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ADDITIVE SWEEPING PRECONDITIONER FOR THE
HELMHOLTZ EQUATION*
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Abstract. We introduce a new additive sweeping preconditioner for the Helmholtz equation
based on the perfectly matched layer (PML). This method divides the domain of interest into thin
layers and proposes a new transmission condition between the subdomains where the emphasis is
on the boundary values of the intermediate waves. This approach can be viewed as an effective
approximation of an additive decomposition of the solution operator. When combined with the
standard GMRES solver, the iteration number is essentially independent of the frequency. Several
numerical examples are tested to show the efficiency of this new approach.
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1. Introduction. Let the domain of interest be D = (0,1)?, where d = 2, 3.
The Helmholtz equation is

2

u(z) = f(x) VreD,

where u(z) is the time-independent wave field generated by the time-independent
force f(x), w is the angular frequency, and ¢(x) is the velocity field. Commonly used
boundary conditions are the approximations of the Sommerfeld radiation condition.
By rescaling the system, we assume cpin < ¢(2) < Cmax, where cpin and cpmax are
of ©(1). Then w/(27) is the typical wave number and A = 27/w is the typical
wavelength.

Solving the equation numerically is challenging in high frequency settings for two
reasons. First, in most applications, the equation is discretized with at least a constant
number of points per wavelength, which makes the number of points in each direction
n = Q(w) and the total degree of freedom N = n? = Q(w?) very large. Second, the
system is highly indefinite and has a very oscillatory Green’s function, which makes
most of the classical iterative methods no longer effective.

There has been a sequence of papers on developing iterative methods for solving
(1). The AILU method by Gander and Nataf [10] is the first to use the incomplete
LU factorization to precondition the equation. Engquist and Ying [6, 7] developed
a series of sweeping preconditioners based on approximating the inverse of the Schur
complements in the LDU factorization and obtained essentially w-independent iter-
ation numbers. In [15], Stolk proposed a domain decomposition method based on
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the perfectly matched layer (PML) which constructs delicate transmission conditions
between the subdomains by considering the “pulses” generated by the intermediate
waves. In [19], Vion and Geuzaine proposed a double sweep preconditioner based on
the Dirichlet-to-Neumann (DtN) map, and several numerical simulations of the DtN
map were compared. In [2, 3], Chen and Xiang introduced a source transfer domain
decomposition method which emphasizes transferring the sources between the subdo-
mains. In [20], Zepeda-Nufiez and Demanet developed a novel domain decomposition
method for the two-dimensional (2D) case by pairing up the waves and their normal
derivatives at the boundary of the subdomains and splitting the transmission of the
waves into two directions. Most recently, in [13], Liu and Ying proposed a recursive
sweeping preconditioner for three-dimensional (3D) Helmholtz problems. Other pro-
gresses include [14, 18, 16, 17], and we refer the reader to Erlangga [8] and Ernst and
Gander [9] for a complete discussion.

Inspired by [15] and these previous approaches, we propose a new domain de-
composition method in this paper which shares some similarities with [7, 15]. The
novelty of this new approach is that the transmission conditions are built with the
boundary values of the intermediate waves directly. For each wave field on the sub-
domains, we divide it into three parts—the waves generated by the force to the left of
the subdomain, to the right of the subdomain, and within the subdomain itself. This
corresponds to an L + D + U decomposition of the Green’s matrix G as the sum of
its lower triangular part, upper triangular part, and diagonal part. This is why we
call this new preconditioner the additive sweeping preconditioner.

The rest of this paper is organized as follows. First in section 2 we use the one-
dimensional (1D) case to illustrate the idea of the method. Then in section 3 we
introduce the preconditioner in two dimensions and present the 2D numerical results.
Section 4 discusses the 3D case. Conclusions and some future directions are provided
in section 5.

2. 1D illustration. We use the PML [1, 4, 12] to simulate the Sommerfeld
condition. The PML introduces the auxiliary functions

g<x—n>2’ z € [0,n),

n n

o(z) =<0, z€[n1-nl,
C(x—1 2
_<u> B $€(1_77a1]a
n n

s(z) = (1 + 1@)1,

where C is an appropriate positive constant independent of w, and 7 is the PML width
which is typically around one wavelength.
The Helmholtz equation with PML in one dimension is

d\? w?
((s@)@) + Cg(x)> ulw) = flx) Vo€ (0,1),
(0) =0,
(1) =0.

We discretize the system with step size h = 1/(n+1); then n is the degree of freedom.

u
u
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With the standard central difference numerical scheme the discretized equation is

2
(u; — Uz;l)) + (;J_Qui =fi V1<i<n,

3

Si—1/2

h

Si [ Si+1/2
(2) (=

h h (ui+l - Ui) -

where the subscript ¢ means that the corresponding function is evaluated at x = ih.
We denote (2) as Au = f, where u and f are the discrete array of the wave field
and the force

wi=[ur,...,un), fi=1f1,.., fa)"

In one dimension, A is tridiagonal and (2) can be solved without any difficulty. How-
ever, here we are aiming at an approach which can be generalized to higher dimensions,
so the rest of this section takes another point of view to solve (2) instead of exploiting
the sparsity structure of A directly.

With the Green’s matrix G = A~!, u can be written as u = Gf. Now let us
divide the discrete grid into m parts. We assume that n = yh and n = 2v + mb — 2,
where v and b are some small constants and m is comparable to n, and we define

X1 :={th:1<i<~y+4+b-1},
Xp={thiv+(p-1)b<i<y+pb—1}, p=2,...,m—1,
Xy i={ith: v+ (m—1)b<i<2y+mb-— 2},

which means that X; is the leftmost part containing the left PML of the original
problem and a small piece of grid with b points, X, is the rightmost part containing
the right PML and a grid of b points, and X,, p =2,...,m —1, are the middle parts,
each of which contains b points. u, and f, are defined as the restrictions of u and f
on X, for p=1,...,m, respectively,

wp = (U, Uygpo1]
Up 1= [ty (pot)pr - Uygpp-1] s P=2,.m—1,
U, 1= (U (me1)bs - - - s U2y tmb—2) s
fri=1[fi, s freoa]”,
o=ty fyapo-1]’, P=2,...,m—1,
Fm =yt tma1)ps - - -+ forytmp2]”
Then v = G f can be written as
u; Gii Giz2 ... Gim]| |f1
U Ga21 Gaz2 ... Gam| | [f2
n]  [Goi Gz oo G Lfm

By introducing w,,q := Gpofy for 1 < p,q < m, one can write u, = >.1" | uy 4.
The physical meaning of u, 4 is the contribution of the force f, defined on the grid
X, acting upon the grid X,,. If we know the matrix G, the computation of u, , can
be carried out directly. However, computing G, or even applying G to the vector
f, is computationally expensive. The additive sweeping method circumvents this
difficulty by approximating the blocks of G sequentially, and the idea works in higher
dimensions. In what follows, we shall use u, , to denote the approximations of u, 4.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/20/16 to 171.67.216.22. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

802 FEI LIU AND LEXING YING

2.1. Approximating u, , with auxiliary PMLs.

2.1.1. Wave generated by f;. The components u, 1 for p =1,...,m can be
regarded as a sequence of right-going waves generated by f1. Note that the boundary
condition of the system is the approximated Sommerfeld condition. If we assume that
the reflection during the transmission of the wave is negligible, then, to approximate
1,1, we can simply put an artificial PML on the right of the grid X; to solve a much
smaller problem, since the domain of interest here is only X; (see Figure 2(b)). To
be precise, we define

2
Q(x—n> : z € [0,m),
n\ 7

oM(z) =40, x € [n,n+(b—1)h],

C(z—(n+b-1h))>
?( ; ) z€(n+(b—1)h,2n+ (b—1)h],

s (z) = <1 + i@)l.

