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USA of convex function (or functional) values using only noisy observations of the true input
is studied. Technically, our methods catch the bias introduced by the convexity and
remove this bias from a baseline estimate. Comprehensive theoretical analyses are
conducted to show that the proposed methods can strictly reduce the expected
estimate error under mild conditions. When applied, the methods require no specific
knowledge about the problem except the convexity and the evaluation of the function.
Therefore, they can serve as off-the-shelf tools to obtain good estimates for a wide
range of problems, including optimization problems with random objective functions
or constraints, and functionals of probability distributions such as the entropy and the
Wasserstein distance. Numerical experiments on a wide variety of problems show that
our methods can significantly improve the quality of the estimate compared with the
baseline method.
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1 Introduction

In this paper, we study the problem of estimating function/functional values when uncer-
tainty exists on the input value. Specifically, let F be a function or functional, and 2 be its
input domain. We want to estimate F(x*) for some x* € €2, while only having access to
a set of observations sampled from a probability distribution p on € with E,x = x*. Let
X1, X2, ..» X, be the observations. By the law of large numbers, the average of the obser-
vations, X:=(x] + - - - + X;;)/n, is close to x when # is large. Therefore, a straightforward
estimate of F(x*) is to use F(x). However, since F is not necessarily linear, biases may exist
when F(x) is used as an estimate. For example, when F is convex, Jensen’s inequality

F(x*) = F(Ex) < EF(x)

reveals positive bias when F(X) is used to estimate F(x*). Taking into consideration the
special properties of F (such as convexity/concavity), it is possible to find estimate methods
that have less bias and outperform the straightforward estimate using the sample average.

The function/functional value estimate problem appears in many applications, such as
the estimate of functionals of probability distributions (e.g., expectation, entropy, dis-
tance, etc.) or the estimate of optimal value of optimization problems with noisy con-
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straints. Some of these problems have been under investigation for a long time, with many
methods proposed, for instance, the James—Stein estimator of the expectation of Gaussian
distributions [15,21], the estimate of entropy [11,14,19,20,22,24,28], mutual information
[10,17,18,20], other functionals of probability distributions [1,13,16,26], etc. Besides, the
estimate of the minimizers of quadratic functions has also been studied in recent works
[8,9]. These works usually study a specific class of problems and propose methods that
perform well on these problems. Besides methods, related theoretical analysis is also rich
in the literature [2,4,16,27]. The works mentioned here are not meant to be comprehen-
sive. For a more detailed discussion of the literature, readers can refer to the reviews in
[16,20,23]

In this work, instead, we study a general framework that can improve the estimate for all
convex or concave functions/functionals. Our methods produce an improved estimate for
F(x*) by estimating the bias introduced by convexity/concavity using noisy observations
and removing that bias from the naive estimate F(x). Concretely, we either shift F(x) by
an appropriate amount ¢ and use F(X) + ¢ as a new estimate, or scale F(x) by a factor s and
use sF(X) as a new estimate. These “debiasing quantities” ¢ and s are derived to minimize
the square error of the estimate, i.e.,

E(F(X) 4 ¢ — F(x*))* or E(sF(%) — F(x*))".

The derived debiasing quantities ¢ and s are in a population sense, i.e., they inevitably
depend on unknown quantities such as x* and EF (x). With only the observations xy, - - - x,,
in hand, we use bootstrap to approximate these population debiasing quantities and obtain
“empirical” debiasing quantities ¢ and § (See Sect. 2 for details). Theoretical analyses are
conducted to show that the ¢ and § obtained using bootstrap appropriately can indeed
reduce the square error of the estimate. In the following is an informal statement of our
main Theorems 2 and 3.

Theorem 1 (Informal main theorem) Let F be a convex function on Q and p be a prob-
ability distribution on Q with x* = E; x. Let ¢ and § be the shifting and scaling debiasing
quantities computed using samples X1, - - - X, drawn from . Under some assumptions on
F, u, and the bootstrap method, when n is sufficiently large, we have

E(F(x) 4 ¢ — F(x*))* < E(FX) — F(x*))’,
and

E(3F(x) — F(x*))* < E(F(%) — F(x*))".

Debiasing methods using bootstrap similar to the shift method that we study have
been mentioned in previous works and textbooks [5,7,12]. However, a detailed analysis
of the effectiveness of the method is missing. Our work in this paper expands the way
bootstrap can be used for debiasing and provides a rigorous theoretical guarantee for
the performance of the methods. Besides the bootstrap method, other methods can be
employed to estimate the debiasing quantities when more information of F is available.
One “covariance estimate” method that makes use of F’s second-order curvature is also
introduced in Sect. 2.

Finally, extensive numerical experiments are conducted on a series of problems, from

simple convex functions to optimization problems with stochastic objective functions and
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constraints, and then to the estimate of entropy and Wasserstein distance of probability
distributions. The same framework is applied to all the problems, with the only difference
being the methods used to solve the problems themselves. In the experiments, our methods
can reduce both the expected bias and the expected square error by a significant amount
compared with the naive estimate. This shows that the proposed framework can serve as
a handy and convenient method to improve the estimate of functions/functionals without
requiring specific domain knowledge except for convexity/concavity.

2 Problem settings and methods

2.1 Problem settings

Without loss of generality, we introduce our method using convex functions on Euclidean
spaces. Let F : Q@ — R be a convex function with Q € R%. Let u be a probability
distribution on R? that satisfies E,x = x*. Given noisy observations Xy, X3, ..., X, sampled
i.i.d from p, our goal is to estimate F(x*) using only the observations. As mentioned in
introduction, a naive estimate of F(x*) is to use the function value at the sample average
of the observations, F(x), where X::% > 1 Xi. When the function F is continuous at
x*, this estimate is consistent. However, bias exists due to convexity. By the Jensen’s
inequality, we have F(x*) < EF(x), where the expectation is taken over the sampling of
X1, * -+, Xy. This bias may be large if the curvature of F is big or the number of available
observations # is small. To reduce the convexity bias, we design methods to correct the
naive estimate F(X). We explore two possible ways of changing F(x): the shifting method
and the scaling method. The shifting method takes an additive approach. We estimate a
debiasing quantity ¢, add it to F(x), and use F(X) + ¢ as an improved estimate for F(x*). On
the other hand, the scaling method takes a multiplicative approach. We estimate another
debiasing quantity s, multiply it to F(x), and use sF(X) as an improved estimate for F(x*).
In the following subsections, we introduce the two methods in detail. We point out that
a convex or concave F is not required for the proposed methods to work, but it is a
representative case in which our methods can find application.

2.2 The shifting method

In the shifting method, we find an additive debiasing quantity ¢ such that F(x) + c is a
better estimate for F(x*) than F(x). We measure the quality of the estimate using the
squared error

E (F(X) + ¢ — F(x*))?, 1)

and find ¢ to minimize (1). Treating ¢ as a constant and expanding (1), we obtain a quadratic
function of ¢,

¢ + 2cE(F(X) — F(x*)) + E(F(%) — F(x*))%,
whose minimum is achieved at
¢ = F(x*) — EF(x). (2)

Hence, ideally, we can use the ¢ defined in (2) as the debiasing quantity.

In practice, however, x* and EF(x) are unknown and can only be approximated using
noisy observation xy, - - -, X,,. For general F and u, we can use bootstrap [6] to estimate
the ¢ in (2). Bootstrap uses a uniform distribution on xy, - - -, X, to approximate u. Denote
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X = {xy, .., X;} and let u x be the uniform distribution on X. For k = 1, 2, ..., K, define

o _1¢
X = ; Zxkyl-, (3)
i=1

where {x;;}?_; are ii.d. sampled from px. Then, the empirical distribution of {X;} is an
estimate of the distribution of x. Hence, the shifting debiasing quantity ¢ can be approxi-
mated by

1« 1«
=Fx*)—EFx)~F|— Xk | — = F(Xg).
¢ =F(x*) — EF(%) <1< Zxk> % /ZI (%)
k=

k=1

Since E, ,, Xx = X, we have F(x) ~ F (% Z{;l ik) when K is large. Therefore, we can use

1 K
éZ:F(X) — E ZF(ik): (4')
k=1

as an approximation of ¢. With this definition of ¢, the steps of the shifting method with
bootstrap are listed in Algorithm 1.

Algorithm 1: The Shifting Debiasing Method with bootstrap

Input : A convex function F : R4 — R, observations XL, X, € R4, K
Output: Debiased estimate F(X) + ¢
n

1 X<—%in;

i=1
2 fork < 1toK do
3 Sample X 1, - - -, X, i.i.d. from the uniform distribution on xy, - - -, X3
n
- 1 -
4 Xp < 5 > X

i=1
5 end

K
6 ¢« FX) — %Y F(X);
k=1

The covariance estimate method Bootstrap is not the only approach to estimate the
debiasing quantity c, especially when more knowledge about the problem is available. For
example, when the distribution p is concentrated in a region where F is close to a quadratic
function, we can estimate ¢ by estimating the covariance of x. To see this, assume F is
close to its second Taylor polynomial at x*, then for F(x) we have

1
F(X) ~ F(x*) + VE(x*)T (x — x*) + S xTV2E(x*)(x — x*). (5)
Taking expectation, note that E(x — x*) = 0, we have

E(F(x) — F(x*)) ~ ~E(x — x*)T V2F(x*)(x — x*) = % Tr(CV2F(x")),

N =

where C is the covariance matrix of x. Let C be the covariance of x, then we have C = C/n
and

E(F(x) — F(x*)) ~ % Tr(CV2F(x*)).
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Therefore, once we have some knowledge on V2F(x*), e.g., having access to a matrix
H =~ V2F(x*), we can obtain an estimate of ¢ without using bootstrap:

n

= —i Tr (n i 1 Z(Xz’ — X)(x; —’-‘)TH>

i=1

S o P ST
= =) 2% 0 H O %) ©)

An algorithm using the covariance estimate method takes similar inputs and outputs as
Algorithm 1, replacing the bootstrap steps in lines 2—6 by computing the ¢ in (6). We skip
the step-by-step algorithm here.

2.3 The scaling method

The scaling method can be applied when F is always positive (or negative) for any x. In
this case, we find a multiplicative debiasing quantity s such that sF(x) becomes a good
estimate for F(x*). Still consider the squared error, which becomes

E (sF(x) — F(Ex))>.

Treating s as a constant and minimizing the squared error as a quadratic function of s
gives the following ideal choice of s:
_ F(x*)EF(x)
T EF2(x)

In practice, we can still use bootstrap to obtain an estimate of the s in (7). Recall the

(7)

choice of {i(k}1k<:1 in (3). Using the uniform distribution on {)"(](}1/((:1 as an approximation
of i, and X as an approximation of x*, we can take
- K - - -
o FOOR Yo F&) _ F() Yoy F%) ®
= K N - K N
% k1 F2(%) > k=1 F2(%x)

as an approximation of s. An algorithm using the scaling method is given in Algorithm 2.

