CS 250/EE38F — | ECTURE 11- GurusiWAMI- Supin

Alg.
QASTROPUD FACT
ME NDA A h@\'c&l Cdalﬂel\ Slu%
@ RQCQP Will have aoout 90,000
@D MAside: How Pardis dﬁﬁodm% RS codes? %ranc\chi\dmn - eath Slu%
@ Sudan Al%orﬂ“hm la%s 20-100 eg9s seveud Amas
@ Gumswani - Sudan chon"d/\ m. por-yeor.
calloneinc while..

O

| ast ime, we saw0 L\ST- DECODING:

%F Acwde CeZlis (p,L)-LST-DecoMRE VyeZ,
\{cec ; g(c,\{\s‘) }\ < L

The LIST-DECODING CreACITY TM  says Hrnat Hare T cocbs Haf are
(p, Ve)ist-dacodaide. witincade R=-H,(pd—€4 fr Ped-ly

« That's e Sama ’V‘dewo@ as bor vandom enorg!
« Moveover, Motia trat P G gefas b\'%os l-‘/qb. | we clemand uni
dacoding, e Hottin bound says we can'thope Yo do el Han =% wite Roo,

Our NexT Quesnon:  Pow list-dacoddde. are codas we kvow and \ove?
Tor exampla, “Read-olomon Codies?




Lagt fime we saw e Josnson Bound  whidn SN that codes with %om( distunce
e (LQL@/)H\( list - decodable..

+ Tor RS codes, e Johmson bound says thst an RS code of rute. Risligt-dacaabe
up fo distance Pa L=,

« Nohca Hicd l(s!-—c(acoc/md mPacr'rLH is }): Hz_'[i—R) s41-R [ /a? g
So P=1f/? is less ?006/ en it could be.

() Bsine: How Pard s it o deccd RS codes?

Tat's neta
RO

veg precise
", find ce RS(m k) so tnat

<Lues+fm .|

More. precisely, qiven we Pr—,(‘
SCw, ¢ Vs minimized.

How hard fiis dapends o ot on He asssumptions we. can make about
Toc exrnle, € Jest Slw)<c BB 4pen Welch-Bertekamp

min - S(w,e).
Cel . L . . .
S will do this in polkd(\ovma\ fime.  How alaat i€ Sqw) is \an«cc?
EAL\'\M@C \ [y ‘ \
‘X¥YUrs 'P l ] 1
o I-R 1-{K 1-Re 1
2
List-dacodtng | Abmost one By, fha. Jonnsor %%:j) <p Bé 2 Defailely ¢ all
by leawd c win | Bound, fareore | formeduiasoffSads, | MY Gebirdsc
Alew) <p <polgn) codoeols | s epomanhad. Grawess, | b Sandép o
Cwi A(c.w)sP 0(4). A WY pinthisvange.
15 ot well “wndwshod. | (Rlcof list-dac..ccp. +tam )

. We con @ TOAY! Wewill see Also 227, But fiure S i
&?:dh&d it e(f?q'c:wt: nnj/L«a ) fraw fo find all fuase 0ve some p's in here g ‘a(%( enou%k NE: ms
tosestcodaaxrd? | Weldh-Berekamp | <polyn) codatoads \?/vlrwt doingg MLD up . ow?“ &o*u}m{e- "

iy | eyt | LSRR | T
¢ exists. We can search Yo ind hi '

e Closest.




@ SUoAN  ALGURITHM

The Sudan I\\c& (s @ wanmup b the Guraswam - Juoan a\%, which wil e able. o cﬁb{‘mﬂ¥
|ist- docode. RS codes up to tee Jomson bound, p= 1-VR.

