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We introduce a simple model of dynamic matching in networked mar-
kets, where agents arrive and depart stochastically and the composition
of the trade network depends endogenously on the matching algo-
rithm. If the planner can identify agents who are about to depart, then
waiting to thicken the market substantially reduces the fraction of un-
matched agents. If not, then matching agents greedily s close to optimal.
We specify conditions under which local algorithms that choose the right
time to match agents, but do not exploit the global network structure,
are close to optimal. Finally, we consider a setting where agents have pri-
vate information about their departure times and design a mechanism
to elicit this information.
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I. Introduction

We study the problem of matching in a dynamic market with network
constraints. In many markets, only some pairs of agents can be feasibly
matched. For instance, in carpooling platforms, whether two riders can
share aride depends on their locations and destinations. In paired kidney
exchange, patient-donor pairs must be biologically compatible before a
swap can be made. Because of these frictions, any matching decision is
constrained by a network, comprised of agents (nodes) and compatible
pairs (links).

In many such markets, the set of compatible agents is not fixed. Instead,
agents arrive and depart over time, and a social planner continually ob-
serves the network of compatible agents and chooses how to match them.
Matched agents leave the market, and unmatched agents either persist
or depart. Consequently, the planner’s decision today affects the sets of
agents and options tomorrow. For instance, in carpooling platforms, the
compatibility network evolves when new ride requests arrive, when two rid-
ers are matched, or when unmatched riders leave the market.

In such environments, the planner must decide not only which agents
to match but also when to match them. The planner could match agents
frequently or wait to thicken the market. If the planner waits, agents may
depart. However, waiting has benefits. For example, in figure 1A, where
each node represents an agent and each link represents a compatible pair,
if the planner matches agent 1 to agent 2 at time ¢, then the planner will
be unable to match agents 3 and 4 at time ¢ + 1. By contrast, if the planner
waits until ¢ + 1, he can match all four agents by matching 1 to 4 and 2 to 3.
Moreover, waiting might bring information about which agents will soon
depart, enabling the planner to give priority to those agents. For example,
in figure 1B, the planner learns at ¢ + 1 that agent 3 will imminently leave
the market if not matched. If the planner matches agent 1 to agent 2 at time
., then he will be unable to react to this information at ¢ + 1.

The optimal timing policy in a dynamic matching problem is not obvi-
ous a priori. Ride-sharing platforms, for instance, have been extensively
experimenting with their timing policies to analyze the trade-off between
matching frequency and market thickness." Many paired kidney exchanges
enact static matching algorithms (“match-runs”) at fixed intervals. Even

Michael Ostrovsky, Parag Pathak, Robert Shimer, Takuo Sugaya, Bob Wilson, and several
anonymous referees for their valuable comments. All errors remain our own.

' Forinstance, Uber’s website writes, “In the early days, a rider was immediately matched
with the closest available driver. . . . But if we wait just a few seconds after a request, it can
make a big difference. It’s enough time for a batch of potential rider-driver matches to
accumulate” (https://marketplace.uber.com/matching, accessed Dec. 2, 2018). Also, see
Yan etal. (2019) for an introduction to the “dynamic waiting” algorithm, a recent innovation
in timing policy at Uber.
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Fic. 1.—Waiting expands information about the set of options and departure times.
Here, each node represents an agent and each link represents a compatible pair. In A, the
planner observes the set of new agents and options at time ¢ + 1. If he matches agent 1 to
agent 2 at time ¢, then the planner will be unable to match agents 3 and 4 at time ¢ + 1.
In B, the planner gets the information that agent 3 is about to depart at time ¢ + 1. If he

matches 1 and 2 at time ¢, then he will be unable to react to the information about the urgency
of agent 3 at time ¢ + 1.

then, matching intervals differ substantially between exchanges.”> Under
what conditions is it valuable to wait to thicken the market?

We now introduce our model. In the classic Erdds-Rényi random-graph
setting, there are m agents, and any two agents are compatible with prob-
ability d/m, where d scales the expected degree of each agent (Erdés and
Rényi 1960). A planner observes the network and chooses a matching,
seeking to minimize the number of unmatched agents. We create a natu-
ral dynamic analogue: agents arrive at Poisson rate m, any two agents are
compatible with probability d/m, and each agent departs (perishes) at a
Poisson rate, normalized to 1. Links persist over time. The planner ob-
serves the current network and chooses a matching; matched agents leave
the market. The planner also observes which agents are critical, in the
sense that he knows which agents will perish imminently if not matched.
As in the static case, the planner seeks to minimize the proportion of un-
matched agents (the loss).

In essence, our model is about matching agents to carry out some valu-
able activity in pairs. Agents gradually arrive and depart, and only cer-
tain pairs of agents can cooperate. The model can be interpreted as
the problem faced by a ride-sharing firm that offers a carpooling service.
With the pricing scheme held fixed, customers arrive and depart over
time, and two riders are compatible if they have nearby locations and

* The Alliance for Paired Kidney Donation conducts a match-run every weekday (APKD
2017), the United Network for Organ Sharing conducts a match-run twice a week (UNOS
2015), the South Korean kidney exchange conducts a match-run once a month, and the
Dutch kidney exchange conducts a match-run once a quarter (Akkina et al. 2011).
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destinations. It can also be interpreted as a stylized representation of bar-
ter exchange; a pair is compatible if they can gainfully trade with each
other. Kidney exchange is one example of such a trade, although the ab-
stractions in the model are particularly aggressive for this application.”

