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Summary. In the presence of high-dimensional predictors, it is challenging to develop reliable regression models that can be
used to accurately predict future outcomes. Further complications arise when the outcome of interest is an event time, which
is often not fully observed due to censoring. In this article, we develop robust prediction models for event time outcomes by
regularizing the Gehan’s estimator for the accelerated failure time (AFT) model (Tsiatis, 1996, Annals of Statistics 18, 305–328)
with least absolute shrinkage and selection operator (LASSO) penalty. Unlike existing methods based on the inverse probability
weighting and the Buckley and James estimator (Buckley and James, 1979, Biometrika 66, 429–436), the proposed approach
does not require additional assumptions about the censoring and always yields a solution that is convergent. Furthermore,
the proposed estimator leads to a stable regression model for prediction even if the AFT model fails to hold. To facilitate the
adaptive selection of the tuning parameter, we detail an efficient numerical algorithm for obtaining the entire regularization
path. The proposed procedures are applied to a breast cancer dataset to derive a reliable regression model for predicting patient
survival based on a set of clinical prognostic factors and gene signatures. Finite sample performances of the procedures are
evaluated through a simulation study.
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1. Introduction
Global gene expression profiling using microarrays has the
potential to lead to a better understanding of the molecu-
lar features corresponding to different phenotypic disease out-
comes. Prediction of disease outcomes using genomic mark-
ers is challenging because the number of covariates could be
large relative to the sample size. To incorporate such high-
dimensional data, dimension reduction methods such as prin-
cipal component regression (Jolliffe, 1986) and partial least
square methods (Martens and Naes, 1989) have been pro-
posed. These methods essentially search for low-dimensional
projections of the covariates to optimize the tradeoff between
bias and variance and thus achieve reduced mean squared
errors (MSEs; Park, 1981). An alternative approach to han-
dle high-dimensional predictors is through penalized estima-
tion. Penalized methods have been studied extensively in
the literature for noncensored outcomes. Examples include
the ridge regression (Hoerl and Kennard, 1970), the sup-
port vector machines (Vapnik, 1995), the LASSO (Tibshirani,
1996), the gradient directed regularization method (Fried-
man and Popescu, 2004), and the adaptive LASSO (Zou,
2006; Zhang and Lu, 2007). These methods modify (“regu-
larize”) the minimization of a usual empirical risk function
R̂n (θ) by adding a penalty λP (θ) to the risk and thus instead
minimize

R̂n (θ) + λP (θ),

where θ is the unknown parameter associated with marker
effects and λ � 0 is the penalty parameter that controls the
degree of regularization. Larger values of λ provide increased
regularization producing more stable estimates (Friedman
and Popescu, 2004). For any given λ, one may obtain a reg-
ularized estimator for θ. Typically, both the empirical risk
function R̂n (θ) and the penalty function P(θ) are convex
and thus the penalized risk function remains convex, which
ensures the existence and uniqueness of the minimizer for
any given λ. The LASSO-type regression procedures based
on the L1 penalty have become useful tools to incorporate
high-dimensional data because these methods achieve the
shrinkage and variable selection simultaneously by producing
sparse solutions. Another attractive feature of these proce-
dures is that efficient numerical algorithms such as the gra-
dient LASSO (Kim and Kim, 2004) and least angle regres-
sion (LARS) (Efron et al., 2004) have become available for
implementation.

Regularized methods for combining high-dimensional
markers to predict failure time outcomes are less well de-
veloped. Tibshirani (1997) and Gui and Li (2005) devel-
oped regularized Cox regression methods by adding an L1

LASSO penalty to the partial likelihood. A more comprehen-
sive review of related literatures can be found in Li (2008).
However, the proportional hazards assumption may not be ap-
propriate for certain applications. A useful alternative to the
Cox model is the accelerated failure time (AFT) model (Wei,
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1992), which has been studied extensively in recent years for
the standard regression setting. Inference procedures for the
regression parameters under the AFT model include the in-
verse probability weighting (IPW) method, Buckley–James it-
erative method, and rank-based method (Buckley and James,
1979; Koul, Susarla, and Van Ryzin, 1981; Tsiatis, 1996). To
incorporate high-dimensional covariates, the LASSO regular-
ization has been applied to the IPW and Buckley–James (BJ)
estimators for the AFT model (Huang, Ma, and Xie, 2006;
Datta, Le-Rademacher, and Datta, 2007; Wang et al., 2008).
The LASSO regularized IPW estimator inherits most of the
good properties of the common LASSO regularization in lin-
ear models. However, the validity of the IPW approach relies
on the correct specification of the conditional censoring dis-
tribution, which may be difficult in practice. Furthermore,
it requires the support of the censoring time to contain the
entire support the failure time. This assumption is likely to
be violated in practice, because most of the clinical studies
have prespecified duration of follow-up, which may not be
sufficient to observe all failures. The BJ procedure needs less
stringent conditions on the censoring time. However, it also
relies on the identifiability of the entire residual distribution,
which may not be available in the presence of censoring. Fur-
thermore, the LASSO-regularized BJ estimator cannot be in-
terpreted as a constrained minimizer of a convex objective
function, because it is based on an estimating equation mo-
tivated from the self-consistency principle. Lastly, the com-
putation of the BJ estimator is based on an unstable itera-
tive algorithm, which may lead to multiple limiting values
(Currie, 1996; Huang and Harrington, 2005; Huang et al.,
2006). To overcome such difficulties, we propose to regular-
ize the rank-based estimation procedure with LASSO-type
penalty to develop parsimonious prediction models for failure
time outcomes. The proposed regularization methods have
several advantages. First, we only require the censoring to
be independent of the event time conditional on the covari-
ates without any additional specification of the censoring dis-
tribution. Furthermore, the resulting estimator is well defined
for any given penalty parameter and can be viewed as a solu-
tion to a linear programming optimization problem. In fact,
the exact LASSO path can be easily identified through an
efficient numerical algorithm detailed in Web Appendix C.
Another advantage of the proposed method lies in its ro-
bustness with respect to model misspecification. When the
AFT model is correctly specified, our proposed estimator pro-
vides a consistent estimator for the regression coefficients and
thus would be the optimal prediction rules asymptotically.
On the other hand, when the AFT model is only an approxi-
mation to the true model, the convexity of the proposed ob-
jective function would ensure the convergence of the estima-
tion procedure and thus lead to a stable regression model for
prediction.

