
CS250/EE387: Error Correcting Codes M. Wootters
Problem Set 3 Winter 2019
Due: by 4:30pm Wednesday, February 6. either in class or by email to {noaj,marykw}@stanford.edu.

Instructions: Please complete all problems in Section 1. Try to complete 2 of the problems in Section 2.
You are welcome to do more than 2, but please indicate which 2 you want graded. No problems in Section
3 are required, but they might be fun to think about (some might be open-ended).

• You may collaborate on problems in Sections 1 and 2 with other members of the class; please acknowl-
edge your collaborators. You may consult lecture notes and posted readings, but please do not use any
other resources.

• You may collaborate on Section 3 problems with anyone, whether or not they are in the class; please
acknowledge your collaborators. You may also use whatever resources you want.

Typing up your solutions in LATEX is encouraged (but I don’t type up my lecture notes, so I can’t be too
strict). Legibility and complete sentences are required.

Section 1

1. This 21 × 21 QR code is encoding a message with a fair amount of redundancy (level “Q” in QR-code
lingo).

More precisely1, the encoding process starts with a message (in this case, plain text) and interprets
it as k = 13 elements of F256 (aka, as 13 bytes, where each byte encodes a unicode symbol). Then
it encodes these k field elements using a RS code over F256 with k = 13 and n = 26. It takes the 26
codeword symbols (elements of F256), and treats them as bytes again. Then these bytes get written
into the QR code in a specified order: the 8 bits that represent a given symbol in F256 get mapped
to contiguous 4 × 2 blocks. A mask is applied over the top, and the remaining pixels are used for
formatting information (what level of encoding, what type of message, those little squares to help your
phone position it, what the mask is, etc).

(a) What is the rate of the (256-ary) RS code used? What is the distance?

(b) How many pixels in the QR code are auxiliary formatting information?

(c) If I view this as binary code (not including the auxiliary pixels or the mask), what is the rate?
What can you say easily2 about the distance? (Not required: what is the actual distance?)

2. Building on the previous problem, let’s do a thought experiment about a different way a QR code
could work, based on concatenated codes.

1This is my understanding of how QR codes work; take it as fact for this problem, but if you are inspired to read up on it
and happen to be able to correct me, please let me know!

2I’m looking for a statement like “The distance is at least x.” The statement “the distance is at least 0” is too easy.
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(a) Show that there is a binary linear code of dimension 7, length 8, and distance 2.

Now, back to the QR codes, instead of choosing an RS code over F256, let Cout be an RS code with
k = 15 and n = 26 over F128. Let Cin be a binary code from part (a). Now encode a QR code as
outlined in the previous problem, but instead with the concatenated code C = Cout ◦ Cin.

(b) What is the rate and designed distance of C? How does it compare with the one in the previous
problem?

(c) Why do you think that QR codes don’t actually work this way?

3. Let C = RS8(F∗8, 7, 5). Give a lower bound on |C ∩ F7
2|. (Not required: is your lower bound tight?)

4. Recall that RM2(m, r) is binary Reed-Muller code formed by m-variate polynomials of total degree at
most r. For what m do there exist binary Reed-Muller codes of rate exactly 1/2? For those m, what
should r be?

5. In class, we showed that when you concatenate an outer code Cout that has distance dout with an inner
code Cin that has distance din, the resulting code has distance at least dout · din. Give an example
to show that this inequality might be strict. (That is, that the distance might be better than this
guarantee).

Section 2

1. (Code it up!) Implement either the Berlekamp-Welch or Berlekamp-Massey algorithm (or read about
any other RS decoding algorithm and implement that, if you prefer). (I like Sage (sagemath.org) for
finite field stuff, but feel free to use whatever language you like; you can even “implement” it by hand
if you are very patient). Use your implementation to solve the following decoding problems:

Consider the Reed-Solomon code RS113({1, . . . , 16} , 16, 8). The following are codewords with errors
in fewer than (half the minimum distance) locations. Find the original codewords.

