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Abstract

In this note we propose an efficient method to compress a high dimensional function into a tensor ring
format, based on alternating least-squares (ALS). Since the function has size exponential in d where d is
the number of dimensions, we propose efficient sampling scheme to obtain O(d) important samples in
order to learn the tensor ring. Furthermore, we devise an initialization method for ALS that allows fast
convergence in practice. Numerical examples show that to approximate a function with similar accuracy,
the tensor ring format provided by the proposed method has less parameters than tensor-train format
and also better respects the structure of the original function.

1 Introduction

Consider a function f : [n]¢ — R which can be treated as a tensor of size n? ([n] := {1,...,n}). We want to
compress f into a tensor ring (TR), i.e., to find 3-tensors H', ..., H? such that for z := (x1,...,24) € [n]?

f(‘rh s ,J?d) ~ Tr (H1(27aj1, :)Hz(:7w27 :) e Hd(:7xda )) (1)
Here H* € R™=1X"X"k ) < r and we often refer to (r1,...,74) as the TR rank. Such type of tensor format

can be viewed as a generalization of the tensor train (TT) format proposed in [14], better known as the
matrix product states (with open boundaries) proposed earlier in the physics literature, see e.g., [Il [I5] and
recent reviews [I7, [12]. The difference between TR and TT is illustrated in Figure [1] using tensor network
diagram introduced in Section Due to the exponential number of entries, typically we do not have access
to the entire tensor f. Therefore, TR format has to be found based on “interpolation” from f(£2) where Q is
a subset of [n]?. For simplicity, in the rest of the note, we assume 71 =73 = ... =rg = r.

1.1 Notations

We first summarize the notations used in this note and introduce tensor network diagrams for the ease of
presentation. Depending on the context, f is often referred to as a d-tensor of size n¢ (instead of a function).
For a p-tensor T, given two disjoint subsets «, 5 C [p] where a U 8 = [p], we use

T (2)

to denote the reshaping of T' into a matrix, where the dimensions corresponding to sets a and 8 give rows
and columns respectively. Often we need to sample the values of f on a subset of [n]? grid points. Let o and
B be two groups of dimensions where aU 8 = [d],anN 8 =0, and ; and Q5 be some subsampled grid points
along the subsets of dimensions « and 8 respectively. We use

f(€15Q2) := fop(fh x Q) (3)
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Figure 1. Comparison between a tensor ring and a tensor train.

to indicate the operation of reshaping f into a matrix, followed by rows and columns subsampling according
to Qy, Q. For any vector z € [n]¢ and any integer i, we let

Zi = T[(i—1) mod d]+1- (4)

For a p-tensor T', we define its Frobenius norm as

imle = (3 T i) )

i1yenip

The notation vec(A) is used to denote the vectorization of a matrix A, formed by stacking the columns of A
into a vector. We also use « \ 5 to denote the relative complement of set 8 with respect to set a.

In this note, for the convenience of presentation, we use tensor network diagrams to represent tensors and
contraction between them. A tensor is represented as a node, where the number of legs of a node indicates
the dimensionality of the tensor. For example Figure [2a] shows a 3-tensor A and a 4-tensor B. When joining
edges between two tensors (for example in Figure [2bf we join the third leg of A and first leg of B), we mean
(with the implicit assumption that the dimensions represented by these legs have the same size)

ZAiliszkj2j3j4' (6)
k

See the review article [I2] for a more complete introduction of tensor network diagrams.
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Figure 2. (a) Tensor diagram for a 3-tensor A and a 4-tensor B. (b) Contraction between tensors A and B.

1.2 Previous approaches

In [I3], successive CUR (skeleton) decompositions [6] are applied to find a decomposition of tensor f in TT
format. In [5], a similar scheme is applied to find a TR decomposition of the tensor. A crucial step in [5] is to



“disentangle” one of the 3-tensors H*’s, say H', from the tensor ring. First, f is treated as a matrix where
the first dimension of f gives rows, the 2-nd, 3-rd, ..., d-th dimensions of f give columns, i.e., reshaping f to
J1;[ap1- Then CUR decomposition is applied such that

Jian1 = CUR (7)

and the matrix C € R"™"” in the decomposition is regarded as H21;3’1 (the R part in CUR decomposition is
never formed due to its exponential size). As noted by the authors in [5], a shortcoming of the method lies in
the reshaping of C' into H'. As in any factorization of low-rank matrix, there is an inherent ambiguity for
CUR decomposition in that CUR = CAA~'UR for any invertible matrix A. Such ambiguity in determining
H' may lead to large tensor-ring rank in the subsequent determination of H2, H3 ... H?. More recently, [20]
proposes various ALS-based techniques to determine the TR decomposition of a tensor f. However, they only
consider the situation where entries of f are fully observed, which limits the applicability of their algorithms
to the case with rather small d.

1.3 Owur contributions

In this note, assuming f admits a rank-r TR decomposition, we propose an ALS-based two-phase method to
reconstruct the TR when only a few entries of f can be sampled. Here we summarize our contributions.

1. The optimization problem of finding the TR decomposition is non-convex hence requires good initializa~
tion in general. We devise method for initializing H', ..., H? that helps to resolve the aforementioned
ambiguity issues via certain probabilistic assumption on the function f.

2. When updating each 3-tensors in the TR, it is infeasible to use all the entries of f. We devise a
hierarchical strategy to choose the samples of f efficiently via interpolative decomposition.