The rest of the article is organized as follows. In Section 2,
we detail the estimation method and procedures for making
inference about the estimator. We discuss the selection of the
regularization parameter in Section 3. Procedures for com-
puting the exact LASSO path are shown in Section 4. We
illustrate the proposed procedure with the data from a breast
cancer study in Section 5. Simulation results are summarized
in Section 6 and some final remarks are provided in Section 7.

The detailed algorithm for computing the exact LASSO path
is given in Web Appendix C.

2. Method
Let {(T i , Ci , Zi ), i = 1, . . . , n,} be n independent and identi-
cally distributed random vectors, where T and C are the log-
transformed survival and censoring times, respectively, and Z
is the p-dimensional covariate vector. Due to censoring, the
observed data consists of {(Y i , δi , Zi ), i = 1, . . . , n}, where
Y i = min(T i , Ci ) and δi = I(T i � Ci ). We assume that the
distribution of T given Z follows an AFT model:

Ti = β′
0Zi + εi ,

where {εi , i = 1, . . . , n} are n independent random errors with
an unspecified common distribution function.

2.1 Estimation Procedure
To estimate the covariate effect β0, Tsiatis (1996) proposed a
set of estimating equations motivated from inverting a class
of rank tests. Specifically, a consistent estimator of β0 can be
obtained as the solution to the estimating equation

n−1
n∑

i=1

Wn {ei (β); β}

⎡
⎢⎢⎢⎢⎣Zi−

n∑
j=1

Zj I{ej (β) � ei (β)}

n∑
j=1

I{ej (β) � ei (β)}

⎤
⎥⎥⎥⎥⎦δi=op (n−1/2),

(1)

where ei (β) = Y i − β′Zi and W n (·; ·) is a known weight
function convergent to a deterministic limit. A common
choice of W n (·; ·) is the Gehan’s weight function Wn (t; β) =
n−1

∑n

i=1 I{ei (β) � t}. This corresponds to a simple mono-
tone estimating function,

S(β) = n−2
n∑

i=1

n∑
j=1

(Zj − Zi )I{ei (β) � ej (β)}δj ,

which is the “quasiderivative” of a convex objective function,

L(β) = n−2
n∑

i=1

n∑
j=1

{ei (β) − ej (β)}I{ei (β) � ej (β)}δj .

Therefore, a valid estimator of β0, β̂G may be obtained as a
minimizer of the convex function L(β) (Ritov, 1990). In prac-
tice, β̂G may be obtained through linear programming (Jin,
Lin, and Wei, 2003) by minimizing

∑n

i=1

∑n

j=1 e+
ij δj subject

to the constraints

(Yi − Yj ) − β′(Zi − Zj ) = e+
ij − e−ij , e+

ij � 0, e−ij � 0,

for 1 � i, j � n. (2)

When the sample size is not large relative to the dimension
of β0, the conventional estimator β̂G may have poor perfor-
mance (Huang et al., 2006). To obtain a more accurate estima-
tor for β0 in such settings, we propose the LASSO-regularized
Gehan’s estimator,

β̂LG = argmin
β

{
L(β) + λn

p∑
k=1

|βk |

}
,

where λn > 0 is the penalty parameter and for any vec-
tor a, we use notation ak to denote the kth component of
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a. Equivalently, β̂LG is the minimizer of L(β) under the
constraint

p∑
k=1

|βk | � sn ,

for some sn that corresponds to the penalty parameter λn .
As for β̂G , the computation of the regularized estimator β̂LG

can be achieved through linear programming by minimizing∑n

i=1

∑n

j=1 e+
ij δj subject to constraints

βk = β+
k − β−

k , β+
k � 0, β−

k � 0, for k = 1, . . . , p,

and
p∑

k=1

(β+
k + β−

k ) � sn ,

in addition to the constraints given in equation (2).
The LASSO method penalizes all the regression coefficients

in the same way and may not be consistent in identifying
all the nonzero regression coefficients. Recently, Zou (2006)
and Zhang and Lu (2007) proposed the adaptive LASSO
method, which penalizes the regression coefficients according
to an initial estimator. The adaptive LASSO approach pe-
nalizes the regression coefficients based on the magnitude of
their initial estimators. It entails more stringent constraints
or equivalently larger penalties on coefficients that are likely
to be zero according to the initial estimator. The adaptive
LASSO has been used for variable selection in different mod-
els (Leng and Ma, 2007; Lu and Zhang, 2007; Wang, Li,
and Jiang, 2007) and can be easily applied to regularize the
Gehan’s estimator. Specifically, one may estimate β0 by min-
imizing L(β) + n− 1

2 λ̃n

∑p

k=1 |βk |/ | β̂G k | or equivalently mini-
mizing L(β) under the constraints

p∑
k=1

|βk |
|β̂G k |

� s̃n .

