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ON THE GRADIENT FLOW STRUCTURE OF
THE ISOTROPIC LANDAU EQUATION*

JING ANt AND LEXING YINGH

Abstract. We prove that the isotropic Landau equation equipped with the Coulomb potential,
introduced by Krieger-Strain and Gualdani-Guillen, can be identified with the gradient flow of the
entropy in the probability space with respect to a Riemannian metric tensor with nonlocal mobility.
We give characterizations of the corresponding geodesics equations and present a convergence rate
result by estimating its Hessian operator.
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1. Introduction

Since Otto’s pioneering work on analyzing the porous medium equation [21], there
has been a lot of work on exploring gradient flow structures of different partial differential
equations in the space of probability measures. The gradient flow method has proven
to be important for both analytical and numerical simulation purposes, for example
[2,5,6,14,20,22], just to name a few .

Although there has been a vast amount of literature on mathematical analysis of
Boltzmann and Landau equations, the investigation of their gradient flow structures
has only started quite recently: for example, see [1, 8] for recent analysis results on
the Boltzmann equation and [4] for a novel numerical method on approximating the
homogeneous Landau equation. Very recently, Carrillo et al. [3] carry out in-depth
gradient flow analysis of the homogeneous Landau equation and provide the theoretical
basis of the e—approximated Landau equation that [4] aims to solve. As all these results
are based on the dissipation of the entropy functional, i.e., H-theorems, those kinetic
equations can be viewed as gradient flows of the entropy with respect to various specific
geometries.

The reason of limited progress on the gradient flow approach of the Boltzmann-like
kinetic equations is the following: unlike the classical L? Wasserstein distance and gen-
eralized Wasserstein distance regarding concave, nonlinear, and local mobilities (see for
example [7,9,16-19]), the metrics associated with these Boltzmann-like kinetic equa-
tions involve nonlocal mobilities, which cause significant challenges when one tries to
analyze related displacement convexity, functional inequalities, contractions and so on.

The goal of this short note is to identify the gradient flow structure of a modified
version of classical Landau-Coulomb equations, the isotropic Landau equation, which
has drawn interests within the kinetic community recently [10-13,15]. Because the
isotropic Landau equation ignores the projection matrix, some of its properties are
different from the original Landau equation. This also makes our note distinct from
other papers on the gradient flow structure of the classical Landau equation. Given this
gradient flow structure, we are able to characterize some basic geometric properties and
calculate a time-dependent convergence rate for the entropy dissipation.
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1.1. The isotropic Landau equation. Let us first recall the homogeneous
Landau equation with the Coulomb potential

. 1 TRT
Dip=Y-(A[p]Vp—pVLp), with A[p]zw(fd— = )*p. (1.1)

The modified Landau equation, which shares structural similarities with Landau equa-
tion from plasma physics and was first considered by Krieger and Strain [15], has the
form

oip=LpAp+ap®, with Lp=(=A)""p. (1.2)

So far its global-in-time well-posedness with radial monotonic positive initial data has
been proven in [10] for « € (0,74/75). When a=1, the above can be rewritten as

dp=V-(LpNVp—pVLp), (1.3)

which is called the isotropic Landau equation since A[p] is replaced by Lp and has
been studied by Gualdani and her collaborators in papers [11-13]. We recall that the
inverse fractional Laplacian operator (—A)~? is a Riesz potential of order 2s and can
be expressed as

_ t
(=A)?p(x,t) :zcd7s/ %dy, t>0, (1.4)
R |2 =Y
with ¢gs= %. Here, for the isotropic Landau Equation (1.3), we only consider
the case where d=3 and s=1, thus c3; = L

4r*

1.2. Previous work on the isotropic Landau equation. The global-in-time
existence of smooth solutions, given radially symmetric and monotonically decreasing
initial data that have finite mass, energy and entropy, was shown in [11]. Later, the ra-
dial symmetry requirement was relaxed to even functions in [13]. Although the isotropic
Landau Equation (1.3) is structurally similar to the classical Landau-Coulomb equation,
in analysis it is very different, in the sense that its second moment increases in time as
mentioned in [12,13]. Because of that, many techniques in the classical Landau equation
do not directly apply and the dissipation computation

o1 p()p(y) | Vo(z)  Vo(y)
0= [ LA

does not imply a Maxwellian equilibrium. In fact, the only steady solution for the
isotropic Landau equation is the identically zero solution.