Algorithm 2: The Scaling Debiasing Method with bootstrap

Input : A convex and positive function F : R4 — R, observations xy, - - -, x,; € R4, K
Output: Debiased estimate $F(X)
n

1 X<—%in;

i=1
2 fork < 1toK do
3 Sample Xy 1, - - -, Xg , 1.i.d. from the uniform distribution on xy, - - -, X3
n
- 1 -

4 Xp < o D X

i=1
5 end
o 5 FOYI P&,

N FAxp)

2.4 Dealing with functionals

The methods above can be easily applied to the cases where F is a convex/concave func-
tional. Take a functional of probability distribution, F [p], as an example. Suppose p € P(£2)
is a distribution on @ € R? and F is convex with respect to p. Such functional can be
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the entropy of p, or the distance from p to some other probability distributions (e.g.,
the KL divergence, the Wasserstein distance). Let Xy, ..., X, be points in € i.i.d. sampled
from p. Then, the Dirac delta distributions dy,, ..., §x, can be understood as noisy obser-
vations of p. In this case, the naive estimate of F[p] is F[p], where p is the empirical
distribution p = %Z?:l 8x;- To estimate the debiasing quantities with bootstrap, for
k=12.,Kandi=,2,..,nletxg; beiid. samples taken uniformly from {x, .., X,}, and
let px = % Y i1 8x.;- Then, for the shifting method, we can take
1 X
¢ =Flp] - E};F[pkl, )

and for the scaling method, we can take
oo FBISIC Flod]. (10
ko1 F2 (]

3 Theoretical results
In this section, we provide theoretical results which show that our debiasing methods
can reduce the expected squared error of the estimate. In the statement of the theorems,
without loss of generality, we consider x € R” and F as a convex function of x. In
the theorems and the proofs, we use Einstein notations to represent tensor contractions
involving tensors with rank > 3. For some examples, if A, B € R?*4 are matrices, A,,B%
represents the matrix product AB; if A € R4*@xdxd and B € R¥*%, A ;.aB% gives a
d x d matrix by contracting the last two dimensions of A with the two dimensions of
B;if F: R — Ris a function and x = (x4, .. .,xd),y = (yl, .. .,yd) € R? are vectors,

ajch (x)y*y?y¢ means the sum
d

33F(x) Pk
2 iama”
ij,k=1
The shifting method. We first make some assumptions on the input distribution u and
the function F. In the following, the norm || - | is, by default, the £5 norm for vectors and

matrices.
Assumption 1 The probability distribution p has up to 8-th finite moments.
Assumption 2 F has finite fourth-order derivatives.

Under the assumptions above, the following main result shows that the shifting method
can strictly reduce the expected squared error, as long as K is at least on the same order

as n.

Theorem 2 Suppose Assumption 1 and 2 hold. Consider the shifting debiasing method
using the debiasing quantity ¢ defined in (4). Denote My = E,, (x — x*)(x — x*)T € R4*4,
Mz =E,(x — x*)®3 ¢ RI*4xd pe the second and third centered moment tensors of 1.
Define

01 = 0, F(x*)3,F (x*)(Mp)* = VF(x*)T My VF (x¥),
oy = P2 F(x*)(M2)* = Tr(MyVF(x*)),

03 = 9aF (x*) 32, F (x*)(M3)™",

04 = daF(x*)(M2)™ 3}, F (x*) (M2)™.
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Then, if n is sufficiently large, K > Cyn for some constant Ck, and
2

%+03+a4—g—11<>0, (11)
we have
E(F(x) + & — F(x"))? < E(F(x) — F(x*))%, (12)

where the expectation is taken on both the sampling of {x;}}_, and the bootstrap.

Actually, the assumptions for the theorem above do not require F to be convex or
concave. The debiasing method is effective as long as the quantity 022 is larger than the
other three terms in the condition 11. Roughly speaking, this requires the second derivative
of F to be large compared with its first and third derivatives. Though, the condition is
easier to hold when F is convex or concave; otherwise, oo might be very small.

The condition (11) can be simplified if the problems have certain properties. For exam-
ple, if u is symmetric with respect to x*, then we have M3 = 0, and hence o3 = 0.
If we further assume that F is quadratic, we have the following corollary derived from
Theorem 2:

Corollary 1 Let F(x) = %XTAX + b be a quadratic function with A € R¥*% being a
positive definite matrix and b € R being a scalar. Let v be a probability distribution on
R? that satisfies E,x = x*. Suppose 1 is symmetric with respect to x*. Then, the shifting
debias method can reduce the expected squared error as long as

Tr(AM,)?  (x*)TAT MyAx*
> .
4 Ck
By this corollary, the shifting method works everywhere for quadratic functions as long as
Ck is large enough. This is possible because Ck is a hyperparameter that we can choose
freely as long as the computational resource is sufficient. The following corollary states

the condition for the shifting method to work in the limit case in which Cg is pushed to
infinity:

Corollary 2 Let F satisfy the assumptions in Theorem 2, and |1 be a probability distri-
bution on R? that satisfies E,x = x* and is symmetric with respect to x*. Suppose Cx is
sufficiently large. Then, the shifting debias method can reduce the expected squared error
as long as

022 > —404, (13)
where oy and o4 are defined the same way as in Theorem 2.

This corollary shows more clearly that the condition on F generally requires the second
derivative to be large compared with the first and third derivatives. Quadratic function
under the conditions in Corollary 2 always satisfies (13) because o4 vanishes.

A sketch of the proof of Theorem 2 is shown in the next subsection. The full proof is
provided in Sect. 6.

The scaling method. Next, we study the scaling method and show similar results as that
for the shifting method. For ease of analysis, we make some additional assumptions on p
and F:
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Assumption 3 The probability distribution p has finite moments of all orders.
Assumption 4 There exists a constant B > 0, such that F(x) > B for any x.

Remark 1 Assumption 3 is made for the convenience of analysis. The “finite moment of
all orders” can be relaxed to finite moments up to a certain finite order. The orders we
need can be obtained by tracing the higher-order terms in the proof of Theorem 3 (given
in Sect. 7).

Under the new assumptions, we have the following theorem whose proof is given in
Sect.7.

Theorem 3 Suppose Assumption 2, 3 and 4 hold. Consider the scaling debiasing method
using the debiasing quantity § defined in (8). Let My, Ms, o1, 09, 03, 04 be defined in the
same as those in Theorem 2. Define

0% = 0 F (<) F (X*) 0 F (x*) (M3) ",

Then, if n is sufficiently large, K > Cyn for some constant Cx, and

2 / 2
oy 203 40109 30{ o1
—= - - — >0 14
2 BTNt ey T Ry T 2 Cr (14)
we have
EGF(x) — F(x*)? < E(F(x) — F(x*))%, (15)

where the expectation is taken on both the sampling of {x;} and the bootstrap.

3.1 Proof sketch of Theorem 2

In this section, we show the idea of the proof for Theorem 2. The proof for Theorem 3
takes a similar approach, with a more involved analysis. As an illustration, some arguments
in this section might not be rigorous. Strict proofs for both Theorem 2 and 3 are given in
later sections.

Notations In this proof sketch, we write 1 = O(g) if there exists a constant C indepen-
dent with n such that || < C|g| always holds. We use hot(k) to denote higher-order-terms
containing X — x* or (and) X — x with total orders > k. Given observations xj, ..., X,;, we
use X to denote the random variable given by the average of # uniformly drawn samples
from xy, ..., X,. When taking expectation, we use [E to denote the expectation over both the
sampling of {x;} and the choice of X during bootstrap, and use Ex to denote the expectation
over {X} based on a fixed set of X, ..., X,,. Let H(x):=V2F(x). For any matrix A € RAxd
and vector x € R%, denote ||x||§1 = xT Ax. We note that this is not a norm when A is not
positive definite.

To prove Theorem 2, first notice that

E(F(x) + ¢ — F(x"))? = E(F(x) — F(x*))? + E¢* + 2E(F(X) — F(x*))é.

Hence, we only need to show E(62 + 2(F(x) — F(x*))é) < 0. Let
K
. R _ 5 5 1 .
¢ =[Ez¢ = F(x) — EgF(X), and § = ExF(x) — X ;F(xk).
Then, we have ¢ = ¢ + 6§ and Exé = 0, and

E(&* + 2(F(x) — F(x*))¢) = E(&* + 228 + 6> + 2(F(x) — F(x*))z + 2(F(X) — F(x*))3).
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Since ¢ and F(x) — F(x*) do not depend on the sampling of X, by the law of total expec-
tation, we have

Ees = E (Exés) = E (¢Eg8) = 0,
and similarly E(F(x) — F(x*))8 = 0. Therefore,
E(¢? 4 2(F(x) — F(x*))¢) = E(¢* + 6% + 2(F(x) — F(x*))e). (16)

Among the three terms on the right-hand side, E¢? and 82 are positive. As an expected
debiasing quantity, ¢ has a negative correlation with F(x) — F (x*); hence, 2E(F (x) — F(x*))¢
is negative. Next, we will estimate the three terms and show that under the condition 11,
the negative term E(F(X) — F(x*))c has larger absolute value than the first two terms.
Hence, (16) is negative in total.

Estimate of E¢?
Taking a Taylor expansion for F(X) at X, by Assumption 2, we have
1 1
F(x) — F(x) = VFR)T (X — %) + SIx = X3 + ga;’bf(s()(fc“ —&)& — xb)E° - &)
+O(|1% = x||*).

Taking expectation over X, noting that Ez(X — x) = 0, we have
1 J—
— o= JEx|%x - X7 + hot(3) = o > lIxi = X[}, + hot(3). (17)
i=1

The second equality above follows Lemma 2. Then, a Taylor expansion of H(x) at x*
further gives

1 & 1 <
—t= o5 ) I = Xl + 5 D 1% = Xl pyery + hot(3) (18)
i=1 i=1
1 & ) hot(1)
=5 D i = Xl + —= + hot(3). (19)
i=1

In Lemma 6, we show that generally, we have Ehot(k) = O(n*/2) (strictly speaking, we
need to take the expectation of its square). Also, Y /- ; [|Ix; — )'(||f{(x*) ~ O(n). Therefore,
from 19 we can obtain

2
1 - 1
-2 g2
Ee’ = —E (ZXI: Ix; x||H(x*)> +0 (—HZS).

Finally, by showing

2
1 " o Tr(MoH (x*))? 1 o2 1
it (Zl I - "”Hw)) = o () =g o)

we have the following estimate for E¢2:

2
2 9 1

Note that the leading term in the estimate has order O (n%) This is also the leading term

in all the following estimates. Finally, we compare the coefficients of the leading terms and
complete the proof by showing that the total coefficient is negative. The higher-order-

terms O (rﬂ%) can be made sufficiently small when # is sufficiently large.
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Estimate of E.§2
First, we have

K 2 K
Es? =K (IEXF(X) - %éf(x@) = EVarg (- X_:F(ik)) = —EVarg(F (%))
- I%]E]EX(F(X) —ExF(%))® < —EEx(F(x) — F(%))’ = I%]E(F(i) — F(®))?

Still using a Taylor expansion of F(X) at X, substituting K = Cgn, we have
1 2
Es? < - (VF®) (X - X) +hot(2)) .
C](n

Then, expanding VF(x) at x* gives

Es?

IA

1 2 1
EE <VF(X*)T()Z —X)+ hot(2)> = <IE(VP(x*)T()”( —%)" + hot(3)>

1 T e - 1
m]E(VF(X )T(X - X))2 + 0 (ﬁ) .

By Lemma 2, we have

n

Tie _ ))\2 1 -2 1 )
E(VF(X*) (X - X)) = ?E Z ”xi - x”VF(x*)VF(x*)T = ;E”X] - x”VF(x*)VF(x*)T
i=1

1 * (12 1
;E"Xl —X “vF(x*)VF(X*)T +0 <ﬁ) '

Therefore,
E”Xl _X*H2 * )T 1 o 1
E32 < VF(x*)VF(x*) ol =)= 1 of—=_). 21
= Cxn? + 125 Cxn? + 125 (21)
Estimate of E(F(x) — F(x*))c
A Taylor expansion of F(X) at x* gives
1
E(F(X) - F(x")e = EVF(X")" (x = x)¢ + E_ % = X [[}y@ + Ehot(3)e.  (22)

For the third term on the right-hand side of 22, recall that the estimate for ¢ gives E¢? =
O(%), which implies E hot(3)¢ < O(nz%) via the Cauchy—Schwarz inequality.

