bellman optimality condition
q;zrsa = rhsa t PhS“‘vZ+l = rhsa + ]ES"“Phsa- [WSﬁqZ+l,s’a’i| :
a

The reason for choosing the discounted infinite-horizon MDP and the undiscounted finite-
horizon MDP is as follows. In the finite-horizon case, a discounted model can be converted
to an undiscounted model by letting 75, = yhrhm and g, = yH rns. Thus, we can focus
our study on the undiscounted setting without loss of generality. In the infinite-horizon case,
the discount factor is needed for both theoretical and computational reasons: otherwise, the
accumulative reward would be unbounded even if the reward function r is bounded, and the
Bellman equation would be singular because (I — P7) is not invertible. From a practical
perspective, the discount factor is also natural because 1 — y corresponds to the risk-free
interest rate in economics. In other fields, the discount factor is also useful for representing
a trade-off between short-term and long-term rewards. One can adjust the discount factor
closer to 1 if one wants to learn a policy that values the short-term and long-term rewards
almost equally while moving it away from 1 if one attaches more importance to short-term

@ Springer



Journal of Scientific Computing (2025) 103:51 Page70f23 51

rewards. For a more comprehensive presentation of MDP models, we refer interested readers
to [28].

3 Infinite-Sample Analysis of Action Noise

In this section, we give an infinite-sample analysis of error due to action noise for both finite-
horizon MDPs and discounted infinite-horizon MDPs. Here infinite-sample means that the
reward r and the transition P can be obtained with zero error. Therefore, the only sources of
error are the action noise and the distributional shift.

3.1 Infinite-Horizon

We model the action noise by atensor n = (154;)ses,a, jeA» Where 154 is the rate of classifying
action a as action j at state s. In particular, ) jlsaj = 1.

Let 7 be the behavior policy from which the offline data was collected. Due to the action
noise, instead of the true behavior policy 7y,, we are faced with the polluted behavior policy

Tsalsaa + Z ﬁsj Nsja
Jj#a
at state s and action a. As a consequence, the reward tensor 7 and the probability tensor P
polluted by the action noise are given by

Tsallsaalsa + Zj;éa ﬁsjnsjarsj

Fsqi=—— - 2)
m Tsalsaa + Zj;éa TTsjNsja
o TsaNsaa Psa- +Zj;éa ﬁsjr/sjapsj-
sa-+= = = , 3)
Tsalsaa + Zj?éa TTsjlsja
respectively. The following lemma characterizes the error between (P, r) and (13, 7).
Lemma 1 Define cy:=ming, w5, > 0 and c,:=maxy, Zﬁga Nsaj < L. Then
o Cy
max|ryg — Fyal < > “4)
s,a cx(1—c¢y)
o 2cy
maX”Psa- _Psa-”l < — . (5)
s,a cr (1 — CU)

Proof Since 1}12;( Nsja < Za# Nsja < ¢y, wWe have

3 o < (Zﬁ”) (max ns,a> ooy =cp. ©)
j#a j#a J7a
On the other hand, we have
ﬁsansua + Zﬁsjnsja = Tsq(l — Z nsaj)
J#a J#a
+ D Ayisja = (MinTg) (1= max Y " 1saj) = cx(l = ).
J#a J#a
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Combing with (6) and (2), we have

TsaNlsaalsa + 217&“ ﬁsj Nsjalsj

Tsallsaa + Zj;éa ﬁsjnsja

[Fsa — Fsal = |Fsa —

Zj;éa ﬁsjr/sja(rsa - rxj)
Tsallsaa + Zj;éa ﬁsj Nsja

1 _ ey
EPE— Tsifsia | Max|rsg — rsj| < ————.
=l —cp ; sjllsja s,a,jl sa sl < en(l— )
Similarly, from (6) and (3),
- _ Psq. — Psj.
1P — Pl = | 3 #ginsjas _
sa sa ; sjllsja TsaNsaa + Zj;éa TsjNsja
1 2
—_— Tsinsia | max|| Psa. — Pyj.ll1 < —————.
= o _C;;) Z sjllsja s,a,j” sa sj h < (= Cn)

j#a
O

Given 7 and f’, the MDP model polluted by the action noise is (S, A, 15, 7,y). Let us
define

e 7* to be the optimal policy for (S, A, P,F,y),
e ™" to be the value function at 77* for (S, A, P, 7, y), i.e.,
17?”:: max [fm + VEs’~f’w. 17?’,*] . 7
Based on Lemma 1, one has the following error bounds on the value function.