While we focus in this note the problem of construction tensor ring format, the above proposed strategies
can be applied to tensor networks in higher spatial configuration (like PEPS, see e.g., [12]), which will be
considered in future works.

The paper is organized as followed. In Section [2] we detail the proposed algorithm. In Section [3| we
demonstrate the effectiveness of our methods through numerical examples. Finally we conclude the paper
in Section [l In Appendix [A] we further provide intuition and justification of the proposed initialization
procedure, based on certain probabilistic assumption on f.

2 Proposed method

In order to find a tensor ring decomposition , our overall strategy is to solve the minimization problem

min 7 (Te(H ] - Hfea]) = f (o, 2a)’ ®)

HY, . H
z€[n]d

where
H*[xy] .= H*(:, 2y, :) € R7XT

denotes the xj-th slice of the 3-tensor H* along the second dimension. It is computationally infeasible just
to set up problem , as we need to evaluate f n¢ times. Therefore, analogous to the matrix or CP-tensor
[8, 4] completion problem [3], [19], a “tensor ring completion” problem

min 3 (T(H @]+ Hwd) = [, ,20))” ©)

HY,... H4
T zeQ

where ) is a subset of [n]¢ should be solved instead. Since there are a total of dnr? parameters for the tensors
H',...,H? there is hope that by observing a small number of entries in f (at least O(ndr?)), we can obtain
the rank-r TR.



A standard approach for solving the minimization problem of the type @[) is via alternating least-squares
(ALS). At every iteration of ALS, a particular H” is treated as variable while H',1 # k are kept fixed. Then
HP* is optimized w.r.t. the least-squares cost in @ More precisely, to determine H*, we solve

. 2
min » _ (Te(H* [24]C™) = f(2))”, (10)
zeN
where each coefficient matrix
C*F = H* Vap ). .. HYxg|H [z1] ... H* Yap_1], 2z €. (11)

As mentioned previously, |Q| should be at least O(ndr?). This creates a large computational cost in each
iteration of the ALS, as it takes |Q2|(d — 1) matrix multiplications in general just to construct C** for all
x € Q if Q does not admit any exploitable pattern. When d is large, such quadratic scaling in d for setting
up the least-squares problem in each iteration of the ALS is undesirable.

Such concern on computational cost motivates us to use different Q4’s to determine different H*’s in the
ALS steps instead of using a fixed set €. If 0, is constructed from densely sampling the dimensions near k
(where neighborhood is defined according to ring geometry) while sparsely sampling the dimensions far away
from k, computational savings can be achieved. The specific construction of € is made precise in Section
Bl We further remark that if

Te(H ] C™) ~ f(a) (12)

with a small approximation error for every = € [n]?¢, then using any €2 € [n]¢ in place of Q in ((10) should
give similar solutions, as long as is well-posed. This motivates us to solve

min > (Te(H*[24]C™") — f()

TEQ

? (13)

instead of where the index sets €;’s depend on k. We note that in practice, a regularization term
Aok ||H(z1)||% is added to the cost in to reduce numerical instability resulting from potential high
condition number of the least-squares problem . In all of our experiments, A is set to 102 and o}, is the
top singular values of the Hessian of the least-squares problem . The quality of TR is rather insensitive
to the choice of A as long as the value is kept small.

At this point it is clear that there are two issues needed to be addressed. The first issue is concerning the
selection of €, k € [d]. The second issue lies in the initialization of ALS. Since problem (9) is a non-convex
optimization problem, it is important to have a good initialization. We solve the first issue using a hierarchical
sampling strategy. As for the second issue, by making certain probabilistic assumption on f, we are able to
obtain cheap and intuitive initialization. Before moving on, we summarize the full algorithm in Algorithm

Algorithm 1 Alternating least squares

Require:
Function f : [n]¢ — R.
Ensure:
Tensor ring H',..., H* € R™*"*",
1: Identify the index sets Q4’s and compute f(€) for each k € [d] (Section [2.1)).
2: Initialize H',..., H? (Section [2.2).
3: Start ALS by solving for each k € [d] (Section 2.3).

2.1 Constructing €

In this section, we detail the construction of €, for each k € [d]. We first construct an index set Q™! C [n]4—3
with fixed size s. The elements in Q$™! corresponds to different choices of indices for the [d]\ {k—1, k, k+1}-th
dimensions of the function f. For each of the elements in Q" we sample all possible indices from the
(k — 1)-th, k-th, (k + 1)-th dimensions of f to construct Q, i.e., letting

O = [n)® x Qv (14)



In this case, when determining C%* x € Q. in (13), O(|Q™V!|d + |2V |n?) multiplications of 7 x r matrices
are needed, giving a complexity that is linear in d.

It remains that Q$"""’s need to be constructed. There are two criteria we use for constructing Q™1 k € [d].
First, we require that the range of fi,4)\x(Qx) to be the same as the range of fyq\s. Since we want to
obtain H*’s such that

H§;3,1[Vec(cw’kﬂze[n]d = frs[d)\k> (15)
and we expect

H3g 1 [vee(C™M)]aea, & friape () (16)

upon solving , it is necessary that the columns of fy.(q\x () span the range of fy.(q\x- Here we emphasize
that it is possible to reshape f(€) into a matrix fy,(4\x(€2) due to the product structure of €2 in
where the indices along dimension k are fully sampled. The second criteria is that we require the cost in (|13])
to approximate the cost in .