What are the key features of the optimal dynamic matching algorithm?
Since we explicitly model the network of potential matches, the resulting
Markov decision problem is combinatorially complex. Thus, it is not fea-
sible to compute the optimal solution with standard dynamic program-
ming techniques. To address this issue, we employ a different approach:
we formulate simple algorithms with different timing properties, which
are analytically tractable because they naivelyignore the network structure.
By comparing these algorithms, we show that the choice of when to match
agents has large effects on performance. Then, we produce theoretical
bounds on the performance of optimal algorithms that additionally ex-
ploit the network structure. We show that, when d is not too small, our sim-
ple algorithms come close to these bounds on optimum performance.
This suggests that timing is a first-order concern in our environment.

The simple algorithms are as follows. The Greedy algorithm attempts to
match agents as soon as possible; it treats each instant as a static matching
problem without regard for the future. The Patient algorithm attempts to
match only critical agents (potentially to a noncritical partner). Both these
algorithms are local, in the sense that they look at only the immediate
neighbors of the agent they attempt to match, rather than at the global
network structure.

Itis intuitive that the Patient algorithm will achieve a lower loss than the
Greedy algorithm, but is the difference substantial? Our first result an-
swers this question: the Greedy algorithm’s loss is at least 1/(2d + 1),
whereas the Patient algorithm’s loss is at most e~ /2. To place these re-
sults in context, the static model provides a useful benchmark. Given a
maximum matching on an Erdés-Rényi random graph, the expected frac-
tion of unmatched agents is exponentially small in d, so the loss falls rap-
idly as drises (Zhou and Ou-Yang 2003). In the case with arrivals and de-
partures, our result shows that running a statically optimal matching at
every instant does not yield exponentially small loss. However, waiting to
match agents suffices to achieve exponentially small loss, and thus the Pa-
tient algorithm substantially outperforms the Greedy. For instance, in a
market where d = 8, the loss of the Patient algorithm is no more than
16% of the loss of the Greedy algorithm.

The intuition behind this result is as follows. The composition of the net-
work, as well as the number of agents in the market, depends endogenously

* In particular, while some agents in the model have more links than others, the Erdds-
Rényi structure rules out the possibility of persistently underdemanded and overdemanded
types, an important feature of kidney exchange (Roth, Sénmez, and Unver 2005).
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on the matching algorithm. As d rises, the Greedy algorithm matches
agents more rapidly, reducing the equilibrium stock of available agents.
This effect cancels out the exponential improvements that would accrue
from raising d in a static model. In addition, under the Greedy algorithm,
there are no compatible agents among the set of agents in the market (the
market is thin), and so all critical agents perish. On the contrary, under
the Patient algorithm, an increase in dwill not rapidly reduce the equilib-
rium stock of available agents, so the market is always thick. This market
thickness enables the planner to react to critical cases.

Our second result states that the loss of the Patient algorithm is “close
to” the loss of the optimum algorithm; the optimum algorithm’s loss is at
least ¢~ “/20%9 /(d + 1) where € < ¢ 2. Recall that the Patient algorithm
is local; it looks at only the immediate neighborhood of the agents it
seeks to match. By contrast, the optimum algorithm chooses the optimal
time to match agents, as well as the optimal agents to match, by exploit-
ing the entire network structure. When we compare the performance of
the Greedy algorithm to that of the optimum algorithm, we find that most
of the gain is achieved merely by thickening the market, rather than by
optimizing over the network structure.

Essentially, our first two results delineate conditions under which the
timing of matching matters much more than optimizing over the network.
They suggest that it may be unwise to abstract away from timing consider-
ations in order to focus on the network structure.

Next, we drop the assumption that the planner can identify critical
agents and ask, What if the planner has more or less information about
departure times? Our next results show that departure information and
market thickness are complements, in the following sense. Any algorithm
that cannotidentify critical agents has aloss of atleast 1/(2d + 1), no mat-
ter how long it waits. Suppose, on the other hand, that the planner is con-
strained to match agents as soon as possible but knows agents’ departure
times far in advance. Any algorithm that does not wait has a loss of at least
1/(2d + 1), no matter how much information it has about departure times.

Recall that the Patient algorithm requires only short-horizon informa-
tion about agent departures. What if the planner has even more informa-
tion? For instance, the planner may be able to forecast departures long
in advance or foresee how many new agents will arrive or may know that
certain agents are more likely than others to have new links. We prove
that no expansion of the planner’s information allows him to achieve a
loss smaller than ¢ */(d + 1). Taken together, these results suggest that
short-horizon information about departure times is especially valuable
to the planner. Lacking this information leads to large losses, and having
more than this information does not yield large gains.