Let us summarize some conditional regularity results from [12,13], which will be
used to analyze a distance based on the nonlocal mobility to be introduced below. By
assuming that the initial data pg is even, |E(pg)| < 400 and ||po||r: =1 by normalization,
the following time-dependent dissipation-Fisher information relation holds

/ + 2
M—Hﬁ(t)/ wdeO’ t>0, (1.6)

2
dzdy >0 (1.5)

1 1

thok— — [ *
with k= ST B2 11 and E(t) 743 p(z,t)dx.
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In addition, the second moment of data is locally bounded in time
2p/(2p—4+e€) 9 2
E(t)<Cp(l+t ), t>0, 5<p<2, 4—2p<6<5.

Integrating (1.6) in time gives rise to

T vyelP
< . .
/O /Rs T ]a] dxdt < Crp (1.7)

The conditional regularity estimates in [12,13] are built on assuming the following
e—Poincaré inequality

/pd)Qdes/ (—A)71p|V¢|2dx+Cg/ p*dx, for g€ L, (R?), (1.8)
R3 R3 R3

The above assumptions allow for a uniform bound in space and time for
(—A)~!p(x,t) and we restate this result here.

LeEMMA 1.1 ([12], Theorem 2). Suppose p is a solution to the isotropic Landau
Equation (1.3) with even non-negative initial data po, and (1.8) holds. For any 0<t<T
and any s1>1,s9>1/3, and any ball Br CR3 with arbitrary radius R>0, there exist
constants C1(T,R,s1),C2(T,s2) such that

1 !
lollisrmy <G TR (1) te.D) (1.9
1 2
1A sl sy < CalTsn) (1) ee@.1) (1.10)
1.3. Main results.  The first main result of this note is the following gradient

flow characterization of the isotropic Landau equation.

THEOREM 1.1.  The isotropic Landau Equation (1.3) can be viewed as the gradient
flow for the Boltzmann Shannon entropy &(p) = [ plogpdz,

o= ( [ KV way) with Klo)=S(umpol)ole)~ L,

Based on this structure, we can define a distance function Wy (2.8) in the Benamou-
Brenier fashion, and have a lower bound with respect to the Wasserstein-1 distance
(see Section 2.1). The corresponding geodesic equations can also be computed from the
Hamiltonian (in Section 2.2).

In [3,4], the gradient flow structure for the classical Landau equation can be written
as

Oip=V- </W p(x)p(y)|z—y [P [z —y](Viegp(z) — Vlogp(y))dy> ,

with the projection matrix I[z] =1 — 22Z. Tt is easy to check that, when v=—d=—3
Iz

and m([z] is set to be 1, the above two gradient flow structures are equivalent.

Let us denote p,=p and K,, =K to emphasize the density path. The second
main result of this note provides a time-dependent convergence rate result for the en-
tropy functional by estimating its Hessian operator. The proof essentially follows the
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Bakry-Emery strategy and assumes that p; is of sufficient regularity throughout the
computations, which has been proven true for radially symmetric solutions.

THEOREM 1.2. Along the gradient flow (1.3), equipped with ®:=—logp:, we can
compute the Riemannian Hessian operator of the entropy as

d? 3
ﬁg(pt)—_ 9

*i/VPtV((*A)*lpt)QIV@I?do:+/pt((*A)’1Pt)2||V2‘Pt\Izdx- (L.11)

SRR WA L HCIN A A

With an additional assumption that if there exists v € (0,1/7) such that

\V4 2 —A —1
/(2wt—”t|(p2)pt> (0:Vy(—A) Y (VD) +3p2) d >0, (1.12)
t

we then have the convergence rate for the entropy

—5 (pt) <— a/ / Sdadt,

where a.€ (0,1) is a constant depending on .