For the second term, note that the leading term of ¢ has a negative sign. This second
term can be shown to be negative. This term represents the goodness of the debiasing
quantity and is used to offset all other positive terms, including E¢? and E§2. Specifically,
by (19), we have

1 1 " 1
]EE ”X — x*“[z_[(x*)é = _W]E”X — X*H;—[(x*) Z ”xi - X”?—[(x*) + O (ﬁ) .
i=1
Then, we show that

2
n n
1 1 1
_ 2 ) 2
El% = x* e D 1% = %20y = = (Z Ellx; — x*“H(x*)) + O(—ﬁ) =0l + O(—ﬁ),

i=1 ij=1
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(details in Sect. 6). Therefore, we have

2
0y 1

The leading term of the estimate above has the same magnitude as the estimate for E¢2.

1 2 B
EE Ix — x*||H(x*)c =— (23)

However, this negative part will take over E¢? considering the factor 2 before E(F(x) —
F(x*))c.

Next, we consider the first term on the right-hand side of 22. We need a finer represen-
tation for ¢. By Lemma 3, we can improve (17) into

= Z Ixi = Xl + s Zaabc )(xf — &) (x0 — zb)(x¢ — 7€) + hot(3)

ho
= an, L )+h 3). (24)

Taylor expansions of H(x) and V3F(x) at x* further give

an %l = 53 Zaﬂch(X*)(x?—fc“)(xf-’ — &) — ("))

+h°t( ) | hot(3)

Therefore,
E(F(%) — F(x*))e = —EVF(x*)" (x — x*)— Z lx; = X7y

—EVFx")T(x — x*) 52 Zaubc () — 24 (xb — 20)(E° — ()
i=1

+EVEx")T (x —x*) (hoyfz(o) + hot(S)) . (25)

The last term in (25) is obviously O(%) For the other two terms, we have the following
estimate (see the details in Sect. 6):

* - * 1 " _ o3 1
—EVEE)T(x —x) Zj It = Xy = =5 + Ol35),
b “by(=c *\C 4 1
~EVF(x")T (% — x¥) zzahc o = E 7 = #)E - (")) = =5 + 0(-).
Altogether, we have
N _ 03 + 04 1
EVF(x*)" (x — x*)c < — 3 O(ﬁ)
And for E(F(x) — F(x*)¢) we have
2
o o3 + 0. 1
E(F(X) = F()e) < =2 = =2 5= + 0(5) (26)
3.1.1 Putting together
Finally, combining the estimates (20), (21), and (26), we have
2
2, (2 . B, 0y o1 03 + 04 1
E (&% + 8% + 2(F(X) — F(x*)e)) < oz Cor + O(W)' (27)

The coefficient of % is negative when condition 11 is satisfied. This completes the proof.
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4 Numerical experiments

In this section, we show the numerical results of the debiasing methods proposed in Sect. 2.
As a general framework of debiasing convex/concave functions, we test our methods on a
wide variety of problems ranging from simple convex functions, and optimization prob-
lems, to functionals of probability distributions. Specifically, we test the following seven
problems: (P1) Quadratic functions, (P2) Fourth-order polynomials, (P3) Rational func-
tions, (P4) Unconstrained optimization problems with random objective functions, (P5)
Constrained optimization problems with random constraints, (P6) Entropy of a discrete
probability distribution, (P7) Wasserstein distance between two probability distributions.
For all the problems, we apply both the shifting and scaling methods using bootstrap. The
covariance estimate method is tested on a subset of problems for which it is easy to obtain
an estimate of the Hessian at x*.

4.1 P1:Quadratic functions
We consider simple multivariate quadratic functions

F(x) = xT Ax, (P1)

with x € R? and A € R?*? being a positive definite matrix. Obviously, F is a convex
function with respect to x. As described in previous sections, given A and a probability
distribution x on R which satisfies E, x = x*, we estimate F(x*) using samples from .
The debiasing methods are tested for many different A’s and p’s. For each A and u, the
experiment is repeated by R = 1000 times, and in each experiment, we first sample a new
set of noisy observations and then run the debiasing methods.

To measure and compare the performance of our debiasing methods, we compute
the root mean squared error (RMSE) and the average bias of the estimates across 1000
experiments and compare the values with that of the naive estimate. Concretely, let F é ebias
and F!

naive
experiment, respectively, we compute and compare the following two relative quantities:

be the estimate given by the debiasing method and the naive method in the i-th

1000 pi — 2 1000/ i
RMSE, = \/ =1 Fapias — F)) Bias, — D=1 Fgebias — F(X7) 28)
B i ’ - 1000 , 1 .
\/232?0(Frllaive - F(X*))Z Zi:l (Flllaive — F(x*))

By the definitions, when the debiasing method is effective, we expect RMSE, € [0, 1) and
Bias, € (—1, 1). The closer these quantities are to zero, the more effective the debiasing
method. These two errors will also be studied in the experiments for other problems.
Before the debiasing methods are applied, a generic positive definite matrix A is gener-
ated by its eigenvalue decomposition. Concretely, we generate a diagonal matrix A with
positive entries, and an orthogonal matrix Q, and then let A = QAQT. We take p as
an isotropic Gaussian distribution centered at x*, i.e., u = N(x* o2I). The experiment
results for (P1) are shown in Figs. 1 and 2. In the experiments, we study the performance
of all three debiasing methods (shifting, scaling, covariance estimate) for problems with
different dimensions (Fig. 1 left), different condition numbers of A (Fig. 1 middle), differ-
ent noisy strength o (Fig. 1 right), and different norm of x* (Fig. 2 left). Throughout these
experiments, we take # = 10 noisy observations of x* and do K = 10 rounds of resampling
when bootstrap is applied. The figures show that the shifting debiasing method and the
covariance estimate method can usually significantly reduce the estimate error and bias,
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1.0 0.6
—— shift-RMSE
—— scale-RMSE
—— cov-RMSE
shift-Bias
---------- scale-Bias - 0.3 —
------- cov-Bias
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10! 102 10° 10° 10 102 10° 102 102 10t 10° 10t
d k: condition number of A a

Fig. 1 Experiment results for the quadratic function (P1). For all the experiments shown in this figure, we

take n = K = 10and ||x*||2 = 2. (left) the relative RMSEs and biases for problems with different dimension d,
while we fixe = 1 and ¥ = 2 (k is the condition number of A). (middle) results for problems with different «,
while we fixd = 100 and o = 1. (right) results for problems with different o', while we fixd = 100 and k = 2

500

1.0 — shift-RMSE
—— scale-RMSE
—— cov-RMSE

shift-Bias
----- scale-Bias ~
SELEEN cov-Bias —

051

0.0 Jrrvrerrrerrmrrernreraeuaestina. i

1072 107t 10° 10t 10? 0 40 80 0 40 80
norm of x* K K

Fig.2 (left) results for P1 with different norms of x*, while we fixd = 100,k = 2,and o = 1. (middle and
right) Bootstrap methods (shifting and scaling) for different n and K. The middle panel shows the results for
the shifting method, and the right panel shows the results for the scaling method. Results for different n are
shown in lines with different colors. During the experiments we fixd = 100,k = 2,and o = 1

while the scaling method does not perform as well when the dimension is large or the
noise is strong. The debiasing methods become less effective when the noise level is low
or ||x*| is large, in which case the noise observations are (effectively) close to x* and the
naive estimate is already good. The experiments on the condition number of A show that
our methods are not sensitive to the spectrum of A. Here we remark that the covariance
estimate method performs especially well because the function F is quadratic. Hence, the
Hessian matrix has all information about the function.

For the bootstrap methods, we also study the number of resampling rounds K required
for different n. Results in Fig.2 show that a constant K is usually sufficient to approach
best achievable performance for any #. The RMSE almost stops decreasing after K =~ 50
even when # is much bigger. This shows that our theories in Sect.3 can potentially be
improved.

4.2 P2:Fourth-order polynomials
We then consider a higher-order polynomial function given by

F(x) = (xTAx)?, (P2)

where x € R? and A € R?*? is a positive definite matrix. Compared with P1, this function
has non-uniform curvature. It is flat when x is small and grows fast when x is large. In
P2, we consider similar experiment settings as those for P1. We test the methods against
problems with different dimensions, noise levels, and norms of x*. The results are shown
in Figs.3. We see that for this problem, only the scaling method performs well in most
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Fig.3 Experiment results for the fourth-order function (P2). For all the experiments, we take n = K = 10 and
k = 2. (left) the relative RMSEs and biases for problems with different dimension d, while we fix o = 1 and
Ix*]12 = 2. (middle) results for problems with different o, while we fix d = 100 and ||x* || = 2. (right) results
for problems with different ||x*||, while we fixd = 100 and o = 1

1.0 - 1.0
shift-RMSE

—— scale-RMSE

cov-RMSE
-+--+ shift-Bias

0.0
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norm of ¢ norm of x*
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Fig.4 Experiment results for the rational function (P3). For all the experiments, we keep n = K = 10 and
[Ib|| = 1. (left) the relative RMSEs and biases for problems with different dimension d, while we fix ||c|| = 1
and ||x*|| = 2. (middle) results for problems with different ||c||, while we fix d = 100 and ||x*||> = 2. (right)
results for problems with different ||x*||, while we fixd = 100 and ||c|| =1

cases. The covariance estimate method works when o and ||x*|| lie in specific ranges. The
shifting method sometimes even performs worse than the naive estimate. Experiments on
the condition number of A still show that the methods are insensitive with «. We ignore
the figure here.

4.3 P3:Rational functions
Next, we consider a rational function

F(x) =

14

d
(bixi + =2, (P3)

1

where x = (x1,..,x7)7 € R? is the input and b;, ¢;, i = 1,2, ..., d are positive numbers.
This function is convex for x; > 0, i = 1,..,d. Hence, in the experiments, we take a
coordinate-wise exponential distribution as u. Fixing n = K = 10, we test our methods
on problems with different dimensions, magnitudes of ¢;, and ||x*||. Note that changing
the magnitude of b; is equivalent to changing c; in the opposite direction. Results in Fig. 4
show that the three debiasing methods perform similarly. They become more effective
when the dimension of the problem increases. When c is small or x* is large, the debiasing
methods do not provide much improvement compared with the naive estimate. This is
because, in these cases, the function is almost linear around x*, and the convexity bias is
small.
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Fig.5 Experiment results for the rational function (P4). For all the experiments, we keep n = 10 and

K = 100. (left) the relative RMSEs and biases for problems with different dimension d?, while we fix ¥ = 2 and
k = 1. (middle) results for problems with different «, while we fixd = 100 and k = 1. (right) results for
problems with different k, while we fix d = 100 and k = 2

4.4 P4:Unconstrained optimization problems

When the objective function is parameterized by a parameter vector, the optimal value
of some optimization problems is a convex or concave function of the parameters. For
instance, let F(«) be the optimal value of the following minimization problem given some
o€ Rd,

mxin alf(x) + g(x), (29)

where f : R? — R?, g : R? — R are functions of x. Then, F is a concave function of
a because it is the minimum of a family of affine functions [3]. Therefore, our debiasing
methods can be applied when we are interested in the minimum value of (29) at «* but
can only get access to its noisy observations.