We consider a subproblem on the auxiliary domain D} := (0,2n + (b — 1)h):

2 w2
<(S{w($)d—i> + m) v(x) =g(z)  Vee DM,
v(z) =0 Yz € 9DM.

With the same discrete numerical scheme and step size h, we have the corresponding
discrete system HMv = g on the extended grid

XM ={ih:1<i<2y+b-2}.

Figure 1 shows a graphical view of X}, as well as other extended grids which we will
see later.
With the discrete system HMv = g, we can define an operator G : y — z, which

is an approximation of Gy 1, by the following:

1. Introduce a vector g defined on XM by setting y to X; and zero everywhere

else.

2. Solve HMy = g on XM.

3. Set z as the restriction of v on Xj.
Then u,; can be set as

111)1 = é{wfl

Once we have computed #;,;, we can use the right boundary value of u;; to
compute ug,; by introducing an auxiliary PML on the right of X, and solving the
boundary value problem with the left boundary value at x = (v+b— 1)k equal to the
right boundary value of %, ;. The same process can be repeated to compute @p41,1
by exploiting the right boundary value of @, ; recursively for p = 2,...,m — 1 (see
Figure 2(c)). In the following context of this section, we introduce notations g, g%
for a vector array g = [g1,...,9s]% by

9" =q1, g% =g,
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\ PML \ PML
[ Xé{ | [ Xﬁ |
 PML PML, ,PML PML, PML PML
[ X{W | [ Xé\/[ | [ X% |
PML | PML |
[ | [ |
xt Xk
L PML | . | | . | PML |
[ X, I I Xp I I X,, |

Fia. 1. An illustration of how the grids X, are extended with auziliary PMLs.

where g” and g’ should be interpreted as the leftmost and the rightmost element of
the array g.

To formalize the definition of u, ; for each p = 2,...,m, we introduce the aux-
iliary domain Dllf, which will be defined below, to simulate the right-transmission of
the waves. The superscript R means that the auxiliary domain is intended for approx-
imating the right-going waves. The left boundary of Df will be denoted as %D, on
which the boundary value will be used to approximate the wave transmission, as we
shall see. We also extend X, with an auxiliary PML on the right to form an extended
grid X;f (see Figure 1), which corresponds the discretization of Df. To be specific,
we define

D= (n+ ((p = 1)b — 1), 27 + (pb — 1)h),
LR ._
X = {ih:y+ (p—1)b<i < 2y+pb—2}.
Note that the grid X is X, itself, since X,, already contains the original right PML
region. The purpose of using the notation X is to simplify the description of the

algorithm.
For the PML on Df, we define

z € n+((p—1b—1)h,n+ (pb—1)h],

07
(z) := % (x— (n+ (pb — 1)h)>27 x € (n+4 (pb— 1)h, 21+ (pb — 1)A],

Ui

- <1 ¥ ia{ifa:))

and consider the following subproblem:

iS]

(@)L s 2 Vo) =0  vee DR

sp () () v(z) = x i

v(z) =w Vo € 3LD§,

v(z) =0 Vo € 8D1}f \ 8LD5,
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< f1 >
Uy
| PML | | . | PML |
T x x|
(a) The wave u1 (shown as the gray arrow) generated by fi.
: ~f1 : --------------------------------------------------------------------------- >
U1
| PML | PML | e | l
x5 .

(b) @1,1 is computed by introducing an auxiliary PML on the right of X;. The dotted gray
arrow stands for the restriction of u; on X U - U X,,, which is to be approximated.

= f1 > > cee > >
w11 2,1 Uy, 1
} % ] %
X1 Xo Xm
(c) @p,1 for p=2,...,m are computed sequentially.
< - < cee < - < me >
U1,m Um—1,m Um,m
} ] % %
Xl Xm—l Xm
(d) @p,m for p=m,...,1 are computed sequentially.
- ——— e f——
Ul,q Ug—1,q Uq,q Ug+1,q Um,q
| | ... | | | | c. | |
[ [ [ [ [ [ [ |
X Xy X, Xyt Xom
e)u are computed for p = ¢ first, and then for p = ¢+ 1,...,m and forp = ¢—1,...,1
Dyq
sequentially.

Fia. 2. An dllustration of how up q are generated. The direction of the arrows indicates the
computing orders of the approximating waves.

where w is the left boundary value of the unknown v(z). We define Hf'v = g as
the discretization of this problem on Xff where the right-hand side g is given by
g = (—1/h*)[w,0,...,0]T as a result of the central discretization. The subproblem
va = g for each p = 2,...,m induces the approximation operator ég tw — 2z by
the following procedure:

1. Set g = (—=1/h?)[w,0,...,0]T.

2. Solve Hl'v = g on X .

3. Set z as the restriction of v on X,.
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Then u, ; can be defined recursively for p =2,...,m by

~ ARx~R

Up 1 = Gp Uy g1
Note that the operator éff is not an approximation of the matrix block G 1, since
éf maps the right boundary value of %,_1,1 to @1 while G, 1 maps fi to up ;.

2.1.2. Wave generated by f.,,. The components up ., for p =1,...,m can
be regarded as a sequence of left-going waves generated by f,,. The method for
approximating them is similar to what was done for f; (see Figure 2(d)). More
specifically, for w,, ,,, we define

DM =1 —2np—(b—1)h,1),
XM= {ih: (m = 1)b+1<i <2y +mb—2},

¢ <I_(1_"_(b_l)h))2, ze[l—2n—(b—1)h,1—n— (b—1)h),

n n

Uﬁf(x): 0, z€[l—n—(b—1)h,1-n,
C(z—(1-n)>

st (z) == (1 + iUmT(l“)> .

We consider the continuous problem

M i ? w? _ M
((Sm(ir) dﬂ?) +CQ(ZII) ’U(!E)—g(it) V$€Dma
v(z) =0 Vo € 9D

and define HMv = g as its discretization on X. The operator GM :y — z can be
defined as follows:
1. Introduce a vector g defined on X by setting y to X,, and zero everywhere
else.
2. Solve HMy =g on XM.
3. Set z as the restriction of v on X,,.

