STATS 306B: Unsupervised Learning Spring 2014
Lecture 11 — May 5
Lecturer: Lester Mackey Scribe: Sidd Jagadish, Ben Nachman

11.1 Linear Gaussian State Space Model

Last time we introduced the following linear Gaussian state space model:
® Zo N(O, EQ)
o 2y, =Az 1 +w,; forindependent w; 1 ~N(0,Q) forall t>1

e 1, =Cz +uv, forindependent v, ~N(0,R) forall t>0.

11.2 Kalman Filter

Under the LGSSM, we can use the Kalman filter to compute the inferential quantity p(z;|zo.;)
recursively assuming 0 = (2o, 4, @, C, R) known. We define the following shorthand notation
to help us derive the recursive updates:

b 25|t = E[Zs|x0:t]

o Py = E[(zs — 251) (2 — 2apt) " |0:1]

Last time, we described a two-step approach to deriving the Kalman filter consisting of a
time update and a

11.2.1 Time Update

The first of our two updates computes the prediction distribution p(z;41|zo.) given the last
filtered distribution p(z;|ze.). Last time, we leveraged the fact that we know z;yq|zg, will
take a normal distribution, and thus it is sufficient to calculate 2z, ; and P, ;. Last lecture,
we found the following two update formulas.

étJrl == Aé’t (111)
Pt-i—l‘t == APt‘tAT + Q (].12)

11.2.2 Measurement Update

The second of our two recursive updates computes the new filtered distribution p(zy41|zo.¢+1)
given the prediction distribution p(z;41|xo). We will do so by first computing the joint
conditional density p(z;.1, zi11|Z0). To do so, we need the mean and covariance of x;,1|xo..
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Expectation of x;

First, let’s calculate E[x;1|xo.]

«%t—l—l\t = E[$t+1|$o:t]
= E[Cz41 + veg1| o]
= CE[Z’t+1|5E0:t] = Cét+1|t
Covariance of x;,

Now, let’s calculate Cov(zyi1, Tir1|To:t)

COV($t+1, $t+1’$€0;t) = E[(%H - i’t+1|t)(5€t+1 - i’t+1|t)T|SC(0:t)]
= E[(Cziq1 + vig1 — c241)(Crpgr + Vg1 — Cét+1)T’9€0:t]
= Cpt+1\tCT +R

The final line makes use of the fact that z;,; and v, are independent, and the fact that
P = El(ze01 = Zegap) (2e1 — Zegap) 7]

We also need the “cross” covariance Cov(zyi1, zi41|To:t)

Cov(wir1, zes1|wo) = Bl(2er1 — Zeap) (g1 — Zegnpe)” |204]
= E[(Cze1 + v — Cigaje) (L — 2t+1|t)T|X0:t]
= CPt+1\t

Thus, we have all we need for the joint distribution of z;41, x4 1|0y

A4l | N ( 2t+1|t Pt+1\T Pt+1\tCT )
Tt+1 CZiap || CPap 0Pt+1|tCT +R
Now we take advantage of our knowledge of Gaussian conditional distributions to get
P(2e41|T04, Teg1) (again, it suffices to know 241441 and Piiqe41). Our update formulas are

Zelje+l = Zeg1pe T Pt+1\tCT(CPt+1CT + R)71($t+1 - Cit+1|t) (11.3)

Pt+1|t+1 - Pt+1|t - Pt+1‘tCT<CB+1CT + R)ilcPtJrHt (114)

We see now that equations 11.1 through 11.4 together constitute an algorithm, the
Kalman filter. We summarize the complete algorithm here

1. Initialize with P0|_1 = Zo, 20‘_1 =0

2. Time Update
Zey1 = AZip

Pt+1|t = APt|tAT ‘l‘ Q
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3. Measurement Update
Zit1ft+1 = Zeppe + Pt+1|tCT(CPt+1CT + R) Hxp1 — CZiap)
Py = Py — Pt+1\tCT(CPt+10T + R)_ICPt+1|t

Kalman Gain Matrix
The matrix
Kip1 = P CT(CPCT + R)7! (11.5)

appearing in the measurement update is known as the Kalman gain matrix. Note that
the current expression involves a p X p matrix inversion. However, due to Sherman-Morrison-
Woodbury, we can rewrite the K;; as follows:

Kip = (P, + CTRC)'CTR™ (11.6)

We may initially worry that since R is a p X p matrix, we have not reduced our computational
work; however, we note that R is fixed, and thus we only need to compute its inverse once.
As such, for all iterations other than the first, we have reduced our work from inverting p x
p matrix to inverting two ¢ x g matrices.

11.3 Smoothing

The Kalman filter taught us how to recursively calculate p(z;|xo.). We may also be interested
in inference regarding a previous hidden state — that is, in calculating p(z|xor),t < T,
assuming our parameters 6 are known. This is called the smoothing task. There are two
standard recursive approaches to smoothing:

e The two-filter algorithm described in the SSM chapter is analogous to the forward-
backward / « - § algorithm for HMMs

e The Rausch - Tung - Streibel smoother is analogous to the a-vy algorithm for HMM
inference in the HMM chapter. This is the more common algorithm (in the LGSSM
setting, not in the HMM setting), and hence it is the approach that we will focus on.

11.4 RTS Smoothing

Let us outline our plan of attack for smoothing.

1. We will first run the Kalman filter from time 0, ...,T" to obtain the filtered and one-step
prediction quantities 2y, 2111, Prjey Pigife-

2. We will next initialize the smoother with z7r and Pppp.

3. Finally, we will recursively compute p(z|zo.r), given p(zii1|xo.r). We know this is a
Gaussian with mean 2,7 and covariance FPyr. As such, we just need to find this mean
and covariance.
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To tackle the final item, we will make use of the fact that z; | x;,1.7 | ze41 (recall our
graphical model chain structure). As such, conditioning on z,,; will simplify the smoothing
computation and set us up nicely for recursion. To compute the full conditional distribution
p(2t|ze41, Tor) = p(ze|zi41, o), we first compute the joint probability p(zy, zi41|%0.) and
then use Gaussian conditioning.