Theorem 2 With the notations of Lemma 1,
Cn

T o < ,
e )

®)

lv

2¢y
- y)zcﬂ(l - Cn) '

(C))

* a*
v — v <
I loo = a

Remark 1 The first error bound is between the optimal policy 7* of the true model (P, r)
applied to (P, r) and the optimal policy 7* of the polluted model (P, 7) applied to (P, F).
On the other hand, the second error bound is between the optimal policy 7* of (P, r) applied
to (P, r) and the optimal policy 77* of (f’, F) also applied to (P, r). Both are under control
when the misclassification rate ¢, is small and ¢, is bounded from below.

Proof To prove (8), from the solution of two MDPs (S, A, P, r, y) and (S, A, f’, F,y) we
have

vjvt* = max([rsq + )/va"'],
L N (10)
07" = max[Fyg + y Py 0" .
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Denote the optimal actions of (10) by @ and 4, respectively. By dropping the superscripts in
both for notational simplicity, we obtain

Vs = rsa + ¥ Psav,
Us = Fya + ¥ Py,
By the optimality of a, we have
Vs = s = rea + ¥ Peav — sz + ¥ Poz) < Fsa + ¥ Psav — (Fsa + ¥ Poa D).
Rearranging the terms, we have
Vg = Uy < (Fsa = Fsa) + 7 (Psa-v = Fa.D)

= (rsa — ;‘va) + ¥ Py (v — ﬁ) +y(Psq. — f)sa-)i;

- 1
= (rgq — ;‘va) + )/Pm‘(v — 17) + y(P_m, — Psa) <ij — 71> ,
2(1—vy)

where the last equality results from the fact that P,.1 = lv’m 1 = 1. Then by Lemma 1,

. . . o . 1
Vs — Usg < max|rsg — Fsal + ¥ Psa-l1lv — Vlloo + V| Psa- — Psa-ll1 ||V — 57——1
20-9) o
Sy = Bl 4y l
= TVIv—V 14 )
cn(l—cy) T - 200-y)
Ccy . yey
=y Bl +
cx (1 —cy) T = y)en(l =y
=ylv = Vlloo + _ 9
T A =pe(l—ey)’
Similarly, with the optimality of a and the result of Lemma 1 we have,
Us — Vs < Fyg + )/1555#{j = (rsa + v Psav)
= (Fsa — rsa) + v (Pa.¥ = Pyg.)
= (s — rsa) + ¥ Py (0 = v) + y (P, = Py )
. . - 1
= (Fyg — rsa) + v Psa.(V—v) + ¥ (Py. — Pyi.) (U - 71)
20—y

=< I?%lesa — Fsal + VHPV&”l”i} — Voo + VI Psag. — Psa-ll1lIv]leo

<y = v+

cx (1 — Cr)) =y (1 — Cn)
—yllv—f)ll +C—'7
(I =per(l—cy)’

Asaresult, |[v—7]|o0 < yllv—ﬁlloo-l-(l_y);%.Thisleadsto =70 < (1—;/)2571(1—%)’
which finishes the proof.
To prove (9), from (8) we have

= - +
(= 1Per(— )

A = x
10" =™

o™ — o™ < W = T 4 15T - —v

(an
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Dropping the superscripts for simplicity, we have
[Us — vg| = [Fsq + V[)sc“rﬁ — (rsa + v Psg.v)|
= |(Fsq — rsa) + v (Pya. — Pg.v)|
= |(Fya — rsa) + ¥ Poa. (0 = v) + v (Pyz. — Pyg)v|

. . . 1
S|rs&_rs&|+y|Psé»(v_U)|+y‘(Rvd_Rvd)(v_il)‘
2(1—y)
o 5 y < 1
§m3;x|rs[1_rsé|+V”Psé-||1||v_U”oo"‘]/”Psd-_Psé-Hl U_21”
s,a (]_V) [e%s)
ety — :
~ (1 —cy) (= 2(1—y)
Cn o )/Cy,
=yl — vl +
ex(l—cp) (L= p)er(l —cy)

C
Yl = Blloo + ——.
A= per(l —cp)

Maximizing over s and rearranging the terms gives

Cn
- V)zcn(l - Cn) ’
Combining this inequality with (11) yields (9). O

15 = vllo < 5

3.2 Finite-Horizon

The above analysis can be readily extended to finite-horizon MDPs. With & denoting the
behavior policy, we first define the polluted rewards and transition matrices in the finite-
horizon setting
Thsalsaalhsa + Zj;éa ﬁhsj Nsjalhsj

ThsaNsaa + Zj;éa ﬁhsjnsja
v ﬁhsanxaa Phsa. + Zj#a ﬁhsj Nsja Phxj~
Phsa.:= = — :

Thsalsaa + Zj;éa Thsjlsja

Thsa:=

The following lemma gives the error of the MDP model.