In some settings, however, agents know that they are critical, but the
planner does not. For instance, riders know whether they are in urgent



788 JOURNAL OF POLITICAL ECONOMY

need of a car or can wait with low cost, but the carpooling platform does
not. Our final result concerns the incentive-compatible implementation
of the Patient algorithm. Suppose that the planner observes the network
but does not know when agents are critical. Suppose that agents know
when they are critical but do not observe the network (i.e., they do not
know when they have a compatible partner).* When agents have waiting
costs, they may have incentives to misreport their urgency, so as to hasten
their match or to increase their probability of getting matched. We show
that if agents are not too impatient, a dynamic mechanism without trans-
fers can elicit such information. The mechanism treats agents who report
that they are critical but persist as though they had left the market. This
means that as an agent, I trade off the possibility of a swifter match (by de-
claring that I am critical now) with the option value of being matched to
another agent before I truly become critical. We prove that it is arbitrarily
close to optimal for agents to report the truth in large markets.

We close by stating a caveat. Our results build on several stylized as-
sumptions. Whether these are plausible depends on the context. For in-
stance, consider the assumption of exponential departure times. In kid-
ney exchanges, it seems implausible to assume that a patient’s departure
time is memoryless, but this assumption is consistent with empirical ev-
idence of ride sharing (Liu, Wan, and Yang 2019). Hence, our results
do not imply that network optimization is never important. Rather, they
specify conditions under which timing considerations are more important
than network optimization. If an analyst believes (or finds out) that em-
ploying a complicated algorithm that accounts for the network structure
will yield large gains, then their environment must depart materially from
the setting studied here.

Related work—There have been several studies on dynamic matching in
economics, computer science, and operations research. To the best of our
knowledge, no prior work has examined dynamic matching on a general
random graph, where agents stochastically depart.

Kurino (2009) and Bloch and Houy (2012) study an overlapping-
generations model of the housing market. In their models, agents have
deterministic arrivals and departures, and the housing side of the market
is infinitely durable and static. In the same context, Leshno (2012) studies
a one-sided dynamic housing allocation problem in which there are two
types of houses that arrive stochastically over time. In subsequent papers,
Baccara, Lee, and Yariv (2015) and Loertscher, Muir, and Taylor (2016)
study the problem of optimal dynamic matching and thickness in two-
sided models with two types on each side.

* One of the reasons that agents enter centralized matching markets is that they are un-
able to find partners by themselves.
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In the context of kidney exchanges, a problem first studied by Roth,
Sonmez, and Unver (2004, 2005), Unver (2010) is the first paper that
considers dynamics in a model with multiple types of agents. In Unver’s
model, agents never perish. Thus, one insight of his model is that waiting
to thicken the market is not helpful when only bilateral exchanges are
allowed. We show that this result changes when agents depart stochasti-
cally. Some other aspects of dynamic kidney exchange have been studied
by Zenios (2002), Su and Zenios (2005), Awasthi and Sandholm (2009),
Dickerson, Procaccia, and Sandholm (2012), and Sonmez and Unver (2015).
Ashlagi, Jaillet, and Manshadi (2013) construct a finite-horizon model of
kidney exchange with agents who never depart. They show that (with two-
way exchanges) waiting yields large gains only if the planner waits for a
constant fraction of total agents to arrive. Since our model is infinite ho-
rizon and agents depart, it is not possible to wait for a constant fraction of
the total agents to arrive. Nevertheless, the Patient algorithm ensures that
the size of the market is linear in m, which makes thickness valuable. A re-
cent paper builds on our framework to study the competition of two plat-
forms with Greedy and Patient algorithms (Das et al. 2015).

In concurrentwork, Anderson etal. (2015) analyze a model in which the
main objective is to minimize the average waiting time and agents never
perish. They show that with two-way exchanges, the Greedy algorithm is
optimal in the class of “periodic Markov policies,” which is similar to our
theorem 4. Our paper shows that when agents’ departure times are observ-
able, Greedy performs weakly, and the option value of waiting can be large.
In other related work, Arnosti, Johari, and Kanoria (2014) model a two-
sided dynamic matching market to analyze congestion in decentralized
markets. Some recent papers study the problem of stability in dynamic
matching markets (Du and Livne 2014; Kadam and Kotowski 2018; Doval
2016). We are concerned with total welfare, as opposed to stability.

In recent years, research on ride-sharing platforms has grown rapidly.
While the problem of pricing is widely studied, the literature on the prob-
lem of dynamic matching in ride sharing is relatively sparse. For instance,
Ozkan and Ward (2017) and Ashlagi et al. (2018) studied this problem
from a theoretical perspective. More recently, Liu, Wan, and Yang (2019)
develop a two-sided version of our model and estimate it using data from
DiDi, the world’s largest ride-sharing platform. Their comparisons of the
Patient and Greedy algorithms show that if drivers are not too heteroge-
neous, Patient outperforms Greedy.

The literature on online advertising is also related to our work. In this
setting, advertisements are static, but queries arrive adversarially or sto-
chastically over time. Unlike our model, queries persist in the market for
exactly one period. Karp, Vazirani, and Vazirani (1990) introduced the prob-
lem and designed a randomized matching algorithm. Subsequently, the
problem has been considered under several variations; see, for instance,
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Mehta et al. (2007), Goel and Mehta (2008), Manshadi, Gharan, and Sa-
beri (2012), and Blum et al. (2015).