To meet the first criteria, we propose a hierarchical strategy to determine Qz‘“’i such that fi.ja\x ()
has large singular values. Assuming d = 3 - 2% for some natural number L, we summarize such strategy in
Algorithm [2| (the upward pass) and [3| (the downward pass). The dimensions are divided into groups of size
3-25=1 on each level [ for I = 1,..., L. We emphasize that level [ = 1 corresponds to the coarsest partitioning
of the dimensions of the tensor f The purpose of the upward pass is to hierarchically find skeletons @ml
which represent the k-th group of indices, while the downward pass hierarchically constructs representatwe
environment skeletons @em”l At each level, the skeletons are found by using rank revealing QR (RRQR)
factorization [9].

Algorithm 2 Upward pass

Require:
Function f : [n]¢ — R, number of skeletons s.
Ensure: _
Skeleton sets @}:’l’s
1: Decimate the number of dimensions by clustering every three dimensions. More precisely, for each
k € [21], let
O = {(w36—2, Tak—1, T3k) | T3k_2, T3k_1, T3k € [1]}.

There are 2& index-sets after this step. For each k € [2F], construct the set of environment skeletons

o ¢ [, (a7)

with s elements either by selecting multi-indices from [n]?~2 randomly, or by using the output of

Algorithm [3| (when an iteration of upward and downward passes is employed). This step is illustrated in
the following figure.
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(continued on page [6])




(continued from Algorithm [2])

forl=Ltol=1
2: Find the skeletons within each index-set O}, k € [2!] where the elements in each O™ are multi-indices
of length 3 -2%~!. Apply RRQR factorization to the matrix

mll

f(@anl @m l) c Rsx|@ (18)

to select s columns that best resembles the range of f(O™"; @), The multi-indices for these s

columns form the set @Z”l. Store @ikf”l for each k € [2!]. This step is illustrated in the following figure,
where the thick lines are used to denote the index-sets with size larger than s.

m l envi,l
Gk -ll—U—ll—ll—

l
0" vk € 2!
3: If I > 1, for each k € [271], construct
ot i=eht x oyl (19)

Then, sample s elements randomly from

1T o (20)
JE[RIN\{2k~1,2k}

to form @Zm’i’l*l, or by using the output of Algorithm (when an iteration of upward and downward

passes is efnployed). This step is depicted in the next figure, and again thick lines are used to denote
the index-sets with size larger than d.

Jl_ll_ll_lL

ml ml

}_LJLL

@;;” -1 vk € 211

end for

After a full upward-downward pass where RRQR are called O(dlogd) times, @ZIM’L with k € [21] are
obtained. Then another upward pass can be re-initiated. Instead of sampling new GZnVi’l’s, the stored GZnVi’l’s
in the downward pass are used. Multiple upward-downward passes can be called to further improved these
skeletons. Finally, we let

= O, ke 27 (1)

Observe that we have only obtained an"i for k = 2,5,...,d — 1. Therefore, we need to apply upward-
downward pass to different groupings of tensor f’s dimensions in step (1) of the upward pass. More precisely,



we group the dimensions as (2,3,4),(5,6,7),...,(d —1,d,1) and (d, 1,2), (3,4,
when initializing the upward pass to determine an"i with k =3,6,...,d and k = 1,4,...,d — 2 respectively.

Algorithm 3 Downward pass

Require: _
Function f : [n]¢ — R, @}Cn’l’s from the upward pass, number of skeletons s.
Ensure: ‘
Skeletons @zn‘”’l’s
1. Let @invl,l — @12n,1’ @;nvl,l — @11n,1.

G)i1n,1 (G);nvi,l) G);n,l (@invi,l)

for|=2tol=1L .
2: For each k € [2!], we obtain @Z,m”’l by applying RRQR factorization to

in,l in,l envi,l—
F(O:7: 0,1 x ®(k+1)/21) (22)
or
in,l in,l nvi,[—1
Fe e x et (23)

for odd or even k respectively to obtain s important columns. The multi-indices corresponding to
these s columns are used to update @Zn‘”’l. The selection of the environment skeletons when & is odd

is illustrated in the next figure.

E‘)in,l G)in,l ;<®envi,l—1

k k+1 (k+1)/2
in,l envi,l
0, o vk € 2!

end for

Finally, to meet the second criteria that the cost in should approximate the cost in 7 to each Qi“"i,
we add extra samples = € [n]?~3 by sampling z;’s uniformly and independently from [n]. We typically sample

an extra 3s samples to each ™!, This completes the construction for Q"1 ’s and their corresponding Qs
in Algorithm

2.2 Initialization

Due to the nonlinearity of the optimization problem @D, it is possible for ALS to get stuck at local minima or
saddle points. A good initialization is crucial for the success of ALS. One possibility is to use the “opening”
procedure in [5] to obtain each 3-tensors. As mentioned previously, this may suffer from the gauge ambiguity
issue, leading us to consider a different approach. The proposed initialization procedure consists of two steps.
First we obtain H*’s up to gauges G*’s between them (Algorithm . Then we solve d least-squares problem



to fix the gauges between the H*’s (Algorithm . More precisely, after Algorithm 4] we want to use T%¢
as H*. However, as in any factorization, SVD can only determine the factorization of 7% up to gauge
transformations, as shown in Figure 3l Therefore, between T%¢ and T*+1:¢, some appropriate gauge G* has
to be inserted (Figure [3)).