@ RIVARIATE POLYNOMIALS
A bivariate Pol“nomial QX,Y) e ‘FE(\ D(.Y] IS

Qi) = & ag XY, whie my =g (@)
.i=0,...)W\z mY = c(an (&)
):O)“‘JMY

Notea tat we canaloo ik about (Q as an elumant 0{ ()l%[)(]) [\(]:
QUIXY) = 2, Q@Y

J 20,y MY
The coefficients live. in ﬂE[X]

?OIUHMQQS in GELD(]) [Y] LQE\OWQ o 'ojt [ke & “nomwmal” Fol(]nomial .'AY,
FoR exameLe:  Consider QQOY) = Y1,
ﬂ'u/\ (Q(i):o , whida inplies ot (\(-1) \ \(Z—i

Sinilacly,, conside QUAY)= Y- fx)’
Than QUHON-0,  wiidh implies tnat  (Y-£00)) \ Qx)

|
T Lee QUy) e B DG, sd o ¥GEEX]. Then

QX %q\/so & (-0 | ay)

N “divides.” aka, QUXY)= (Y- F(K)\'&(X'Y)
for soma Qe “:[X.\(:(-

HONLN@C we can find such {3‘3 e({‘cx‘enﬂ%, and e are
at wogt dq\((cz) such .

2" weans (s dantvally O
3k, all e coefficients :wz o.




(28) Recaw we Berieiame-Weicw AlGorimm:

n.
G\'VM ’3 £ ('\&U -y «3“) € H‘E i Recall, E(X) was Suppo sed b e fhe ERROR LOCATOR PoLy,
Elx) -—'._z;ch-«.- ), sothat  Elw:)- ) = Bl )y Ve

1. Fﬂd IOW—O(ZJV‘QE Pogynommls E( X ), B{X) 5.t E{“")'ij = B("(() V“zll_,,\
2. Reue fX)= BOO/E(X)

We can recast this in lenms of bivanafe Po/zs:

1. Find (Q(X‘Y) (Yg?&k)):bg(xw—w\ s.é. (Q(d.‘.'j,')=o Vi=i,.,n
2. had a poly fix) st QX AX) =0, évdrel\xmjﬁ.

Vi
(Qusiatnat £00= BVt will wak ia tie @ we were syposed lofod ),

Well use te s famazde G SIOMN'S. AR, fr lih- i

PROBLEM :  Qiven 4d=('g,,_)3“\ , &, and t, find all PolaﬂwmaQs Felﬁ[ﬂ S
- oleg(f) < 3

. pld(')‘yt‘ bor at last ¢ o/ﬂtu(( 5

What ts can we ﬁa]\d/o,? We'll seq. lefer!

@) Finadly, UDAN'S MG,
In this contet, Berlekamp-Welch is:

V\Mtﬂt’)(&CHté should Hhis mean?

¥
DS 1, T ¢ (fow-oecte)polgromil R ot Q)= ¥

RW’(:‘NDNQ 2. Hdur Q(X\\() ‘(‘o Q\'r\c[ Ful'dnamiaﬁs F(’O St (Q(X,‘P(X))EO
MeP
Retum afl suda Q's.

We can do  SteP4 &5 long as we have move. vanighles (coefs of @) Hhan anshunts.
« o make sure that SEPZ is comedt,  we'll fave ioagueﬁaat whenaver .e[o(g)=yg Lr =t valugs zrf t,
Hen Q( )(n 1,',(3() )20, The bucttrat-tue list 1s small will Follow ﬁom‘fm 74)«} fd @ is IUW‘C%,



This élﬁodﬂnm bas(calhé works, and is culled  SUDAN'S AUGOR THM.

THM \f t>2(nk , Tan we can solve He list -o[lcod(nét P(U\o(ﬂm. in l)ol(]nomial g

Beﬁmw}wm—/w_ THM, vse can ast hﬂowa,u«/%/': Js.

(_ #aqrements behuesn £ ancl y) =t > 2/F

A({.3)= n-t < n-2{nk’

o Hnis works wp o adius Pé “V:t - 1-alr.

Remamber it we were Wh’na Rr 1~&, sothis isn't %u(le_ “%L\/C—
out we'll et Hure!