Computing p(z, zi41|To4)

We know that p(z, z441|x0) is Gaussian, so it suffices to compute its mean vector and its
covariance matrix. We know the mean vector is

Zt|t
2 )
Rt+1]t

where 2,1y = AZy;. We will use this when calculating the cross covariance:

Cov (2, ze41|70:) = El(2 — ?3t|t)(2t+1|t — ?3t+1|t)T|$o:t]
= E[(z — 24¢) (Az + wy — A2t|t)T|x0:t]
— Pt‘tAT

Thus, we obtain the covariance matrix

Py Py AT
APy Py |

Computing p(Zt|Zt+1, xo:T) = p(Zt|Zt+1, xO:t)

Now we will compute p(z¢|2i11, To.r) via p(2¢|zis1, o) by Gaussian conditioning. We find
that

]E[Zt|zt+1; xO:T] = E[zt‘thrla ﬁo:t] = 5’t|t + Lt(2t+1 - 73t+1\t)
where
_ T p—1
Ly = PtItA Pt+1|t'
We also use Gaussian conditioning to compute
T
COV<zt’Zt+1> $0:T) = COV(Zt‘Zt-Ha xO:t) = Pt|t - LtPt+1|tLt

Computing p(z|zo.r)

Recall that our final goal is to compute p(z;|xo.7); we can achieve this by taking an expecta-

tion over z;41 in p(2¢|2¢11, To.r). To do so, two key conditioning properties of general random
vectors X, Y, and Z.

e Tower Property: E[Z|X] = E[E[Z|Y, X]|X]
e Law of Total Conditional Variance: Cov|[Z|X] = Cov[E[Z]Y, X||X]|+E[Cov[Z]Y, X]| X]
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We will apply the above two properties, using Z = z;, Y = 2,41, X = zo.p. First, we compute
the smoothed mean 2.

Zyr = Elz| o]
= E[E[z¢|2¢41, To.r]|To.7]
= E[Z: + Li(2e41 — Zev1e) [To7]
= 2ot + Li(Zesar — Zegpe)

We see that our final expression consists of our filtering estimate Z;; added to a correction
term Ly(Z17 — Zi411¢). Now, all that remains is to apply thte law of total conditional
variance to find Py

Pyr = Cov|z|xo.r]
= Cov(E[2| 241, mo.7)|w0.7) + E[Cov[2| 2411, To.7]|T0:7]
= Cov(Zy + Li(zt11 — Zepape) [zor) + B[Py — LtPt+1|tLtT|X0:T]
= LiPyyrLy + Pys — LePryye Ly
= Py + Le(Proajr — Py LY

We note again that our final expression consists of our filtering estimate and a correction
term.

11.5 EM for the Linear Gaussian State Space Model

Now that we have learned how to conduct inference in LGSSMs for known model parameters
0, we turn to the question of estimating those parameters. Unfortunately, there are no
closed-form MLEs, so we turn as usual to the EM algorithm. Let us begin by formulating
the complete log likelihood:

T
1
log p(zo.1, 2073 0) = 3 <log S| + 20 2o 20 + Z log |Q] 4 (2 — Az1)"Q ' (2 — Aziy)
=1

T
+ Z log |R| + (v, — Cz)" R~ (wy — C’zt)> + constants
=0

Introduce the shorthand M, = zoon ,
1 < 1 <
M == D (2= Az )z — Azy)’, and N = 711 ;(% — Cz)(x; — Cz)T,

t=1
where NNV is the same conditional sample covariance that we saw in the factor analysis setting.
With this notation, the complete log likelihood becomes

1
logp(:z:o;T, Z0:T; 6)) = —5 (log |20’ + tr(MoEal)
+Tlog |Q] + tr(MQ™")] + (T + 1)[log |R| + tr(NR™")]) + constants

where we have used the same trace trick as in factor analysis. Now, we turn to the E-step.

11-5



STATS 306B Lecture 11 — May 5 Spring 2014

11.5.1 E step
In the E step we form the expected complete log likelihood under the conditional distribution
QS(ZO:T) = p(ZO:T’xO:T; 9(5))7

where #¢) are the parameters from the previous step in the algorithm. It suffices to compute
E,.[My] = E[202{ |zo.r], which we know from smoothing, E, [M], and E, [N]. E, [N] depends
on E[z|zo.r] and

s

E[ztzﬂxoq] = Cov(z|xor) + E[zt|x0;T]E[zz|x0:T],

for each ¢, both of which are known from smoothing. E,, [M] also depends on E,, [2;2] ; |zo.7]
for all ¢ > 1, which we have not directly computed. However, we note that

Elz2|zo.r]) = Cov(zizi-1|wor) + Elzi|zor] Bz |zo.r),

and both of these terms are computable from smoothing/filtering (work this out for yourself
- consider p(z;—1|zt, xo.r)). The takeaway message is that we can carry out the E step by
running the Kalman filter and RTS smoothing.

11.5.2 M step

Now, we optimize the ECLL. As in factor analysis, there exists a closed form for the updates:

. -1
oLt = (Z 2By, [2; > (Z Eq, [thtT]>
t=0
. -1
(s+1) T
A Z Eq, [ tht 1 Z Eq.[2-121]
=1

sz“) Eqs (M)
R (s+1) [N]
Q (s+1) [M]

where after some rearrangement we have

RUHD = Eq[N] =

Q(S+1) = Eq, [M] =
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