This result provides another view comparing to the dissipation-Fisher information
relation (1.6). The detailed computations, which heavily use the geodesic equations, the
relation ®; = —logp; along the gradient flow, and the Bochner’s formula, will be given in
Section 3. We would like to point out that it is possible to carry out similar computations
for the original Landau equation. However, due to the existence of the projection
matrix II[z] and the different steady solution, the computations can be significantly
more complicated and the convergence result might also change.

Organization.  The rest of the note is organized as follows. Section 2 details the
gradient flow structure and Section 3 gives the proof of Theorem 1.2.

2. The gradient flow structure
Consider the density space (or sometimes called the statistical manifold)

M = {non-negative functions p€R* and /3 p=1}. (2.1)
R
The tangent space of M at pe M is given by
T, M = {functions o € R* and . o=0}. (2.2)
The key object of this note is the nonlocal metric tensor defined as follows.

DEFINITION 2.1 (Nonlocal metric tensor).  Given pe M, for 01,2 €T, M, the nonlocal
metric tensor gx s given by

gk (01,02) = (01,(=K) " 02)) = (®1,—KP2), (2.3)

K(x,y)Vu(y)dy> with K(xvy)fs{x:y}p(ﬂf)ﬁp(x)m,

(2.4)

R3
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and ®; is a weak solution to the equation

oi(x)=-V- ( K(:E,y)V@Ay)dy) =—K&;(z), i=1,2. (2.5)

R3

To show that the metric tensor gx is well-defined, one needs to verify that it is
bilinear, symmetric, and positive semi-definite. The first two conditions can be checked
directly while the last condition requires that for any « in some Banach space

/ / p(x)p(y)u’(x)  pla)p(y)u(z)u(y) dzdy >0 (2.6)
|z —y| o |

|z —y|

This inequality holds by simply using the symmetry and Young’s inequality,

J |x— | vy = [ 10 \x )/@/2|+u D ey
// \x yl ()dxdy'

The following theorem states that the isotropic Landau equation is the gradient
flow of the entropy with respect to the Riemannian structure introduced above.

THEOREM 2.1. Given the Boltzmann Shannon entropy £€: M —R where
5(p)=/3plogpdm, (2.7)
R

under the nonlocal metric tensor defined in (2.3), the gradient flow dynamics of (2.7)
is exactly (1.3).

Proof. Note that

g(x)o(x)dx.

d =
gx(grad&|,,o) 7

By the definition (2.3),
g;g(grad€|p,0):/ grad5|p(x)(—lC)_1odx:/ grad&|,(z)®(x)dx.
R3 R3

Plugging in the Equation (2.5) and using V% = % leads to

/Rd (;i( )a(ac)ala::f/m{d ii( V- (/Rd <§{w_y}p(:lf)ﬁp(l‘) Z<x)p()|>vq>( )dy)dx
= /R ( /]R , (5{w—y}p(x)£p(x) - M>Vg§(3§)da:) Vo (y)dy

= /R ) (v,o(y)ﬁp(y) - p(y)EVp(y)> V(y)dy
— [ 5 (£ote)0t0) - 1 pt) )i

Therefore,

gradé&|,(z) ==V (Lp(x)Vp(z) - p(x)VLp()).
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Since 0y p=—grad€|,, the Riemannian gradient flow in (M, gx) gives the isotropic Lan-
dau equation as desired. 0

Based on the above characterization, it is natural to define a Benamou-Brenier like
formalism [2] of the distance similar to the classical Wasserstein distance, but instead
with a nonlocal mobility defined in (2.4).