Then
= GM f .
For each 4pm, p = 1,...,m — 1, we introduce the auxiliary domain DZE, the
right boundary %D/, the extended grid X}, and the corresponding PML functions

L L ..
o,/ (), s, (x) as follows:

0" Dy = {n+ pbh},

XpL::{xi:(p—l)b—l—lSiS’y—!—pb—l},
2
iy 4 o (TEEEZ DN e - ohn+ (o - o)
0, x € [n+ (p — 1)bh,n + pbh],
k(@)
sy () == <1+i = ) ,
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and we consider the continuous problem

((sm)%)ﬁ%))vw:o Vo € DY,

v(z) =w Vo € 8RD£,
L\ ARL
0 Vo € 0D, \ 07Dy,

where y is the right boundary value of v(x). Let HPLU = g be its discretization on
X} with g := (=1/h?)[0,...,0,w]". We introduce the operator C:'ﬁ tw — 2z by the
following;:

1. Set g = (—=1/h?)[0,...,0,w]T.

2. Solve Hlv =g on X}

3. Set z as the restriction of v on X,.
Then @), ,,, can be defined recursively for p=m —1,...,1 by

L

~ L NLN
Up,m = Gp Uyt 1 -

2.1.3. Wave generated by f, for ¢ = 2,...,m — 1. For each ¢, the com-
ponents u, , for p=1,...,m can be regarded as a sequence of left- and right-going
waves generated by f, (see Figure 2(e)). For u4 4, we introduce

M ._
M . __ - ;
X ={zi (= 1b+1<4 <2y +gb— 2},

C“*”+f_lwm)i z € [(q — 1)bh,n+ (q — 1)bh),

z € [n+ (g —1)bh,n+ (gb— 1)h],

S)
2 E
B
I

3IQ 2 31Q

(a:—(n+7(7qb—1

<1 + i_ﬁi@))‘

and define H, é‘/f v = g as the discrete problem of the continuous problem

<(S‘Il\4(x)d_i> + %) v(z) = g(x) Yz € Dé‘/[,
v(z) =0 Vo € BDéw.

2
)h)) .z € (n+(gb—1)h,2n+ (gb— 1)h],

B
&
S~—

I

We introduce the operator éé‘/[ 1y — z as follows:
1. Introduce a vector g defined on X é‘/f by setting y to X, and zero everywhere
else.
2. Solve H}v =g on X
3. Set z as the restriction of v on X,.
Then

~ L ~M
Ug,q 1= Gq fq
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Following the above discussion, the remaining components u,, 4 are defined recursively
as

- _ AR:R _
Upg=Gyu, , forp=q+1,....m,
S ALGL _
Upg:=Gouy,, forp=q—1,... 1

2.2. Accumulating the boundary values. After all the above are done, an
approximation of u,, is given by (see Figure 3(a))

m
up::E Upg, p=1,...,m.
q=1

uq U2 us Um—2 Um—1 U
< f1 —> > > cee— > > >
U1 Uz 1 U3 1 Um—21 Um—1,1 Um 1
ﬁl,q "7'2,q '["3,11 "N"mflq ﬂmfl,q '&m,q
— — — e -— — f—
Ul,m U2.m U3,m Um—2,m Um—1,m Um,m
| | | | Ce | | | |
[ [ [ [ [ [ [ |
X1 Xo X3 Xm—2 Xm-1 Xm
(a) @p is a superposition of @y q,q=1,...,m.

u U u3 Up—2 U1 U,
<— fl —_—— > cee—p > - >

'&1,1 '&2,1/ 713,1:/ /ﬂm—Q,l:y—/Bﬂm—l,l:ﬁ 'a'm,l:m—l
f2 f3 e fm—2 fma1
/U2,2 /’U3,3 / }w{—z,m—z y—l,m—l
< = = “— ——— < fm —
ﬂl,Q:m ﬂ'2,3:m ﬂ3,4:m ﬂm72,m71:m ﬁmfl,m ﬂ'm,m
| | | | - | | | |
[ [ [ [ [ [ [ |
X1 Xo X3 Xm—2 Xm-1 Xm

(b) 4@p is a superposition of &y 1:p—1, Up,p, and Gp p+1:m-

F1a. 3. An illustration of how the boundary values are accumulated after each step. The thin
arrows indicate the transmission directions of the waves. The bold, up-pointing arrows symbolize
that summing up the corresponding waves on X, gives the superposition wave Uy .

In the algorithm described above, the computation of each component u, , re-
quires a separate solution of a problem of form H}'w = g or H!v = g. Since there are

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/20/16 to 171.67.216.22. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

808 FEI LIU AND LEXING YING

O(m?) such components, the algorithm is computationally expensive. A key obser-
vation is that the computation associated with each p can be combined in one single
shot by accumulating the boundary values of the waves. More precisely, we define

q2
Up,q1:q2 = E Up,t,

t=q1

which is the total contribution of the waves generated by fg,,..., fq, restricted to
the grid X,. The quantity u,.,—1, which is the total right-going wave generated
by fi,...,fp—1 upon X,, can be computed sequentially for p = 2,...,m without
computing each component and then adding them together, as we described above, as
long as we accumulate the boundary values after each intermediate step. Specifically,
we first compute @4, = C:'éwfq for ¢ = 1,...,m. This step is similar to what we did
above. Then to compute %, 1.,—1 we carry out the following steps:

~YR~R ~R ~R

~ o ~ _ ~RR _
Up,1:p—1 = Gp p—1,1:p—1> up71:p - up,l:p—l +up,p for p= 27 ceey M

This means that before computing the total right-going wave 2,11, on subdomain
Xp+1, the boundary values of the previous right-going waves, ’llilzp_l and 'llfip, are
added together, so that the current right-going wave @,1,1., can be computed in one
shot, eliminating the trouble of solving the subproblems for many times and adding
the results together (see Figure 3(b)).

For the left-going waves 4y py1.m, a similar process gives rise to the recursive

formula

~ _ AL~L ~L _ ~L ~L _
Uppr1im = GpUS L pitimy Uppom = Upp T Uy iy, forp=m—1,... 1

Finally, each ), can be computed by summing %, 1.p—1, p,p, and tp p11:m together
(for the leftmost and the rightmost ones, #; and @,,, only two terms need to be
summed), i.e.,

Uy = Uy,1 + U1,2:m,
Up =Up1p—1t+Upp +Uppilim, D= 2,...,m—1,

Um = Um,1:m—1 + Um,m-

We see that, by accumulating the boundary values after each intermediate step,
we only need to solve O(m) subproblems instead of O(m?).

In this algorithm, the approximation u, on each small subdomain is divided into
three parts. From a matrix point of view, this is analogous to splitting the block
matrix G into its lower triangular part, diagonal part, and upper triangular part,
and then approximating each part as an operator to get the intermediate waves and
then summing the intermediate results together. This is why we call it the additive
sweeping method.

