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(aAsmorop FACT:
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Last tinte, we e frat Hey weet the s/ralefor\ oound .
L Need to Gnig wp RS dv\ox\iN — se \ECTURE 4 nofes™\

Hisoric Asme. RS codes were invented by Reed + Sdormon in 1960,
At the S, didn't frowe ané Cast deCodmo& a\%s, S0 Jﬁm\{ were. Sort o? hedf
out not Hat \ASQM But " the (e 19605, Yeterson, Ee&kamp-f\/\assu[ dlvdloed
an O(n?) - ke aly, wWhich can be made. bo run in dime O(v\\w&(m) with FET tricks.
Thont RS codes sfarted 1o be Used cd over Hia \D\CM- L CDs.  satelites, QR cedks,..
In 110, Weldn+ Berlekamp came wp wf onietirer olQCOA\r\d o\\%— itsa bifSbwer but it is
feally prethy so well start with ot
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Call s Q(x)
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It it cloesn't exist, REWRN L
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TWO QUESTIONS:!
4. How do we J‘\?nol such polus”?
2. One we do, wﬁg it corect to e Q/E 2 \Whist waQd{dn‘f fnd e
teorreck” Q and = 2

Let's answer QUESTION 2_ first.

cLAM. \f e is a dedm <hy Po/g 7[’;4!. A(f,w)se) Thev_ Hhiere exists
= and CQ Saf)'s@l'/\ét ().

Pf\:lop_ Let E(X) = [}—l (X“dc)—J' XQ—A(FIW)
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o R=0 is th all- zero Pol«dnomié\. (w&ﬂﬁf@m?m/ ) [ ]




—\_o—(ide, e CLAIMS answer  Quesnon 2.

Mo«mcé onto QuESnoN 1. How do we an\ E, Q2 ToLrNOMAL INTERoLANoN!
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Mom ‘)redsd\é, we want :
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N linear conshauints. e+ (erk) = Ze+91 vanables,
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o <olve this S%S‘@M A eqs foGnd &/ {{e:lj:s

D\)O’doe,J(V\at 2@+P¢ < (n—ful)#é £n, SV Msaﬁ@m looks i C{ |:| . ”

%ﬂ- we don't &dmallé care e sd&;mgs over o aundpr-cloforined), n enskaints
now hat we know Hut a Sdlufion exists and Hut g solufion will do. ]
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> ’WISQ noles adapi'ed GI)M Hld’ﬁl’,‘ OI&A"WSW\IS Z(x"l' _ Froriem  ( Decooma ?Si(i,w,bﬂm es< Lh%q ERRu\z&>
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or else rebuen. L i o sun Pynomial exists.
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T‘NL &F{IZM\D‘ MASS@& daﬁﬂ"lkm IS more e‘@ﬂd@n‘l{ "b/\cm ‘h/u. BWQLAMP— We/(/t\ Ja)
especially o e stemos is small.  Abo, i humsout fo b rea//g nice 4o I?HP(EWW/If e
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it makes e exPosiﬁ'M abitvicr  Brecgthingin sight is o ?Wlﬂfaggfc{ RS cocke,
Ro it duesn't viedter foo much. !
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We will do SYNDROME DECODING (ke Br Hammmg cookes).
That i, suppose W = e+, and we can compute

H\[\/ = H-C+ H.e = H‘e, Since H-¢=OVCEQ‘

Que goal vl kelo e Hee (e "SINDRIME”) fo vecover  E(X),

e enor locetor polunomiod.
P 6 gwn'f‘m specializing Yo Yis
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NS 10)



We dont hae diteck access b € lout we clo Tave access o Ve,

Coﬂsfdef, gor Some vector (Fonq)---, ka-a),

(‘\a Q( T Cv\-k-\

H
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e
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Whaire Q(X):Z,‘:O 0. X" < NOTATION

Q, we 8n  adhuall cow\?u\’re {led for svua {Z‘NI dufa(Q)<V\~&.
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.. but in fact it s @ %ooc\ plan:

PRoP Sugpose fhat we(e) =t , and that Ce, X400 >=0 B r=0).t-1.
Ten B | £(X).