DEFINITION 2.2. If the kernel K(z,y) is well-defined, the distance function Wi :
MX M =R between two functions po(x) = p(x,0) and p1(z)=p(x,1) is

2
Wk (po,p1) —mf</// (z, ) K (2,y)v(y,t )dfcdydt> , (2.8)
v,p R3 JR3

and the infimum is taken over all smooth paths p:R>x[0,1] =Ry and vector field v:
R3 x [0,1] = TR? satisfying the continuity equation

Orp(x,t)+V- ( K(a:,y)v(y,t)dy) =0. (2.9)

R3

2.1. Comparison to L'—Wasserstein distance. Based on the conditional
regularity results provided in [12,13], we can obtain a lower bound for the distance
introduced in (2.8) in terms of the L' —Wasserstein distance. Let us first recall that the
L' —Wasserstein distance between pg,p; € M is defined as

Wi(po,p1) ::weri(r;l;g , )/|w—y\7r(dx,dy), (2.10)

where I'(pg,p1) is the set of all couplings of py and p;.

THEOREM 2.2. If pg is even, pologpo € L*(R?) and satisfies the e— Poincaré inequality
(1.8), then we have the bound

Wi(po,p1) <CWk(po,p1). (2.11)

Proof. Let ¢:R3>—R be a bounded 1—Lipschitz function. Clearly o€ W1 (R3).
Using the continuity Equation (2.9) and integration by parts gives rise to

‘/sopldm /«ppodw
]R"’x]R3
(/ / (z,y)Ve(y) dmdydt) (/ / (z,t) K (x,y)v(y,t) d;rdydt)
]R3><]R3 R3 XR3

The last inequality uses Cauchy-Schwarz since (2.6) holds. Now as ||V||p~ =1, using
the uniform bound (1.10) we have that

@Oip dmdt‘

z,y)v(y,t) da:dydt’

<xy>w<>dxdydt]<z / [ A D) ) it

§2C(n)/01 <1+1) dt<C.

Taking the supremum over all bounded 1—Lipschitz functions ¢ on the left-hand side
accompanied with Kantorovich-Rubinstein duality, and taking the infimum over v,p on
the right-hand side, we then obtain the inequality (2.11). ]

R3 ><]R3
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2.2. The geodesic equations. Let us consider the geometric action functional
in the density space

(pt,atpt) / /@pt pt) atptdxdt (212)

where p; = p(x,t) is the density path connecting py and p1, K
defined in (2.4) with its dependency on p; explicitly written.

p, is the Onsager operator

LEMMA 2.1.  With the relation ®;=(—K,,) 0p:, the geodesic equations are

Oupy+ K, By =0
{ oL o Tt (2.13)

0:®; + 5 (VO (= A) o+ (= A) T (IV 1)) = VO, (—=A) (0, VD) = 0.

Proof.  The derivation follows directly from the Hamiltonian formulation, which
by Legendre transform is

H(ps,P:)=  sup /q)tatptdx—ﬁ(pt,atpt). (2.14)
P, eC>®(M)

The supremum is obtained when ®; = (—K,,) '9;p;, and the Hamiltonian is

Hipn®0)=5 [ () o= [[ Vo), (@) Vi) dndy. (219

The co-geodesic flow satisfies

57{(/%,‘1%) 8t<1>t=—6H(pt’q)t)

T 5. (2.16)

atpt =

The first equation of (2.13) can be easily obtained from the first relation in (2.16). To
obtain the second equation of (2.13) from the second relation in (2.16) here, we write
(2.15) as

pe(@)pe(y)

H(pn) =5 [ 70) (Bamyp )~ 8) o) = 5 Gy
pe()pe(y) o

/ V0, (2) 21 (2) ()~ pu()d — / V(o) 2 )y

Thus for any ve M,
d
—vdr = —’H(pt—i-ev D4)|e—o

:i/IV@t(w)Iz(v(w)(*A)’lpt(ﬂf)+pt(w)(*A)’1v(x))dw
B %//vq)t(x)pt(w)v(y)+v($)pt(y) VO, (y)dudy

|z —y|

% / <IV¢t2<—A>1pt+(—A)1(|V<I>t2pt>>vdx— / YV, (2)(—A) " (p VP, )vda,

which gives the second equation that we stated. ]
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3. Estimate of the Hessian operator
This section is devoted to the proof of Theorem 1.2. The Hessian operator of the

entropy can be computed by taking the second time derivative of £ along the geodesic

equations as in Lemma 2.1. Let us use 6£ to denote % for convenience. Note that

d
ﬁf(pt) =(grad€&|,,, ;) = /558tptdx

= / Vo€ (pi(x)) Ky, (z,y) VO (y)dady.