Lemma 3 Define c;:=minys, Tpsq > 0 and ¢;:=maxy, Z#a Nsaj < 1. Then
o Cy
max|rpsq — Fpsal < ———, (12)
h,s,a cr (1 — C,])
2¢y

d—c) — e’ (13)

maX”PhSa' - Phszz' ”l =<
h,s,a

The proof is omitted since for each fixed 4 it is the same as the one for Lemma 1. We
define

° fr* to be the optimal policy for the polluted M]?P (S, A, {I5h}, {rn}, H),
e ™" to be the value function of 77* on (S, A, (P}, {Fn}, H), i.e.,

172?;1:“13X [fhsa + Vﬁhsa.ﬁ,ﬁl] , h=0,1,...,H—1. (14)

@ Springer



Journal of Scientific Computing (2025) 103:51 Page110f23 51

Based on Lemma 3, we have the following value function error bound for finite-horizon
MDPs.

Theorem 4 With the notations of Lemma 3,

(H—h)(H—h+3)c,

T* M7 < , 15
||Uh vy, loo < 2en(1 _Cn) (15)

* < (H—h)(H—h+3)cy

Ty < . 16
" = v e = = (16)

Proof To prove (15), we have from the optimality conditions of (S, A, { P}, {rn}, H) and
(S, A, {Pn}, {Fn}, H)

v;;[s = maax[rhm + VPhsa‘UZ_;,_l],
o o < g
Vps = Ill;lx[rhm + ¥ Phrsa- V1]

Let the optimal action of the true model and estimated model be a and d, respectively. Again,
dropping the superscripts for simplicity leads to

Vhs = Thsa + Phsa-Vh+1,
ijhs = ;hs& + Phs&~lj/1+l-

The derivation of the key inequalities is similar to the ones in Theorem 2. We first use the
optimality of a to rearrange the terms and arrive at

Vs — Vps =< Thsa + Phsa- Vi1 — (Frsa + Phsa-Un+1)
= (Fhsa — Fhsa) + (Phsa-Vhnt1 — Phsa.Vnt1)

= (Fhsa — ;hsa) + Ppsa.-(Vpy1 — lv)thl) + (Phsa. — Phsa~)ﬁh+l

o . o . H—h
= (rhsa - rhxa) + Phsa~(vh+l - Uh+l) + (Phsa' - Phsa') (Uh+l - Tl> .

Then we apply Lemma 3 to get

=< znaxvhxa - ;hsa| + ”Phsa-”l ||Uh+] - lv)thl ||oo + ” Prsa.
,5,a

o . H-—h
— Ppsall1 |Vp1 — ——1
2 o0
n iy 5t lloo + 2¢y H—h

P v, — 0, .

= el—on ekt = Unttlloo + e 7
o C

< vhs1 — Upgilloo + ————(H —h + 1),

cx(1—c¢y)

where we have used the direct upper bound v;, < (H + 1 — h). By symmetry,

Ups — Vps < HYI%Xtha — Fnsal + 1 Prsa 1 110n+1 — vhartlloo + | Prsa.

= Ppsa-ln

H—h
— 1
Uh+1 5 H

[ee}

o C
< 1041 — Vntilloo + ————(H —h + 1).
cx(l—cy)
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As aresult, [|vy — Uplloo < llvp41 — Untilloo + Cﬂ(lci”_w(H —h+1).