Equation (3) shows an analogy of this procedure, where the matrix G is split into
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3m — 2 blocks, each of which corresponds to a subproblem solving process:

Ugq R Ugq = Goqefy qg=1,...,m,
p—1
Up,1p—1 A Up 1ip—1 = ZGp7qfq7 p=2,...,m,
q=1
m
Up,p+1:m ~ Up,p+1:m = E , Gpafyy p=1,....m—1,
g=p+1
3)
u U1 + U1 2:m Gl,l Gl’z - Gl,m fl
s | |usitusotuszm| | Gai [ Gaa | Gas Gam fo
Um um,l:m—l + um,m Gm,l e Gmnnfl | Gm,m fm

When combined with standard iterative solvers, the approximation algorithm
serves as a preconditioner for (2), and it can be easily generalized to higher dimensions.
In the following sections, we will discuss the details of the algorithm in two and three
dimensions. To be structurally consistent, we will keep the notations for two and
three dimensions the same with the 1D case without causing ambiguity. Some of the
key notations and concepts are listed below as a reminder to the reader:

o {X, p=1 The sliced partition of the discrete grid.
{D)}m,  The auxiliary domains with two-sided PML padding.
{Dllf};”:z The auxiliary domains with right-side PML padding.
{Dﬁ}z:ll The auxiliary domains with left-side PML padding.
{XM}ym, X, with two-sided PML padding, the discretization of D.
{xm, X, with right-side PML padding, the discretization of DJf.
{X}}ro X, with left-side PML padding, the discretization of DE.
{éé‘/[ tgr1  The auxiliary Green’s operators, each of which maps the force
on X, to the approximation of the wave field restricted to X,.
{éﬁ};’;z The auxiliary Green’s operators, each of which maps the left
boundary value to the approximated wave field restricted to X, which sim-
ulates the right-transmission of the waves.
{éé }2:11 The auxiliary Green’s operators, each of which maps the right
boundary value to the approximated wave field restricted to X,,, which sim-
ulates the left-transmission of the waves.

3. Preconditioner in two dimensions.

3.1. Algorithm. The domain of interest is D = (0,1)%. We put the PML on
the two opposite sides of the boundary, zo = 0 and x5 = 1, to illustrate the idea. The
resulting equation is

(a% T (s(e2)0)? + %) u(e) = f(z) V&= (z1,2) €D,
u(z) =0 Vo € 0D.

We discretize D with step size h = 1/(n + 1) in each direction, which results in the
Cartesian grid

X = {(ilh,izh) 01 S il,iz S 77,}
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and the discrete equation

Siy [ Sia+1/2 Sin—1/2
—( 3 (Wiy in 1 = Wiy in) — h (Wiy iy — Wiy in—1)

(@) "
2
Ugy 41,50 — 2Uiy 5n + Uiy —1,4, w o
+ h2 + 2 Uiy iy = fi1,i2 V1 < 11,12 < n,
01,12

where the subscript (i1,i2) means that the corresponding function is evaluated at
(i1h,igh), and since s(x3) is a function of x5 only, we omit the i1 subscript. w and f
are defined to be the column-major ordering of the discrete array v and f on the grid
X:

u = [ul,h' <oy Un 1y .- 7un7n]T7 f = [f1717' "7fn,17" '7fn7n]T'

Now (4) can be written as Au = f.
We divide the grid into m parts along the x4 direction:

Xl 2:{(i1h,i2h)21§11§n,1§i2§’y+b—1},
X;D :{(ZlhaZZh)1§11§n77+(p_1)b§12§7+pb_1}7 p:27"'7m_17
Xom = {(i1h,i2h) : 1 < iy <n,y+ (m —1)b <dp < 2y +mb — 2},

and we define u, and f, as the column-major ordering restriction of uw and f on X,:

=[u11,. s Un,--- ,unﬁ_‘_b_l]T,
Up 1= (ULt (p—1)bs - - + 3 Uy (p—1)bs + - - ,un,wpb,l]T, p=2,...,m—1,
U 7= (U1 gt (m—1)bs - -+ > Unyyt-(m— )b+ - - ,un,27+mb_2]T,
fi:=1[h, 17'~'afn1a~'~afn,v+b71]T7
fo=1[hH 1Ly+(p—1)bs - - - 7fn7’y+(p71)b7 cee fn,'y+;0b—1]Ta p=2,...,m—1,
fm = [fl,'y+(m—1)ba oo a1y - - fr2ymb—2) s
then u = Gf for G = A~! can be written as
Uy Gii Gig2 ... Gim]| | f1
U Go1 Gao ... Gopm| | f2
U, Gmi Gm2 .. Gmm| |fm

3.1.1. Auxiliary domains. Following to the 1D case, the extended subdomains
and the corresponding left and right boundaries are defined by

R _ _
Dp_(071)X(n+((p_1)b_1)ha2n+(pb_1)h)7 p_27-~'ama
L
Dp:(0,1)X((p—1)bh,7]+pbh), pzla"'am_lv
"D =(0,1) x {n+((p—Db—1h}, p=2,....m,
8RD£:(0,1)X{7]+pbh}, p=1,....,m—1.
The extended grids for these domains are
XM:{(Zlhath)1§ZlSna(q_l)b+1§12§27+qb_1}a qzlv"'vmv
X = {(ith,ish) : 1< iy <myy+ (p—1)b<ia <2y+pb—2}, p=2,...,m,
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3.1.2. Auxiliary problems. For ¢ = 1,...,m, we define HMv = g to be the
discretization on XM of the problem

2
(312 + (sy! (22)02)% + Cw > v(z) =g(z)  Vze DY,
v(z) =0 Vo € aD;W.

Forp=2,...,m, va = g is the discretization on Xf of the problem

2

(812 + (s§(x2)32)2 + ) v(z) =0 Vr € Df,

c2(x)
v(@) = w(a) Vz € 9" DE,
v(xz) =0 Vo € 8D5\8LD5,
where g := (—1/h?)w?,0,...,0]T and w := [wy,...,w,]T is the discrete value of

w(z1). Finally, for p = 1,...,m — 1, Hfv = g is the discretization on X of the
problem

2
<5f + (s (w2)02) + Cw ) v(x)=0  Vxe Dy,

P 2(z)
(@) = w(@1) vz € 9"DL,
v(x) =0 Vo € 3D£ \8RD£,
where g := (=1/h?)[0,...,0,wT]" and w := [wy, ..., w,]7T.
3.1.3. Auxiliary Green’s operators. For ¢ =1,...,m, we define éé‘/[ Y=z

to be the operator defined by the following operations:
1. Introduce a vector g defined on X éM by setting y to X, and zero otherwise.
2. Solve H}Mv =g on X}
3. Set z as the restriction of v on X,,.
For p =2,...,m, the operator G‘ff tw +— 2z is given by the following:
1. Set g = (—=1/h?)[wT,0,...,0]T.
2. Solve Hl'v = g on X .
3. Set z as the restriction of v on X,.
Finally, forp=1,...,m — 1, Gﬁ :w — 2z is defined as follows:
1. Set g = (—=1/h?)[0,...,0,wT]T.
2. Solve HpL'v =gon XPL.
3. Set z as the restriction of v on X,.