After gauge fixing, we complete the initialization step in Algorithm [I} Before moving on, we demonstrate
the superiority of this initialization v.s. random initialization. In Figure [f] we plot the error between
TR and the full function v.s. number of iterations in ALS, when using the proposed initialization and
random initialization. By random initialization, we mean the H*’s are initialized by sampling their entries
independently from the normal distribution. Then ALS is performed on the example detailed in Section [3.3
with n = 3,d = 12. We set the TR rank to be r = 3. As we can see, after one iteration of ALS, we already
obtain 10~ error using our proposed method, whereas with random initialization, the convergence of ALS is
slower and the solution has a lower accuracy.
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Figure 3. A gauge G* needs to be inserted between T%¢ and T++1.¢
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Figure 4. Plot of convergence of the ALS using both random and the proposed initializations for the numerical
example given in Section with n = 3,d = 12. The error measure is defined in .



Algorithm 4
Require:
Function f : [n]¢ — R.
Ensure:
Tk,L c RnXT,Tk’C c RTXﬂXT,Tk’R c Rrxn, ke [d]
fork=1tok=d
1: Pick an arbitrary z € [n]9=% and let

ka = {l‘ € [n]d | Td\{k—1,k,k+1} = 23 Th—1, Tk, Th41 S [n]} (24)

Define .
Tk = f(Q}cm) c Rrxnxn (25)
where the first, second and third dimensions of T* correspond to the (k — 1), k, (k + 1)-th dimensions

of f. Note that we only pick one z in Q¢"vi, which is the key that we can use SVD procedure in the
next step and avoid ambiguity in the initialization. The justification of such procedure can be found
in Appendix [A]

2: Now we want to factorize the 3-tensor 7% into a tensor train with three nodes using SVD. First treat
Tk as a matrix by treating the first leg as rows and the second and third legs as columns. Apply a
rank-r approximation to 7% using SVD:

T, s~ ULSLVE. (26)
Let C* € R™*"*" he reshaped from Y,V € Rrxn*,
3: Treat C* as a matrix by treating the first and second legs as rows and third leg as columns. Apply
SVD to obtain a rank-r approximation:

Ct s ~ URSRVy - (27)

Let THC € R™"%" be reshaped from UrXp € R™*".
4 Let THE := U, 22 and THE := £1/2VT . Let TC be defined by

TkC .—

572 prc 512

3-tensor T* is thus approximated by a tensor train with three tensors T®L € R"*" ThkC ¢
R Xxnxr Tk’R c Rrxn.
end for




Algorithm 5
Require:
Function f : [n]? — R, T%L Tk TkR for | € [d] from Algorithm [4]
Ensure:
Initialization H*, k € [d].
fork=1tok=d
1: Pick an arbitrary z € [n]9~* and let

Qiaugc = {1’ € [n]d | Td\{k—1,k,k+1,k+2} = ? V1, Tk, Ty, Thio € [n]} (28)

and sample

Sk _ f(Q%aUge) c Rnxnxnxn. (29)
2: Solve the least-squares problem
GF = argmin HL’f.z;gGle;z,g - 55,2;3 4||2F (30)
- : ;
where L* and RF are defined as
1 2 2 3
Lk — Rk —
3 1
k,L k,C k+1,C ~k+1,R
T T T T

3: Obtain H*:

end for

2.3 Alternating least-squares

After constructing €2, and initializing H*, k € [d], we start ALS by solving problem at each iteration.
This completes Algorithm
When running ALS, sometimes we want to increase the TR-rank to obtain a higher accuracy approximation
to the function f. In this case, we simply add a row and column of random entries to each H*, i.e.
. ik
H* (5,4,0) €

HE (i, [ i

_ ], i=1,....,n, k=1,...,d, (31)
€y 1

where each entry of €/* € R"™*1 ;¥ € R™*" is sampled from Gaussian distribution, and continue with the
ALS procedure with the new H*’s until the error stops decreasing. The variance of each Gaussian random

variable is typically set to 1078.
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3 Numerical results

In this section, we present some results on the proposed method for tensor ring decomposition. We calculate
the error between the obtained tensor ring decomposition and function f as:

ZIEQ (Tr(Hl[xl] Hd[xd}) - f(xlv“"xd))Q.

b= erQf(xlv""xd)z

(32)

Whenever it is feasible, we let Q = [n]?. If the dimensionality of f is large, we simply sample Q from [n]¢ at
random. For the proposed algorithm, we also measure the error on the entries sampled for learning TR as:

S sevpn, (DU ]+ Herd) = S, 00)”

Egreleton = (33)
' Zmeukﬂk f(xlv e 7$d)2
3.1 Example 1: A toy example
We first compress the function
1
flz1,...,zq) xy € 10,1] (34)

12+ tad

considered in [5] into a tensor ring. In this example, we let s = 14 (recall that s is the size of Q).
We compare our method with DMRG-Cross algorithm [I6] (which gives a TT) and the SVD-based TR
decomposition method proposed in [5]. As a method that is based on interpolative decomposition, DMRG-
Cross is able to obtain high quality approximation if we allow a large TT-rank representation. Since we obtain
the TR based on ALS optimization, the accuracy may not be comparable to DMRG-Cross. What we want to
emphasize here is that if the given situation only requires moderate accuracy, our method could give a more
economical representation than TT obtained from DMRG-Cross. To convey this message, we set the accuracy
of DMRG-Cross so that it matches the accuracy of our proposed method, resulting TT-representations of
lower rank. To compare with the algorithm in [5], we simply cite the results in [5] since the software is not
publicly available. As expected, the TR-rank is lower than the TT-rank.