Let β̂A G denote the corresponding adaptive LASSO regular-
ized Gehan’s estimator. In practice, we may obtain β̂A G based
on the same procedure as for β̂LG with the rescaled predictors
Z̃i = (Zi1|β̂G 1|, . . . , Zip |β̂G p |)′.
2.2 Large Sample Properties and Inference Procedures
In Web Appendix A, we show that β̂LG → β0 almost surely
if λn → 0. Because L(β) can be locally approximated by a
quadratic function, we show in Web Appendix A that if n1/2

λn → λ0 � 0, then as n → ∞, n1/2(β̂LG − β0) converges in
distribution to argminuV(u, W), where

V (u,W) = u′W +
1
2
u′

A0u

+ λ0

p∑
j=1

{uj sgn(βj )I(βj �= 0) + |uj |I(βj = 0)},

W follows a multivariate normal distribution with mean zero
and a variance covariance matrix of B0, A0 = ∂2E{L(β)}/
∂β∂β′ at β =β0, and B0 = var{n1/2S(β0)}.

For the adaptive LASSO estimator, we require λ̃n → 0 and
n

1
2 λ̃n → ∞. Under such an assumption and regularity condi-

tions given in Web Appendix A, β̂A G → β0 almost surely.

Furthermore, in Web Appendix B, we establish its “ora-
cle” property (Zou, 2006; Zhang and Lu, 2007). Specifically,
let A = {k : β0k �= 0}, Â = {k : β̂A G k �= 0}, and let βA denote
the subvector of β that corresponds to A. Using similar
arguments as given in Zou (2006), we show that as n →
∞, P (Â = A) → 1 and n1/2(β̂A

A G − βA
0 ) converges in distribu-

tion to N{0, A−1
1 B1(A−1

1 )′}, where A1 = ∂2E{L(β)}/∂βA∂βA′

at β =β0, and B1 = nvar{S(β0)A}, where S(β0)A is the sub-
vector of S(β0) corresponds to A.

Although the foregoing theoretical asymptotical properties
provide some justifications on the large sample performance
of the LASSO and adaptive LASSO regularized estimators in
practice, they are not directly applicable to make statistical
inference about β0 in finite samples. It is generally difficult to
approximate the distribution of the LASSO regularized esti-
mators well or to provide desirable interval estimates for β0.
Routinely used procedures such as the bootstrap may fail in
such settings (Knight and Fu, 2000). In practice, we propose
to approximate the variance covariance of the proposed es-
timators based on the local quadratic approximation of the
Gehan’s objective function (Fan and Li, 2001). Specifically,
we suggest estimating the variance of β̂LG and β̂A G by

n−1{Â + λn DLG (β̂LG )}−1
B̂{Â + λn DLG (β̂LG )}−1 and

n−1{Â + n−1/2λ̃n DA G (β̂A G )}−1
B̂{Â + n−1/2λ̃n DA G (β̂A G )}−1,

respectively, where Â and B̂ are the respective consis-
tent estimators of A0 and B0, DLG (β) = diag{I(β1 �= 0)/
|β1|, . . . , I(βp �= 0)/|βp |} and DA G (β) = diag{I(β1 �= 0)/
β2

1 , . . . , I(βp �= 0)/β2
p}. An extra layer of difficulty arises when

obtaining a consistent estimator of A0 due to the nonsmooth-
ness of the Gehan’s objective function. One possible solution
is to take advantage of the local linear property of S(β),

S(β̂∗) − S(β̂) = A0(β̂∗ − β̂) + op (n−1/2),

for β̂∗ = β0 + Op (n−1/2),

and approximate the kth column of A0 based on the es-
timated regression coefficients ak in the linear regression
model, Sk (β̂∗) − Sk (β̂) = a′

k (β̂∗ − β̂) + ε, where Sk (β) is the
kth component of S(β). To estimate the slope for each k,
we first obtain B realizations of β̂∗ by generating B boot-
strap samples of β̂G , denoted by {β̂∗(1)

G , . . . , β̂
∗(B )
G }; and then

fit the linear regression model based on the “responses”
{Sk (β̂∗(1)

G ) − Sk (β̂G ), . . . , Sk (β̂∗(B )
G ) − Sk (β̂G )} and the corre-

sponding “covariate vectors” {β̂∗(1)
G − β̂, . . . , β̂

∗(B )
G − β̂}.

3. Selection of the Regularization Parameter
The selection of the regularization parameter is crucial to the
performance of the final prediction model. Various methods
have been proposed to select the penalty parameter in the
LASSO regularization. In general, there are two different ob-
jectives one may wish to achieve when selecting the penalty
parameter: (i) optimizing the prediction accuracy of the fi-
nal model; and (ii) identifying the “true” prediction model
or, more realistically, the set of nonzero β coefficients in the
regression model. These two goals are similar, but may be
inconsistent and thus require substantially different penalty
parameters in the absence of a true model. In this article, we
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focus on optimizing the prediction accuracy and suggest using
crossvalidation methods for selecting an appropriate penalty
parameter.