The second variation of £ is
2

d d
ﬁg(pt) = (Hess€|,, P, Py) :/V%(Sé’(pt(x))[(pt (x,y) VP (y)dxdy

+ / VO (pu (2)) 00K p, (2,4) VD, (y)dardy

4 / VOE (o (@)K, (2,y) VO, (y)drdy
=]+IT+1]1I.

We begin the proof of Theorem 1.2. The following rather long computations will
involve the quantity

Oipr=—=V-(p(=A) " VO, — pi(=A) " (0 VD))
== Vpi(=A) " iV — pi(—A) IV p VO, — pr(—A) " p A,
+ Vi (=) (pe V) + 7. (3.1)

The last term above uses the relation ®, = —logp; since we follow the Hessian operator
along the gradient flow. Thus

V- (=A) " (p V) = p;. (3.2)

However, unless we are to analyze some difficult terms, the notation @, will be kept for
the majority of the computation in order to explore the associated Hessian structure.
For the first term I, let us use (3.1) and study its quadratic expansion,

1= [ @) (v [ 5 <x,y>vq>t<y>dy))2dx

= [ (V) 8) ) V)~ ) ) (V01 )
2
= [ TR ar it [ (-2 Va0 Ve

t

Vpel?
Pt

+ / e+ / VoV (—A) " po 2 [V, P

n / P((—A) )2 (A, 2du + (~A) (0, VD) Pda

\V4 2
+2 / Vo((=A) " pr)* VO, ADd —2 / 'p”t'(—A)lptvqn(—A)1(ptv<1>t)dx
t
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+2/|VPt|2(—A)71Ptd$+/Ptv((—A)flpt)Qv‘I’tA‘I)tdI
—Q/th(fA)ﬂthV@t(fA)*l(ptVCIJt)dxfQ/pf(fA)*lptA@tdz
—2/th(—A)71ptAq)t(—A)71(ptV(I)t)dl'

For the second term I1,

v B B 5 )
Ilz/ﬂ <5{z:y}6tpt(—A) 1Pt+5{x:y}pt(—A) 13tpt . o () pe(y) + pe () tpt(y)>
P dr|z —y|

X V&, (y)dxdy
:/%&pt(fA)flptV@tdx+/th(fA)fl@ptV@tdx
t
\Y% _ _
p”tatpt(fA) 1(ptVCI>t)dx7/th(fA) Y(0upe VB, )da
13

::Ill +I]2+II3—|—II4

Plugging in (3.1), we have

Voil? 1
IIl :—/‘ ppt| ((—A)_lpt)Q‘V‘I)thJZ—5/thV((—A)_lpt)2|V¢)t|2d$
t
\V4 2
—/Vﬂt((—A)_lpt)QV‘I’tAq’tdx+/|ppt|(—A)_lptvq’t(—A)_l(PtV‘bt)d%"
t

- / Vo2 (D) pyd,

and

Moreover,
II4:—/(—A)_1thV<I>t8tptda:
=5 [ VoV (A) oIVt [ pi((-8) I p VB P
+%/ptV((—A)*lpthq)tA@tdx
f/vpt(fA)*lvptvq%(fA)*l(ptwt)dm%/pfdx.

For the third term, we use the geodesic equation in (2.1) and note that (1.3) also
can be written as 9;p; = (—A) "1 p; Ap; + p?. Therefore,

_ . a1 p@)pey)\ Vo)
HL/V (/(5{3":1’}%( A eyl o) dy)
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( (W>t|2<—A>-lpt+<—A>-1<wm)—v<1>t<—A>-1<pN¢t>)dx
— [(8) ptpet )

(3708000 (-8)H(T0200) = T04(-8) (1))
—5 [ (A 0 8p T a5 [ (-8)H(-8) pupuct ) Vi P
~ A V- 2) Ve 5 [ D) Vo
— / PV (—A) N (p VO )dw =TI+ TITo+TTI3+ 114+ 1115,