Setting Format E:I;k. L ra) Fureleton E Run Time (s)
d=6,n=10 TR  (333333) 20003 4.0¢04 1.8
TT (555,551 - 1.26-04 2.4
TRIE  (3,3,3,3,3.3) - 2.3¢-04 -
d=06,n=20 TR (3,3,3,3,3,3) 5.1e-04  9.4e-05 24
TT (5,5,6,5,5,1) 6.8e-05 7.1
TRI5  (3,3,5,6,6.6) - 1.8¢-03
_ _ (3,3,3,3,3,3
d=12,n=3 TR 3.3.3.3.3.3) 3.2e-04  2.8e-04 5.8
(5,5,6,6,5,5
TT 5,5,5,3,3,1) - 4.8e-04 4.5

Table 1. Results for Example 1. n corresponds to the number of uniform grid points on [0, 1] for each z.
The tuple (71, ...,rq) indicates the rank of the learnt TR and TT. Egkeleton is computed on the samples used
for learning the TR.

3.2 Example 2: Ising spin glass

We consider compressing the free energy of Ising spin glass with a ring geometry:
d
1 eBJi o= BJi
f(J1,.da) = ~3 log [Tr <H LﬁJl B . (35)
i=1
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We let 5 =10, and J; € {—2.5,—-1.5,1,2},i € [d]. This corresponds to Ising model with temperature of about
0.1K. In this example, we start with a tensor ring with » = 4 in ALS and increase the rank to » = 5 using the
rank increasing heuristics detailed in Section when the decrement in Fgkeleton 1S small. The running time
for this experiment is longer since after increasing the rank, ALS has to be used to further decrease the error.
We let s = 14 when selecting the skeletons in the hierarchical sampling strategy. In this experiment, the
accuracy of DMRG-Cross is set to 1e-03. When computing the error E for the case of d = 24, due to the
size of f, we simply sub-sample 10° entries of f where J;’s are sampled independently and uniformly from
{-2.5,-1.5,1,2}.

Setting Format g?nk vy Poleon B Run Time (s)

(5,5,5,5,5,5
5,5,5,5,5,5)
(6,9,9,9,9,9
TT 0.08.84.1) - 1e-03 21
(5,5,5,5,5,5
5,5,5,5,5,5
5,5,5,5,5,5
5,5,5,5,5,5)
(6,9,9.9.8,9
9.8,7,8,9.9
TT 887777 - 1.7¢-03 46
7,7,8,8,4,1)

d=12,n=14 TR 3.1e-03  2.5e-03 16

d=24,n=4 TR 1.7e-03  2.2e-03 56

Table 2. Results for Example 2. Learning the free energy of Ising spin glass.

3.3 Example 3: Parametric elliptic partial differential equation (PDE)

In this section, we demonstrate the performance of our method in solving parametric PDE. We are interested
in solving elliptic equation with random coefficients

%a(z) (;Iu(x) + 1> =0, z€]l0,1] (36)

subject to periodic boundary condition, where a(-) is a random field. In particular, we want to parameterize
the effective conductance function

Aesi(a()) = /[0’1] a(x) (aaxU(x) + 1> Qdﬂf (37)

as a TR. By discretizing the domain into d segments and assuming a(x) = Zle a;xi(z), where each
a; € [1,2,3] and x;’s being step functions on uniform intervals on [0, 1], we determine Aeg(aq,...,aq) as a
TR. In this case, the effective coefficients have an analytic solution

Ailar, .. ag) = (;zd:ai)_l (38)

=1

and we use this formula to generate samples to learn the TR. For this example, we pick s = 14. The results
are reported in Table [3, When computing E with d = 24, again 10° entries of f are subsampled where a;’s
are sampled independently and uniformly from {1,2,3}. We note that although in this situation, there is an
analytic formula for the function we want to learn as a TR, we foresee further usages of our method when
solving parametric PDE with periodic boundary condition, where there is no analytic formula for the physical
quantity of interest (for example for the cases considered in [I0]).
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Rank
(ri,...,7q)
(33.33.33
3,3.3,3.3,3)
EEFEKFEKK
TT (gjj:});i)) - 2.50-05 0.76
(333333
3,3.3,3.3,3
3,3.3,3.3,3
3.3.3,3.3,3)
(5,5.5,5.5,5
5,5,5,5,5,5
TT - 1.7e-05 1.5
5,5,5,3,3,1)

Setting Format FEgreleton E Run Time (s)

d=12,n=3 TR 2.0e-05  2.1e-05 6.1

d=24,n=3 TR 1.8e-05  5.1e-05 12

Table 3. Results for Example 3. Solving parametric elliptic PDE.

4 Conclusion

In this paper, we propose method for learning a TR representation based on ALS. Since the problem of
determining a TR is a non-convex optimization problem, we propose an initialization strategy that helps
the convergence of ALS. Furthermore, since using the entire tensor f in the ALS is infeasible, we propose
an efficient hierarchical sampling method to identify the important samples. Our method provides a more
economical representation of the tensor f than TT-format. As for future works, we plan to investigate the
performance of the algorithms for quantum systems. One difficulty is that the Assumption [I| (Appendix [A)
for the proposed initialization procedure does not in general hold for quantum systems with short-range
interactions. Instead, a natural assumption for a quantum state exhibiting a tensor-ring format representation
is the exponential correlation decay [7,2]. The design of efficient algorithms to determine the TR representation
under such assumption is left for future works. Another natural direction is to extend the proposed method
to tensor networks in higher spatial dimension, which we shall also explore in the future.