Summing this estimate over 4 and using the fact that vy. = vpy., we obtain

H-1

o Cy o
_ < ——(H—-h+1 -
o = Vnlloo < ; TRl + 1)+ v = Vnlleo
_(H=h(H—h+1)+2)0c, Lo
2c (1 —cyp)
~(H=m)(H = h+3)c,
B 2¢ (1 —cy)

which is (15).
To prove (16), notice from (15) that
(H—h)(H—h+3)c,

7* _ o*
2C7‘[(1 — Cr]) * th O “

g —vp I <My =05 1+ 105 —vp Il <

a7
Dropping the superscript 7* for simplicity gives
Vhs = Dns| = Fhsa + Phsa-Vht1 — s + Phsa Vng1)]
= [(rnsa — Fasa) + (Pasa.vht1 — Prga. Vi)

= |(Phsa — Frsi) + Phsa- W1 — Ont1) + Prsa. — Prsa)On1

o . o . H—h
< |rnsa = Frsal + 1 Prsa-(Wns1 — Vpy)| + ‘(Ph.va. = Ppsa.) (vh+l - Tl>‘

< ;lna{(lrhszz — Fsal + 1 Prsa N llvns1 — Vntilloo
,8,a

+ 1| Phsa- — Prsai- Il

. —h

S
2 o0

- cy Tl etllee + 2cy H—-h

T ep(l—cy T T A=) 2

o C
hs1 — Dntt lloo + —————(H — h + 1).
cx(1—cy)

IA

Maximizing over s and combining with (17) gives (16). O

3.3 Numerical Results

In the first example, we consider the infinite-horizon case, where the model (15, 7) is given in
(3). The true MDP used in this experiment is adapted from [42], where |S| = 200, |A| = 50,
and the transition probabilities and rewards are randomly generated in the following way. The
transition probabilities are defined as Py, = 1/20 for 20 states s’ chosen uniformly randomly
from S and zero for other states. The true reward ry,, is defined as Uy, Uy, where Uy, and U,
are independently uniformly sampled from [0, 1]. The behavior policy is assumed to be the
uniform policy, thus ¢, = 1/50. The discount rate y is set as 0.9. Figure 1a plots the relative
errors of the value function as a function of the action noise measure ¢, (defined in Lemma
1), where the reference solution is calculated with a policy gradient method starting from the
uniform policy. The shaded area around the two curves gives the standard deviation calculated
from 10 randomly generated . The action noise tensor 7 is generated as follows. For each
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(a) The errors of the value functions in the (b) The errors of the value functions in the
infinite-horizon case. finite-horizon case.

Fig.1 The relative errors of the value functions caused by action noise. The blue and orange curves show how
the errors change as a function of ¢;). The shaded area around the curves indicates the standard deviation. The

: : : ~T* T* a* a* a* a*
logarithmic scale is used for both axes. Here Err; = |97 — v ||/[[v" || and Errp = |07 — o™ ||/[[v" ||,
where || - || is the infinity norm. Both errors decrease when ¢, goes to zero, where the trend coincides with the
theoretical predictions in Theorem 2 and Theorem 4 (Color figure online)

(s, @), Nsqq is uniformly sampled from [1 — ¢y, 1], and then each 7,,; is first generated from
a uniform random variable on [0, 1] and then normalized so that > jlsaj = 1. We generate n
in the same way for all examples in this paper. The two curves match the theoretical estimates
(8) and (9), respectively. When the action noise goes to zero, the value function errors vanish.
In the second example, we consider the finite-horizon case. Similar to the first example, we
define the transition probabilities as Py, = 1/20 for s’ belonging to a uniformly randomly
chosen subset with 20 elements and zero everywhere else. The reward ry, is defined as the
product U5, Us Uy, where Ujgq, Us and Uy, are independent samples of the uniform random
variable on [0, 1], and the terminal reward rg; is also independently uniformly sampled
from [0, 1]. The horizon H is chosen as 10. Figure 1b shows the relative errors of the value
function, with the standard deviation obtained from a collection of 10 random 7. Here the
reference solution is calculated with a linear programming method. Both types of errors
decrease monotonically when ¢, decreases, compatible with the result of Theorem 4.

4 Finite-Sample Analysis with Action Noise

In the previous section, we considered the error bounds in the infinite-sample limit, where
the error only comes from the action noise and distributional shift. In practice, the rewards
and transition rates need to be estimated from a finite number of samples, which introduces
an additional source of statistical error.