To optimize the prediction accuracy, one needs to first
choose a desirable accuracy measure. A convenient choice is
to measure the accuracy by L(β) itself. Because E{L(β)} ≈
(β − β0)′A0(β − β0)/2 in a small neighborhood of β0, the
value of L(β) can be interpreted as a weighted MSE of us-
ing β to approximate β0. When interest lies in the predic-
tion of t-year survival, one may consider the corresponding
c-statistic as a measure of accuracy (Zheng, Cai, and Feng,
2006). For any given accuracy measure, we propose to use the
K-fold crossvalidation to select λ that achieves the optimal
accuracy. Specifically, we randomly partition the data into K
subgroups of approximately equal sizes and for any given λ
compute the crossvalidated accuracy based on

Lcv (λ) =
K∑

k=1

L(k ){β̂(−k )(λ)},

where L(k )(β) is the estimated accuracy function based on the
observations in the kth subgroup and β̂(−k )(λ) is the LASSO
or adaptive LASSO regularized Gehan’s estimator based on
observations not in the kth group with the penalty parameter
λ. One may carry out the foregoing K-fold crossvalidation
procedure repeatedly and obtain λn as the optimizer of the
average Lcv (λ) among all the replicates.

4. Computation of the Exact Regularization Path
With the linear programming techniques, one may easily ob-
tain β̂LG (s), the minimizer of L(β) under the constraint∑p

k=1 |βk | � s, for any given s. However, the data-dependent
selection of an optimal penalty λn or the corresponding sn

may be time consuming if one directly evaluates the accuracy
measure function Lcv (λ) via a naive application of the lin-
ear programming techniques. To overcome the computational
burden, the threshold gradient descending method may be
applied to find an approximated solution to the LASSO path
(Friedman and Popescu, 2004). However, this approximation
may not be accurate in some settings and leads to solutions
that are markedly different from the exact LASSO path. In
the following section, we propose an efficient numerical al-
gorithm to compute the exact entire LASSO regularization
path. Because the exact path of β̂LG (s) is piecewise linear
due to the Karesh–Kuhn–Tucker condition, the entire path is
determined by all the changing points {β[1], β[2], . . .} in the
path.

To illustrate the algorithm, we consider a simple example
by taking the first seven observations from the well-known
Mayo Clinic Primary Biliary Cirrhosis study (Fleming and
Harrington, 2001) with age and log(albumin) as the only
two predictors. With p = 2, Figure 1 plots part of the two-
dimensional parameter space divided by lines Y i − Y j −
β′(Zi − Zj ) = 0, 1 � i < j � 7. Because L(β) is linear within
each segment bounded by straight lines, the fastest descending
direction has to be along the edges in the figure. To illustrate
how the algorithm explores the regularization path, suppose
that β[2] and β[3] are the points “A” and “B” in the figure, re-
spectively. After reaching point “B,” we need to determine the
next optimal direction. First, the optimal direction must be
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Figure 1. The simple example explaining the algorithm for
computing the exact LASSO regularization path.

along the edges “BE” or “BC” due to the convexity and local
linearity of the objective function. To decide which direction
to take, we need to calculate and compare the descending rate
of L(β) along these two directions relative to the increasing
rate of ‖β‖. Specifically, from point “B” to “E,” L(β) de-
creases from 11.04 to 9.67, while ‖β‖ =

∑2
k=1 |βk | increases

from 0.21 to 0.34. This suggests a relative descending rate of
(9.67 − 11.04)/(0.34 − 0.21) ≈ −10.77. Similarly, from point
“B” to “C,” maintaining the same direction as from “A” to
“B,” L(β) decreases from 11.04 to 8.64, while ‖β‖ increases
from 0.21 to 0.39. This implies a faster relative descending
rate of −13.73. Therefore, the optimal direction should go
from “B” to “C.” After reached point “C,” we face a similar
question: keep the same direction or turn left to the point
“D.” With the same method, it is straightforward to obtain
the relative descending rates along these two directions: the
relative descending rates are −8.96 and −11.60 along the y-
axis and edge “CD,” respectively. Therefore, the joint after
“C” is “D.” In this manner, one may progressively explore
the entire LASSO regularization paths highlighted in the fig-
ure. Note that in the foregoing discussion, we purposely ig-
nored the possibility of turning right into the other half of the
parameter space for simplicity. The same calculation for the
relative descending rate can be easily carried out to confirm
that those directions are indeed suboptimal. This algorithm
is similar to the procedure given by Zhu et al. (2003) for
solving the regularized support vector machine. We present
the detailed algorithm for computing the exact path in Web
Appendix C.

5. Example
In this example, we are interested in constructing optimal
prediction models for survival time using patient level clinical
and genetic information based on a breast cancer study. The
study involves 295 patients with primary breast carcinomas
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from the Netherlands Cancer Institute (Chang et al., 2005).
The survival time information was extracted from the medical
registry of the Netherlands Cancer Institute. Potential clinical
predictors include age, tumor size, lymph node status, tumor
grade, vascular invasion status, estrogen receptor status, Na-
tional Institutes of Health (NIH) risk grade, the use of breast
conserving therapy, and the use of adjuvant therapy. Avail-
able also are gene signatures that represent distinct analytic
strategies and have been validated in independent studies.
Specifically, there are seven potential gene signatures: basal-
like, ErbB2, luminal A, luminal B, normal-like, a 70-gene, and
the wound response gene signatures. The basal-like, ErbB2,
luminal A, luminal B, and normal-like gene signatures were
identified by an unsupervised clustering method (Perou et al.,
2000). The 70-gene signature was constructed based on the
association between the gene expression level and the risk of
metastasis (van de Vijver et al., 2002). The wound response
gene signature was a hypothesis-driven signature proposed by
Chang et al. (2005).