3.1.4. Putting together. Similar to the previous section, we introduce the left
boundary value g~ and the right boundary value g* for a column-major ordering
array g = [g1,1,---, sy, 1, - - ,g51,52]T induced from some grid with size s; X so by

L::[ R::[

g 91717"'7981,1]T7 g 917827"'7981,82]T'
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Then the approximations for u,, p =1,...,m, can be defined step by step as

Ug,q i= Gqu, q=1,...,m,

q
Gp1po1 =GRl oy, Wby, =wby o +an, forp=2,....m,
Tppttom = GLBE 1 pqimy Uy =T, 8y forp=m—1,...,1,
Uy = U1, + U12:m,
ﬂp = ’l~l,p71;p71 +ﬂp7p +’l~llp)p+1;m, p=2,...,m—1,

/{llm = dm,l:mfl + dm7m~

To solve the subproblems HMv = g, Hf'v = g, and Hv = g, we notice that they
are indeed quasi-1D problems, since v and b are some small constants. Therefore,
for each one of them, we can reorder the system by grouping the elements along
dimension 2 first and then dimension 1, which results in a banded linear system that
can be solved by the LU factorization efficiently. These factorization processes induce
the factorizations for the operators GM, G, and GL symbolically, which leads to our
setup algorithm of the preconditioner in two dimensions as described in Algorithm 1
and the application algorithm as described in Algorithm 2.

Algorithm 1 Construction of the 2D additive sweeping preconditioner of (4).
Complexity = O(n?(b+~)3/b) = O(N(b+v)?/b).
forg=1,...,mdo
Construct the LU factorization of H, éw , which defines éé‘/[ .
end for
forp=2,...,mdo
Construct the LU factorization of HE, which defines GZ.
end for
forp=1,...,m—1do
Construct the LU factorization of HPL , which defines éﬁ
end for

To analyze the complexity, we note that, in the setup process, there are O(n/b)
subproblems, each of which is a quasi-1D problem with O(v+b) layers along the second
dimension. Therefore, the setup cost of each subproblem by the LU factorization
is O(n(y + b)?) and the application cost is O(n(y + b)?). So the total setup cost
is O(n%(y + b)3/b). Besides, one needs to solve each subproblem once during the
application process, so the total application cost is O(n?(y + b)2/b).

There are some differences when implementing the method practically:

1. In the above setting, PMLs are put only on two opposite sides of the unit
square for illustration purposes. In reality, PMLs can be put on other sides
of the domain if needed. As long as there are two opposite sides with a PML
boundary condition, the method can be implemented.

2. The thickness of the auxiliary PMLs introduced in the interior part of the
domain need not be the same as the thickness of the PML at the boundary.
In fact, the thickness of the auxiliary PML is typically thinner in order to
improve efficiency.

3. The widths of the subdomains are completely arbitrary, and they need not be
the same. Practically, the widths can be chosen to be larger for subdomains
where the velocity field varies heavily.
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Algorithm 2 Computation of u ~ Gf using the preconditioner from Algorithm 1.
Complexity = O(n?(b+7)?/b) = O(N (b +7)?/b).
forg=1,...,mdo
Ugq = Géwfq
end for
forp=2,...,mdo
Up,1p—1 = GR&f—l,lzp—l
ﬂ’ﬁlip =
end for

forp=m-1,...,1do

~R ~R
Up,1:p—1 + Up,p

~ _ L'“L

Up,p+1:m = Gpup+l,p+1:m
—al 1a

Uppim = Upp + Up pt1:m

end for

U = Ui, + U 2:m

forp=2,...,m—1do

Up = Up1:p—1 T Upp + Uppilim
end for
ﬂ'm = ﬂ'm,l:m—l + '&m,m

4. The symmetric version of the equation can be adopted to save memory and
computational cost.

3.2. Numerical results. Here, we present some numerical results in two di-
mensions to illustrate the efficiency of the algorithm. The proposed method is imple-
mented in MATLAB, and the tests are performed on a 2.0 GHz computer with 256
GB memory. GMRES is used as the iterative solver with relative residual equal to
1073 and restart value equal to 40. PMLs are put on all sides of the unit square. The
velocity fields tested are given in Figure 4:

(a) A converging lens with a Gaussian profile at the center of the domain.
(b) A vertical waveguide with a Gaussian cross-section.
(¢) A random velocity field.

1

(a) (b) (c)

F1G. 4. The three velocity fields tested in two dimensions.

For each velocity field, two external forces are tested:
(a) A Gaussian point source centered at (1/2,1/8).
(b) A Gaussian wave packet with wavelength comparable to the typical wavelength
of the domain. The packet centers at (1/8,1/8) and points to the direction
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(1/V3,1/V3),

In these tests, each typical wavelength is discretized with eight points. The width
of the PML at the boundary and that of the PMLs introduced in the interior parts of
the domain are both 9h, i.e., v = 9. The number of layers in each interior subdomain
is b = 8, the number of layers in the leftmost subdomain is b+ v — 1 = 16, and that
in the rightmost is b+ v — 2 = 15.

We vary the typical wave number w/(27) and test the behavior of the algorithm.
The test results are presented in Tables 1 to 3. Tyetup is the setup time of the algorithm
in seconds. Tyolve is the total solve time in seconds, and Njte, is the iteration number.
From these tests we see that the setup time scales like O(N) as well as the solve
time per iteration, which is consistent with the algorithm complexity analysis. The
iteration number remains constant or grows at most logarithmically, which shows the
efficiency of the preconditioner.

TABLE 1
Results for velocity field (a) in two dimensions. Solutions with w/(2mw) = 32 are presented.

Force (a) 7 Force (b)

Velocity field (a) Force (a) Force (b)
w/(zﬂ') N Tsetup Niter Tsolve Niter Tsolve
16 1272 8.1669e—01 4 5.3199e—01 4 2.5647e—01
32 2552 3.4570e+00 4 7.3428e—01 4 7.2807e—01
64 5112 1.5150e+01 5 3.6698e+00 4 3.7239e+4-00
128 10232 6.2713e+01 5 1.6812e+01 4 1.6430e+01
256 20472 2.6504e+02 6 7.8148e+-01 4 5.6936e+01

4. Preconditioner in three dimensions.

4.1. Algorithm. In this section we briefly state the preconditioner in the 3D
case. The domain of interest is D = (0,1)3. PMLs are put on two opposite faces of
the unit cube, z3 = 0 and x3 = 1, which results in the equation

2
(a% + 03 + (s(23)03)? + %) u(@) = f(&) Vo= (u1,2,25) € D,

u(z) =0 Vx € 0D.
Discretizing D with step size h = 1/(n + 1) gives the grid

X = {(’Llh, izh, Zgh) 01 S il,iz,ig S ’Il}
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TABLE 2
Results for velocity field (b) in two dimensions. Solutions with w/(27) = 32 are presented.