A Motivation of Algorithm

In this section, we motivate our initialization procedure. To this end, we place the following assumption on
the TR f.

Assumption 1. Let the TR [ be partitioned into four disjoint regions (Fig @: Regions a, b, c1 and c,
where a,b,c1,co C [d]. Regions a,b,cy,co contain L, Ly, Le,, Le, number of dimensions respectively. If
La, Ly > Lyyger, for any z € [n]Letle the TR f satisfies

f(l'cl y LaUbs x62)|l’aub22 x g(l.cl ) xan) |:Da,ub:zh’(xan7 x62)|l’aub22 (39)
for some functions g, h. Here “x” denotes the proportional up to a constant relationship.

We note that Assumption [I holds if f is a non-negative function and admits a Markovian structure. Such
functions can arise from Gibbs distribution with energy defined by short-range interactions [18], for example
the Ising model.

Next we make certain non-degeneracy assumption on the TR f.

Assumption 2. Any segment H of the TR f, as shown in Figure[, satisfies
rank(HLH,LH;[L]) =72 (40)

if L > Lo for some natural number Lg. In particular, if L > Ly, we assume the condition number of
Hi1).141,042 = K for some k =1+ 6k, where 6k > 0 is a small parameter.

13



1 2...L,
Region a

ch +2 LC2

Region c,

Figure 5. Figure of TR f partitioned into region a, b, ¢y, cs.

L+1
L+2
Hy1 0421

Figure 6. Figure of a segment of TR, denoted as H, with L + 2 dimensions. The 1, ..., L-th dimensions have
size n, corresponding to outgoing legs of the TR, and the L + 1, L + 2-th dimension are the latent dimensions
with size 7.

Since Hp 1, 142,1] € RT2X"L, it is natural to expect when n” > 72, Hp 1, 042;1) is rank r? generically
[15].

We now state a proposition that leads us to the intuition behind designing the initialization procedure
Algorithm

Proposition 1. Let
1

sl=e; e, ® - ®e;,,, s°=e;®e;p® - Bej, (41)
be any two arbitrary sampling vectors where {ex}}_, is the canonical basis in R™. If Ly, Ly, Le,, Le, >
max(Lo, Lyyfrer), the two matrices B', B2 ¢ R™*" defined in Fz‘gure[?] are rank-1.

s c1 7‘2><nL“1 Cc2
Proof. Due to Assumptlon HL61+1,LC1+2;[L61] eR and HLCZ+1,LC2+2;[L

Figure [7] are rank-r2. Along with the implication of Assumption (1| that

Le ,
| € R %72 defined in
c2

1 T 51 2 ) _
fank((HZq+1,Lcl+z;[Lcl]) B'®B H£c2+1,Lc2+2;[ch]) =1 (42)
we get
rank(B' @ B?) = 1. (43)
Since rank(B') rank(B?) = rank(B! ® B?) = 1, it follows that the rank of B!, B? are 1. O
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Figure 7. Definition of the matrices B!, B? in Proposition

The conclusion of Proposition [1] implies that to obtain the segment of TR in region a, one simply needs
to apply some sampling vector s2 in the canonical basis to region b to obtain the configuration in Figure
where the vectors p®, ¢” € R”. Our goal is to extract the nodes in region a as H*’s. It is intuitively obvious
that one can apply the TT-SVD technique in [I3] to extract them. Such technique is indeed used in the
proposed initialization procedure where we assume Lyuger = 1, Lo = 1, L, = 1, Ly = d — 3. For completeness,
in Proposition [2| we formalize the fact that one can use TT-SVD to learn each individual 3-tensor in the
TR f up to some gauges. We further provide a perturbation analysis for the case when Markovian-type
assumption holds only approximately in Proposition

:m
b byT
= p (q)
52

Figure 8. Applying a sampling vector s? in the canonical basis to region b gives the TT.

A.1 Stability of initialization

In this subsection, we analyze the stability of the proposed initialization procedure, where we relax Assumption
to approximate Markovianity.

Assumption 3. Let

L

Q= {(Iqaxanvsz) | e, € [n]71, 2, € [n]LCQaman = Z} (44)

La+Ly

or some iven zZEn FO’F any z € |n La+Ly we assume
[ g [n] Y ;

2
Hf(QZ)01;anU02||22 > a. (45)
1 (€22) e;aubues |7
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for some 0 < a <1 if Lo, Ly > Lyyprer-

This assumption is a relaxation of Assumption 1. Indeed, if holds for o = 1, it implies that
F(22)c1:aubue, is rank 1. Under the Assumption [3] we want to show that using Algorithm [4] one can extract
H*’s approximately. The final result is stated in Proposition [2, obtained via the next few lemmas. In the
first lemma, we show that B!, B? defined in Figure [7| are approximately rank-1.