To identify the optimal prediction model, we fit the data
with the AFT model with the logarithm of the survival time as
the response variable and 18 potential predictors: age, tumor
size (diameter, cm), the number of lymph nodes, tumor grade
(grade 2 versus 1, grade 3 versus 1), vascular invasion (1–3
vessels versus 0 vessel, >3 vessels versus 0 vessel), estrogen re-
ceptor status (positive versus negative), NIH risk status (high
versus intermediate or low), the use of breast conserving ther-
apy (mastectomy versus breast conserving therapy), the use of
adjuvant therapy (no adjuvant therapy versus chemotherapy
or hormonal therapy), as well as the seven gene signatures.
All the genetic signatures used in the model are continuous
correlation measures. In the analysis, to avoid potential bi-
ases we excluded a subset of 61 patients, which was used to
construct the 70-gene signature. Among the remaining 234
patients, the median follow-up time was 7.2 years and the
number of observed deaths is 55.

To construct prediction models based on these 18 predic-
tors, we considered three aforementioned estimators for β:
(i) the standard Gehan estimator; (ii) the LASSO estimator;
and (iii) the adaptive LASSO estimator. The entire LASSO
and adaptive LASSO regularized paths of the proposed esti-
mators are shown in Figure 2a and b. To examine how well
the path obtained based on the threshold gradient descending
algorithm approximates the exact path, we also obtained the
approximated LASSO path in Figure 2c. Although the overall
patterns of the two sets of paths are fairly similar as antici-
pated, there are subtle differences in paths of some individual
predictors and in general the threshold gradient descending
paths are much “smoother” than the exact paths. To deter-
mine the penalty parameter λ, we use L(·) as the accuracy
measure and choose λ by optimizing the average of five in-
dependent fivefold crossvalidated estimators of the accuracy
function as shown in Web Figure 1. The corresponding point
estimators of the regression coefficients are summarized in
Table 1. It is interesting to note that according to adaptive
LASSO, the only nonzero regression coefficients in the AFT
model are tumor size, tumor grade (grade 3 versus 1 or 2), vas-
cular invasion (>3 vessels versus 0–3 vessels), basal-like, lumi-
nal A, ErbB2, 70-gene, and wound response gene signatures,
which suggests that the conventional clinical prognostic fac-

tors and selected gene expression signatures are complemen-
tary to each other in terms of predicting future survival time.
Reported also in Table 1 are the standard error estimates for
both LASSO and adaptive LASSO regularized point estima-
tors. However, as discussed in Section 2.2, the finite sample
distribution of the proposed regularized estimators may be
far from normal and the standard error may not be a good
summary for the precision of these estimators.

To internally validate the prediction performance of the
models constructed based on the regularization methods, we
randomly split the data into a training sample and a vali-
dation sample of equal sizes. We fit the training data with
the AFT model via the proposed procedures to obtain esti-
mates of the regression coefficients. Based on these estimates,
we then predict the risk of failure for subjects in the valida-
tion sample and classify them as high or low risk based on
whether the predicted risk exceeds the median risk. The se-
lection of the penalty parameters in the training stage was
based on the fivefold crossvalidation. This process was re-
peated 500 times. The results demonstrate the LASSO and
adaptive LASSO estimators achieve better risk stratifications
compared to the unregularized counterpart with respect to
their significance in testing the difference between the two risk
groups. For example, the observed proportions of p-values be-
ing smaller than 0.05 are 96.6%, 91.2%, and 82.2% for predic-
tions based on LASSO, adaptive LASSO, and unregularized
estimators, respectively. The entire empirical cumulative dis-
tribution functions of the 500 p-values for comparing the two
risk groups identified by the LASSO, adaptive LASSO, and
unregularized Gehan’s estimators are shown in Web Figure 2.
Furthermore, the LASSO and adaptive LASSO procedures led
to prediction models with an average of 8 and 7 predictors,
respectively.

6. Simulation Study
In this section, we examine the finite sample performance of
the proposed methods through simulation studies. We mimic
the simulation setup considered in Tibshirani (1997). Specifi-
cally, we generate the survival time from the exponential dis-
tribution with rate λ = exp(−β′

0Z), i.e., log(T ) = β′
0Z + ε,

where Z = (Z 1, . . . , Z 9)′ is generated from a multivariate nor-
mal with mean zero and the variance covariance matrix ΣZ =
(σij ) = (ρ|i−j |) and ε follows the standard extreme value dis-
tribution. We considered two sets of regression coefficients:
β0 = (0.35, 0.35, 0, 0, 0, 0.35, 0, 0, 0)′ and (0.7, 0.7, 0, 0,
0, 0.7, 0, 0, 0)′, to represent weak and moderate associations
between the predictors and the survival time, respectively.
Three different values of ρ were considered, ρ = 0, 0.5, and
0.9, corresponding to zero, moderate, and strong collinearity
among the predictors. The censoring time was generated from
a uniform[0, ξ], where ξ was chosen to achieve about 40% of
censoring.