4.1 Infinite-Horizon

To model the finite-sample case, we denote by ﬁsas’ and 7y, the transitions and rewards
estimated from the finite-sample dataset. Here, we assume that a few samples are collected
for each state-action pair (s, @) independently according to the behavior policy. There are
two key quantities.

e Ngpi is the minimum of the number of transitions from (s, @) over all state-action pairs.
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e For each pair (s,a), let Sy, be the set of states s’ such that ﬁm/ > 0. Define
Nnb::r{vlé}lx |Ssa|-

It is worth noticing that these quantities are defined for the polluted dynamics P rather than
the true dynamics. The following lemma is concerned with the statistical error in P,y and

Fsq-

Lemma 5 With probability at least 1 — &,

. R [log(4]S]|Al/)
Hslillx [Fsa — Fsal < ng (18)

Nnb log2 +log(2[S]|A[/9)
2Nspl '

and

qynéw—AWM52/ (19)

Proof By Hoeffding’s inequality

2
log(4|S||A|/§ log(4|S||A|/$
o1 — > [lESIADN ) ( fls@isiiagY
2Ngpi 2Ngpi

= 2exp (—log(4|S||A|/8)) =

2[8|1A|°
Then, by the union bound,

y N log(4|S]]A[/3) y N log(4|S]|A[/3)
P | max |Fyq — Fga| < u = E P |rsa — Tsal = u
s,a 2Nsp1 s.a 21Vspl

53
2i8114] 2

which proves that the event in (18) holds with probability at least 1 — §/2. Therefore, it
suffices to show that the event in (19) holds with probability at least 1 — §/2. The proof is
inspired by the argument of [12]. Consider the set U, of vectors u € RISI such that lujl =1
for state j € Ssq and u; = O for the remaining coordinates. Then the £; norm in (19) can be
expressed by

= ISIIA]

T/ 9
ma Pgy. — P, ) .
s Z/{i u ( sa sa
Notice that u " Pyg. is the ﬁnite-samplg average of i.i.d. random variables u ' ey, where ey is
the s'-th standard basis vector, and u | Py,. is the expectation. Applying Hoeffding’s inequality
and the union bound shows that with probability at least 1 — §/2

A~ . log(2|S||A|2Nm /§ Nnb log 2 4 log(2|S1]|Al/d
max max MT (Psa~ - Psa-) < 2 Og( | || | / ) =2 nb 108 * Og( | || |/ )
$,a ueldsq 2Nspl 2N$p1

Therefore, (18) and (19) hold simultaneously with probability at least 1 — §. m}

Given 7 and P the MDP polluted both by the action noise and the finite-sample statistical
error is (S, A, P, 7, y). We define
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° 7%:‘ to be the optimal policy for (S, A, 13, 7, y), and
e 77" to be the value function of #* on (S,A, P,r,y),ie.,

.
s

o = max [fm +vE, 5, 07 ] . (20)

Equipped with the statistical error bound in Lemma 5, we have the following error bounds
for the value functions.

Theorem 6 Under the assumptions of Lemma 1, with probability at least 1 — §

* -y 1 log(4|S||A|/d
”UTL’ _ i}JT ”Oo f 2677 + Og( | || |/ )
(I =y)er (1 —cp) L=y 2]\]spl

LY \/Nnblog2+1og<2|5||A|/6>

21
(1 —)/)2 2]\]spl el

and with probability at least 1 — 28

x Sy 2 2 log(4|S||A|/$§
”vﬂ —" ”OO < 2C77 + Og( | || |/ )
(I =y)cn(l—cy) -y 2]Vspl

L 2v  [Nwlog2+log(2ISlIAl/9)
(1—y)? 2Ngi '

(22)

Proof From the optimal solutions of (S, A, P, r, y) and (S, A, ﬁ, Y,

T* T*
vy = mgX[rm +yPgav” ],

~ %
N
US

= m;lx[fm + yﬁm.f)ﬁ*].

Let the optimal actions be «, a, respectively. Dropping the superscripts in both for sim-
plicity leads to

Vs = rgq + ¥ Psa-v,

Vs =Tgq + Y Py 0.

By Lemmas 1, 5, and the triangle inequality,
log(4|S]|Al/8
max|sg — rsal < o 4 [oeCISNAVS) (23)
S.a (I =y)ex (1 — cn) 2Nspl

2¢y Py Npp log2 4 1og(2|S]1A1/8)
Y)er (1 —cy) 2]Vspl '

and

max || Py — Pyg.ll1 < (24)
s.a (1 —
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with probability at least 1 — §. Thus, with probability at least 1 — §

Vg — ﬁs = Isa + VPM-U - (;sa +yﬁsa-ﬁ)
= rsq — Fsa + ¥ (Psq.v — ﬁsa-ﬁ)
=rgq — Fsa + Y Psa. (v — v) + Y (Pya. — ﬁsa-)f)