In the experiments, we consider specifically the minimization of a quadratic function
when the Hessian of the objective function has some randomness, i.e., the concave function
we debias is

1
F(A) = min —xT Ax + b'x, (P4)
xeRd 2

where A € R%*4 s a positive definite matrix with randomness and b is a fixed vector.
We easily have F(A) = —%bTA_lb. Given a generic ground truth Hessian matrix A* =
UAUT, where UAUT is the eigenvalue decomposition of A* and A = diag(Xy, ..., 14), we
generate noisy observations of A* by sampling

A~ U - diag(&1A1, . EgAg) - ut,

where &y, ..., §; are independent random variables that follow the gamma distribution with
shape k and scale 1/k, whose density function is f(x) = %xk ~Le~k* and expectation is
1. This makes sure that all noisy observations are positive definite.

Fixingn = 10and K = 100, Fig. 5 shows the RMSEs and biases of the shifting and scaling
methods for different dimensions, condition numbers of A*, and the shape parameter k.
Note that the actual dimension of the problem is d2. The results show that our methods
are generally effective. The methods perform better when the dimension is higher, or the
condition number of A is not too large. When k is small, i.e., the variance of the data
distribution is large, the shifting method does not work well, while the scaling method

keeps working well.
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Fig. 6 Experiment results for the constrained optimization problem (P5). For all the experiments, we keep
n=10,K =100,and ||b|| = 1. (left) the relative RMSEs and biases for problems with different dimension d,
while we take p = 2d. (middle) results for problems with different d fixing p = 100. The horizontal axis is the
ratio of d and p. (right) results for problems with different o, while we fixd = 100 and p = 200

4.5 P5: Constrained optimization problem
Convex debiasing methods can also be applied to constrained optimization problems with
randomness. Randomness can appear on the constraints. Consider

min f(x) st Ax=b. (30)

Fixing f and A, let F(b) be the optimal value of (30) given b. Suppose strong duality holds,
then

F(b) = min maxf(x) + nl(Ax — b) = max (b + max(f (x) — 1T Ax)),

which shows that F(b) is the maximum of affine functions of b. Therefore, F is convex.
The debiasing methods apply when we are interested in the optimal value at some b*
while only its noisy observations can be obtained.

In the experiments, we estimate

F(b*) = argmin x7Bx, st AXx =, (P5)
X

where x € R?, B € RP*? is a positive definite matrix, A € R?*?, and b € R?. Given
b*, we take 1 as an isotropic Gaussian distribution centered at b*, i.e., u = N(b*, o).
Throughout the experiments, we fix # = 10 and K = 100, and test the methods for
different dimensions, the ratio of d/p, and noise level o. Figure 6 shows the results. We
see that both methods can significantly reduce the bias and RMSE, while the shifting
method usually outperforms the scaling method. Better performance is achieved when d
is large, d is not too close to p, or o is large.

4.6 P6: Entropy
Next, we test the estimate of entropy for discrete probability distributions, i.e.,

H(p) = — ZP:‘ Inp;, (P6)
i=1

where p = (py, ..., pg) satisfies p; > 0 and Zflzl pi = 1. We generate the ground truth dis-
tribution p* from symmetric Dirichlet distribution with parameter «. Noisy observations
of p* are the empirical distributions of single samples from p*. In the experiments, we fix
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Fig.7 Experiment results for the entropy estimate problem (P6). For all the experiments, we keep K = 100.
(left) the relative RMSEs and biases for problems with different dimension d, while we take n = 5d and @ = 1.
(middle) results for problems with different « fixing d = 100 and n = 500. (right) results for problems with
different n/d, while we fixd = 100 and & = 1

K = 100 and study the performance of the debiasing methods for problems with different
dimensions d, «, and the ratio of n and d.

For this problem, the covariance estimate method takes a simple form. Let p =
(p1, P2, --» pa) be the average of noisy observations of p*. Then, the covariance matrix
is diag(p) — ppT, and the Hessian of the entropy functional (viewed as a function of vec-
tor p) is diag(—1/p). Hence, we have Tr(CH) = —(d — 1), and the debiased estimate is
H(p) + ‘12;"1. It is the same as the classical debiasing scheme in [19].

The results are shown in Fig. 7. For well-behaved problems, all three methods perform
similarly. They can all significantly reduce bias and error. When « is small, i.e., the dis-
tribution is sparse, or when # is small compared with d, the bootstrap methods perform
better than the covariance estimate method. We remark here that the experiments are part
of the effort to show the wide applicability of our methods. Many delicate methods have
been developed specifically for the entropy estimate problem, and we do not expect our
methods to outperform all of them on this specific problem. Hence, we do not compare
our methods with state-of-the-art methods here.

4.7 P7:Wasserstein distance
Finally, we estimate the 2-Wasserstein distance between a pair of distributions (p, ) on
R¥, defined by

Wa(p, q)° = /d

R4 x

Lo X ylbdy (o), (P7)

where y is a coupling of p and ¢ whose two marginals are p and g, respectively. In the
experiments, p* and g* are taken as Gaussian distributions N (i1, 0121 ) and N (o, 0221 ),
where 1, uy € R are two vectors fixed for all trials. Noisy observations of p* and g*
are empirical distributions of i.i.d. samples of the distributions. The Wasserstein distance
between empirical distributions is computed by a linear programming problem. Specif-
ically, let p be an empirical distribution on Xy, ..., X;, ¢ be an empirical distribution on
Yir o ¥y W (D, §) is given by the following problem

1 1
. 2 T
min illxi —y:0°, styl=—1, 1=-1, 31
yeRmxn zij:)’uH i y]” Y 14 (31)

where 1 denotes the all-one vector with the proper size.
In the experiments, without loss of generality, we take 1 = 0. We considero; = 0y = o
and fix 0 = 1, K = 50. Figure 8 shows the results for problems with different dimension
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Fig. 8 Experiment results for the Wasserstein distance problem (P7). For all the experiments, we keep

K = 50. (left) the relative RMSEs and biases for problems with different dimension d, while we take n = 10
and ||u2 || = 1. (middle) results for problems with different || || fixing d = 5 and n = 10. (right) results for
problems with different n, while we fixd = 5 and ||| = 1

d, ||p2ll, and n. Results show that our methods can improve the naive estimate. The
improvement gets smaller when the dimension is higher. This might be caused by the
essential difficulty of estimating the Wasserstein distance in high dimensional spaces [25].

5 Summary

In this work, we study a general framework to correct the bias introduced by convex-
ity/concavity when estimating the value of functions or functionals. Our methods do not
require domain knowledge of the objective functions and can be applied as long as noisy
observations of the ground truth input are available. Numerical experiments on a wide
range of problems show the effectiveness of our methods.

While our methods have general applicability, their performance may not be optimal
for specific problems. For example, extensive research has been conducted on the esti-
mate of entropy, and some proposed methods might have better empirical or theoretical
properties than our methods. We emphasize that the value of our approach lies mostly
on its generality—it can serve as an off-the-shelf tool to debias the estimate of convex
functions and obtain improvement upon the naive estimate using the sample mean—as
well as the theoretical guarantee for the methods’ performance.

Nevertheless, the gain is not free—it comes with a price of additional computational cost.
Compared with the naive estimate, our methods with bootstrap require evaluating the
function multiple times. For some applications, such as optimization problems, evaluating
the function can be expensive, though, what is to blame is not the methods, but the limited
observations and knowledge of the problem. This is the cost of generality. If we have
more domain knowledge, the covariance estimate method can be applied without high
computational costs.

6 Proof of Theorem 2

6.1 Notations

In the proof, we write i = O(g) if there exists a constant C independent with # such that
|#] < C|g| always holds. When using these O notations, the dimension 4 is treated as a
constant. We use hot(:; -) to denote higher-order terms appearing in the Taylor expansion.
Specifically, for quantities fj, . . ., fx and integer r, hot(fy, . . ., fi; r) denotes (sum of) terms
with form flr1 .. fkr" with ry + - - - + r¢ > r. When taking expectation, we use E to denote
the expectation over both the sampling of {x;} and the sampling of {X} during bootstrap
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and use Eg to denote the expectation over the sampling of {X} based on a fixed set of
X1, ..., Xp. The norm || - || always means 2-norm. We use H(x) to denote the Hessian matrix
of F at x, i.e, H(x) = V?F(x). For any matrix A € R?*4 and vector x € R%, denote
x| = xTAx.

We use Einstein notations mostly when tensors with dimension > 3 are involved. When
only vectors and matrices are involved, we still use the conventional matrix product
notations. For vectors, we use superscript as the index of entries and subscript as the index
of the vector in a set of vectors. Entries are denoted by lowercase letters. For example, the
i-th noisy observation vector is given by x; = (x}, 4%, ..., xld ) € R,

6.2 Main proof
To prove the theorem, first notice that

E(F(X) + ¢ — F(x")? = E(F(X) — F(x*))? 4+ Eé? + 2E(F(x) — F(x*))e.

Hence, we only need to show E(éz + 2(F(x) — F(x*))é) < 0. Let
K
. R _ 5 . 1 .
¢ =Bt = F(X) — ExF(X), andé = BxF(X) — - > F(X).
k=1

Then, we have ¢ = ¢ + § and Exé = 0, and

E(¢? 4 2(F(x) — F(x*))¢) = E(¢* + 288 + 6% + 2(F(x) — F(x*))¢ + 2(F (%) — F(x*))5).
Note that ¢ and F(x) — F(x*) do not depend on the sampling of X, by the law of total
expectation, we have

Ecs = E (Egcd) = E (CExd) =0,
and similarly E(F(x) — F(x*))§ = 0. Therefore,
E(&? + 2(F(X) — F(x*))¢) = E(¢* + 6% + 2(F(X) — F(x*))¢). (32)

Next, we estimate the three terms on the right-hand side of (32) separately. In the
estimates below, we take O(%) terms as leading terms and show that there is no term

with the lower order.

6.2.1 Estimate of E¢?
In the proof, we will extensively use the Taylor expansion of F and its derivatives. The
results are given in Lemma 1. By the Taylor expansion (59) in Lemma 1, we have
1 1
F() = FE) = VP (% =) + 1% = Xl + ¢ 92 FOGE" — )& - 2")E - 19+ Oo(Ix — x|*).

Taking expectation over X, note that Ex(Xx — x) = 0, we have
1 1
o= S Exll% - 0 + EIE,-(agch(i)(ic“ —xEP — 223 — 1) + ExO(I% — x||%).

According to Lemma 2 and 3, we have
- 1 ¢ <112 1 n83F- a _ zay,b _ Zby,c _ ic E+O(|I% <14
—t= 5 % = Xl + o5 D B FRIGE — 296 — &) — &) + ExO(Ix — %)
i=1 i=1

By the Taylor expansion (61) for H, for any vector y € R?, we have

1315 = 19117y + ap F GNP Y2 (& — (%)) + OClly I 1% — x*|1%).
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Therefore, for ¢ we have

aw Z\lxl % + 5, Zaabc )& — &) (x? — &) (@E — (x*)9)

1
+0 (M > lxi = xI3 0% — x*||2) +— Z 0 PR — &) (] — 27)(f — &°)
i=1

+ExO(lIx — x]|).