The problem of dynamic matching has been extensively studied in the
literature on labor market search. Shimer and Smith (2001) study a de-
centralized search market and discuss efficiency issues. This paper and
its descendants are different from ours in at least two ways. First, rather
than modeling market thickness via a fixed match function, we explicitly
account for the network structure that affects the planner’s options, en-
dogenously determining market thickness. In addition, in Shimer and
Smith (2001), the benefit of waiting is in increasing the match quality,
whereas in our model we show that even if you cannot increase match
quality, waiting can still be beneficial because it increases the number of
agents who get matched. Ebrahimy and Shimer (2010) study a decentral-
ized version of the Greedy algorithm from a laborsearch perspective.’

II. Model

In this section, we introduce the pieces of our continuous-time model for
amatching market on stochastic networks that runs in the interval [0, T'].

A, Arrivals and Departures

Agents arrive at the market at Poisson rate m. Hence, in any interval
[#, t + 1], m new agents enter the market in expectation. Throughout
the paper, we assume m > 1. Let A, be the set of the agents in our market
at time ¢, and let Z, == |A,|. We refer to A, as the pool of the market and to
Z, as the pool size. We start by describing the evolution of A, as a function
of ¢t € [0, T]. Since we are interested in the limit behavior of A, we assume
Ay = . We use A} to denote the set of agents who enter the market at
time £° Note that with probability 1, |A?| < 1. Also, let A7, denote the set
of agents who enter the marketin time interval [#,, # ]. Each agent becomes
critical according to an independent Poisson process at rate A\, which, with-
outloss of generality, we normalize to 1. This implies that, if an agent a en-
ters the market at time ¢,, then she becomes critical at some time ¢, + X,
where Xis an exponential random variable with mean 1. Any critical agent
leaves the market immediately; so the last point in time that an agent

> Aless directly related literature is that of dynamic auctions and dynamic mechanism de-
sign. Budish, Cramton, and Shim (2015) study the problem of timing and frequent batch
auctions in the high-frequency setting. Parkes and Singh (2003) generalize the Vickrey-
Clarke-Groves mechanism to a dynamic setting. We refer interested readers to Parkes (2007)
for a review of the dynamic mechanism design literature.

 As a notational guidance, we use subscripts to refer to a point in time or a time interval,

“ “

while superscripts “n” and “c” refer to new agents and critical agents, respectively.
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can get matched is the time that she becomes critical. We say an agent a
perishes if @ leaves the market unmatched.

We assume that an agent a € A, leaves the market at time ¢ if @ is not
critical but is matched with another agent b € A,, if a becomes critical
and gets matched to another agent, or if a becomes critical and leaves
the market unmatched and so perishes. Consequently, for any matching
algorithm, a leaves the pool at some time ¢ where { < # < ¢ + X. The
sojourn of a is the length of the interval that « is in the pool, that is,
s(a) =t — t,. We use A{ to denote the set of agents who are critical at
time 7 Also, note that for any ¢ > 0, with probability 1, |Af| < 1.

It is essential to note that the arrival of the criticality event with some
Poisson rate is not equivalent to discounting with the same rate, because
the criticality event might be observed by the planner and the planner
can react to that information.

B.  The Compatibility Network

For any pair of agents, they are compatible with probability p, where
0 <p <1, and these probabilities are independent across pairs. Let
d = m - p be the density parameter of the model. In the paper, we use
this definition and replace p with d/m.

For any ¢ > 0, let E, © A, x A, be the set of compatible pairs of agents
in the market (the set of edges) at time ¢, and let G, = (A,, E,) be the net-
work at time {. Compatible pairs persist over time; that is, if a, b € A, and
a,be Ay, then (a,b) € E, if and only if (a, d) € E,. For an agent a € A,
we use N,(a) € A, to denote the set of neighbors of ain G, It follows that,
if the planner does not match any agents, then for any fixed ¢ > 0, G, is
distributed as an Erd6s-Rényi graph with parameter d/m and, in the long
run, d is the average degree of agents (Erd6s and Rényi 1960).°

Let A = U A7, let ES A x A be the set of acceptable transactions
between agents in A, and let G = (A, E).? Observe that any realization
of the above stochastic process is uniquely defined, given A?, Af for all
¢t > 0 and the set of compatible pairs, E. A vector (m, d) represents a dy-
namic matching market.

7 In our proofs, we use the fact that Af S U< A,. In the example of the text, we have
a € Aj .. Note that even if agent a is matched before becoming critical (i.e., t; < f, + X),
we still have that a € Aj . . Hence, Aj is not necessarily a subset of A, since it may have agents
who are already matched and have left the pool. This generalized definition of Af is helpful
in our proofs.

% In an undirected graph, the degree of a vertex is equal to the total number of edges con-
nected to that vertex.