= rya — Fsa +VPsa-(v_ﬁ)+V(Psa- - ISsa-) (f)

IA

Cn [1og(4|S]||Al/8) .
= + +yiv—v
ex(—cy) 2N 14! lloo

1

nsl%lXVsa — Fsal F Y11 Psa-l1llv = Dlloo + ¥ [ Psa- — Psa-ll1

-1
2(1—=v)

0

T el "1y

LY \/Nnblog2+log<z|8||A|/a>

1—y 2Ngpi
Similarly, we have

Sy

YCy Y [ Nuplog2+log(2|S]|Al/d)
2Ngpl

D c log(4|S||A|/é
= yllv — dlloo + " L [logisiiale)
(1 =y)ex(1—cp) 2Ny

)

1
|
20-7) |

(25)

N .
Vs — Vs < Y[V — Voo + 1= )en(l _Cn)

LY \/Nnblog2+1og<2|snA|/a>

" log(4|S]1A/9)
2]Vspl

1—y 2Nspl
As a result,
I = dlloo < ¥lIv — Dl + =
= (= y)er(l—cp)
Y | Nablog2 +log(2|S||Al/8)
+ 9
11—y 2Nsp1
and

Cy 1

n log(4|S||Al/3)
2Ngpi

v — Dlloo <
T (=2l —cp  1-—

LY Nub log 2 + log(2]S]|Al/$)
(1 - y)2 2]\’spl ’

which proves (21).
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Based on this inequality, with probability at least 1 — §

* o * AR ARK ~ %
o™ — v < T =0T+ 07 =" |

_ e L L [logdsiiAl/s)
T U=yl —cp) 11—y 2Ngpl (26)

Npp log 2 4 1og(2|S||Al/6 - ~x
y / wlog2 + logQISIIAYS) oz ey

+
(I-y)? 2Ngpl

Moreover, using the same argument as (25) but with a replaced by a, one has that with
probability at least 1 — &

s — 5] = Irea + ¥ Piav — (Fog + ¥ Pa0)

. c log(4|S|A[/6)
<ylv =+ L + |28 /
(I =y)en (1 — cp) 2NSp1

Y | Nnblog2 +1log(2|S]|Al/d)
1 e 2Nspl .

+

Here, we again dropped the superscripts for simplicity. Therefore, with probability at least

1-6
- 1- )/)ch(l —cy) I—y 2Nspl

+_ 7 Nnb log2 +log(2[S]|A[/9)
(1-y)? 2Ngpl '

Combining this inequality with (26) and the union bound yields (22) with probability at least
1 —26. O

4.2 Finite-Horizon

For the finite-horizon case, we similarly introduce ﬁhms/ and 7y, as the transitions and
rewards estimated from a finite number of samples. Assuming that for each triple (%, s, a)
there exists a number of recorded transitions from state s under action a at epoch &, we denote

e Njpi to be the minimum of the number of transitions from (4, s, a) over all triples.
o Ny = znax | Shsal, where Sy, is the set of states s’ such that P,y > 0.
,8,a

The following lemma on the statistical error is needed in the analysis afterward.

Lemma 7 With probability at least 1 — &,

. R [log(8H|S||A|/d) . R log(8]S1]/6)
{lnvaﬁ |Phsa — Thsal < %, me [FHs — Fas| < %s 27

Nnb log2 + log(4H|S||A|/d)
2]vspl ’

and

max || Prsa. — Phsa. 1 < z\/ (28)
h,s,a
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Proof By Hoeffding’s inequality and the union bound, the event in (27) holds with probability
at least 1 — /2, It then suffices to show that the event in (28) holds with probability at least
1 — &/2. Using the proof of Lemma 5, we know that

Npp log?2 + log(4H|S||A|/d)
2Ngpl

HY]?-IX | Prsa- — Phsa-ll1 < 2\/

holds with probability at least 1 —§/(2H). A union bound over the horizons shows that (28)
holds with probability at least 1 — §/2 according to the union bound. O

Given the reward 7 and the transition f’, the MDP with both the action noise and the
finite-sample statistical error is (S, A, { Py}, {rn}, H). We now define

e 7* to be the optimal policy for the MDP (S, A,

o {Py), {7}, H), and
e 0" to be the value function of 7* on (S, A, { Py}, {F1}

rnt, H),ie.,
o = max [Fnsa + ¥ Pusa 071 | (29)

With the preparation in Lemma 7, we have the following theorem that concerns the finite-
horizon setting.