(a) [52, 84, 35, 108, 70, 78, 43, 109, 66, 20, 100, 103, 11, 41, 14, 70]

(b) [7, 64, 58, 10, 90, 89, 99, 54, 42, 55, 82, 24, 35, 95, 38, 25]

(c) [81, 81, 93, 60, 27, 12, 37, 72, 68, 58, 67, 4, 76, 105, 49, 35]

If you used something other than the Berlekamp-Welch or Berlekamp-Massey algorithms, explain what
you did. If you wrote code, please hand it in, either as an attachment to your entire HW set if you
submit by email or else separately as an attachment by email to marykw, noaj. If you did it by hand,
show your work. If you did it in your head, I don’t believe you.

Note: You are not allowed to use existing software packages that implement an RS decoder. However,
you are allowed to Google around for Sage technical support, or any other programming help.

Second note: For fun, implement both Berlekamp-Massey and Berlekamp-Welch. Which is faster?

2. (MDS-like codes.) In this problem, we will consider a number-theoretic counterpart of Reed-Solomon

codes. Let 1 ≤ k < n be integers and let p1 < p2 < · · · < pn be n distinct primes. Let K =
∏k

i=1 pi. Let
ZM denote the integers modulo M (that is, the set {0, 1, . . . ,M − 1} with addition and multiplication
mod M). Consider the “code” defined by the encoding map E : ZK → Zp1

× Zp2
× · · · × Zpn

given by

E(m) = (m mod p1,m mod p2, . . . ,m mod pn).

That is, let C ⊆ Zp1 × · · · × Zpn be defined as the image of E. (Notice that C is not a code under
our definition since it has different alphabets for different symbols, which is why “code” above is in
quotes.)
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(a) Suppose that m,m′ ∈ ZK are distinct messages. Let A ⊆ [n] be the set of indices i so that m = m′

mod pi. Prove that
∏

i∈A pi divides m−m′.
(b) Define the “distance” of the “code” above to be

d = min
m6=m′∈ZK

n∑
i=1

1E(m)i 6=E(m′)i .

Use part (a) to show that the “distance” of C is d = n− k + 1.

(c) (Open-ended, you’ll get full points for anything reasonable). Do you think this code counts as
“meeting the Singleton bound?” Why or why not? (Notice that this is not well-defined since we
haven’t defined “rate” or “message length” for a code where each symbol has a different alphabet,
and because our definition of “distance” in the previous part might not be the only way to define
“distance” in this setting. Moreover, the “correct” version of the Singleton bound in this setting
might be slightly different.)

3. (Decoding RS codes is NP hard.) Recall that the problem of Maximum Likelihood Decoding for
the Reed-Solomon code C = RSq(S, n, k) is the following:

• Input: A received word w ∈ Fn
q and S, n, k.

• Output: The codeword c ∈ C that minimizes ∆(w, c).

The “decision version” of this problem (which will call RS-MLD) is the following:

• Input: A received word w ∈ Fn
q ; S, n, k; and r ∈ {1, . . . , n}.

• Output: True if and only if there exists some c ∈ C so that ∆(w, c) ≤ r.

We’ve seen that RS-MLD is easy (meaning, we have polynomial-time algorithms for it) if r ≤ b(d −
1)/2c. In this problem, we’ll show that if r is allowed to be very large then RS-MLD is NP-hard.

(Note: It is possible to do this problem if you have never seen the definition of NP-hardness).

(a) Let q = 2m and let S = {α1, . . . , αn} ⊆ Fq.3 Fix β ∈ Fq. Let y ∈ Fn
q be the vector so that

yi = αk+1
i + β · αk

i .

Show that there exists a codeword c ∈ RSq(S, n, k) so that ∆(c, y) ≤ n−k− 1 if and only if there
exists T ⊆ {1, . . . , n} with |T | = k + 1 so that

∑
i∈T αi = β.

(b) Consider the following problem:

• Input: Parameters k, n so that 1 ≤ k < n, and a set S ⊆ Fq of size n, and β ∈ Fq.

• Output: True if and only if there exists some T ⊆ {1, . . . , n} of size |T | = k + 1 so that∑
i∈T αi = βi.

This problem is NP-hard. (You don’t have to prove this). If you have seen the definition of
NP-hardness before: explain why part (a) implies that RS-MLD is NP-hard. If you have
not seen this before: explain intuitively why this problem being “hard” should imply that
RS-MLD is “hard.”