? Note that £ 2 UrE, and the two sets are not typically equal, since two agents may find
itacceptable to transact, even though they are not in the pool at the same time because one
of them was matched earlier.
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C. Matching Algorithms

A set of edges M, € E, is a malching if no two edges share the same end
points. A matching algorithm, at any time ¢ > 0, selects a (possibly empty)
matching, M, in the current graph G, and the end points of the edges
in M, leave the market immediately. We assume that any matching algo-
rithm at any time ¢, knows the current graph G, only for ¢ < {, and does
not know anything about G, for ¢ > ¢,. In the benchmark case that we
consider, the matching algorithm can depend on the set of critical agents
at time £ Nonetheless, we extend several of our theorems to the case
where the algorithm knows more than this or less than this.

We emphasize that the random sets A, (the set of agents in the pool at
time ), E, (the set of compatible pairs of agents at time ), and N,(a) (the
set of an agent «’s neighbors), as well as the random variable Z, (pool size
at time ¢), are all functions of the underlying matching algorithm. We
abuse notation and do not include the name of the algorithm when we
analyze these variables.

D. The Goal
Let ALG(T) be the set of matched agents by time 7,

ALG(T) = {a € A: ais matched by ALG by time T}.

We may drop the 7T in the notation ALG(T) if it is clear from context.
The goal of the planner is to match the maximum number of agents
or, equivalently, to minimize the number of perished agents. The loss of
a matching algorithm ALG is defined as the ratio of the expected num-
ber of perished agents to the expected number of agents, which is, by
definition, a number in [0, 1]:
E[|A — ALG(T) — Az]] _ E[]JA — ALG(T) — As|]

HALG) = EfA] - ) |

The planner seeks a maximum matching in a dynamic random graph.
Unlike the static problem, the planner faces two additional constraints:
first, not all agents are present at the same time, and second, he is uncer-
tain about future arrivals and departures.

Minimizing loss is equivalent to maximizing social welfare, for the case
where the cost of waiting is negligible compared to the cost of leaving
the market unmatched.

' The case where discount rate is not zero is extensively studied in a working paper
(Akbarpour and Li 2019).
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Our problem can be modeled as a Markov decision problem (MDP)
that is defined as follows. The state space is the set of pairs (/, B) where
H is any undirected graph of any size and, if the algorithm knows the set
of critical agents, B is a set of at most one vertex of H representing the
corresponding critical agent. The action space for a given state is the
set of matchings on the graph H. Under this view, an algorithm designer
wants to minimize the loss over a time period 7.

E.  Optimum Solutions

In many parts of this paper we compare the performance of a matching
algorithm to the performance of an optimal Omniscient algorithm. Un-
like any matching algorithm, the Omniscient algorithm has full informa-
tion about the future; that is, it knows the full realization of the graph G
of agents who will be in the system in future and the edges between them.
Therefore, it can return the (static) maximum matching in this graph asits
output and thus minimize the fraction of perished agents. Let OMN(T') be
the set of matched agents in the maximum matching of G. The loss func-
tion under the Omnsicient algorithm at time 7 is

L(OMN) = E[|A - Oh;[yllggT) ~ 4]

Observe that for any matching algorithm ALG and any realization of the
probability space, we have [ALG(T)| < |OMN(T)|, because the Omni-
scient algorithm knows the realization of the stochastic process and could
select the same matching as any matching algorithm.

The optimum matching algorithm, that is, the solution to the above
MDP, is the algorithm that minimizes loss. We first consider OPT*, the algo-
rithm that knows the set of critical agents at time /. We then relax this as-
sumption and consider OPT, the algorithm that does not know these sets.

Let ALG® be any matching algorithm that knows the set of critical
agents at time { It follows that

L(ALG‘) > L(OPT") > L(OMN).

Similarly, let ALG be any matching algorithm that does not know the
set of critical agents at time ¢ It follows that

L(ALG) > L(OPT) > L(OPT*) > L(OMN).

Note that unlike the loss function that considers the expected number
of matched agents, | ALG| and | OPT| (the number of matched agents un-
der ALG and OPT) are generally incomparable, and, depending on the
realization of G, we may even have |ALG| > |OPT]|.
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III.  Simple Matching Algorithms

In our model, solving for the optimal matching algorithm is computation-
ally complex. This is because there are at least 2(2) /m! distinct graphs of
size m, so for even moderately large markets, we cannot apply standard
dynamic programming techniques to find the optimum online matching
algorithm."'

Nevertheless, we are not fully agnostic about the optimal algorithm. In
particular, we know that OPT* has at least two properties:

i. A pair of agents a, b gets matched in OPT* only if one of them is
critical, because if @, b can be matched and neither of them is crit-
ical, then we are weakly better off if we wait and match them later.

ii. Ifan agent ais critical at time ¢ and N,(a) # &, then OPT matches
a. This is because allowing a critical agent to perish now decreases
the number of future perished agents by at most 1.

OPT* waits until some agent becomes critical, and if an agent is critical
and has some compatible partner, then OPT* matches that agent. But the
choice of match partner depends on the entire network structure, which
is what makes the problem combinatorially complex. Our goal here is to
separate these two effects. How much is achieved merely by being pa-
tient? And how much more is achieved by optimizing over the network
structure?

To do this, we start by designing a matching algorithm (the Greedy
algorithm) that mimics “match-as-you-go” algorithms used in many real
marketplaces. It delivers maximal matchings at any point in time, with-
out regard for the future.