For each scenario, the three estimation procedures were
evaluated based on 100 simulated datasets at sample sizes of
n = 50 and 100: the Gehan’s rank-based, BJ iterative and
IPW methods. For each estimation method, we investigated
four regularization procedures: (a) the oracle procedure with
β 3, β 4, β 5, β 7, β 8, and β 9 given as 0; (b) the unregularized pro-
cedure including all predictors in the model; (c) the LASSO;
and (d) the adaptive LASSO. The oracle procedure, while
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Figure 2. Paths of the regression coefficients (a) as a function of
∑p

k=1 |βk | for the exact LASSO (b) as a function of∑p

k=1 |βk |/|β̂G k | for the adaptive LASSO; (c) as a function of
∑p

k=1 |βk | based on the threshold gradient descending approxi-
mation (Approximate LASSO), for the breast cancer example. The vertical lines correspond to the estimated optimal penalty
parameters.

not available in practice, may serve as an optimal benchmark
for the purpose of comparisons. The penalty parameters used
in the LASSO (adaptive LASSO) regularized rank estimator
were selected based on the fivefold crossvalidation assisted
by the proposed efficient algorithm for computing the exact

regularization path. We implemented the procedure proposed
by Wang et al. (2008) to compute the LASSO (adaptive
LASSO) regularized BJ estimator with regularization applied
to the least square fitting within each iteration. The procedure
failed to converge for a significant number of datasets due to
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Table 1
Estimated regression coefficients and standard errors of all clinical predictors and gene

signatures for the breast cancer data example

Gehan’s estimator LASSO Adaptive LASSO

Clinical predictors
Age (decades) 0.264 (0.166)a 0.123 (0.068) 0.000 (–)
Tumor size (diameter, cm) −0.132 (0.129) −0.042 (0.024) −0.056 (0.033)
Tumor grade

Grade 3 versus 1 −0.678 (0.396) −0.225 (0.082) −0.281 (0.205)
Grade 2 versus 1 −0.405 (0.342) 0.000 (–) 0.000 (–)

Vascular invasion
1–3 vessels versus 0 vessel 0.268 (0.312) 0.000 (–) 0.000 (–)
>3 vessels versus 0 vessel −0.122 (0.557) −0.276 (0.104) −0.453 (0.047)

Estrogen receptor status −0.261 (0.455) 0.000 (–) 0.000 (–)
(positive versus negative)

Mastectomy versus breast
conserving therapy

−0.166 (0.213) −0.053 (0.035) 0.000 (–)

No adjuvant versus chemo or
hormonal therapy

0.096 (0.287) 0.000 (–) 0.000 (–)

The number of lymph nodes −0.024 (0.078) −0.013 (0.006) 0.000 (–)
NIH risk status 0.208 (0.387) 0.000 (–) 0.000 (–)

(high versus intermediate or low)
Gene signatures

Wound response −1.198 (0.683) −1.493 (0.371) −1.915 (0.505)
70-gene 1.181 (0.523) 0.417 (0.119) 0.945 (0.334)
Normal-like 0.460 (1.675) 0.561 (0.297) 0.000 (–)
ErbB2 −2.926 (1.230) −0.395 (0.151) −2.161 (0.761)
Luminal A −1.827 (1.512) 0.000 (–) −1.478 (0.635)
Luminal B 0.729 (1.577) −0.251 (0.109) 0.000 (–)
Basal-like −0.763 (1.619) 0.000 (–) 0.315 (0.120)

aThe estimated standard error for the point estimator.

nonconvergent loops. For such cases, we selected the first
member in the loop as the point estimator. The penalty pa-
rameter of the regularized BJ estimator was adaptively se-
lected by the generalized crossvalidation method given in
Wang et al. (2008). The regularized IPW estimator is con-
structed as in Datta et al. (2007). Specifically, we replaced the
unobservable response log(Ti ) by log(T ∗

i ) = log(Ti )δi/Ĝ(Ti )
and applied the LASSO (adaptive LASSO) regularization
method to the synthetic dataset {(log(T ∗

i ), Zi ), i = 1, . . . , n},
where Ĝ(t) is the Kaplan–Meier estimator of P(C > t). The
penalty parameters were simply selected using the Mallow’s
Cp criteria based on the synthetic data.

For each estimate β̂ obtained from the proposed meth-
ods, we generate an independent validation set of size 100n
and evaluate the prediction performance of β̂′Z based on the
mean squared prediction errors, MSE = (100n)−1

∑100n

j=1 {(β̂ −
β0)′Zval

j }2, where {Zval
j } are covariate vectors in the validation

sample. To examine how well the proposed procedures per-
form with respect to variable selection, we recorded the fre-
quency of the regression coefficients being set to zero correctly
and incorrectly for both the LASSO and adaptive LASSO
procedures.

The results, summarized in Tables 2 and 3, exhibit several
interesting patterns. First, with respect to mean squared pre-
diction errors, the rank-based methods outperform both the
BJ and IPW methods. Compared with the MSEs of the reg-

ularized BJ estimators, the MSEs of the regularized Gehan
estimators are about 30–40% smaller when the signals are
weak. The difference between the two procedures is less ap-
parent when the signals are moderate and the correlation ρ
is not large. The IPW method performs the worst among
the three methods, especially when the signals are moderate
(Table 3). This is in part due to the violation of the assump-
tion on the censoring support. Secondly, both the LASSO and
adaptive LASSO regularizations can significantly improve the
prediction MSE compared to their unregularized counterpart
for both rank-based and BJ procedures. Thirdly, both the
regularized rank-based and BJ estimators can correctly iden-
tify the majority of the zero regression coefficients. Further-
more, the precision increases with the sample size and the
signal strength. It is interesting to note that, when the sam-
ple size is relatively small and the signal is relatively weak, the
adaptive LASSO may not be more accurate than the LASSO
with respect to correctly identifying the zero coefficients or
reduction in MSE. This could in part be attributed to the
large variations of the initial estimator used to determine the
weights in the adaptive LASSO regularization. Fourthly, for
both LASSO and adaptive LASSO, the ability to correctly
identify zero coefficients weakens as the collinearity among the
predictors becomes higher. This may be explained by the fact
that it is more difficult to differentiate two highly correlated
predictors, among which only one is truly associated with the