3Notice that because Fq has characteristic 2, minus is the same as plus. So I can’t make any sign errors in writing the
problem and you can’t make any when solving it :)
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4. (BCH codes can “beat the GV bound.”) Recall that in class we showed that binary random
linear codes in expectation achieved the Gilbert-Varshamov bound:

k ≥ n− log2(Vol2(d− 1, n)) (1)

(plus or minus 1...). We also saw in class that BCH codes are not asymptotically good, while random
linear codes can be, which might lead us to think that random linear codes are combinatorially “better”
than BCH codes. Find a parameter regime in which this is not true.

More precisely, show that there is a distance function d(n) (where d is a function of n) and a constant
n0 so that for infinitely many n > n0, there is a BCH code of length n and distance d(n) with rate
stricly larger than the rate of a code with length n and distance d(n) guaranteed by the GV bound.
(Hint: Notice that d(n)/n can’t converge to something in (0, 1), since BCH codes are not asymptotically
good but codes on the GV bound can be).

5. (Deterministic linear codes on the GV bound.) In class, we said that it is open4 to find an
efficient deterministic construction of an asymptotically good code on the GV bound, even though
“most” linear codes lie close to this bound. However, we can do a little bit better than the naive
construction of exhaustively searching over all generator matrices G ∈ Fk×n

2 . That’s a deterministic
construction, but it takes time 2O(kn). In this problem we’ll do it a bit faster.

Give a deterministic algorithm which finds a binary linear code C ⊂ Fn
2 that meets the Gilbert-

Varshamov bound (that is, R = 1 −Hq(δ) − o(1)), which runs in time 2O(n). There are several ways
to solve this problem, but below is a hint for one way. Feel free to solve it whichever way you like.

Hint: Come up with a distribution on matrices G so that (1) you only need O(n) bits of randomness
to sample G and (2) with high probability the code with generator matrix G satsifies the GV bound.
You might break the problem up into the following parts:

(a) Show that coming up with a distribution G would solve the problem.

(b) Come up with such a distribution G. (sub-hint: Try a Toeplitz matrix; that is, a matrix of the
form

G =



X0 X1 · · · Xk−1

Xk X0 X1
. . .

Xk+1 Xk X0
. . .

...
Xn+k−2


where X0, . . . , Xn+k−2 are i.i.d. uniform random variables in F2.)

4But check out this cool recent paper! https://eccc.weizmann.ac.il/report/2017/041/download/
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Section 3

1. In section 2 we saw that it is NP-hard to do Maximum Likelihood Decoding (MLD) on Reed-Solomon
codes in general—that is, given a worst-case w ∈ Fn, it’s probably hard to find the nearest RS codeword.
However, as we have seen, if we are promised that the number of errors are less than half the distance,
we can efficiently find the (unique) nearest codeword. We will see later in the course that if we are
promised a number of errors is slightly larger (as large as the “Johnson radius”) we can also implement
MLD efficiently. What’s the biggest radius you can find where you can do MLD efficiently, before the
problem becomes NP hard? How about before it is hard under stronger complexity assumptions (eg,
“factoring is hard?”)

2. We’ve seen in class that there’s no point in considering polynomials over Fq of degree larger than
q− 1. For example, f(X) = Xq has the same behavior (in terms of evaluations over Fq) as f(X) = X.
However, suppose we also include some derivatives: consider the code

{〈(f(α1), f ′(α1)), (f(α2), f ′(α2)), . . . , (f(αn), f ′(αn)〉 : deg(f) < k} ,

which is a code of length n over an alphabet of F2
q. Here, f ′ is just the formal derivative of f , gotten

by linearly extending the operation d/dXXi = iXi−1. What can you say about this code? Now is it
sensible for polynomials to have degrees larger than q− 1? What’s the rate and distance of this code?
(This is called a derivative code or a univariate multiplicity code. It may show up again in the context
of list and local decoding).

3. In Section 2 you gave a deterministic algorithm to construct a binary linear code on the GV bound
which runs in time 2O(n). Find one that runs in time O(n2k). Can you find one that runs even faster
than that?
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