DEFINITION 1 (Greedy algorithm). If any new agent a enters the mar-
ket at time ¢, then match her with an arbitrary agent in N,(a) whenever
N(a) # 2.

Since no two agents arrive at the same time almost surely, we do not
need to consider the case where more than one agent enters the market.
Moreover, the graph G,in the Greedy algorithm is almost always an empty
graph. Hence, the Greedy algorithm cannot use any information about
the set of critical agents.

To separate the value of waiting from the value of optimizing over the
network structure, we design a second algorithm, which chooses the op-
timal time to match agents but ignores the network structure.

" This lower bound is derived as follows. When there are m agents, there are (my) possi-
ble edges, each of which may be present or absent. Some of these graphs may have the same
structure but different agent indices. A conservative lower bound is to divide by all possible
relabelings of the agents (m!). For instance, for m = 30, there are more than 10* states in
the approximated MDP.
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DeriNiTION 2 (Patient algorithm). If an agent a becomes critical at
time ¢, then match her uniformly at random with an agent in N,(a) when-
ever N;(a) # J.

To run the Patient algorithm, we need access to the set of critical agents
attime ¢ Note that the Patient algorithm exploits only short-horizon infor-
mation about critical agents, as compared to the Omniscient algorithm,
which has full information about the future. Of course, the knowledge
of the exact departure times is an abstraction from reality, and we do
notintend the timing assumptions about critical agents to be interpreted
literally. An agent’s point of perishing represents the point at which it
ceases to be socially valuable to match that agent, and the agent will incur
a high waiting cost if not matched. Letting the planner observe the set of
critical agents is a modeling convention that represents high-accuracy
short-horizon information about agents’ departures.

We now state results for the case of large markets with sparse graphs, in
the steady state: m — oo, dis held constant, and T goes to infinity at a rate
faster than log(m). Clearly, this implies that d/m = p — 0, which should
not be taken literally. This method eliminates nuisance terms and is a
standard way to state results for large but sparse graphs (Erdds and Rényi
1960). Appendix A studies the performance of each algorithm as a func-
tion of m, 7T, and d, without taking limits. Simulations in online appen-
dix G indicate that the key comparisons hold for small values of m and
T. Moreover, the algorithms we examine converge rapidly to the station-
ary distribution, as shown in online appendix A. Readers interested in
technical nonlimit results can see theorems 6 and 7 for the exact depen-
dency of our results on m and 7.

IV. Timing, Thickness, and Network Optimization
A.  Theorems

Does timing substantially affect the performance of dynamic matching
algorithms? Our first result establishes that varying the timing properties
of simple algorithms has large effects on their performance.

TaEOREM 1. For d>2,as T, m — o,

1

> -
L(Greedy) > 571’

1 ;
L(Patient) < 3 e

We already knew that the Patient algorithm outperforms the Greedy
algorithm. What this theorem shows is that the Patient algorithm achieves
exponentially small loss, but the Greedy algorithm does not. Theorem 1 pro-
vides an upper bound for the value of waiting. We shut down the channels
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by which waiting can be costly (waiting cost is negligible, and the planner
observes critical agents) and show that in this world, the option value of
waiting is large.

Why does this happen? The Greedy algorithm attempts to match agents
upon arrival, and the Patient algorithm attempts to match them upon de-
parture. Now, suppose that a new agent enters the market under the
Greedy algorithm. If there are zother agents in the market, the probability
that the agent has no feasible partner is [1 — (d/m)]", which falls expo-
nentially as d rises. Equally, suppose that an agent becomes critical and
the Patient algorithm attempts to match him. If there are z other agents
in the market, the probability that the agent has no feasible partner is
again [1 — (d/m)]". What, then, explains the difference in performance?

The key is to see that the composition and number of agents in the
market depend endogenously on the matching algorithm. As d rises, the
Greedy algorithm matches agents more rapidly, depleting the stock of
available agents and reducing the equilibrium z This effect cancels out the
exponential improvements that would accrue from raising d in a static
model. By contrast, because the Patientalgorithm waits, the marketis thick.
We prove that, under the Patient algorithm, equilibrium zis always above
m/2, which entails that [1 — (d/m)]" falls exponentially as d rises.

The next question is, Are the gains from waiting large, compared to the
total gains from optimizing over the network structure? First, we show by
example that the Patient algorithm is not optimal, because it ignores the
global network structure.

ExampLE 1. Let G, be the graph shown in figure 2, and let a, € Af,
that is, a, is critical at time ¢ Observe that it is strictly better to match
as to a,, as opposed to as. Nevertheless, since the Patient algorithm makes
decisions that depend only on the immediate neighbors of the agentitis
trying to match, it cannot differentiate between 4, and a5 and will choose
either of them with equal probability.

The next theorem provides a bound for gains from network optimiza-
tions by proving a lower bound for the optimum.

