
CS250/EE387: Error Correcting Codes M. Wootters
Problem Set 2 Winter 2019
Due: by 4:30pm Wednesday 1/30, either in class or by email to {noaj,marykw}@stanford.edu.
NOTE that you have 2 weeks for this PSET thanks to MLK day!

Instructions: Please complete all problems in Section 1. Try to complete 2 of the problems in Section 2.
You are welcome to do more than 2, but please indicate which 2 you want graded. No problems in Section
3 are required, but they might be fun to think about (some might be open-ended).

• You may collaborate on problems in Sections 1 and 2 with other members of the class; please acknowl-
edge your collaborators. You may consult lecture notes and posted readings, but please do not use any
other written resources (that is, please do not Google for the answers to the questions). It is fine to
use computational resources like Sage or Mathematica if you want to.

• You may collaborate on Section 3 problems with anyone, whether or not they are in the class; please
acknowledge your collaborators. You may also use whatever resources you want.

Typing up your solutions in LATEX is encouraged (but I don’t type up my lecture notes, so I can’t be too
strict). Legibility and complete sentences are required.

Section 1

1. (4 pts)

(a) For any f ∈ Fq[X] of degree at most k − 1, any β ∈ Fq, and any α1, . . . , αk not containing β,
give a formula that expresses f(β) in terms of f(α1), . . . , f(αk). (Hint: You may check out the
Wikipedia page for Lagrange interpolation if this is not familiar to you; however if you haven’t
seen this before it might be fun to figure it out on your own).

(b) We say that a code is systematic if the message appears as the first part of the codeword. Give
a systematic encoding algorithm for Reed-Solomon codes. More precisely, given an ordered set
{α1, . . . , αn} ⊂ Fq of size n, give a map

E : Fk
q → Fn

q

so that
E(x1, . . . , xk) = (x1, . . . , xk, yk+1, . . . , yn),

and so that there is some degree < k polynomial f so that

f(α1) = x1, f(α2) = x2, . . . , f(αk) = xk, f(αk+1 = yk+1 · · · f(αn) = yn.

2. (4 pts) The finite field F4 is the set
{

0, 1, γ, γ2
}

, with multiplication and addition given below.

+ 0 1 γ γ2

0 0 1 γ γ2

1 1 0 γ2 γ
γ γ γ2 0 1
γ2 γ2 γ 1 0

× 0 1 γ γ2

0 0 0 0 0
1 0 1 γ γ2

γ 0 γ γ2 1
γ2 0 γ2 1 γ

Answer the following questions, with a brief justification.

(a) What are the primitive elements of F4?

1



(b) Write down all the codewords of RS4(
{

1, γ, γ2
}
, 3, 2) whose first coordinate is 1.

(c) What are the codewords of RS4(
{

1, γ, γ2
}
, 3, 2) that are contained in {0, 1}3?

3. (4 pts)

(a) Show that the codeword (1, 3, 0, 6, 0) is inRS7({1, 2, 3, 4, 5} , 5, 3) but not inRS7({5, 1, 4, 2, 3} , 5, 3).
Conclude that the order of the evaluation points matters for the definition of the code.

(b) Show that RS7({1, 2, 3, 4, 5} , 3) = RS7({5, 4, 3, 2, 1} , 3).

4. (4pts) Show that the dual of an MDS code is also an MDS code.

Section 2

(Section 2 problems are worth 10 points each; please do at least 2 of them.)

1. (t-wise independent sources) A set S ⊆ Fn
q is said to be a t-wise independent source (for some

1 ≤ t ≤ n) if given a uniformly random sample X = (X1, . . . , Xn) ∈ S, the n random variables
X1, X2, . . . , Xn are t-wise independent: that is, any subset of t of these variables are uniform indepen-
dent random variables over Fq.

(a) Suppose that C ⊆ Fn
q is a linear code of dimension k, so that no coordinates are identically zero.

(That is, there is no i ∈ [n] so that ci = 0 for all c ∈ C). Show that C is a 1-wise independent
source.

(b) Show that any linear MDS code C ⊆ Fn
q of dimension k is a k-wise independent source.

(c) Prove that there exists a k-wise independent source S ⊂ Fn
2 of size |S| ≤

(
4n

log2(n)

)k
. (Notice

that the field is F2, not Fq). Conclude that k(log2(n) + 2 − log log(n)) random bits are enough
to compute n random bits that are k-wise independent. (Note: the constant “4” in the bound on
|S| is somewhat arbitrary, don’t worry about matching it exactly).

(d) For any p ∈ (0, 1/2), we say that n binary random variables X1, . . . , Xn are p-biased and t-wise
independent if any of the t random variables are independent and P {Xi = 1} = p for every i ∈ [n].
For the rest of this part, let p be a power of 1/2. Show that any t log2(1/p)-wise independent
random variables can converted into t-wise independent p-biased random variables. Conclude that
one can construct such sources with t log2(1/p)(log2(n) + 2− log log(n)) uniformly random bits.