I pertiar, if deof) <, ECO =0 K0) Grameel”

0 B o XL D0 Ve by Dy,
<<& > O V %Cﬁ'D(—J w\’f/\o\e%%)‘éi
(x)
Eren%?ﬁsé =1, let 8“()( ?2 Etgx 3
Than do.c&(c&) <t-4, Yonce
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To this end, degnle._: ’SP&Y\(%) = the smallest v ot <e) XPQ(X»%O
disc®) = o, X0 stet naovhie




(s pacp skigped 1 class)

MA: (o) < span < Jepan(f).
uSEFuLLeuln If da”) pan (£ ), o, O[Q%(‘Q* SPe“({if) d‘lg@ an(f

pin (F)
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fu?m (: NI X fr C<Olﬂa(\c) e/\(LS
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d@a(cb) +Span %) < %pen + de%(% .
Nos . < rt), iyt o X0

C(nz. 0 spn(f) =t Hn Span(ﬁ =09, I
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Agum) our %OQQ 'S fv come MP w/ N anﬁm w/ Iana,z slvan.

The &Ilowin% lemmg will tell us how fo %afﬂ/u's,

l
LEMMA SMPPUSQ spun(f)=r, cll'sc(f)—*//t jasy

Quppose. S\aen(akc, dn'sc(i)) =y

AND wy that c<r

span(h ) > span(f)

Tun $(X)- P(X)—(%B'XC\P-QM has

RECALL, s weoms that

e, XP-F(X»:/A, d
e, X () D=0 Vi<n

“Tha point of tars lemma is that, given L oand q with Nasonah(té close spans,
we can combine Hom o %’r hw a %’mdr[ua \D\(&Qf span el da%me not oo Much lerzalzr
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e, XK ) - (%)
M

= Co, X 0>~ (4)<e )(“”

\£r=r, Han we fae p-(g)v-0
Henca. SP(&\>Y‘.
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\€ 1<, Hun ot s ace O gace, sp(f)er, sP(%):c




ALGO RITHM  (BerLekavp- Masser )

et

b w=0,., 2t-1:

|v\ijhaﬂ|’ae 8(- O

C « 0&5@%.1

r e m-c-\ (:m—o‘ta(f\)

MoE <eg )(F-Q(X» <

if /A=O o [<€C:

g(x) < 9(X)
else_: ,
§(X) < % f(x)

Y
RetueN £(X)

100 « 00 5 X"y

RECALL, v can amputethisas
\Oﬂ% s da%( X”{(X“ < n- ebi
L will impose e conshaiot 26-4 < r\~2-i 1

imply Yt in s cose,

SP(AV\[{-\F(‘/ Sl)an(a)= Cl d('SC(%)a‘[/
S0 this is J'w(m uplate

Som e Cemmp.

We will wainkpin h\duchvijeuars fhat
(X) 5

n this case we Il have

LEMMA's U\P§o\\'€ wonld be
he 0 = 4 X7 ),

and Wfsis)usé -/A hmey. that.
El{'m“hSWrtwe kezp du‘s:.@,]=1),

POX) € X720 = walX) © sponrr i
L(X) X Q(X) /AS(X) a‘;\(:l(d?sc(/)ﬁ,(g)&%

|
CLAIM. This éJ(dodJﬂ\M RS
Alter iteration m:

® EITHER q=<=O
OK: -W(@:dﬂ,&({lpi

. S\?cm((z) + de;a(té)\ <m
. d\'SC(? =1.

- i monic and de%\(F\ typanf) >m




Chis prook skipped in class § bitoie [ <8, g0
Poot.  The bese cae (affer w= -1 ) is easy. b0, 2t
Lok m>-1 and essu\vvmha induchion that ";j AN
e ey Y
(\) ‘F IS Monic éﬂd dQ%F\ 'I'SPQ/(\ if p0 e rec:
(2) EITHER q=0  OR: fx) & P0- o X" q00)
SFG“C%)=«'L%(H~1 4(X) < g(x)
. < else:
Span(q) +deg(4) €m k) X0 = o g)
. d\'sc(? =1, 3(x><— LX)
fgef) 1
ReweN £(X)

CAse 1. <o Then Land %wuvwlr\awvd.
So the suff (2) Sbout q is (oo
lwrtter, sinee 0=p- e, X”;(XD = (e’ Xm-dﬁm.{lﬁ(\ >)

We Q\@,W. span( ) > m- flszr&({:), fonce Span({lnhd((lbm) so (1) holds

N% !t‘ﬁa’red (:)r e reoders (8nc\wd¥u's...) nvenience. |

induchion
Chse 2. /A+O SPEX‘(% O{Q%@\ i C hﬁour choimo@ C.
Chse 24, TSc. PH@@ ol X7 g00) )=

L—

T £ £00 - X“\é()()