TaeoreMm 2. Consider any algorithm ALG that observes the set of
critical agents. Then, for d > 2, as T, m — o,

e—(d/?)(l+L(AL(l))

d+1 '

Recall that L(Patient) < (1/2) - ¢ 2. Substituting for L(ALG) implies
thatL(OPT*) > ¢ (/2042 /(g 4+ 1)."2 This exponential term in L(OPT®)

L(OPT*) >

'* Paradoxically, this argument exploits the fact that Patient has a small loss to show that
OPT" has a large loss. The bound in theorem 2 is decreasing L(ALG), so new algorithms
that improve on Patient automatically result in a tighter lower bound on L(OPT").
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F1G. 2.—If a, becomes critical in this graph, it is strictly better to match him to a,, as op-
posed to as. The Patient algorithm, however, chooses either @, or a; with equal probability.

is close to that of the L(Patient) for even moderate values of d. The pre-
ceding results show that the gains from the right timing decision (moving
from the Greedy algorithm to the Patient algorithm) are larger than the
remaining gains from optimizing over the entire network (moving from
the Patient algorithm to the optimum algorithm). In many settings, opti-
mal solutions may be computationally demanding and difficult to imple-
ment. Thus, this result suggests that, in settings that approximately satisfy
our key assumptions, it will often be more worthwhile for policy makers to
find ways to thicken the market than to seek complicated optimal policies.

It is worth emphasizing that this result (as well as theorem 4) proves
that “local” algorithms are close to optimal. Since in our model agents
are ex ante homogeneous, this shows that “wWhom to match” is not as im-
portant as “when to match.” In settings where agents have multiple types,
however, the decision of “whom to match” can be an important one even
when it is local. We defer the discussion of conditions under which
“whom to match” is important to section VI.

B.  Proof Overview

We now sketch the proof and offer intuition for theorem 1. The proof of
theorem 2 has ideas similar to the proof of theorem 4, so we discuss them
together in the next section.

The key idea in proving theorem 1 is to study the structure of the
graph induced by these algorithms and the distribution of the pool size,
Z,. In particular, we show that Z, is a Markov chain with a unique station-
ary distribution that mixes rapidly and that it is a sufficient statistic for
the structure of the graph under the Greedy and Patient algorithms.

Greedy algorithm—Under the Greedy algorithm, conditional on Z, the
poolis almost always an empty graph, that is, a graph with no edges. Now
note that the rate at which some agent in the pool becomes critical is Z,.
Because the graph is empty, critical agents perish with probability 1. There-
fore, in steady state, L(Greedy) = E[Z]/m.

Next, we show that for the Greedy algorithm, E[Z] > m/(2d + 1). Take
any pool size z. At rate m, a new agent arrives. With probability (1—d/m)’,
the new agent has no compatible matches, which increases the pool size
by 1. With probability 1 — (1 — d/m)’, the new agent has a compatible
match, and the pool size falls by 1. At rate z, an agent perishes, in which
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case the poolsize falls by 1. Let z* be the point where these forces balance,
that is, the solution to

m(l — d/m) (+1) + z(=1) + m[l — (1 — d/m)](—1) = 0.

By algebraic manipulation, z* > m/(2d + 1). We show that under the
stationary distribution, Z, is highly concentrated around z*, which then
implies that E[Z] is close to z*. This produces the lower bound for
L(Greedy).

Patient algorithm—Under the Patient algorithm, conditional on Z, the
pool is an Erd8s-Rényi random graph with parameter d/m. To see why,
suppose that an agent becomes critical. The Patient algorithm’s choice
of a match partner for that agent depends on only the immediate neigh-
bors of that agent. Consequently, after the critical agent leaves, the rest
of the graph is still distributed as an Erdés-Rényi random graph. The rate
at which some agent becomes critical is Z. Because the graph isarandom
graph, critical agents perish with probability (1 — d/m)”. Therefore, in
steady state, L(Patient) = E[Z(1 — d/m)”]/m.

The next step is to show that Z, is highly concentrated around [E[Z],
so L(Patient) = E[Z](1 — d/m)"™"/m. This step involves long arguments.
But once this step is established, it remains to prove that E[Z] > m/2. The
exact proof for this is involved, but a simple thought experiment gives
good intuition. Suppose that the Patient algorithm is not able to match
any agents. Then, E[Z] = m. On the other hand, suppose that the Patient
algorithm can match all agents. Then, agents arrive at rate m and get
matched at rate 2E[Z], because for each critical agent, two agents get
matched. This implies that E[Z] = m/2. In fact, the Patient algorithm
can match some but not all agents, so m/2 < E[Z] < m. This produces
the upper bound for L(Patient).

What if the planner has more than short-horizon information about
agents’ departure times? Suppose that the planner knows the exact de-
parture times of all agents who are in the pool. Is it still the case that wait-
ing is highly valuable? To answer this question, we design a new class of
algorithms that are constrained to match agents as soon as they can but
have access to exact departure times of all agents in the market. We refer
to this class of algorithms as departure-aware greedy (DAG) algorithms.

DEFINITION 3 (DAG algorithms). If any new agent @ enters the mar-
ket at time ¢, then match her with an agent in N,(a) whenever N,(a) # &,
where the choice of match partner can depend on the profile of depar-
ture times for agents in the pool.

For instance, if a newly arrived agent has multiple matches, a DAG al-
gorithm can break the tie in favor of the partner who departs soonest. If
this algorithm can perform “close to” the Patient algorithm, then it sug-
gests that waiting is not valuable if the planner has access to sufficiently
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rich information. Our next theorem, however, shows that even this long-
horizon information cannot substantially help the planner.
THEOREM 3.  For any DAG algorithm, as 7" — oo,

L(DAG)22d+1.