Let

1 n
M Z 0 PO =36 — &) = (0), =5 Zl lIx; — x[13 1% — x|

= 6 én3 Zaach(x (x — X )(xzh _xb)(xf —x°), ¢y = Eg||x — )'(||4,

Then, we have
1 n
€=~ D lIxi = Xl + €1+ Olea) + c3 + Olea), (33)
i=1

Taking square and expectation for (33), there exists a constant C > 0 such that

2
1 n
-2 -2 2 2
Ee’ <E (Z lIx; — qu(x*)) + C*E(le1| + Ical + les| + Ical)

i=1
C | o
+ B (D 1% = Rl | (eal + leal + lesl + leal)
i=1

2
n
— (Z lIxi — xn?,(x*)> + C*E(lc1] + leal + les| + leal)?
i=1

1

2
1 ¢ o2 NP 2
Tt (2—,42 ; lIx; — qu(X*)) + 75 C*Eler] + lea] + lea] + leal)”. (34)

Next, we give estimates to the terms in (34). We will use results in Lemma 6. First,
Letting Amax be the eigenvalue of H(x*) with largest absolute value, we have

1 " 2 )\’2 n 2 1
—_— PR e 2 max 3 2 _ .
E <2n2 ; lIx; XHH(x*)) < 0 E (; Ix; — x| ) = O(nZ)‘
Therefore,

1 1 < 2 1
—E|— i — %% ] = 0O(—==). 35
WG (Mgnxl X113/ )> (5) (35)
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Next, for EC%, we have

2
Ec} < —IE <Z 93, F(")(af — x%)(a? — 2%) (& — (x*)c)>
d® max 83b F(x*)?

abc ¢ (n 2 * ?
<—= B Ixi — x| — x*|
— 4
4n Py

d® max 83b F(x*)? ,
abc 4 2 21 %112
> Elxi — x| [xj — % [1x — x*||

- 4n* £
ij=1
dB mbax 8(1ch( ) n 1 1 1
a,b,c _ 3 _ 3 - 3
= ) (BIx—x1°) (Elx — x1°) (EI% —x*[°)
ij=1
d® max (‘3,',‘;(F(x>")2
S nZO(l)
N 4n* n
1
= 0(=5), (36)
n

where the fourth to the fifth line is given by Lemma 6. Similarly, we can obtain Ec% = O( n—14).
And by Lemma 7 and similar derivations, we can obtain Eci = O(n%). For c3, the Taylor
expansion 62 gives

1 n
lesl = | = Zam )i = Faf — &) =) + 500 Ik =Xl — %I°)
i=1

dsmaxdab [FX*)| n

< —Zuxl—xu%—OZHx—x llix; — x|1%).

Taking square and by Lemma 6, we have Ecg = O(n%;). Therefore, considering (|c1| +
lea| + le3| + |eal)? < 4(0% + c% + 052, + cZ), back to (34) we have

1
Ee* < m”‘: (Z llx; — x||H(x*)> +0(—3). (37)
Next, by x; — x = (x; — x*) + (x* — X) we obtain
i = X 7y = 1% = X* ey + 206 = X)) THF) (K = x*) + 1% = X3

Note that the terms with powers of ||x — x*|| become small quantities (no bigger than

O(\/L;l)) after taking expectation, we have

2
1 - 1
4n4 (Z i = x”H(x*)) :_4,,4”3(2 ”xi_x*”}ZLI(x*)) +0(—35).
i=1

Thus,

2
n
1
—E (Z lIx; — X*”?{(x*)) +0(—3)
i=1

19
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Further notice that

1

n 2 n
1
2 2 2
il (Z Ix; — x*nH(x*)) = 27 D Bl = X e 1% — X W)
i=1 ij=1

1 n
= o 2 Bllxe = X e BN — X )
ij=1

1 < 2
27 2 (Bl =X ey = (Bl =X [ye)°)
i=1

1 *12 2 1
= W(EHX —X ||H(x*)) + O(ﬁ)‘

Finally, since E|x — x* ||%{(x*) = Tr(MH (x*)), we have the following estimate for E¢?:

o Tr(MaH(x*))? 1 o2 1
2 _ 9
6.2.2 Estimate of E§2
For E$2, first notice that
1 & ’ 1 & 1
Es? =E <E,~(F(i) - % /;F(ik)> = EVarg (E ];F(Xk)) = EEVar;‘(P()”())

1 1
- I?IEIE;((F(X) —EF (%)’ < ]?IEIE;((F(X) —F(x)’ = CEEE) — FX))%

Hence, taking the Taylor expansion for F(X) at X, the last term above gives
B2 < | VFEE)T(x — %)+ lux — %1%
~ Cgn 2 H(x)
13 S\ (a4 —ay(=b =by(=c -C o -4 >
+ gauch(X)(x — &) —&7) @& —x°) 4+ O(lIx — x||*)
_ 1 T (e < v H Y % 1219 _ %
= o EAVECDT (& = %) + O(x —x7[lIx — x[I) + O(JI% — x| 7% — x|)
KN
1
+ O(I% = X*IPI% = %) + S 1% = X[y + OCI% = X" 11X = %)

2
+O(Ix — x*[*[1% — x]1) + év3F<x*)[i —x] + O(|Ix — x*||[Ix — x|1*) + O(I% — xu‘*))
- b (]E(VF(X*)T(:'( - x))2 + hot(|[x — X[, |x — x* ||;3)) . (39)
Ckn
where the second equality follows from the Taylor expansions of VF (%), H(x), and V3F(x)

at x*. The highest-order terms in hot(||x — x|, ||[x — x*||; 3) have order 8. Therefore, by
Lemma 6 and 7, we have Ehot(||x — x|, || X — x*||;3) = O(-%z), and thus,

1 2 1 1 1
2 T (s < _ < -2
Es =< CKVIE(VF(X*) (X - X)) + O(ﬁ) - C[(VIE”x - x”VF(x*)VF(x*)T + O(ﬁ)'
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Next, by Lemma 2, we have

1 n
c o2 — 2 : F—x|2
BIX = X119 peyvroeyr = 355 22 1% = XUy paeyvpeenr
i=1

1 2112
;E”xl - x”VF(x*)VF(x*)T

1 - 1
;]E”Xl —X ”VF(X*)VF(X*)T + O(ﬁ) (40)

Hence, E82 can be bounded by:

Es? <

E(VFxH)T (x —x*)” + O(%) =2 5 + O(%). (41)

C[(I’l

6.2.3 Estimate of E(F (%) — F(x*))c

Taking Taylor expansion for F, we have
1
E(F(X) — F(x*)¢ = E(VF(x*)T(x =)+ S I% = X e

1 5 03, FC) (& — (¢ (& — (¢")") & — (")) + O(lIx — x*[|*))e

= EVF(x*)"(x — x* )C+E—|IX—X 7)€ + EO(I% — x*[|*)842)

We will estimate the three terms above using the estimate (33) for ¢.
For the first term on the right-hand side of (42), there exists a constant C, such that

_ ] . 1< .
EVFx*)T (x — x*)¢ = EVF(x*)T (x — x*) (—M Zl lIx; = X[17 ) + €1 + Olca) + 3 + 0(64)>
p

1 n
< 5 FEVFO) (R = x) 3 Ixi = Ko + EVEG)T (& —xV)er
i=1

+ CIVEM)IEN% — x*[[(Je2] + leal + leal). (43)

We first consider the first term on the right-hand side of (43). For convenience, let
z; = X; — x*,and Z = x — x*. Then, we have Ez; = 0, and

EVF(x*)T (& —x*) ) (x =) THX*)(x; —X) = EVF(x*) 2 ) "(z; — 2)"H(x")(z; — 2).

i=1 i=1
For the right-hand side, we have

EVF(x Z — 2)TH(x")(z; — 2)
=EVF(x (Z zl H(x*)z; — nzTH(x*)z)
=EVF(x Zz, ZZTH —nEVF(x*)Tz . zTH(x*)z

:% Z EVF(X*)TziijH(x*)zj —nEVF(x*)Tz - 2T H(x*)z. (44)
ij=1
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For the first term above, because of the independence of zy, ..., z,, and Ez; = 0, we have

1 — 1<
- Z EVF(x*) zizl H(x*)z; = = ZEVF(X*)Tziz.TH(x*)zi
n / ! T n :

ij=1 =

=EVF(x*)T z1z; TH(x*)z1

For the second term in (44), by Lemma 6 we have

1
[WEVF(x*)"z - 2" H(x*)z| < n||F(x*)| AmaxE[I% — x*|?> = O(T)' (46)
n
Combining (45) and (46) gives
1
_Z_EVF( ) Z I = %y < = Z O(—3) (47)

i=1

Next, we consider the second term on the right-hand side of (43). Using the same z
notations as above, we have

EVF(x*)T(x — x*)e; = ——EVF *)TzZa?’bc (x*)(zf — 2922 — 2b)z°.
i=1

For the right-hand side, we have

—EVFx*)7z Z 392, F(x*) (28 — 2%)(2f — 2%)z°
i=1

= -—EVF(x")Tz Z 93, F(x*)zfzbz¢ + nEVF(x*) 283, F(x*)z2b%¢

i=1

abc
1 n
== Z IEVF(x*)Tzl(BabCF( )z“zbz,i) + nEhot(z; 4)
Bik=1

_— % > EVFE) (0, F0)zf27) + O ), (48)
ijk=1
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By the independence of z; and Ez; = 0, we obtain

Z EVF(x*)Tz;(83, F(x )z ]" )
z]k 1

= ZEVF(X*)Tzl(aabCF(x*)Z” bz
5j=1

Z(]EZTVF( “)z;)T (Eaach(x) z)
ij=1

1 n
+ ﬁ Z (EVF(X*)TZI ach(x*)ZazbZC - (EziTVF(X*)Zz) (]Eaach(X*)Zzbzic>

=EzI VF(x*)z)T (Ed3

abc

F(x*)z%z°) + O(%)

=(VFx*)TMy)(3

abc

Flx*)(M2)"™) + O(%)

—ou+0(0). (49)
n

Therefore, we have

o4 1

EVEx*)T (x — x*)¢; = —5a T o%). (50)

For the third term in (43), recall that Ec2 = O( ) Ec3 O( —), and EC4 = O( 1), by
Holder’s inequality we have

1
Ellx — x*[|(lca| + les| + lcal) = O(ﬁ)' (51)

Combining (47), (50), and (51), we have

o3 + 0y 1

EVEx*)T (x —x*)e < — P O(—=). (52)
n n

2.5

For the second term on the right-hand side of (42), there exists a constant C, such that

4

Y el

i=1

1 1 - 1
Eo 1% = X" Iy e@ < = 25 BIK =X ) D I = X7y + B ‘5 1% = X*[17er)
i=1

1 - 1
= = 2 BI% = X ) D % = Kl + O3, (53)

i=1

where the estimate of E||X —x*|| ¢+ (Ic1| 4 ca| 4 |3 + [c4 ) follows similarly the estimate

n
of #E Zl Ix; — )'(||f{(x*)(|c1| + |ca| + |es| + |cal) when we deal with E¢2. For the first term
=

19
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on the right-hand side of (53), we have

E(x — x*)TH") (& —x*) Y (o — %)THE")(x; — %)

P
=E(x — x*)TH(x*)(x — x*) iz:;(x,« —x*)THx*)(x; — x*) + O(%)

== Wi_l E(x; — x*)TH)(05 — X0k — x)THE) (xe — x7) + 0(%)
:% L-,ké E(x; — x*)TH)(xi — x) 0 — x*)TH) (x4 — x*) + O(%)
L él Etxi — x)THx") i — xEGe — x°)TH ) o — x) + O(%>
=0 + O(%)‘

Note that from the fourth to the fifth line, we are moving terms with i = k into the O(ﬁ)

term, and adding niz (E(xi —xTHXY(x; — x*))2 terms, which are also no bigger than
O(ﬁ). Hence, back to (53) we have

0.