10° X0

%'
. ‘
o
-1
\
2

Force (a) 7 Force (b)
Velocity field (b) Force (a) Force (b)
(4)/(271') N Tsetup Niter Tsolve Niter Tsolve
16 1272 7.0834e—01 6 2.9189e—-01 4 1.9408e—01
32 2552 3.2047e4-00 8 1.6147e+00 4 7.9303e—01
64 5112 1.4079e+01 8 6.3057e+-00 4 3.9008e4-00
128 10232 6.0951e+01 8 2.9097e+-01 4 1.5287e+01
256 20472 2.6025e+02 8 1.1105e+02 5 7.2544e+-01
TABLE 3

Results for velocity field (c) in two dimensions. Solutions with w/(2w) = 32 are presented.

Force (a) Force (b)
Velocity field (c) Force (a) Force (b)
w/(zﬂ') N Tsetup Niter Tsolve Niter Tsolve
16 1272 7.0495e—01 5 2.4058e—01 6 2.8347e—01
32 2552 3.1760e+4-00 5 1.0506e+00 5 9.9551e—01
64 5112 1.4041e+01 6 4.7083e+-00 7 6.7852e4-00
128 10232 6.1217e+01 6 1.8652e+01 6 1.9792e+01
256 20472 2.5762e+02 8 1.1214e+02 6 8.6936e+4-01
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and the discrete equation

Siz [ Sig+1/2 Siz—1/2
7( 3 (Wi i ig+1 — Wiy yin,is) — . (Wi i is — Wiy in,iz—1)

4 Wity — 2Uiy g ig + Wiy —1,i,is 4 Yiniatlis — 2Uiy g ig + Wiy is—1,is
(5) 12 72
w? o
+ Wiy inis = firinis V1 < 1,02 <.
i1,12,13

u and f are defined as the column-major ordering of u and f on the grid X:
U= [u1,1717 ey un71,17 s 7un,n71a e 7u’l’L7n,TL]T7
F=1fiin o fantso fant o fannl
X is divided into m parts along the x5 direction:
Xl = {(ilh,igh,i;;h) 01 Sil Sn,l Sig Sn,l §i3 S’)/'Fb—l},
Xp = {(ilh,igh,i;;h) 1< il < n,l §i2 < n,’y—l—(p— 1)b§l3 S"/—pr— 1},
p=2,....,m—1,
X = {(i1hyigh,izh) : 1 <i3 <n, 1 <is <m,y+ (m—1)b<iz <2y +mb—2}.

u, and f, are the column-major ordering restrictions of u and f on X,:

— T
Uy = (UL 115, Unl ls o s UnpnLs - - - s Unnytb—1]
— T
Up = [u1,17’y+(p71)b7 <oy Un 1 v+ (p—1)by -+ -y Unny+(p—1)bs - - - ;un,n,'y—l-pb—l] )
p=2,....,m—1,
— T
U = [ul,lnyr(mfl)ba s Un 1y (m—=1)by -+ s Unn,y+(m—1)bs - - - ;un,n,27+mb—2] ;
— T
fl = [f171,17 R fn,Lla L) fnﬂl,la L) fn7n,v+b71] )
— T
fp = [.le,er(pfl)bv ceey fn,l;er(pfl)bv R fn7n,v+(p71)ba ceey fn,n,'y—i—pb—l] )

p=2,....,m—1,
T
fm = [.le,er(mfl)bv sy fn71,v+(m71)ba ey fn,n/er(mfl)ba sy fn,n,27+mb—2] .

4.1.1. Auxiliary domains. The extended subdomains, the extended grids, and
the corresponding left and right boundaries are defined by

Dy :=(0,1) x (0,1) x ((q — 1)bh,2n + (¢b — k), ¢ =1,...,m,

DJF:=(0,1) x (0,1) x (n+ ((p — b —1)h,2n + (pb — 1)h), p=2,...,m,

D} :=(0,1) x (0,1) x ((p — D)bh,n+pbh), p=1,...,m—1,

0" Dy = (0,1) x (0,1) x {n+ ((p—b—1)a}, p=2,...,m,

OfDL == (0,1) x (0,1) x {n+pbh}, p=1,....,m—1,

XM= {(mmmgh) 1<ip <n,1<is<m,(¢—1)b+1<iz<2y+gb—1},

=1,...,m,

Xf::{(ilh,igh,zgh) 1<ip<n,1<is<n,y+(p—1)b<izg<2y+pb—2},
p:27' )m)

X} = {(irth,izh,izh) : 1 <iy <n,1<is <n,(p—1)b+1<iz < y+pb—1},
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4.1.2. Auxiliary problems. For each ¢ =1,...,m, HéMv = g is defined as the
discretization on XM of

2
(a% + 05 + (s} (23)05) + C“ ) v(z) =g(z)  VxeD),

v(z) =0 Vo € BD(JZW.
For p=2,...,m, Hf'v = g is defined as the discretization on X}* of
W2
(a% + 05 + (sh(x3)05)° + c2(a;)) v(z)=0  VzeDF
v(z) = w(w1, 2) Vo € 0" D),
_ R\ AL PR

v(x) =0 Vo € 0D, \ 07 D,},
where g := (—1/h?)w?,0,...,0]T and w := [w11,...,Wn 1,..., Wy, is the discrete
boundary value. Finally, forp=1,...,m—1, HpL’l) = g is the discretization on XPL of

2
<312 + 03 + (S£($3)83)2 + C;E—{E)) v(xz) =0 Vr € sz,

v(z) = w(z,22) Vo € 8RD5,
v(z) =0 Vo € BDIf \ BRDIf,
where g := (=1/h2)[0,...,0,wT]T and w := (w11, -, Wn 15+, Wnnl-
4.1.3. Auxiliary Green’s operators. Forg=1,...,m, éé‘/[ Yy — z is defined

using the following operations:
1. Introduce a vector g defined on X éw by setting y to X, and zero otherwise.
2. Solve H}Mv =g on XV
3. Set z as the restriction of v on X,,.
Forp=2...,m, C:'f :w — z is given by the following:
1. Set g = (—=1/h?)[wT,0,...,0]T.
2. Solve Hl'v = g on X .
3. Set z as the restriction of v on X,.
Finally, for p = 1,...,m — 1, the operator GL : w + z is introduced to be the
following:
1. Set g = (—1/h?)[0,...,0,wT]T.
2. Solve Hlv =g on X
3. Set z as the restriction of v on X,,.