Theorem 8 Under the assumptions of Lemma 3, with probability at least 1 — §

x aax (H—h+1)(H—h+3)c, log(8H|S||A|/d)
T _ < H+1) | ——————
lvy, Uy loo < 2e,(1—cy) +H+D 2Nsp]

(30)
n (H—h)(H —h+1) [Nnpplog2+log(4H|S|[A]/S)
2 2]\Ispl ’
and with probability at least 1 — 28
« S H—-h+1)(H—-h+3) log(8H|S||A|/8
T o < & ) 0 o 4 1) [REBHISIALLS)
CJT(I —C,,) 2Nspl
€1V}

Nnb log2 + log(4H|S||A]/6)
2Nspl '

+(H—h)(H—h+1)\/

Proof From the Bellman optimality conditions of the two MDPs, we have
v, = max[rpsq + ¥ Phsa- V411,
ﬁZS = mt?-x[;hsa + yPhswﬁ;;_]]-
Let the optimal actions be a and a, respectively. Dropping the superscripts gives

Vhs = Thsa + Phsa-Vh+1,

Uns = Fpsa + Prsa. Unt1-
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Therefore, with probability at least 1 — &

Vhs — Dps < Thsa + Phsa-vht1 — Phsa — Phsa»i}thl
= (Fhsa — Thsa) + (Phsa-vh+1 — Phsa<ﬁll+l)

= (Fhsa — Thsa) + Phsq. (V41 — ﬁh+1) + (Phsa- — ﬁhsa-)i}thl
. . N . H—h
= (Fnsa — Thsa) + Phsa-(n1 — Ong1) + (Prsa. — Prsa) Uph+1 — Tl

H—h
D - —1
Vh+1 5 HOO

= znaxlrhsu - ;hsal + I Prsa-ll1 lva+1 — ﬁh+1 lloo + I Prsa- — Phsa-1l1
,5,a

Cn [1og(8H|S||A|/8) . (32)
< —
= - + 2Nspl + vn+1 — Vntilloot

H—h 2¢, 5 [Nonlog2 + log(4H S| AI/3)
2 cr (1 _Cr)) 2Nspl
A~ C
< o1 — Dt lloo + ———(H — h + 1)
cr (1 —cyp)

log(8H|S||A|/8 N log2 + log(4H|S||A|/$
o [los®HISIIAS) (o [Naylog2 + log@HISIIAI/)
2A’spl 2N5p|

where we have used the direct upper bound v, < (H — h + 1) and the inequalities (23) and
(24). By symmetry,

Ups — Vps < ;lnfl);whsa — Thsal + I Prsa. I ”ﬁh—H — Vpt1lloo
+ 1 Prsa. — Prsa. i llvner — Tlllw

. oy [log(8H|S||Al/)
< — —(H —-h+1 _
< 041 — vat1lloo + o= Cn)( +1+ 2N

Npp log2 + log(4H|S||Al/S
+(H_h)/ w log2 + log(4H S| A|/3)

2Nsp1

As a result,

. . c log(8H|S||A|/S)
on — Dalloo < I0hs1 — Dnpilloo + ——2— (H —h + 1) + [~ 20AVE)
cr (1 —C,,) 2]vspl

Npplog2 + log(4H|S||A|/d
+(H_h)\/ b log 2g( ISI1A1/3)
Nspl

Finally, summing over 4 proves (30).
Using this inequality, we know that with probability at least 1 — 4§,

(33)

* o % * ABK ARK o x
g —vp I <llvy =05 T+ 195 — vy .
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(a) The errors of the value functions in the (b) The errors of the value functions in the
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Fig. 2 The relative errors of the value functions in the finite-sample case. The blue and orange curves show
the error as a function of Ngp. The shaded area around them indicates the standard deviation calculated
from 10 randomly generated offline datasets. The logarithmic scale is used for both axes. Here Err; =
||f)ﬁ* —7" H/Hv”* || and Erry = ||vﬁ* — |\/||v”* I, where || - || is the infinity norm. Both errors decrease
when Ngp) increases, where the trend coincides with the results from Theorem 6 and Theorem 8 (Color figure
online)