" dsz%@ % spw\(@] >W\ de%m o D spen(ﬁzr
And snce /A—-[=O/ sPanF) =
N C‘g Drove spen =1, dl'SC(FF/A, dl'sc/a)=i, o i u‘:daiel's Preu'szIY
fugome fom Hua LemvA and  sp(f7) >
Moreover, - des () CEC\(F) hore a(E)+ €' > daglp)agip) >
> dﬂa(@ ) +5p(£') > med

To sea this, nobie tat da%(%\ = (S\st\h&a(t\) - s?fp < m — Spwn(:P:m-Q
® hyl X € (m-o) b (e-r)=mr < dug B)
W

.“Mﬂ/ '\ML W&*e« W —/A- XC—\‘ (X‘)l' Q((édﬁ b/( Spén(('\ﬂ‘, QY\d
> nether e de{im , v YL wonicness ”e {: b%(mdmhm YP(HMQ“(\(F) .

T\\\'S g sas dso Yt @r is wonee , 5o (4) flds Be mst.
) folds sioce in s case we id not updste %
CASE 2R. ¢<r s simla. LFUN EXERCISE ].



QR . Duppose wi(e)=t.
0 mz2t -1, thon afer iloretion m, F(X) =E(X).

'Pmog. Fiisjr nokice. tat d&% ( HX) \ <t.
— \Yld&d) we've ban YYIﬂir\J(eini(\g‘ SP@ﬂ(tp= dﬂ.td(f) ‘i) So h{\dzﬂd(#bi Hon q:(J)éﬁ
Byta USEFUL LEMMA  (or radhior, its CoR), we fhave Spen( 3) = oo,

B\Ajr we \wese also maif\"ui/\\'/\é SPcm(c&) + dea(%) SR so'ﬁ/\oﬂr’s Qa a

Now, dﬂa(?) rgpan(f) > m
= Span(f) > m- cﬂzcé(]f)
2 (2t-4) - ¢
=t-¢
So S\Dan(\t) >t.

But this is what we wanted : B%eerh‘er LEMMA.
Pzt = E(X) \?(x) A
deg(f) <& = E(X) = oK) R
froic = B =00,

F;‘QNS, recall “H/laﬁ d= n- ﬁ + 1 , Gnd ‘hf\od“ﬂ/& élaorl"H/\m SbPS vVork{/\S
(we sk \:»zina abla to query <e,X’-F(>O>=/A) when wzn-h, s we
ned  2t-4 £n-%-1

ga € < Nt _ 3t i s whee Mal%ad%rvx Fould] s’roEWOr\u'r\a,

2 2

HOWEVER | Nokie thet if g\aﬂxms to ke smaller, we can achmﬂé Shop earlier, with °"[é\ Olt) wunds.
TLULPd(ds wesre\,wrh‘ng with all have ola% sm=0(t), and s wendo evenafhm& in
Polxé(t) Computahiuns over FF% That's sudinear fime !/

[ e " Jypdene coding ard Decodmg of BCH Codes in blingar Tjoe"
by Dodis, Osfrovsky, Reyein, St fac detuils gloout m&hﬂ%\'hbme\ gt \



Al His just fads E(X). Wesshll vead o Cod b vools of E(X) , and Hhan Qﬂwe,
out fow to Gix fua epers.

. fsf\
- 1F you b Ry, youcn Fcor £ i e O( L figo)
< E&qu@mdmﬁc— five fachoing of Po\konomials ovee finite elds”
Kalbofen Suowp 1855 ]

- To ad\mllus recovesr e Wlessacéﬁ, we can 9\(1:( Q)r sublinear hme (since e

essdae fhas ﬂm&kn k=Rn), " ut wecan how dothat in time Olnlog(nl)

Vg linear @chzbrg CThe alogla) is loe Vandemude wmadoes admit o, i FPlII\'lte]
c&.

_W\a{' (;;m'SWS i T:’;Qdekewq:- M&S{Y Q\%orﬂhm.
Tais e\%o({%fv& con achually be im\ﬂw\urted n\'csLlY in hardware [t u{:clért
Sep @ e dore with a diift veqislerd and so this is tha élc& Hhats  offen used

W padicc B RS codes. (o, ophimized versions of fhis).

The %ekavv\P ~Welch el% (s cszrluinlé eaSier o wdarstand, Wom&w

QUESNONS » PONDER-

@ ﬁl in e deilS Q\)F o Bef{elaamp-f’\essa( al%
[fhore isone, FUN EXEBRCSE in the viobes and T anficipste. we skiwed &)(VQ?rDoFs mcbss]

@ Conypu kot any ol ds G 5 aoks?
@ How would you &gpt RS ardes / W&k&mwws [ MG 4 witle RINARY cocles?