4.1.4. Putting together. In the 3D case, g* and g® for the column-major
ordering array g = [g1,1,1s--+, sy 115+ Js1.59.1s - s Js1.50.55) . induced from some
3D grid with size s; X s X s3 are given by

L. _ T R .__ T
g = [gl,l,la'"ag51,1713"'7951,52,1] ’ g = [gl,l,ssv"'7951,17537"'7951752,53] .

The subproblems Héwv =g, Hf'v =g, and HpL'v = g are quasi-2D. To solve them,
we group the elements along dimension 3 first, and then apply the nested dissection
method [11, 5] to them, as in [7]. This gives the setup process of the 3D preconditioner
in Algorithm 3 and the application process in Algorithm 4.
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Algorithm 3 Construction of the 3D additive sweeping preconditioner of the system
(5). Complexity = O(n*(b+7)3/b) = O(N*3(b + )3 /b).
forg=1,...,mdo
Construct the nested dissection factorization of H, éM , which defines éé‘/f .
end for
forp=2,...,m do
Construct the nested dissection factorization of Hf, which defines C:'g.
end for
forp=1,...,m—1do
Construct the nested dissection factorization of HPL , which defines éé.
end for

Algorithm 4 Computation of 4 ~ Gf using the preconditioner from Algorithm 3.
Complexity = O(n®logn(b+ v)?/b) = O(N log N (b + 7)?/b).
forg=1,...,mdo
Ugq = Géwfq
end for
forp=2,...,mdo

0 —_ (R
Up,1:p—1 = Gp Iu’prl:pfl

~R _ ~R ~
Up1:p = Up1:p—1 + Up,p
end for

forp=m-1,...,1do

~ _ AL~L

Uppt1m = GpUpLy pi1m

~ L <L ~

Uppm = Upp + Up,ptr1:m
end for
Uy = Ui, + U 2:m
forp=2,...,m—1do

Up =Up1:p—1+Upp + Uppilm
end for

ﬂ'm = ﬂm,l:mfl + ﬂlmﬂn

For the algorithm analysis, we notice that each quasi-2D subproblem has O(y+b)
layers along the third dimension. Therefore, the setup cost for each subproblem
is O((y + b)®n3) and the application cost is O((y + b)?n?logn). Taking the total
number of subproblems into account, the total setup cost for the 3D preconditioner
is O(n*(b+ v)3/b) and the total application cost is O(n?logn(b + v)?/b).

4.2. Numerical results. Here we present the numerical results in three dimen-
sions. All the settings and notations are kept the same as in subsection 3.2 unless
otherwise stated. The PMLs are put on all sides of the boundary and the symmetric
version of the equation is adopted to save memory cost. The PML width is n = 9h for
the boundary and is 7,u,x = bh for the interior auxiliary ones. The number of layers
in each subdomain is b = 4 for the interior ones, b + vy — 1 = 12 for the leftmost one,
and b + v — 2 = 11 for the rightmost one.

The velocity fields tested are (see Figure 5) the following:

(a) A converging lens with a Gaussian profile at the center of the domain.
(b) A vertical waveguide with a Gaussian cross-section.
(c) A random velocity field.
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(a) (b) (c)

FiG. 5. The three velocity fields tested in three dimensions.

The forces tested for each velocity field are the following:
(a) A Gaussian point source centered at (1/2,1/2,1/4).
(b) A Gaussian wave packet with wavelength comparable to the typical wavelength
of the domain. The packet centers at (1/2,1/4,1/4) and points to the direction

(0,1/v2,1/V?2).

TABLE 4
Results for velocity field (a) in three dimensions. Solutions with w/(27) = 10 at 1 = 0.5 are
presented.

Force (a) Force (b)
Velocity field (a) Force (a) Force (b)
w/(2m) N Tsetup Niter Tsolve Niter Tsolve
5 393 2.3304e+4-01 3 2.9307e+4-00 4 3.7770e+-00
10 793 3.2935e4-02 3 3.6898e+-01 4 4.6176e+4-01
20 1592 4.2280e+03 4 4.3999e+-02 4 4.6941e+4-02

The results are given in Tables 4 to 6. From these tests we see that the iteration
number grows mildly as the problem size grows. We also notice that the setup cost
scales even better than O(N*/3), mainly because MATLAB performs dense linear
algebra operations in a parallel way, which gives some extra advantages to the nested
dissection algorithm as the problem size grows.

5. Conclusion. In this paper, we proposed a new additive sweeping precondi-
tioner for the Helmholtz equation based on the PML. When combined with the stan-
dard GMRES solver, the iteration number grows mildly as the problem size grows.
The novelty of this approach is that the unknowns are split in an additive way and
the boundary values of the intermediate results are utilized directly. The disadvan-
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TABLE 5

Results for velocity field (b) in three dimensions. Solutions with w/(2mw) = 10 at 1 = 0.5 are

presented.

x10°

Force (a) Force (b)
Velocity field (b) Force (a) Force (b)
w/(2m) N Tsetup Niter Tsolve Niter Tsolve
5 393 2.1315e+4-01 3 2.7740e+4-00 3 2.7718e4-00
10 793 3.4256e+-02 4 4.4286e+-01 3 3.4500e4-01
20 1592 4.3167e+03 5 5.7845e+02 4 4.6462e+-02

TABLE 6

Results for velocity field (c) in three dimensions. Solutions with w/(27) = 10 at x1

presented.

X 10

Force (a) Force (b)
Velocity field (c) Force (a) Force (b)
w/(2m) N Tsetup Niter Tsolve Niter Tsolve
5 393 2.1063e4-01 4 3.8074e4-00 4 3.7975e4-00
10 793 3.4735e+-02 4 4.4550e+-01 4 4.5039e+4-01
20 1592 4.3391e403 4 4.4361e+02 5 5.8090e+-02

= 0.5 are

tage is that, for each subdomain, three subproblems need to be built up, which is
time consuming compared to [7, 15]. However, the costly parts of the algorithm, i.e.,
the whole setup process and the solve processes of the subproblems Hé‘/[v = g, can
be done in parallel. The only parts that must be implemented sequentially are the
accumulations of the left-going and right-going waves, where only the solve processes
of the subproblems H]fv =g and Hf’u = g are involved, which are the cheapest parts
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of the algorithm. Besides, we think that the whole approximation process is simple
and structurally clear from a physics point of view, and the idea might be easily
generalized to other equations.

There are also some other directions to make potential improvements. First,
other numerical schemes of the equation and other approximations of the Sommerfeld
radiation condition can be used to develop more efficient versions of this additive
preconditioner. Second, the parallel version of the nested dissection algorithm can
be combined to solve large scale problems. Last, in the 3D case, the quasi-2D sub-
problems can be solved recursively by sweeping along the xo direction with the same
technique, which reduces the theoretical setup cost to O(N) and the application cost
to O(N). However, compared to [7], the coefficient of the complexity in this new
method is larger, so it is not clear whether or not the recursive approach will be more
efficient practically. Nevertheless, it is of great theoretical interest to look into it.

Acknowledgments. We thank Lenya Ryzhik for providing computing resources
and the anonymous reviewers for comments.

REFERENCES

(1] J.-P. BERENGER, A perfectly matched layer for the absorption of electromagnetic waves, J.
Comput. Phys., 114 (1994), pp. 185-200, http://dx.doi.org/10.1006/jcph.1994.1159.

[2] Z. CHEN AND X. XIANG, A source transfer domain decomposition method for Helmholtz equa-
tions in unbounded domain, SIAM J. Numer. Anal., 51 (2013), pp. 2331-2356, http://dx.
doi.org/10.1137/130917144.

[3] Z. CHEN AND X. XIANG, A source transfer domain decomposition method for Helmholtz equa-
tions in unbounded domain Part 11: Extensions, Numer. Math. Theory Methods Appl., 6
(2013), pp. 538-555, http://dx.doi.org/10.4208 /nmtma.2013.1217nm.