2. (Special error patterns) Consider the following problem which is related to the error-correction
problem for Reed-Solomon codes:

• INPUT: c+ e, where c ∈ RSq(F∗q , q− 1, k), and e ∈ {0, 1}n with wt(e) ≤ n− k. (Here n = q− 1 is

the length of the RS code, and as usual we order F∗q =
{
γ, γ2, . . . , γq−1

}
for a primitive root γ).

• OUTPUT: c and e.

The difference between this and the problem of decoding RS codes from errors is that (a) the error
vector e has only 0’s and 1’s, but (b) it might have many more errors than half the distance. Prove
that this problem is solvable (despite the large number of errors) and give a polynomial-time algorithm
to solve it.

(Hint/supplementary resource: You are allowed to consult the Wikipedia page on Newton’s identities.)

2



3. (An interesting fact about polynomials.) Let n = q − 1 and suppose that f : Fq → Fq given by

f(X) =
∑n−1

i=0 fiX
i and g : Fq → Fq given by g(X) =

∑n−1
i=0 giX

i are polynomials that both vanish on
γ, γ2, ..., γn−k, for a primitive element γ of Fq. Prove that the polynomial h(X) given by

h(X) =

n−1∑
i=0

figiX
i

vanishes on γ, γ2, . . . , γn−2k+1.

(Hint: There is a short proof. A long (correct) proof is fine, but you will probably have more fun
writing it up if you find the short one.)

4. (Streaming algorithms.) A streaming algorithm is an algorithm that sees its input one symbol at
a time, in a streaming fashion, and has limited memory so that it cannot store all of the input. In
this problem you’ll explore some applications of Reed-Solomon codes to streaming algorithms, and also
develop a streaming algorithm for Reed-Solomon codes!

(a) Suppose that you have black-box access to a polynomial f ∈ Fq[X] of degree d, where d < q/3.
(That is, for a point α ∈ Fq, you can evaluate f(α) in time O(1). Give a randomized algorithm
which will decide whether or not f is identically zero (that is, if all its coefficients are zero) in
time O(1). Your algorithm should be correct with probability 2/3.

(b) Fix a matrix A ∈ Fm×n
q , for m ≤ n. Suppose you have oracle access to A: that is, there is a magic

box, M , so that in time O(1), M(i, j) returns Ai,j . Give a randomized streaming algorithm that
takes in an input y ∈ Fn

q (in a streaming fashion, so it sees y1, then y2, then y3 and so on until
ym), and outputs its best guess about whether or not Ay = 0.

Your algorithm is allowed to call the oracle M and also it can do an arthmetic operation (addition,
multiplication, inverses) over an arbitrary field of size poly(q, n,m) in time O(1).

Your algorithm should use space at most O(log(q) + log(m)) bits, and spend O(m) time per entry
of of y that it sees. If Ay = 0, it should return “Zero!” with probability at least 2/3. If Ay 6= 0,
it should return “Not Zero!” with probability at least 2/3.

(Hint 1: Use part (a). Hint 2: You may use the fact that Fqs contains Fq as a subfield for any
s = 1, 2, 3, . . .).

(c) Let C = RSq((1, γ, γ2, · · · , γq−2), q− 1, k) be a Reed-Solomon code of length q− 1 over Fq, where
γ is a primitive element of Fq. Give a streaming algorithm that takes in an input c ∈ Fq−1

q in
a streaming fashion, and outputs its best guess about whether or not c ∈ C. (That is, give a
streaming algorithm for error detection). As in the previous part, your algorithm is allowed to do
field arithmetic over arbitrary fields of size poly(q) is time O(1).

Your algorithm should use space at most O(log(q)) bits, and spend O(polylog(q)) time per entry
of of y that it sees. If c ∈ C, it should return “True!” with probability at least 2/3. If c 6∈ C, it
should return “False!” with probability at least 2/3.

(Hint: Use part (b)).
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5. (View as cyclic codes.) [This question is long but most of it is exposition; don’t get scared.] In this
exercise we’ll explore another view of Reed-Solomon codes than we took in class. We say that a code
is cyclic if we can cyclically shift the entries of a codeword without leaving the code. For example, the
code

C = {(1, 2, 3), (3, 1, 2), (2, 3, 1)}

is cyclic. For the rest of this exercise, let n = q−1; we’ll be considering the code RSq(
{
γ, γ2, . . . , γn

}
, k)

for some k ≤ n.

(a) Show that RSq(
{
γ, γ2, . . . , γn

}
, n, k) is cyclic, where γ is a primitive element of Fq.

(b) For any c = (c0, . . . , cn−1) ∈ Fn
q , define the polynomial c(X) = c0+c1X+· · ·+cn−1Xn−1. Explain

what the polynomial X · c(X) mod Xn − 1 looks like.

(Note: In this context, mod Xn − 1 means that you can replace every instance of Xn with 1. For
example, Xn+5 = X5 mod Xn − 1.) Let Fq[X]/(Xn − 1) denote the set of polynomials under
this equivalence. )

Conclude that for a linear cyclic code C, the set {c(X) : c ∈ C} ⊆ Fq[X]/(Xn− 1) is closed under
multiplication by X. Further conclude that this set is closed under multiplication by all polyno-
mials f ∈ Fq[X]/(Xn − 1).