Now we'll prove e THM, 8nd Rnish Specfé'diﬂ% MQla. alun%JrVuway

9(’/ slgontim:

EPL (TnterPoLanon). Choose 1=W )
Tid QU st digr (@) <L and g, (@)<™,
<o that @(o{c,t&ho =1, 1.

To do Hhis, we need:
(&(oeﬁ% in Q ) > (#conﬂmir&s)
) Y
(Q+1)(‘;\:+i>0(lm n of Hrese.

and inded we have UUD(%H\ = n4p+lid > \

QTEP 2 on NEXT PAGE™
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STEP2. (Roor-Finding SEp)  Retum all ]0(\(\ sk QX 00120 .

NDLQ'(V\O.{'V\B caV\CLO{WS e(&cim{ ,an&’d/tasisz_ oeour li&‘ Wi“bZC& YV\OSL‘
CMSY(@) ="y = VVM =14, a anstnt.

Now we need o erzdmwk% is Slep is a %00(] idea.

S\Apposc dzd(f)< R and that ‘F(O(()‘H,’ br>t wls of's.
We need Yo Show that we will vehn £, So we nad fo shaw Q(X.f(x)) =O.

et ROO= Q(X, f1x).
Toan dog(R) < degy (@) + chglf)- g, @) < A+ £ =9

Q'\\Aisiswlrué
Bt Rlw)= Q«, fl)) = Qi y1)= O i,
for af Least ¢ values of 7. o

So R fas 0&(7/92, < QUnk put t>20E ToUts, ﬁm& R{X)ondsdas{mf.

@ QueuswAn ~SioaN Ag,
Now wel fix Hhis up sothat wean admllg 8M np o P= - \[R—‘, muh'mahjom\lson Bouny,

Two ChANGes:
1. We will (M\(dz 9.0»«/ We measure LW - DEGREE "
2. Wewill (equire sa:vud/\ing a\oi’cs\vmctxr wan (R .\3:\ =0; well ak fpr Q
fo vanishh witta high MuLm PLICTYY.



CHANGE 1.

( o
Der. The (HL)—o(aqm of X s &Ja\j
Tae (48 -degree of QUFY) istramax (o) -degre
o(lcm% wionomicd in Q.

Justthis d/nV\c&LiS ewou%b\ o malke SOME progpess:

TH & \f t> Enz ) M we can solve e list —olﬂcodmg_ pblem. in l)oldnomial fng.

IS

S\"‘L

o Deme élcé, but now damand e (ﬂ%-dﬂ\‘m "‘ZQ is < JZﬁn

StEP4.  INTereoLkmoN Tumsoub (Fun EXERASE!) Yare Qe > Di/u coeffs in o poly
Fnd QYY) s.t. W A R)-dg <D o
(44)-degis < {2k, (evadidoes) >  (Zkn) =w = (tecorshains)
and we can tnd Q . 28

Step 2. Roor- funing. Now we Quve &3(&\ = &S(Q(K.QK\)) < (\|m~&% f Q=
(Sameas before) W tha argument goes mugv s before with & su%woa bedfer bound.

But wewant A-J& ! Net (-2 !

CHANGE 2.

|
Per. QX ) bhas « rook of Yvu&h‘()h‘c(l\é ¢ at (ab) £
T QXea,Yeb) fesno WSoPHquajm <r,

EXamI'Q: &(X\\() ¥ (X—i)z (Y~1\ ﬁas a ot op mu/ﬁp/u’a’ﬁy 3 at (1,1)/
' because. QY+, 1) = XY whid fas }ohddaﬂmz,g.




Gueuswami—SUoAN ALGORITHM.

Choose @ paramader -
leppos& v 3\| ln (44 )

1. InterPolATION STEP 1
Y’\'—r\cl ut:ol“nomiél @(X(Y) UO(H/\ (1,&)-&9&(‘& B ZJ ﬁn- (‘-(Y‘Jr i)
So that @(0(;.135 ) = O with Wlulh‘?[fc(*} v for 1=\

2. RoorFinDiNG STEP,
Retum ot £ 50 that  Q(X,F00)) =0.
[Noke tnat thare are < dog (@) D4 & ™7 of Hrase. ]

ANALYSIS
Again we nead ko show dnet 4. s 'Poss‘\\obz and Yat 2. isa%oodidqe.