[4] W. C. CHEW AND W. H. WEEDON, A 3D perfectly matched medium from modified Mazwell’s
equations with stretched coordinates, Microw. Opt. Techn. Let., 7 (1994), pp. 599-604,
http://dx.doi.org/10.1002/mop.4650071304.

[5] 1. S. Durr aND J. K. REID, The multifrontal solution of indefinite sparse symmetric linear
equations, ACM Trans. Math. Software, 9 (1983), pp. 302-325, http://dx.doi.org/10.1145/
356044.356047.

[6] B. ENGQUIST AND L. YING, Sweeping preconditioner for the Helmholtz equation: Hierarchical
matriz representation, Comm. Pure Appl. Math., 64 (2011), pp. 697-735, http://dx.doi.
org/10.1002/cpa.20358.

[7] B. ENGQUIST AND L. YING, Sweeping preconditioner for the Helmholtz equation: Moving per-
fectly matched layers, Multiscale Model. Simul., 9 (2011), pp. 686-710, http://dx.doi.org/
10.1137/100804644.

[8] Y. A. ERLANGGA, Advances in iterative methods and preconditioners for the Helmholtz equa-
tion, Arch. Comput. Methods Eng., 15 (2008), pp. 3766, http://dx.doi.org/10.1007/
s11831-007-9013-7.

[9] O. G. ErRNST AND M. J. GANDER, Why it is difficult to solve Helmholtz problems with clas-
sical iterative methods, in Numerical Analysis of Multiscale Problems, Lect. Notes Com-
put. Sci. Eng. 83, Springer, Heidelberg, 2012, pp. 325-363, http://dx.doi.org/10.1007/
978-3-642-22061-6_10.

[10] M. J. GANDER AND F. NATAF, AILU for Helmholtz problems: A new preconditioner based on
the analytic parabolic factorization, J. Comput. Acoust., 9 (2001), pp. 1499-1506, http://
dx.doi.org/10.1016/S0764-4442(00)01632-3.

[11] A. GEORGE, Nested dissection of a regular finite element mesh, SIAM J. Numer. Anal., 10
(1973), pp. 345-363, http://dx.doi.org/10.1137/0710032.

[12] S. G. JOHNSON, Notes on Perfectly Matched Layers (PMLs), Lecture Notes, Massachusetts
Institute of Technology, Cambridge, MA, 2008.

[13] F. Liuv AND L. YING, Recursive sweeping preconditioner for the three-dimensional Helmholtz
equation, SIAM J. Sci. Comput., 38 (2016), pp. A814-A832, http://dx.doi.org/10.1137/
15M1010154.

(14] J. PouLson, B. ENnaqQuisT, S. L1, AND L. YING, A parallel sweeping preconditioner for het-
erogeneous 3D Helmholtz equations, SIAM J. Sci. Comput., 35 (2013), pp. C194-C212,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.


http://dx.doi.org/10.1006/jcph.1994.1159
http://dx.doi.org/10.1137/130917144
http://dx.doi.org/10.1137/130917144
http://dx.doi.org/10.4208/nmtma.2013.1217nm
http://dx.doi.org/10.1002/mop.4650071304
http://dx.doi.org/10.1145/356044.356047
http://dx.doi.org/10.1145/356044.356047
http://dx.doi.org/10.1002/cpa.20358
http://dx.doi.org/10.1002/cpa.20358
http://dx.doi.org/10.1137/100804644
http://dx.doi.org/10.1137/100804644
http://dx.doi.org/10.1007/s11831-007-9013-7
http://dx.doi.org/10.1007/s11831-007-9013-7
http://dx.doi.org/10.1007/978-3-642-22061-6_10
http://dx.doi.org/10.1007/978-3-642-22061-6_10
http://dx.doi.org/10.1016/S0764-4442(00)01632-3
http://dx.doi.org/10.1016/S0764-4442(00)01632-3
http://dx.doi.org/10.1137/0710032
http://dx.doi.org/10.1137/15M1010154
http://dx.doi.org/10.1137/15M1010154

Downloaded 07/20/16 to 171.67.216.22. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

18]

[19]

[20]

FEI LIU AND LEXING YING

http://dx.doi.org/10.1137/120871985.

C. C. STOLK, A rapidly converging domain decomposition method for the Helmholtz equation,
J. Comput. Phys., 241 (2013), pp. 240-252, http://dx.doi.org/10.1016/j.jcp.2013.01.039.

P. TsuJi, B. ENGQUIST, AND L. YING, A sweeping preconditioner for time-harmonic Mazwell’s
equations with finite elements, J. Comput. Phys., 231 (2012), pp. 3770-3783, http://dx.
doi.org/10.1016/j.jcp.2012.01.025.

P. Tsuui, J. PouLsoN, B. ENGQUIST, AND L. YING, Sweeping preconditioners for elastic wave
propagation with spectral element methods, ESAIM Math. Model. Numer. Anal., 48 (2014),
pp. 433447, http://dx.doi.org/10.1051 /m2an/2013114.

P. Tsuit AND L. YING, A sweeping preconditioner for Yee’s finite difference approzimation of
time-harmonic Mazwell’s equations, Front. Math. China, 7 (2012), pp. 347-363, http://
dx.doi.org/10.1007/s11464-012-0191-8.

A. VION AND C. GEUZAINE, Double sweep preconditioner for optimized Schwarz methods applied
to the Helmholtz problem, J. Comput. Phys., 266 (2014), pp. 171-190, http://dx.doi.org/
10.1016/j.jcp.2014.02.015.

L. ZEPEDA-NUNEZ AND L. DEMANET, The method of polarized traces for the 2D Helmholtz
equation, J. Comput. Phys., 308 (2016), pp. 347-388, http://dx.doi.org/10.1016/j.jcp.2015.
11.040.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.


http://dx.doi.org/10.1137/120871985
http://dx.doi.org/10.1016/j.jcp.2013.01.039
http://dx.doi.org/10.1016/j.jcp.2012.01.025
http://dx.doi.org/10.1016/j.jcp.2012.01.025
http://dx.doi.org/10.1051/m2an/2013114
http://dx.doi.org/10.1007/s11464-012-0191-8
http://dx.doi.org/10.1007/s11464-012-0191-8
http://dx.doi.org/10.1016/j.jcp.2014.02.015
http://dx.doi.org/10.1016/j.jcp.2014.02.015
http://dx.doi.org/10.1016/j.jcp.2015.11.040
http://dx.doi.org/10.1016/j.jcp.2015.11.040

	Introduction
	1D illustration
	Approximating u- .4 p,q with auxiliary PMLs
	Wave generated by f- .4 1
	Wave generated by f- .4 m
	Wave generated by f- .4 q for q=2,…,m-1

	Accumulating the boundary values

	Preconditioner in two dimensions
	Algorithm
	Auxiliary domains
	Auxiliary problems
	Auxiliary Green's operators
	Putting together

	Numerical results

	Preconditioner in three dimensions
	Algorithm
	Auxiliary domains
	Auxiliary problems
	Auxiliary Green's operators
	Putting together

	Numerical results

	Conclusion
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