Using the derivation of (32) with @ replaced by a, with probability at least 1 — 8

lvns — Ons| = |psa + Prsa-Vn+1 — Frsa — Phsa.On+1ls

A~ C
< lvps1 — Ontilloo + ———(H —h + 1)
cx(1—cy)

log(8H|S||A|/S Npp log2 + log(4H|S||Al/S
" g(8H|S||A|/ )—i—(H—h) nb log g(4H|S||Al/ ),
2Ngpi 2Ngpi

where we drop the superscripts for simplicity. By applying the union bound and combining
with (33), we obtain (31) with probability at least 1 — 28. ]

4.3 Numerical Results

The first example considers the infinite-horizon problem with finite samples. The behavior
policy is a uniform policy, and the model is estimated from the offline dataset from the same
MDP used in Sect.3.3. The reference solution is also computed with the policy gradient
method as in Sect.3.3. The action noise tensor 7 is also randomly generated such that the
assumptions of Lemma 1 are satisfied with the action noise level ¢;, = 0.01. From the model
description, Ny, = 20, which is significantly smaller than | S| = 500, justifying the necessity
of the improvement in Lemma 5 over the original result in [12]. Figure2(a) presents the
convergence of the two relative value function errors as a function of Ngp), with the standard
deviation (shown by the shaded area around the curve) calculated from 10 randomly generated
datasets. When the number of samples is relatively smaller, the error is significantly larger
than the one obtained by the infinite sample limit model, i.e., the statistical error dominates
the action noise error. When the number of samples increases, both types of error decrease
to the same level as the infinite-sample error.

The second example considers the finite-horizon case. Similar to the first example, we
adopt the MDP in Sect.3.3. We also use the linear programming method to compute the
reference solutions. The action noise tensor 7 is also randomly generated with ¢;, = 0.01.
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Figure2b show in the logarithmic scale that Err; and Errp decrease monotonically with
respect to Nyp, verifying the theoretical results of Theorems 6 and 8.

5 Conclusion and Discussion

This paper focused on the offline model-based RL with action noise in the tabular setting. As
mentioned in Sect. 1.2, the application of RL algorithms in real-world problems is hindered
by three components simultaneously, namely the statistical error caused by the finite size
of the samples, the distributional shift caused by the difference between the behavior policy
and the optimal policy, and the pollution in action information. The statistical error and
the distributional shift have been extensively studied in the RL literature. In this work, we
emphasize the analyses of the action noise. We first analyzed the infinite-sample case and
illustrated that the combined effect of the distributional shift and the action noise can be
captured by the term c,,(fiicn)’ and then move on to the finite-sample case with an additional
statistical estimation error. In both cases, the error bounds of the estimated model and the
value function are derived. The error estimations are also verified with numerical examples.

For the theoretical analysis, we have shown that the action noise interacts with the dis-
tributional shift via the term ¢, /c;, while the error caused by a finite sample size is added
as an orthogonal component in the error. An interesting direction is to explore more sophis-
ticated ways to integrate these three sources of error (for example, one can potentially use
the techniques in [20, 21]). In our theoretical analyses, our prior knowledge of the dataset
is represented by the misclassification tensor 7. In practice, the parameter n can often be
estimated depending on the specific context. For example, in robotic datasets, discrepan-
cies between the intended actions and those actually executed by the robots may arise due
to malfunctions of devices. In such cases, 1 could potentially be estimated using the error
rate of the device responsible for executing the actions. Similarly, in medical or biological
datasets, action misspecification can occur due to different definitions of treatments, which
is particularly relevant when data from one institution (e.g., institution A) are used in a study
conducted by another institution (e.g., institution B). In these scenarios, n could be estimated
by comparing the different treatment definitions.

Different kinds of pessimism techniques can be used to derive novel algorithms for coping
with action noise as well. There are several potential ways to incorporate the uncertainty in
the model caused by action noise into the design of pessimism schemes. For example, one
can include an additional term in the bonus function used in MILO [4] or in the constraint
bound in [34]. One can also introduce a perturbed reward as in [21] or a Bernstein-style
confidence penalty as in [20]. Another possibility is to use the analysis presented in Sect. 3 to
derive a bound for the MOReL algorithm [14]. We expect that with a few necessary changes,
most of the analyses in these papers will continue to hold.

It is also natural to extend the study of action noise to the continuous action setting.
With additional assumptions such as the locality or sparsity of the action noise, similar error
bounds can be derived for several continuous models, such as the linear model, the kernelized
nonlinear regulator (KNR), etc.
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