Combining I,11;,113 and I14 results in

=2 [ (=8 1 Tp (TP [ pu(-8) (802 do+2 [ g
+/thV((—A)_lpt)Q\V®t|2dx+/th((—A)_lpt)QVq)tA@tdx
+/\th|2(—A)_1ptd:c+g/ptV((—A)_lpth@tA(I)tdx

—z/vpt(—A)—lvptv¢t(—A)—1(ptvq>t)dx—2/pf(—A)—lptAcbtdx

—/th(—A)*lptAcbt(—A)*l(ptv<1>t)dx:zfv.

We can now rearrange the first three lines in IV in a nicer way by doing integration by

parts,
/th((—A)—lpt)qu>tAq>tdx
=— /ptV((—A)_lpt)QVd)tA(I)tdx
~ [ A) @R~ [ prl(-8) (VT AD i,

and as a result

IV:2/pt((—A)_Ith)2|V<I>t|2dx+2/p?dx+/thV((—A)_lpt)2|V<I>t\2dx
—/pt((—A)_1pt)2(V<I>t,VA<I>t)dx+%/ptV((—A)_lpt)QVq)tA@tdx
—2/th(—A)_1thV<I>t(—A)_l(ptV(I>t)dm—Q/pf(—A)_lptAq)tdx
~ [ Io-8)  p AB(-8) VBt [ [Vl (-8)

Note that
1 1
1111:5/,ot((—A)—lpt)QA(V%vq>t)dx+§/ptA((—A)—1pt)2\vq>t|2dx
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+/ptV((—A)*lpt)QV|vq>t|2dx.

Using the Bochner’s formula

1

iA(Vét,V@)—(V@,VAQt):|\V2®t||2, (3.3)

one can combine the first term in I1I; and the first term in the second line in IV to
obtain

IV+IIL :Q/pt((fA)*lvpt)Q|v<1>t\2d:c+2/,;?dx+/vptV((—A)*lpt)Z\vqwdx
1
+ [ ol8) PV P 5 [ piT((-2) PV A
=2 [ Vpu(-8) Vp TR (- 8) (VB2 [ G (-2) Ay

Vo= B) " AB, (~A) (0 VB, + / Vo2 (—A) " pyda

1

4 [ PAA) TPt [ pV((-8) IV P

We continue to apply the integration by parts here. Note that the first term in the
fourth line above can be written as

—/th(—A)_lptA@t(—A)_l(pth)t)dx
:/Apth)t(—A)_lpt(—A)_l(pth)t)dx
+ / VoV, (~A) IV py(—A) (0, VB, — / V02 (—A) Ly,

with the last term obtained by plugging in ®; =—logp;. Furthermore, using this sub-
stitution can reformulate the second term in the third line of IV + 111 as

—2/pf(—A)_lptAétdm:2/ptApt(—A)_1ptdx—2/|th|2(—A)_1ptdm.
Finally, we can rearrange the terms into the form
IV+IIL+1113
:2/pt((—A)_1th)2\V®t|2dm‘—/th(—A)_1thV(I>t(—A)_1(ptV(bt)dac

+ [ ol(-8) P19 P2 [ ptda+2 [ puldpul-2)puda

1
1 / (D) )2 [V, P+ / PV((— D) )2V |V,

2
1
+‘/vptV((*A)ilpt)ﬂv@thﬂC+i/ptV((*A)ilpt)zvq%Aq)tdI

- 2/ (Vi (=A) L ppda:=V.
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Using ®; = —logp;, the first line in V' can be reduced to
2/pt((—A)_1th)2\V<I>t|2dx—/th(—A)_1thV<I>t(—A)_1(ptvq)t)dx
— [ (-2) VoV
Moreover, in the second line, we observe that
2/pf’dx+2/ptApt(fA)*lptdx:2/pt(’9tptdm:72/pthpt<I>td:E
:—2/pf(—A)_1pt|V<I>t|2dx+2/pt2v¢t(—A)_1(ptV@t)dx::VI.
Therefore,
VI+HI4+HI5:f%/pf(fA)*lptw@thH/pr@t(fA)*l(ptvqn)dx.