Terminology: Fq[X]/(Xn − 1) is a quotient ring. In a ring R, a set I ⊂ R which is closed under
multiplication by all elements in R (that is, so that {rx ∈ I : ∀r ∈ R, x ∈ I} ⊆ I) is called an ideal.

(c) It turns out (you do not have to prove this) that any set of polynomials in Fq[X]/(Xn − 1) with
the property that you further concluded in (b) has the form

{c(X) : c ∈ C} = {f(X) · g(X) : f(X) ∈ Fq[X]/(Xn − 1)}

for some polynomial g(X). The (unique) polynomial g of minimal degree which is monic (that is,
the leading coefficient is 1) is called the generator polynomial for C. If the code has dimension k,
then the generator polynomial is a monic polynomial with degree n− k.

Terminology: Fq[X]/(Xn − 1) is a principal ideal ring, which means that any ideal is generated
by a single element: in the same notation as above, there is some g ∈ I so that I = {gx : x ∈ R}.

There is no question for part (c). Just understand that there is such a g. Write “I understand”
as the solution. (You don’t need to understand the terminology, that’s just in case you were
interested).

(d) Suppose C = RSq(
{
γ, γ2, . . . , γq−1

}
, q − 1, k). Show that the generator polynomial of C is

g(X) =

n−k∏
i=1

(X − γi)

where γ is a primitive element of Fq.

(Hint: Use the dual view of RS codes that we had in class).

(Another hint: You may use the algebra fact that if a polynomial f has f(α) = 0, then (X − α)
divides f : that is, we may write f(X) = (X − α)h(X) for some h.)
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(e) Finally, let’s consider another view of systematic encoding for a linear cyclic code C of dimension
k and length n with generator polynomial g(X). Let m = (m0, . . . ,mk−1) be a message to encode.
Suppose we wish to find a systematic encoding

m 7→ (p0, . . . , pn−k−1,m0,m1, . . . ,mk−1).

(Notice the message symbols are at the end rather than the beginning; this will be a bit more
convenient). Argue that the parity-check symbols p0, . . . , pn−k−1 are given by the coefficients of
a polynomial p(X) so that

p(X) = g(X)a(X)−Xn−km(X) mod Xn − 1

for some polynomial a(X).

(f) Show that we can compute the parity bits of a code C as in part (e) by computing

p(X) = −remainder

(
Xn−km(X)

g(X)

)
,

where remainder just means as in normal polynomial division.

(Hint/reminder: The guarantee of polynomial division is the following. For any pair of polynomials
a(X), b(X), there are unique polynomials q(X) and r(X) so that the following hold: either r(X) =
0 or else deg(r) < deg(b), and a(X) = b(X) · q(X) + r(X).)
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Section 3

1. In Section 1, you gave a formula to find f(β) given evaluations of f(αi) for i = 1, . . . , k. How
long (using big-oh notation) does it take to evaluate this formula, and actually find f(β) given
{f(αi) : i = 1, . . . , k}? Call that time T (n, k). What if you want to find f(βj) for j = 1, . . . , `;
that is, if you’d like to find multiple points f(β) at once? Obviously you can do this in time ` · T (n, k)
by repeating the procedure above ` times, but can you do better when ` gets large? How large does `
have to be before meaningful improvements kick in?

2. What is the smallest t-wise independent source that exists over F2? Did you find it in Section 2,
Problem 1, or can you do better?

3. It it known to be NP-hard to do Maximum Likelihood Decoding (MLD) on Reed-Solomon codes in
general—that is, given a worst-case w ∈ Fn, it’s probably hard to find the nearest RS codeword.
However, as we have seen, if we are promised that the number of errors are less than half the distance,
we can efficiently find the (unique) nearest codeword. We will see later in the course that if we are
promised a number of errors is slightly larger (as large as the “Johnson radius”) we can also implement
MLD efficiently. What’s the biggest radius you can find where you can do MLD efficiently, before the
problem becomes NP hard? How about before it is hard under stronger complexity assumptions (eg,
“factoring is hard?”)

4. We’ve seen in class that there’s no point in considering polynomials over Fq of degree larger than
q− 1. For example, f(X) = Xq has the same behavior (in terms of evaluations over Fq) as f(X) = X.
However, suppose we also include some derivatives: consider the code

{〈(f(α1), f ′(α1)), (f(α2), f ′(α2)), . . . , (f(αn), f ′(αn)〉 : deg(f) < k} ,

which is a code of length n over an alphabet of F2
q. Here, f ′ is just the formal derivative of f , gotten

by linearly extending the operation d/dXXi = iXi−1. What can you say about this code? Now is it
sensible for polynomials to have degrees larger than q− 1? What’s the rate and distance of this code?
(This is called a derivative code or a univariate multiplicity code. It may show up again in the context
of list and local decoding).
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