LASSO Regularization for AFT Model 401

Table 2
Simulation study: Mean squared prediction error, proportion of zero coefficients being set to
zero (P0+), and proportion of nonzero coefficients being set to zero (P0−) of model selection

results based on the Orcale estimator, the standard unregularized estimator, the LASSO
estimator, and the adaptive LASSO (ALASSO) estimator using Gehan’s rank based, BJ

(BJ) iterative, and IPW procedures, for β0 = (0.35, 0.35, 0, 0, 0, 0.35, 0, 0, 0)′

ρ = 0 ρ = 0.5 ρ = 0.9

Gehan BJ IPW Gehan BJ IPW Gehan BJ IPW

MSE
50 Oracle 0.19 0.22 0.15 0.17 0.21 0.16 0.18 0.22 0.22

Regular 0.68 0.72 0.41 0.67 0.70 0.44 0.69 0.74 0.50
LASSO 0.33 0.35 0.31 0.30 0.40 0.33 0.25 0.27 0.31

ALASSO 0.36 0.37 0.33 0.36 0.43 0.35 0.29 0.30 0.32
100 Oracle 0.08 0.08 0.08 0.08 0.08 0.10 0.08 0.08 0.16

Regular 0.25 0.26 0.20 0.25 0.26 0.21 0.26 0.27 0.26
LASSO 0.18 0.23 0.21 0.14 0.22 0.22 0.10 0.14 0.21

ALASSO 0.17 0.22 0.19 0.16 0.20 0.21 0.12 0.15 0.22
P0+

50 Oracle 1 1 1 1 1 1 1 1 1
Regular 0 0 0 0 0 0 0 0 0
LASSO 0.70 0.87 0.80 0.69 0.78 0.74 0.69 0.71 0.74

ALASSO 0.73 0.87 0.78 0.70 0.81 0.76 0.71 0.73 0.76
100 Oracle 1 1 1 1 1 1 1 1 1

Regular 0 0 0 0 0 0 0 0 0
LASSO 0.61 0.83 0.72 0.64 0.81 0.73 0.65 0.77 0.72

ALASSO 0.74 0.87 0.77 0.74 0.84 0.77 0.71 0.82 0.77
P0−

50 Oracle 0 0 0 0 0 0 0 0 0
Regular 0 0 0 0 0 0 0 0 0
LASSO 0.40 0.72 0.55 0.33 0.55 0.49 0.46 0.49 0.57

ALASSO 0.38 0.69 0.52 0.39 0.61 0.53 0.55 0.63 0.66
100 Oracle 0 0 0 0 0 0 0 0 0

Regular 0 0 0 0 0 0 0 0 0
LASSO 0.18 0.44 0.31 0.10 0.31 0.28 0.32 0.42 0.44

ALASSO 0.17 0.39 0.28 0.18 0.35 0.35 0.46 0.56 0.59

response. Lastly, the improvements in the prediction perfor-
mance and the ability to identify the correct model may not
be simultaneously realized. For example, with smaller sample
size and weaker association, the relative improvement in the
prediction MSE over the usual Gehan’s estimator is greater,
while the probability of correctly detecting the true model is
smaller.

Because the support of the censoring is shorter than that of
the failure time, the IPW procedure may lead to biased esti-
mators under the current simulation setting. Consequently, in
the second set of simulations for examining the finite sample
properties of the regularized methods with high-dimensional
covariates, we focused on the proposed rank-based and BJ
iterative procedures. Specifically, we adopt the similar simu-
lation setup as described above with β0 = (0.7, 0.7, 0, 0, 0,
0.7, 0, . . . , 0)′, and the sample size fixed at n = 50. The dimen-
sion of β 0, p, was set at 15, 20, . . . , 45, and 50. Considering
the 40% censoring, the average number of observed failure is
30 and thus p � 25 can be considered as high dimension. For
the high-dimensional setup, there is a substantial proportion
of simulated datasets, in which the finite unregularized rank

or BJ estimator does not exist and thus we only calculate the
LASSO-regularized estimators.

The detailed results about the mean squared prediction
errors for the second set of simulation are summarized in
Figure 3. The patterns shown in the first set of simulations are
in general maintained: the LASSO regularization can drasti-
cally improve the prediction accuracy especially when p is big
relative to n; the performance of the adaptive LASSO estima-
tors deteriorates more rapidly than their LASSO counterpart
as p increases; and the regularized rank-based estimators out-
perform their BJ counterparts, especially when the covariates
are highly correlated.