1 - *12 - 22
EEHX — X | = T + (m) (54)

For the third term on the right-hand side of (42), recall that E¢? = O(nlz), we have

1
Elx — x*|I’¢ < \/E|x — x*||°Ec2 = O(ﬁ), (55)

Finally, combining (52), (54) and (55), we have

2
E(F(X) — Fx")e < ——= —

6.2.4 Putting together
Finally, putting the estimates (38), (41), (56) together, we have

2 2
2 B Ky a 0y o1 0y o3 04 1
EE 2@ = FON = 4 ¥ Gop "o w2 2 T 06
1{ o} o 1
=—=|—-—=+——03— O(—=). 57
) ( 4 + Cx o3 O'4> + (n2‘5) (57)

By the condition (11), the coefficient for n% is negative. Hence, when # is sufficiently large,

we have
E@? + 2(F(x) — F(x*))¢) < 0. (58)

This completes the proof.
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6.3 Lemmas
In this section, we provide and prove several lemmas used in the proof above. These
lemmas may also be used in the proof of Theorem 3.

The first lemma gives Taylor expansions for F and its derivatives based on Assumption 2.
The results are standard in calculus. Hence, we ignore the proof.

Lemma 1 LetF : R? — R be a function satisfying Assumption 2. Then, for anyx,y € R,
we have the following Taylor expansions for F and its derivatives:

Fiy) = FO) + VE)T (=) + 50 =) VEQ — %)

+ éai’ch(x)(y“ — )" = x")0F — ) + Ollly — xII*), (59)

VF(y) = VF(x) + VZFX)(y — x) + %aﬁch(x)(yb —x)(5° — %) + O(lly — x*X60)
V2F(y) = V(%) + 03, F)0F — ) + O(lly — xII?), (61)
V3F(y) = V3F(x) + O(|ly — xI|) (62)

The next two lemmas deal with the expectation of quadratic forms and third-order

monomials over the choice of x.

Lemma 2 Let v be the uniform distribution on n points X1, X3, ..., X, € RY, and x =

% " 1xi = E\x. Let X be the empirical mean of m samples i.i.d. sampled from v, ie.,

jid

x=15" %% < v. Let A € R4 be an arbitrary matrix. Then,

1 n

E,& - %) AR - %) = — > (x; —%)TA(x; — X).
nm 4
i=1

Proof We ignore the subscript v in the expectation. Obviously, we have Ex = x and
[Ex; = x. Hence,

Ex —%)TA(x —%) = % > E® —%)TA® — %)
ij=1
= % D EE - AR - %)+ Y E®& —%)TA® —%)

i=1 i

1 m
=— ZE(&» —%)TA®% — %)
i=1

11
=—- > (xi —%)TARx; — X).
i=1

O

Lemma 3 Let v be the uniform distribution on n points X1,X, .., X, € RY, and x =

%Z?:l x; = Eyx. Let X be the empirical mean of m samples i.i.d. sampled by v, i.e.,

-
X = % X X v, Let T e R¥*4xd po gy arbitrary d x d x d tensor. Then,
1 n
By Tape(®* — &%) (& — &)& — &) = —= Y Tapelaf — &) () — 2°)(xf — &°).

me
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Proof The proof is similar to that of Lemma 2. Still ignore the subscript v in the expecta-
tion. We have

1 & 1 & 1 &
ca _ zavizh _ abyze _ sy _ sa - b b o -
ET e (3 — 2) (& — #°) (& — 1) = ET (m Zx;’ _xﬂ) (m in —i ) (m fo .

O

The next lemma deals with the residual term Eg % — x||® of ¢.
Lemma 4 Let v be the uniform distribution on n points X1, X3, ..., X, € RY, and x =
% " 1xi = E,x. Let X be the empirical mean of n samples i.i.d. sampled by v, ie.,

) _ . iid
x=1%" % % ~ v. Then,

1 3
) i 1 n i n i 2 \/g n i 2
Eyflx - x|* < — (Z I — %01* ) lIx; —x||4) + 5 [ 2 i —xI?
i=1 i=1 i=1

Proof We ignore the subscript v in the expectation. By Cauchy-Schwartz inequality, we
have

Elx - x|® < VEIx — x|2E[I% — x]|* (63)

For E, ||x — x||?, by Lemma 2, we have
1 n
Ellx — x| = — Z IIx; — X% (64)

For E, ||x — x||%, noting the independency of {X;}, we expand the expression and drop the
zero terms, and obtain

1 n
Bk —x|I* = — > B -9 & -0 -0 & - %)
ijkl=1

(Zﬂﬂx,xn + ) El% — x| %) — x| +2ZIE( i —%)7( x))z)

i# i#
PR Y
< SE - %1+ o (Bl% - x)P)
n n

n n 2
1 3
= ) k=%t (Z Ix; — x”z) , 65)
i=1 i=1
Substituting (64) and (65) into (63) and using the result va + b < /a + /b complete the
proof. q

The next two lemmas estimate the moments of x — x*, x — x and x — x*. The first one

is a general result for moments of the average of i.i.d random variables.
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Lemma 5 Let X be a random variable taking values on R, and X1, X», ..., X, are i.i.d copies
of X. Let X = %(Xl + Xy + - - + Xp). Let k be a positive integer. Assume EX = 0, and X
has up to 2k-th order finite moments. Then, for any | < 2k, we have E|X|! = O(nl—l/z).

Proof We first show the results for even /. Consider the set

P
S=(rLry.nrp)in=rn>.>r>0 Zri =
i=1
Let |S;| be the number of elements in S;. Then, |S;| is a number that depends only on /.
When [ is an even number, we have

1 1
l T,
EXI' = SEX .4 X) = —E| 3 C Z XXX | (66)
(r1earp)eS 11,,..,Lp_1
iy

The right-hand side of (66) is the multinomial expansion of (X; + ... + X,,)!, organized
according to the powers of different X;’s in each term, and Cy,,.,,) are positive integers

related with multinomial coefficients. Cyy,, ., depends on / and ry, ..., rp, but is indepen-

,,,,,

dent with 7. Since EX = 0, the expectation of Xl.rlle2 X : is nonzero only when there
is no r; that equals to 1. Hence, (66) equals to

n

1 r

= > Copry D E(XX? ... X)) | (67)
(r1ewrp)€S iLemip=1
rp>2 i1#..Fip

Because X, ..., X;, are independent, we have IE( rerz .. .X.r”) = 5;1 ]EX;’ By the finite

Ip
moment assumption of X, we can find a constant C such that |[EX/| < C holds for any
1 <j < 2k. Then, we have

n

1 1 vy y 1
2 o X e T o X @
(r1yentp)€S i1yenip= (rientp)€S i1emip=1

rp=2 i1 £y rp=2 i1y

Moreover, since r; > ra > ... > rp > 2, we have p < [/2, and hence

1 o1 ¢t ISiimaxCy,, ) C!
g L G X Csn T Cugcs

(G rp)ES i10enip=1 1y rp)ES

rp>2 i1 iy p>2

This completes the proof for even /.
For odd /, note that 2k > [ 4 1. The result follows by a Cauchy—Schwartz inequality:

EIX|" < EX[HIEX|-1.
O
Lemma 6 Let v be a probability distribution on R? that satisfies Assumption 1, and

X, X1, X2, ..., X, be i.i.d samples from p. Let x* = E, X, and x = % Y1 xi. Then, for any
positive integer k < 8, we have

Elx —x*|* = 0(1), E|x; —x|*=0(1), Elx—x*|*= O(k/2
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Proof The first result is given by Assumption 1. The third result is a direct corollary of
Lemma 5. The second result follows the triangle inequality:

=11k . k k k . K
Ixi — %) < (Ix —x*| 4+ 1% —x*]1)" < 2%(lIx — x*[* + [|x —x*|*).

Finally, we study E||X — x|| using similar approaches.

Lemma 7 Let 1 be a probability distribution on R? that satisfies Assumption 1, and v is
the uniform distribution on [n). Consider X, X1, X, ..., X, i.i.d sampled from u, and k, ..., ky,
i.id sampled fromv. Letx = 2 3" x; andx = 1 3" x.. Then, for any positive integer
k < 8, we have

1

< -k _
Elx — %I = O~

))

where the expectation is taken on both p and v.

Proof Following the proof of Lemma 5, fixing Xj, ..., X, for even number / < 8 we have

n

o -l 1 17 2 ST
Efg—xl'<— | 30 Cony 2 Bulixe, —XI"Eylxg, —XI™ . Eylixg, — I
(F1,m0rp)€S i1yemip=1
rp>2 i1 Fip

n p n
=% > Covry D H(%Z\lmfxn’/) : (68)

(F1yetp)€S i1enip=1j=1 i=1
rp>2 i1 iy

When we consider the sampling of x3, ..., X,;, we need to take an expectation of (68) over
{x;}. For each term in the sums in (68), we have

p

1< 1 P ,
B JTC Y Ixi—x17)=— 30 B[ lxg -1
i=1 j=1

j=1 /(1,.._,/<p=l

r

1 & £ Ul
w2 [T =)
Kiyekp=1 j=1
1 & P
pr Z HO(I)
Kiyekp=1 j=1

0(1),

IA

where the first to the second line is given by the Holder’s inequality and the second to the
third line is given by Lemma 6. Substituting the estimate above to (63), we have that there
exists a constant C independent with #, such that

n

1 1
Elg-xl's =1 3 Cory D C|=0)

(rl,..,,rp)€S i10enip=1
22 o

For odd /, we can show the result similar to the proof of Lemma 5 using the Cauchy—
Schwartz inequality. ]
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7 Proof of Theorem 3
7.1 Additional notations
In this section, we will expand our use of the hot notations. We use hotx to denote higher-
order terms with coefficients depending on F(x) or derivatives of F evaluated at x. For

example,
(VF®)T (x — )‘())2 + F(x)|Ix — X“%{(i)

can be represented by hotg (X — X;2). By Lemma 1, F(X), VF(x), V2F(x) and V3F(x) can
be represented by hot(x — x*;0). (Note that the Taylor expansion coefficients depend
on x*, which is treated as a constant.) Hence, any hotx(f, . . ., fx; ¥) can be represented
by hot(f1, . . ., fi X — x*; r). Moreover, we use hotg, to denote higher-order terms that
expectations with respect to X are taken for some parts. For example,

VE(H)T (& — x*)Ex 1% — %2000,

can be represented by hotg, (X — x* X — X; 3). Using the Holder’s inequality and Jensen’s
inequality, it is easy to show that the Ex does not change the order of the expectation of
the higher-order terms. For any r > 0, we have

1
()

Ehotg, (x — x* %X —%;7) = O
7.2 Main proof

We take a similar path as the proof of Theorem 2. Specifically, in this section we consider
another ¢ defined as ¢ = (8§ — 1)F(X); then, we have

EGF(x) — F(x*))? = E(F(x) + & — F(x*))?,

which gives the same form as the shifting debiasing, but with a different debiasing quantity.
To prove the theorem, we still show E¢? + 2¢(F(x) — F(x*)) < 0.

We first decompose ¢ to separate the effect of the sampling of {x;} and the sampling of
{Xr}. Recall that

_ FROYI F() _ FRg 2ie F&)

YK | F(%)? * e F(%)?
Define 5§ = %, ¢ = (5§ — 1)F(x), and
1 K 1 K
s1= 2 D F(w) ~ExFR), 2= 2 ) F(&)° ~ ExF(X)” (69)
k=1 k=1

Then, we have

F(%)*(s1ExF(%)? — s ExF (%))
(ExF(X)? + s2)ExF (X)?
F(x)*(s1ExF(X)? — 2B F (X)) F(X)*(s1ExF(%)* — s2EgF(X))s2

=t (ExER)2)? T T ERF®? + 5)BRER)2)?

t=c+B—-3Fx)=¢

Denote
_ F(®)?*(s1ExF(%)* — s2ExF (%)) _ F®)?(s1ExF(X)* — s5ExF(X))s2
b (E<F (X)2)? ©P T T (B F(X)? + s2)(ExF(%)2)?