Lemma 1. Let H°, H® B!, B? be defined according to Figure@ and@ where the sampling vectors s', s?
are defined in Proposition . If L.,,Lc,, Ly, Ly > max(Lo, Lyyger), then

B3 |1B2[I3

a
—— > —. (46)
IBYE 1827 — s
Proof. By Assumption
d T 5 2 2
o< ||(H£1cl+1,Lcl+2;[Lcl]) B B Hz262+1,LC2+2;[L62}”2
- c1 T 2 fye2 2
||(HL61+1,LC1+2;[LCI]) BleB HLC2+1,LC2+2;[LCQ]HF
< 12 2 |B' ® B3
= et BT e B
2 o B3 I3 )
B 1B2IE
where K, , ke, < k are condition numbers of H{? and H$? respectively. O

Ley+1,Le, +2i[Le, ] Ley+1,Ley +25[Ley]

Let pb(q?)T be the best rank-1 approximation to B2?. Before registering the next corollary, we define
HUN and A\ in Figure @

Hlal\b —
2
d—1L,
| d—Ly+1 d—1L,+2
d—Ly+1 d—Lo+2
glaha = d—L,

Figure 9. Definition of HI4\’ and Hl\e

Corollary 1. Under the assumptions of Lemma for any sampling operator s2 defined in Proposition

I a2 0ec(P(@)T) = fiapens®l3
[d—Ly);d—Ly+1,d—Ly+2 [d]\ 2 SKJ2(1—7). (48)

| frapvivs2 |3 K

Proof. Lemma [I] implies

||H2b+17Lb+2;[Lb]S2 - Vec(pb(qb)T)”g
1},

b+17Lb+2§[Lb]S2Hg

16



_ B2 =0 e _ 1B E = @) @ (49)
1B211% I1B2|% st

Then

d|\b
NS ity 2vec(@)T) = Fapeas®l3

I franss2l3

[d]\b b b T
HH[d Lylid—Ly+1,d— Lb+2|| ||HLb+17Lb+2;[Lb]32 —vec(p (L] ) )”g

[d]\b b 212
HH[d Lolid—Ly+1,d—Lo+2H 1,41, Ly 2:[L,]5 13

2 ||H2b+1 Ly+2; [Lb]82 - Vec(pb( b)T)”%

< Kiap\p
i ||HL13+1 Ly+2; [Lb] H2

[d]\b

2 . o .
where Kighp 18 the condition number of H[d*Lbhd*Lb“rLd*Lb‘Fz.

Recall that H? is defined in Figure O

This corollary states that the situation in Figure |8 holds approximately. More precisely, let T, T e R

be defined as

d]\b =
H[[d]\Lb] :d—Ly+1,d—Ly +2V€C(pb(qb)T)v T:= f[d]\b;bs2 (51)

respectively, as demonstrated in Figure where p?, ¢® appear in Corollary |1} Corollary 1| implies

. E|2
T=T+E, H A”,f SKJQ(I—%). (52)
17| r

In the following, we want to show that we can approximately extract the H k’s in region a. For this, we need
to take the right-inverses of HS I and H defined in Figure This requires a singular

1+ 1[Ley ] Ley+15[Ley ]
value lower bound, provided by the next lemma.
51?1’01: EEHa= EEHCz:
bl L b L, 1 :
= ddd L -
E Le, + 13} L, +1 5
B2 + Region ¢; i1 Region a; Region c; !
;Region C1t Reglon a Region Cyi '
() (b)

Figure 10. (a) Definition of 7" and T. The dimensions in region a, ¢1, co are group into Z,,Z., , Z., respectively
for the tensors T and T'. (b) Individual components of T'.

Lemma 2. Let o : R™*™2 — R be a function that extracts the k — th singular value of a my X my matriz.

Then . )
gl
or(HL, e,

[d]\a 2
HH —Lo+1,d—Lo+2;[d— La]Hz

Ur(Hzinrl;[LCQ])Q . 2y/r

> (53)

assuming

——zf 1_7>0 (54)
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Proof. Firstly,

2

, - B
or2(Tz, 1, 1.,)° - WH L Lot a2 l20m2 (HE, yyp ) @ HE f1p,p)

1Tz,z., 7., I3 17z, 1., z., I3

2 rrc 2 rrc 2
o ||H[aLa];La+17La+2H2O—T(Hzlcl+1;[Lcl]) UT(HZ‘;Q+1;[LCZ])

rrld\a 2
‘ HFLa];La+11La+2Hd_La+17d_La+2§[d_La] ||2
< ||H[aLa];La+1,La+2|

%UT(chch1+1§[L )QO—T(Hzi2+1S[Lc2])2
a rrld\a
or2(Hfy, 11, 41,1,42) 1H

2
d—Lo+1,d—Lo+2;[d— L] 12
[y 2 ] 2
or(HL,, e ) L e,

rrld\a 2
”deLaJrl,deaJrZ;[dea] 13

=

2

The equality follows from

7 _ 170 rrld\a
Tryze, 2oy = Hip)inott,Lav2Ha o 41,a- Lo 42:50d-L0]

which follows from , and the definition of H¥\ in Figure @
Observe that

02(Tr 1., 7.,)° _ 0v2(Tr,2., 7.,)? — 2| Elpove(Tr, 2., 1.,) + | E|%

11z, 1., z., I3 |7z, z., 7., I3

o2 (Tr, 7., 1.,) 2| EllFo,- (Tr,.1., 1.,)

Y

1Tz, 1., 7., |13 Tz, 7., 7., |13

o2 (H{p 1, 41,0,42)°07 (ﬁc[tuﬂ\LaﬁLd—Lﬁm[d—Lu]>2

VH it zorel BV Y 1 az a3

2| Bllro: (T, 2., 1.,)
|1z, z., 7., 13

1 2|E|ro (Tr, 1., 7.,)

wt 3
2v/ro,2(Tr, 1., 7.,) | EllF

\Tz,:z., 1, 120120 7., 7,

W 1—%, (56)

Y

Y

| Tr,:1.,

Y

1
K

lF
S 1
=

we established the claim. The first inequality regarding perturbation of singular values follows from theorem
by Mirsky [11]: R
|0y2 (T, 7., 7.,) — 002 (Tz, 7., 7.,)| < IIEl2 < |E|lp, (57)

and assuming ||E||r < 0,2 (Tza;chzcz) . Such assumption holds when demanding the lower bound in (56| to
be nonnegative, i.e.