7. Discussion
The proposed regularization methods for the AFT model can
be easily extended to incorporate other types of penalty func-
tions such as the L2 or the more general elastic net regulariza-
tion (Zou and Hastie, 2005). The entire regularization path
with the L2 or elastic net penalty would also be piecewise
linear and can be obtained by modifying the algorithm pro-
posed by Hastie et al. (2004). The Gehan’s initial estimator
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Table 3
Simulation study: Mean squared prediction error, proportion of zero coefficients being set to
zero (P0+), and proportion of nonzero coefficients being set to zero (P0−) of model selection

results based on the Orcale estimator, the standard unregularized estimator, the LASSO
estimator, and the adaptive LASSO (ALASSO) estimator using Gehan’s rank based, BJ

(BJ) iterative, and IPW procedures, for β0 = (0.7, 0.7, 0, 0, 0, 0.7, 0, 0, 0)′

ρ = 0 ρ = 0.5 ρ = 0.9

Gehan BJ IPW Gehan BJ IPW Gehan BJ IPW

MSE
50 Oracle 0.19 0.23 0.31 0.21 0.24 0.41 0.23 0.25 0.68

Regular 0.70 0.72 0.60 0.75 0.75 0.70 0.76 0.78 0.97
LASSO 0.49 0.49 0.64 0.45 0.48 0.73 0.34 0.41 0.84

ALASSO 0.49 0.48 0.61 0.51 0.52 0.70 0.42 0.45 0.88
100 Oracle 0.08 0.08 0.23 0.09 0.09 0.32 0.09 0.09 0.60

Regular 0.25 0.26 0.33 0.26 0.27 0.43 0.27 0.28 0.72
LASSO 0.18 0.18 0.40 0.17 0.18 0.49 0.14 0.18 0.72

ALASSO 0.14 0.14 0.34 0.17 0.17 0.45 0.19 0.21 0.73
P0+

50 Oracle 1 1 1 1 1 1 1 1 1
Regular 0 0 0 0 0 0 0 0 0
LASSO 0.56 0.61 0.65 0.60 0.64 0.66 0.63 0.63 0.68

ALASSO 0.70 0.75 0.77 0.70 0.73 0.74 0.68 0.72 0.75
100 Oracle 1 1 1 1 1 1 1 1 1

Regular 0 0 0 0 0 0 0 0 0
LASSO 0.48 0.70 0.58 0.54 0.70 0.67 0.62 0.70 0.66

ALASSO 0.70 0.85 0.80 0.75 0.84 0.79 0.73 0.81 0.77
P0−

50 Oracle 0 0 0 0 0 0 0 0 0
Regular 0 0 0 0 0 0 0 0 0
LASSO 0.06 0.07 0.13 0.07 0.10 0.16 0.23 0.28 0.36

ALASSO 0.07 0.08 0.18 0.11 0.15 0.24 0.41 0.45 0.54
100 Oracle 0 0 0 0 0 0 0 0 0

Regular 0 0 0 0 0 0 0 0 0
LASSO 0 0 0.01 0 0 0.01 0.09 0.12 0.23

ALASSO 0 0 0.01 0.01 0.02 0.05 0.24 0.33 0.42
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Figure 3. Mean squared prediction errors for the unregularized (solid), LASSO (dotted), and adaptive LASSO (dashed)
estimators based on Gehan’s rank based (circle) and BJ iterative (solid square) procedures with p = 9, 15, 20, . . . , 45, and 50.
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determining the weights used in the adaptive LASSO may
be too unstable or even not available for a high-dimensional
β. For such settings, one may instead use the L2 regularized
Gehan’s estimator as the initial estimator.

When fitting the AFT model in the standard setting with
a small p, a more efficient estimator may be obtained by us-
ing different weight functions in equation (1). In such cases,
the root of the estimating equation may be obtained by an
iterative algorithm, in which each iteration amounts to min-
imizing a weighted Gehan’s objective function (Jin et al.,
2003). Therefore, a simple regularization strategy for the gen-
eral rank-based estimating equation is to apply LASSO or
adaptive LASSO regularization within each iteration. How-
ever, the resulting regularized solution may lose the simple
interpretation as a constrained minimizer. It is important to
note that while the proposed procedure may be carried out
when p increases with the sample size, the asymptotical prop-
erties derived in Web Appendices A and B only hold when p is
a fixed constant. Using similar arguments as given in Huang,
Ma, and Zhang (2008), one may extend the results to the set-
ting when p = pn → ∞ as n → ∞ but at a slower rate. When
p is much bigger than the sample size, e.g., in the context
of gene expression data analysis, operationally, the proposed
regularization method can be performed with a large number
of individual gene expression as covariates in the regression
analysis. However, because the theoretical results require that
the dimension of predictor is fixed while the sample size n →
∞, we suggest performing an initial screening step, in which
relatively few covariates were selected/constructed from the
original gene expression measurements, and then conduct the
regularized multivariate analysis with the covariates formed
in the first step. Note that even after the initial dimension
reduction step, the dimension of predictors may still be not
small relative to the sample size for performing the standard
unregularized estimation as in the breast carcinomas exam-
ple and this is where the proposed regularization methods are
intended to be applied.

The selection of an appropriate penalty parameter is cru-
cial to the performance of regularized estimators. If the pri-
mary goal of the regularization is variable selection, i.e., to
identify noninformative predictors whose true regression co-
efficients are zero, one may consider approaches different
from optimizing a crossvalidated loss function. Intuitively,
the penalty parameter should be set such that the LASSO
estimators for most noninformative predictors are zero. One
possible ad hoc approach to achieve this is to first augment
existing predictors by several randomly generated noise vari-
ables that are independent of the survival time and then cal-
culate the entire LASSO regularization path with the aug-
mented predictors. In the end, one may choose the smallest
penalty parameter such that all the LASSO regularized re-
gression coefficients of those augmented noise predictors are
zero.

8. Supplementary Materials
Web Appendices and Figures referenced in Sections 2.2, 4,
and 5 are available under the Paper Information link at the
Biometrics website http://www.biometrics.tibs.org.
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