Page 31 of 42
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Then, we can write ¢ = ¢+ 681 + 5. Since Egs; = Exso = 0, we know Ezé; = 0, and hence,
E (¢2 + 87 + 83 + 228, + 2253 + 2615,
+ 2¢(F(x) — F(x*) + 281 (F(x) —

Eé? + 28(F(x) — F(x*)) =

F(x*) + 28,(F(%) — F(x*))
=E (2% + 87 + 85 + 288, + 261585 + 28(F(%) —

F(x*) + 282(F (%)
Next, we estimate the terms in (70)

x"))(70)
7.2.1 Estimate of E§2

By Assumption 4, F has a positive lower bound B. Hence, we have ExF(x)? > B2 and
1 X
<12 _ L ) 2
ExF(0)? +5 = ;ka) > B2

Substituting the lower bounds into ,, we have

F(x)?
62 = —=

. . F(X)*ExF(X)? F(X)2ExF (%)
|(s1ExF(%)? — s2EF(X))s2| < Bz [s1s2] + Bsx |s31.
Therefore, by the Holder’s inequality and the Jensen’s inequality,
2
E8} < 25 (EIF @) (ExF(®))sts3] + EIF (0)*(ExF(5)’s3])

<= ((EF(x)u)é(EF(") 2)3 (Bs12Esl?)* + (EF®)!)5 (EF)'?)

é(Eslo)g).
For the s1, 52 terms, by Lemma 10, we have
1 2 1 1
121 12 10\5 _
(Esl Es, ) O(K2n2) O(F)’ and (Es2 )5 = O(

xan2) = OGa)
For the EF(x)'2, EF(x)!0, EF(x)'?, and EF(x)'° terms, by Lemma 11, they are all O(1)
Therefore, we have the following estimate for 262

1
E§2 = O(—).
2 (}14)

(71)
7.2.2 Estimate of E§16;
Similar to the estimate of 85, we have

F(x)*ExF (x)? F(x)*ExF (%)
161 < il g2l
Therefore, together with the estimate of 3, we have

IE8182] < —= (E[P(x)‘*(E F(%)%)2s}]s2]] + 2E[F(%)*(ExF (%)% (ExF (X)) |51 s3]
+E[F(x) H(ExF (%))%[s2/?])
= 215 (EFG™)TEFEM) T Elsi) T (Els, M)
+ 2(EF (X)) DEF(X)10) 10 (s 1) 10 (E|sy| %) T0
+ (EF(®)° )91EF( ) >%(1E|sz|9>§)
(= ) + O( =)+ o<—>
= O(ﬁ ) (72)
In the derivations above, we use Lemma 10 and the fact that EF (x)l

= 0(1),EF(x) = O(1)
for [/ > 0 (Lemma 11).
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7.2.3 Estimate of E§;(F(x) — F(x*))
By the Holder’s inequality and the result in Sect.7.2.1, we have

IESy(F(X) — F(x*))| < /ESFE(F(X) — F(x*))?

TWVEFER) — F(x).

For E(F(x) — F(x*))?, by the Taylor expansion and Lemma 8 we have

2
E(F(x) - Fx*)? = E <VF(x*)T<x —x*)+ %nx = X*[| e + évﬁ(x*)[x —x*]+ O(l|x — x*ll‘*))
= E(hot(x - x*[2))

= o(3).
n

Therefore,

1
E§y(F(x) — F(x¥)) = O(m)'
7.2.4 Estimate of E§2
Note that
), F®*
P (ExF(x)2)1
We first simplify the problem by noticing that F(x) and F(X) are both close to F(x*).
Specifically, let

(1B F (%) — soFxF(%))%.

(s1EF(%)? — 5B F()), B =67 —a.

o= o

Then,

FR)*F(x*)* — (ExF(%)*)*
(ExF (%))*F (x*)*

By the lower bound of F and the Holder’s inequality, we have

B = (1B F ()2 — soFxF(%))%. (74)

EIBl < 25 \/ E (FR)*F(x*)* — (BExF(R)2)4)’ E (1B F(X)2 — spExF(%))*. (75)
For the term in (75) with s; and sy, note that this term contains fourth-order monomials
of 51 and sy. Similar to the analysis in Sect.7.2.1, we know this term has order O(n%). For
the other term, by Jensen’s inequality, we have
< E (FR*F(x*)* — BeF(%)8)°

18\ 2

]E( ( 4F *)4 ( )8))

) 18\ 2
E ( F&)*F(x*)* — F(x) )

E (FR'F)! — ExFR)HY) <

IA

For the term on the last line, a Taylor expansion at x* gives

E (FG)*(F) + hot(x — x5 1)) — (F() + hot(x — x; 1))8)2
=E(hot(x — x*1) + hot(x — x*; 1))
<E(hot(|x — x*|, X — x*[;2))

=0(-).
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Therefore, we have

E (FE'E) - ExFE)') = 00),

and back to (75) we have E|8| = O(#), and hence
E$? = Ea + O(L
1= n25”

Next, we study E«. By the definition of s; and s7, using the theorem of total expectation,

we have
1 K
E(s1ExF(x)* — SQIE,—(F(X))Z = EVarg (1? Z (F(%¢)ExF (%)* — F(ik)ZIExF(i))>
k=1
- I%EEX (FR)EsF(X)? — F(%)?E<F(X))’
-1l (FREsF(X)? — F(%)2E<F(X))’. (76)
CKVI

Taylor expansion of F(X) at x gives

F(%) = F(x) + VEX)T (% — %) + hotg(x — x;2),
F(%)? = F(x)? + 2F®)VF®)T (% — X) + hotg (X — X;2).

Here, the higher-order terms notation hotz means these terms depends on the derivatives
of F at x. We note that a Taylor expansion of these derivatives at x* will replace the
dependency on VF(x), H(x) and VF(x) by powers of x — x*. It will not lower the order of
the terms. Hence, the higher-order terms can be written as hot(X — X, X — x*; 2). Plugging
the Taylor expansions into (76), since E¢(X — X) = 0, we obtain

FR)EF(®)? = F(x)® + F(®)*VF®T (% — %) + F(%)*hot(x — %, X — x*;2)
n (F(x) + VP®)T (% — %) + hotg (X — % % — x%; 2)) Eghotg(X — %, % — x*;2)
= F(x)® + Fx)’VFX)T (% — %) + hotg, (X — %, x — x*;2), (77)
where hotg, denotes higher-order terms in which expectations over x are taken for some
terms. Similarly, we have
F(R)*ExF(X) = F(%)® + 2F(%)*VF(x)T (X — %) + hotg, (X — X, X — x*; 2). (78)
Combining (77) and (78), (76) becomes

Ly (FGPVFET (& = %) + hots, (% — % X — X" 2))2
C](l’l
zém (F(x)va(x)T(x - x))2 - %Ehot& (& — %, X — x*;3)
=LEF(X)4(VF(5()T(5( — %)%+ O(%). (79)
C](n n-

Expanding F(x) and VF(x) at x*, similar to arguments Equation (77), we have

EF(®)* (VE®)(X — X))> = EF(x*)* (VF(x*)(% — %))* + E(hot(% — % X — x*;3))
2 1

= EF(x*)* (VF(x*)(x — %))" + O(—3)



C. Ma, L. Ying Res Math Sci (2025)12:19 Page 35 of 42

Moreover, by the analysis (40) in Sect. 6.2.2, we have

1 1 o 1
E (VF(*)(& - X))* = — V") MyVE(x) + O(—%) = — + O(—)-
n nl nt
Back to (76), we have
1 N ) o w2 F(x%)%o 1
Hence, for «, we have
o1 1
Ea = Cor? + O(ﬁ)’

and for 8% we have the same estimate

01

2 _
Es7 = Cor? + (ﬁ)'

(80)
7.2.5 Estimate of E¢?2

To estimate E¢2, we first study ¢. Recall that

F(x)*EF(x)

t=G—1)FE) = FG)

F(x).

To simplify notations, we use F, E1, E; to represent F(x), ExF(x), and ExF(x)?> when no
confusion is caused. Our intuition is that E; is close to F and Ej is close to F2. Hence, we
will try to expand F(x) and F(x)? at x. First, applying the identity 1+La =1l—-a+ % for

a:%—l,wehave
. K
C=E_2_F
F2
E> 2
Ep (ﬁ_l)
=E 1_(ﬁ_l)+ 5 -r
1:2
Ey _, E\(Ey — F%)?
=(E; - F —(F* — E _ 81
(B = )+ (B = Ba) + = (81)

We will estimate the three terms in (81). We start from the first and the second terms.
For the first term E; — F, expanding F(X) at X gives

1 1
Ey = F = Ex X = Xl + Bx 03, FRE — &%) — &) — &) + E<O(I1% — x|I*). (82)

For the second term in (81), we first expand E1 and F? — E,. For Eq, similar to (82) we

have
1 1
Er = F(®) + Ex X = Xlfyq) + By 03, FOGE — 39" - 3G -5 + EO(Ix — x| (83)

For E,, we have

Ey = Fx (F(i() + VFR)T (x — %) + %nx — %l + 193, PG — 29@ — )@ — #9)

6 abc
2
+O(lIx — fc|4>)
— F(R)? + By 1% — %2 R P03, PR — 2@ — ) — 5
= X (FROHE+VEQVERT) T X3 2be

+ExVF()" (% — %)% — X[l3;5) + Exhotg (% — %;4). (84)
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We still replace hotg (X — x;4) by hot(X — X, X — x*; 4). Combining (83) and (84), we have

Ei(Ey — F?)

1
= (F(fc) + Ex 1% — Xl + Ex 193, FR)(E — £ — )@ — 5) + BxO(I% — xn‘*))

1
x (Exﬂi — X+ vr@vemT) T Bxg OO FERGE" — 3G — &)@ - i)
+ExVF®)T (% — %)% — X7 + Exhot(x — %, x — x*; 4))

=EgF()[|% — FR)E — &) &> — 223 - 59)

x” FOHE+VFRVFRT) T Ex F(x)%) abc

+ExF(R)VF®)T (% — X)|Ix — xllH(x) + hot]Ei(x — X, X — x%;4).

Therefore,
EL P By = —Eqix— %) CExt9?, FR)GE — 2@ — 23 — &)
F? (H( ”W) %3 Qabe
- x%(x — %)% — X35 + hote, (X — %, X — x*;4). (85)
Combining (82) and (85), we have
(Br—F) + 3 — B = —%Einx gL/

—Ex~ 6 ach(x)(x —% )(xb ?_Cb)(fec —J_CC)
T
< Vll::((::)) & —x)|x — 5(||f.[(,-() + hotg, (X — %, X — x*; 4).

Let A(x) = H(x) + %. By Lemma 2 and 3, we have

Ey 3 )
(Er = F) + 5 (F* — Fa) = — Zan M — o 3Z%F(x xf — 2l — &) — &)

VFx)T
- Z oo Rl - X/ + hoti (X — %, % — x*;4). (86)

Let

e ey L VE®T )
Zaﬂbﬂx (o — 2 wh — &) — &) — 5; F(;‘) (i = X)lIxi — X175y

¢y be the higher-order terms in (86), and ¢3 = i Then, we have

1 n
¢=—55 ) Ik —%lig +at+eto
i=1

then

n
Alsoletcy = Lz Z Ix; — X”i(x*)—A(X)’

1 n
c= Y Z lIx; — 5(||,%1(x*) +c e+ c3+ca (87)
i-1
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Next, we come to estimate E¢? using the decomposition (87). Similar to (34), we have

2
1 n
_2 -2 2
Ee? < —E (; ||xi—x||A(x*)) +E(lc1] + leal + les| + eal)

1

2
1 o2 Vn 2
e (m ; lIx; — x||A(x*)) + 5Bt + leal + les| + leaD” (88)

Since A(x*) is a fixed matrix, it is easy to show that

2
1 1 & 1 1 1
—E(— — %[ ] = —=0(=) = O(—=).