1. Fun pxeRUSE: Thevundee o constiats ja - Qe y)=0 wf awalt. 0" iy Y“C;_i)-
Sotnat's MORE constaints than bef'm,w\«fd/\ seerms likee 3 badf(Mim&.m
well sea \ater uf@\cé it's achxall% %wd.

‘Mmm\mp Vargbles is il BZ/Zk , S0 we ned

\%n.r.(mi) > n_(rHB _ N ()
2% Z N 2

whidhis TRUE. \
2. L+ RO = Q(x,%(w as bgg\\)re,

Then ok onlé des RK) ove >t voobs Laskefied i Fus >t rods
whida © ERACH have mMﬁPlici’r\‘ (.

Jushificabion on nack P@az



oM Byt (e | RO,

Pr Leks C\m\>’<\/ui Su\oscﬁe\s @)r rothvoned %an%lr\(.
Recall hat since Q fas oot of muﬂlr{‘)\{c(’r\( ~at (o(,na) ,
Q (X, \ﬁﬂ\ fhas o fems of towdaﬂm <,

Now, considar ’I;(X\: ]K(Xﬂi)—i?(, \(\/e@\avq,

Riea)= @O, flke)) = @ ko, o0 +y)
—

This is o sum 010 modomials
'X_c- E(K)d wlwe crdar

Now, since Q(o(\:g, E(O\ g O) SO C e\gs o angtant .
Thus, those vvonomials X ?(X\d are all divisible bj XC+dJ
and fence areall divisible ba X

Ten ¥ \ RO+ . which tnaans ()(—QP\ R(X)/
8s dasired.

Now %\‘ve,/\ s claim,  due fuck thad \C(b((\:tai &r af last- € C\f@arw\{- s
means that R(X) fas t:r voots, CL)Lmh‘f\a ‘(Y\\AH\'\)HO'HQ&

n
b 0 4D, R e
JC(" < D e ““MWO'F
{i5c < ¥ifo g1t e i
kn rir+l) < ko 1) a 0(]“

Thafsnot e, so RO 20 | and Pmo(1 (oncludes 8s bz(vre.



This prves e gououom% hoorew :

Tum If t> m\ thon we cun sdvimlfsk-cﬁzcodi/\ck problewm

% Polnt(\n) hme, with” Iist size. v =

Onee &ain, we cellculate at this waoas we con fuke p= % = - \S\Qu«-‘@-\)

So e conc(uc(@,

|

THM. Tcall >0, RS codes of ke Roave (VR 5 4R )
List-decodable | and e Guruswomi - Sudan el
can do tne sk —do.ﬁc:dm% in ime polyn,r).

s, we can vachet up " as l@%@ as we like (Scu\, rsPo\ﬂ(M) and gpprogel
e Jonnson bound witho Polunom(a\ - R alaon”rhms. HOORANY /

T m_orﬂ O\C {ha S\'\arLa:
WE CAN EFFICIENTYY LsT-DECobE RS COnES up o Hia "JoHNsoN Bounn

NOTE.
As presented , e Guruswami- Sudan a\%ondd/\m s indine On®), lout P@(L
have opﬁmigd o hack out of & ond W con e macle to0 un in tie O(n l(ﬁ(ﬂ])'

4
QUESTIONS T PONDER W
fuckar in wsce, T

O Vgt breaks i . 1S gt beyond e Fhmson boond? e
@ (i Léfou& come W With & Mlood" list of closa—hedwr RS adawutds

bq\{onc( W Tohnson bound ?
@ What W T modi%’dmwns’wumh so fnad instead ch \\j;(olc\‘—ﬁi " MW

i fli)e {“j(; Y Hg 5 )