The third and fourth lines in V' can be organized as follows
1

5
5/PtA((—A)_lﬂt)2|V¢’t|2de+Z/Ptv((—A)_lpt)ZVW‘I’t\de

T / VoV((—A) " p)? |V, Pde

3 1 _
=3 [ A8 PV § [ VT(-8) )V s
3

3
=5 [ A vl [ p((-0) 1 p T

1 _
—Z/thV((—A) 1pt)2\V(I>t|2dx.
Collecting all the terms above, we arrive at

1 1
VAL + 11T =— /pt((fA)71th)2\V<I>t|2dxf Z/vptV((fA)*lpt)ﬂv(bt|2dgs

+ [ A=) V@)t [ prl(~8) TP

~2 [ 1V (-8) o,
plus the remaining terms

1
I+ 1= [(-8) (Vv @)apda+ 5 [(-8)(-8) pidpu+ i Vi Pda

1 _ _

5 A IV RPY(-2) gt )

1 _ _ _
zi/pf(_m 1pt|V<I>t|2dm—/pt(—A) (| VO (—A) "V pde,
when using the integration by parts to move the Laplacian operator to other places.
The second term above can be dealt with by viewing p; as —V-(—=A)"1Vp; and an

integration by parts gives

—/Pt(—A)_IV(PtW‘I’t|2)(—A)_lvptd$:%/Pt((—A)_IVPt)2|V‘I’t|2d$-
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Now we are ready to wrap up all terms,
I+H+IU:7g/pf(fA)*lptwcthdx+/p§vq>t(fA)*1(ptV<I>t)dx
1
— 1 [T v i [p(-8) 0V P

This proves (1.11).
The term, —1 [VpV((—A) 7 p;)?|V®,|*dz, can be rewritten using ®; =—logp; as

1 Vo2 (—=A)~1
-5 [ova(FPEER I oy vas
t

We further decompose [p?V®,(—A)~!(p;VP;)dz into

/prq)t(—A)*l(ptV@t)da::oz/pfda:+ﬁ/pfdx+7/pfv¢t(—A)71(ptVQ’t)da:,

with 2(a+ )+ =1. Now reorganizing terms, we obtain

A—1
5 [obdn = [ ot-8) v da= [ (ﬂp 3W>dw

Pt

and
2 ~1 1 132 2
v [ prVP:(=A) (PtV@t)d$—4 Vo V(=) pe)* |V [*da

1 Vo> (—A)~! _
:é/PtV‘I’t (27Pt—w>(_A) 1(Ptv‘1)t)d$
t

With v=3/3€(0,1/7) for compatibility, then the positivity assumption (1.12), with
ignorance of the Hessian term, gives

jﬂg( ) > a/pfdm. (3.4)

Integrating (3.4) for [t,00) results in

d
*E(Pt )<— 04/ /P?dwdt——aHPtHL%([t 00);L3(R3))

which concludes the proof of Theorem 1.2. This relation gives us another view of time-
dependent entropy dissipation comparable to (1.6).

REMARK 3.1. Recall that the first variation of £ is
d
2 £(p) = (grad €] ., ) = / Y, (2)K,, (2.y)V, (y)dady.

Ideally, one hopes to obtain the following inequality with some x(t) >0,

d? d
R > —
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which can imply the convergence for the entropy with a rate depending on k(t).
However, as one can see from the rearrangement of I+II+ 111, we are not able
to recover the full metric [[V®(2)K,, (z,y)V®:(y)drdy, although the terms with
[ peVP(—A)" (p: VP, )dx are part of it. That is why we take the assumption (1.12)
instead.

REMARK 3.2. Although the convergence rate estimate we provide here is a very crude
bound, we can still observe the slowness of the entropy decay rate. From Theorem
2 in [12], we can see that p; decays asymptotically close to 1/t°,t>>1 (see (1.9)). It
implies that the entropy £(p;) decreases at most polynomially fast when ¢>> 1.
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