For cj, except the ,%3 factors, it consists the sum of 2# terms. All terms and their products
are O(1) after taking expectation. (This can be shown rigorously by taking Taylor expan-
sions of F(x), VF(x), H(X) and V3F(x) at x* and applying Lemma 8 and 9.) Therefore,
Ec% = %O(MZ) = O(n%). For the higher-order terms ¢, by Lemma 8 and 9, we easily have
Ec; = O(%).

For c3, by the lower bound of F, we have

1 1
Ec3 < EEE%(EZ -t < E\/E]r-*(,~()4]E(E2 —F2)8,

By Lemma 11, EF(%)* = O(1). By (84), the leading term of E; — F? is a second-order term.
Hence, the leading term of (E; — F2)® has order 16, which gives E(E, — F2)® = O(%).
Totally, we have Ec3 = O(n%). For ¢4, by a Taylor expansion of A(x) at x*, we have

2((x —x)TH)VExH)T + VE&*)H (X)X — x*))
AR) — AR = 85, FOX)E — (%)) +
F(x*)
2VE(x*)VF(x*)T
- F(x*)2

VE()(x —x*) + O(lI% — x*|?). (89)
Note that the leading term of A(x) — A(x*) is the X — x* term, which gives
1
EJIA) — AC)|* = O().

Hence,

2
1 “ 1 1 1
Ecj < 7=E (Z Il — x* I A%) —A(x*)n) = o7 10() = 0(—).
i=1

Finally, back to (88), we have

1 n 2 1 1 2 1
_2 -2 2
B = gt (Z Ixi - x||A<x*>> +0(55) = g (BIx =X i)+ 0639)
i=1
Tr(A(X*)M,)> 1 1 201 \* 1
™ + (n2‘5 ) o9 + Fixr) + (n2.5) (90)

7.2.6 Estimate of ECé;
The Holder’s inequality and the estimates (71) and (90) give

1
Eesy < /Ec2Es2 = O(F), (91)

19
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7.2.7 Estimate of E¢(F(x) — F(x*))
We take the same technique as in the proof of Theorem 2. Specifically, a Taylor expansion
of F(x) at x* gives

1
Ee(F(X) — F(") = EVF(")" (% = x)2 + E_ 1% = X[ + EO(I% = x*[*)e
= EVER)T (% X0 + B I = X e + Ol (92)
= X X—X 5 X—X H(x*) n2'5 .

Recall that when estimating E¢? we have the decomposition (87) ¢:

1

n
By Dl = X[y F 1+ a3+ ca

i=1

c=—
and EC% = O(n%), EC% = O(n%), Ecg = O(n%), Ecﬁ = O(n%), we have

1 n
EVF(x*)T(x — x*)e = — ﬁ]EVF(x*)T(X =x) > lxi = %[5 ) + EVEE)T (% — x)ea
i=1
+EVFx*)T (% — x*)(c1 + c2 + c3)

1 n
< 5 FBVFO)T (R = x) Y xi = Xl ) + EVF) (% = x")es
i=1

+ IVEGH)IVE[X — x*2E(c; + ¢ + ¢3)2

1 - 1
=~ 5 EVEC) & =x") Y lIxi = Xl o) + EVFO)T (% = x"es + O(—5),
i=1

(93)
and
B — X2 = — —5 Ell% — x| Z Ixi = %12 ey + ElI% — X2 24) i
2 H&xC = 0 Hx*) i~ Xllae) T 5 H) L2,
i=1 i=1
1 n
< = 2 BIR = X e D I = XM ey
i=1
1
+ S IHO)IVEIR = x*[#E(er + 2 + 5 + ca)?
1 < *12 - w112 1
= = 2 BI% = X Wy 2 %0 = %I ey + O3 (94)
i=1
Substituting (93) and (94) into (92), we have
-, - * 1 T (o * . -2 T (o *
E¢(F(x) — F(x*)) = —ﬁEVF(x )Y (x—x )Z |Ix; — xHA(x*) + EVF(x*")" (x —x™)cy
i=1
1 - * 12 . <112 1
= 5z BIR = X e D I = XM ey + OC5). (95)

i=1

For the first and the third terms in (95), note that H(x*) and A(x*) are fixed matrices.
Following the proof in Sect. 6.2.3, we have

1 o - o 1 b 1
~ g EVF =X Y I =Xy = =55 8P OOAR M) + O )

1 20} 1
=53 (Us + F(Zi)> + O(ﬁ)’ (96)
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and
1 ) " o Tr(MyH (x*)) Tr(MyA(x*)) 1
—m]E”X - X*”H(x*) Z lIx; — X”A(x*) = - 4712 + O(ﬁ)
i=1
1 5 20107 1
=T 2 <02 + F(x*)) + O(m)' (97)

For the second term in (95), we define a tensor B(x*) € R4*@xd a5

o 404F(x*)02 F(x*)  205F (x¥)0pF (x*)dcF (x*)
abc( )_abc( )+ F( ) F(x*)2

Then, by the Taylor expansion for A (89), we have
A(X) — AX") = Bape(x)(E — (*)°) + O(I% —x*|1*)

Therefore, c4 can be written as

1 n
o= nz ZBabc )of =2 — A — 6N+ o5 Yl = xIPO(I% - X" I),
i=1

i=1
and we have

EVExH)T (x — x*)ca = 21142 (x*)(x — x* ZBahc )& — & )(xh —#)@Ee *)€) + O( 7_,(98)

Note that B(x*) is a fixed tensor. Repeating the analysis that gives (50) with B(x*) replacing
V3F(x*), we have

EVE()T (% — X*)eq < — — 9aF () (M) B poa (M) + O<%>

2n?
1 40109 20'12 1
"2 ("4 T Ee) T Fep ) T8 ©9

Finally, substituting (96), (97), and (99) into (95), we have

1 40 10 40? 1
E¢(F(x) — F(x*)) < ) (—022 — 203 — 204 — F(Zi) _ F;Txlf)z + F(;}V) + O(ﬁ)' (100)

7.2.8 Putting together
Finally, collecting the estimates (71), (72), (73), (80), (90), (91), (100), we have

1 o} o1 205 40109 302
Ee? +26(FR) — F(x*) = — [ -2 + 2L _ gy — gy — =3 — i 101
&% + 2¢(F(x) — F(x")) s ( m + Cx O3 =04 = 4 Foch) +F(x*)2 +O ). (101)

By the condition (14), the coefficients for n% are negative. Therefore, when # is sufficiently

large, we have
E@? + 2(F(x) — F(x*))¢) < 0. (102)

This completes the proof.
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7.3 Lemmas
In this subsection, we provide lemmas used in the proof of Theorem 3. Note that we will
also make use of the lemmas in Sect. 6.

The first two lemmas are counterparts of Lemma 6 and 7 under the new assumption 3.
The proof is similar to the proof of those Lemmas.

Lemma 8 Let (1 be a probability distribution on R? that satisfies Assumption 3, and
X, X1, X2, ..., X, are i.i.d sampled from . Let x* = E;x, and x = % Yy xi. Then, for any
positive integer k, we have

1
Ejx —x*|F = 0(1), Elxi—x|* = 0@), Ejx-x*|F=0 (—m)
n

Lemma 9 Let ;1 be a probability distribution on R? that satisfies Assumption 3, and v is
the uniform distribution on [n). Consider X, X1, X2, ..., X, i.i.d sampled from w, and k, ..., k;,
i.i.d sampled fromv. Let X = % YL xpandx = % Y i1 Xk;. Then, for any positive integer
k, we have

S ok 1
Elx—x|"=0 72 )’
where the expectation is taken on both w and v.

The next two lemmas characterize the moments of sy, 5, and F(x), F(X). The s; and sy
are defined in (69).

Lemma 10 Under the same assumptions in Theorem 3, for any positive integer I, we have

1 1
]E|S1IZ§O( l),and E|S2|’§o< 1>
(Kn)2 (Kn)2

Proof First, we consider s;. Without loss of generality, assume / is an even number. By

the law of total expectation, we have

K l

1
Els1| = BEx | > F(k) — ExF(X) (103)
k=1

Fork=1,2,..,K,let Y = F(X;) — ExF(X), and Y be an i.i.d. copy of Y. Then, ExY = 0.

Since Xy, . . ., X,; are finite, we have E,-(|Y|l < o0o. LetY = Ll/, and Y = Lw
(Exiv1) (Exiv)

Then, by the Hélder’s inequality, for any r < I, we have E¢|¥|" < 1. Therefore, applying
Lemma 5, we have
!

1 & 1 1
, ey
Ex E};Yk < O(W)Em < O(W)’
which implies
l

1o 1
E: l

Back to (103), we have
1
K2

Els;' <0 ( ) EEy |F(%) — ExF(x)|. (104)
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By Holder’s inequality and Jensen’s inequality, we have
< | -1 o Y (% 2\
|F(x) — ExF(%)| <2 (lF(x) — F(X)|" + [ExF(x) — F(x)| )
<271 (IF® - FOI + ExF&) - FI')

Hence,
EEy [F(X) - ExF(3)|' < 2'E|F(®) — F(X)/
For F(X) — F(x), by Taylor expansion, we have
F(x) - F(x)

1 1
=VE®)T (% - %)+ 5 1% = Xl + gaich(xxfc“ — &) &b — 2)(E° - 3) + O(I% — x||Y)

=VF(*)T (% = %) + (x = x)THE) (& - %) + %agch(X*)(fc“ - @)@ - @) E - x)

1 1
+ O(II% — x*|1*[1% — xII) + S 1% = Xle) + Eﬁi’ch(X*)(%“ — @) @EP - 2" E - 59

abc

1
+O(lI% — x*|121% — %11 + 583 F(x*)E —2%)@& — 2)E - 2°) + O(lIx — x* || 1% — %11%)
+ O(lIx — x||*)

=hot(|Ix — x*|, Ix — x[; 1),

in which the second equality is obtained by Taylor expansions of VF (bx), H(X), and V3F (x)
at x*. Therefore, by Lemma 8,

1
EEy |[F(®) — ExF®)| < 2'E(hot(|x — x*|, % — x[;1))’ < O (%) : (105)
n

Substituting (105) back to (104) completes the proof for s;. The proof for s, is similar. O

Lemma 11 Under the assumptions of Theorem 3, for any positive integer [, we have
EF(x)! = O(1), and EF(x)' = O(1).

Proof For F(x), by the Taylor expansion at x*, we have

F(x) = F(x*) + hot(]]x — x*|); 1).
Therefore,

F®)' = (F(x*) + hot(|x —x*[; 1))’ = F(x*)" + hot(|% — x*; 1)
Taking expectation, we have

EF(x)| = F(x*)' + E(hot(||% — x*|; 1)) = F(x*) + O(%) = O(1).

For F(x), still expanding F at x*, we have
F®)! = Fx*)! + hot(J|% — x*[|; 1).

By Lemmas 8 and 7, we have

B o } 1
Ellx — x| < 27} (Bl — %) + Elx —x*|) = 0 (W)

Hence, we still have

1
E(hot(|x — x*[;1)) = O(ﬁ),

which completes the proof. O

19
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