(T . 2 9\E|po,e(Tr..
or2(Ir,1., 7.,)" _ 2Ellror(Ir, 2., 2.,) _ 1 P I (58)
K

7‘%4

|Tz,z., 7,3 1Tz,:2., 7., 13
The last inequality follows from Corollary O

In the next lemma, we prove that when applying Algorithm 4| to T, where T is treated as a 3-tensor
formed from grouping the dimensions in each of set Z,,Z.,Z.,, gives close approximation to 7.
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Lemma 3. Let
Hl = {Y | Y = XXTyX eRnL61 ><7“7 XTX = I}a
My :={Y | Y =XXT,X e R XTX =T}, (59)

where I is the identity matriz. Let Py € 11, be the best rank-r projection for TICQ T.:T., Such that TICQ 1.7, Pi =~

Tr,,1,.7., in Frobenius-norm, and

Py = Juin I(Tz,z.,7.,(I ©® P2) = Tr,.7, 7., ) (Py @ I)||%.

Then R .
1Tz, 2., 12.,(I © P3)(Pf @ 1) = Tz, 7. 7., |+ < 2| E|%. (60)

Proof. To simplify the notations, let TIa5IC1Icz = TIQ;ICIIC2 (I ® Py). Then

min 1Tz, 7., ® P)(Pf @ I) = Tr, 7., 7., |7

Prelly
= min |(Tr,.1.,7., — Troz 7., + Troz.,7.,)(Pr © 1) = Tr,2. 7., |
Prelly
ZPIQHGigZ 1Tz, z.,7.,(I = Pf @ DI% + (T2, 2., 7., — T7.:7.,7.,)(PF @ I)||%
< min ||Tr,7.,7.,(I — Py @ D} + 1T 7., 7., — Traiz., 7., |7
Prelly
= min |Tr,.7, 7., — Py @ |} + 1Tr,7.,7., (I — I ® Py)||3. (61)

Pyellz

The inequality comes from the fact that P ® I is a projection matrix. Next,

17r.z.,2., (L = P @ DI} + min |Tr,z.,7.,(I -1 P}
_ : T 2 : 7 2
= min |Tr,7, 7, (I~ P& D[} + min |Tr,7, 7., ~ 18 P}
<|EIE+IEIF <2|E|% (62)

and we can conclude the lemma. The equality comes from the definition of P, whereas the inequality is due
to the facts that P;, P, are rank-r projectors, and there exists T" such that T'= T — E where rank(TIClIa;Ic2 ),
rank(Tz, ;z,7.,) <T- 0

We are ready to state the final proposition.

Proposition 2. Let
TICL;ICIIC2 = TIa§ICIIc2 (I ® P;)(Pl* ® I) (63)

where Py, Py are defined in Lemma[3. Then
P

”H&Q];LCLH,LGHH% - %—2\/77@’

where 47 is used to denote the pseudo-inverse of a matriz, if the upper bound is positive. When k =1+ dk
and o =1 — da where 6k, da > 0 are small parameters, we have

||H[aLa];La+1,La+2 -Tz,1.,1., (H211+1;[Lcl] ® Hz;ﬂ;[ch])T”% < (14 v2)%6%(1 — &)

(64)

7 7 7 2

I it zos2 = Traize, 7oy (T Ly ® HE Ly, )
a

IH,

5 < O(da + 40k). (65)
i Lo+1,Lq+2 HF
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Proof. From Lemma 3] and (52)), we get

IT%, 2., 7., — Troiz., 7., IF
=Tz, z.,7.,I @ P5)(Pf ® I) — Tr,.7. 7., ||F
< Tr,z.,z.,d @ P3)(P; 1) - Tr,2, 7., |F + |11, 2., 1., — Tru7., 7., | F
<(1+v?2)

(66)
Recall that B
Hiygipostnase = Tt 2o (D @ HE ) (67)

where the existence of a full-rank pseudo-inverse is guaranteed by the singular value lower bound in Lemma [2]
we have

1 (i1, Lv2 — fzu;zul Lea <I~{zlcl+1;[[/c1] ® FIEZH;[LQ])TH%
HH[aLa];LaH La +2||%
(4 VIPIBIRN L, g0y @ 5 g3
a I [La];L,,,+1,La,+2HF
. (1+v2 )2HEII%
(Hitlﬂ ) -(H] Loy +15] CQ] MHE on 11, La+2llE
_ (1+v2)? 11 1%
UT(HLc1+1 ) r(H LL2+1 02]) IH ., +1.n,42llF 1712
(1+\f) ||H[d]\La 1d-Los2la-r I3 | B
(Hzlcl+1 L)’ (HZC2+1 (Lo,)’ (a3

(14 /2)? 9 e
Sﬁfaé; 17%/@(1—g). (68)

The first inequality follows from and @, and the last inequality follows from Corollary [1| and Lemma
O

When L, = L., = L., = 1, applying Algorithm {4| to T results T (represented by the tensors 7%, T%¢
and T%%). Therefore, this proposition essentially implies 7%¢ approximates H® up to gauge transformation.
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