Proof. Suppose that we run a DAG algorithm from time 0 to time 7.
Pick an agent 7 uniformly at random from the set of all agents who arrive
between 0 and 7, that is, uniformly at random from the set A = U, A}.
Let ¢} denote the probability that ¢is not matched upon arrival, and let
¢, denote the probability that 7is not matched at all. Our goal is to pro-
vide a lower bound for ¢.,.

For any realization of the stochastic process under a DAG algorithm, the
number of agents who are matched is twice the number of agents who
are matched upon arrival. Thus, since i was drawn uniformly at random,

1— ¢ =21 ¢}). (1)

DAG algorithms cannot condition matching decisions on informa-
tion about agents who have not yet arrived. For all other agents j, i’s
sojourn length is drawn independently from the probability that ¢ is
compatible with j. Thus, conditional on ¢ not being matched on arrival,
¢’s sojourn length is still distributed exponentially with parameter 1.
New agents compatible with i arrive at Poisson rate m x d/m = d. Thus,
the probability that no compatible partner arrives during ¢’s sojourn
is1/(d + 1), s0 ¢; > ¢} /(d + 1)." Substituting for ¢} with equation (1)
yields ¢; > 1/(2d + 1).

By definition of the loss,

E[]JA — DAG(T)|] _ E[|Az] - mT[1/(2d + 1)] _om
mT ml — mT mT
1 1 (2)
T 2+1 T

L(DAG) =

Condition E[|A7|] < m holds, since any algorithm has a smaller expected
pool size than the inactive algorithm. Taking the limit as 7" — c com-
pletes the proof. QED

The theorem shows that any matching algorithm that does not wait, even
with access to long-horizon information about departure times of agents
who are in the market, cannot perform close to the Patient algorithm.

¥ For two independent Poisson arrival processes with rates 1 and d, the probability that the
first process arrives before the second is 1/(d + 1). Notably, this inequality holds regardless
of the state of the system at the instant when i arrives, so the argument does not require that
the system has converged to a stationary distribution (if it exists).
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Therefore, the Patient algorithm strongly outperforms the Greedy algo-
rithm because it waits long enough to create a thick market.

V. Value of Information and Incentive Compatibility

Up to this point, we have assumed that the planner knows the set of crit-
ical agents; that is, he has accurate short-horizon information about de-
partures. We now relax this assumption in both directions.

First, we consider the case in which the planner does not know the set
of critical agents. That is, the planner’s policy may depend on the graph
G,but not on the set of critical agents Af. Recall that OPT is the optimum
algorithm subject to these constraints. Second, we consider OMN, the
case under which the planner knows everything about the future realiza-
tion of the market. Our main result in this section is stated below.

THEOREM 4. For d>2,as T, m — o,

1 log(2)
T < L(OPT) < L(Greedy) < 4
ol 1

< < i < e
PR L(OMN) < L(Patient) < et

no

This shows that the losses of OPT and Greedy are relatively close, which
indicates that waiting and criticality information are complements: wait-
ing to thicken the market is substantially valuable only when the planner
can identify critical agents. Observe that OPT could in principle wait to
thicken the market, but this result proves that the gains from doing so
(compared to those from running the Greedy algorithm) are not large.

What if the planner knows more than just the set of critical agents? For
instance, the planner may have long-horizon forecasts of agent depar-
ture times, or the planner may know that certain agents are more likely
to have matches in future than other agents."* However, theorem 4 shows
that no expansion of the planner’s information set yields a better-than-
exponential loss.

Under these new information assumptions, we once more find that
local algorithms can perform close to computationally intensive global
optima: Greedy is close to OPT without access to criticality information,
and Patient is close to OPT*.

" In our model, the number of acceptable transactions that a given agent will have with
the next Nagents to arrive is Bernoulli distributed. If the planner knows beforehand whether
a given agent’s realization is above or below the 50th percentile of this distribution, it is as
though agents have different “types.”
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We now sketch the proof of bounds that we provided for our optimum
benchmarks. The full proofs can be found in appendix B, as well as in
online appendix C.3.

OPT algorithm.—We show how we bound L(OPT), without knowing
anything about the way OPT works. The idea is to provide lower bounds
on the performance of any matching algorithm as a function of its ex-
pected pool size. Let { be the expected size of the pool at time ¢, where
tis picked uniformly at random from [0, T']. The rate at which some
agent becomes critical is {. When the planner does not observe critical
agents, all critical agents perish. Hence, L(OPT) = {/m. Note that this
is an increasing function of {, so from this perspective the planner pre-
fers to decrease the pool size as much as possible.

Next, we count the fraction of agents who do not form any edges upon
arrival and during their sojourn. No matching algorithm can match
these agents, and so the fraction of those agents is a lower bound on
the performance of any matching algorithm, including OPT. The prob-
ability of having no edges upon arrival is at least (1 — d/m)", while (as
T — o) the probability of not forming any edges during a sojourn is
JZoe™ - (1 = d/m)™ dt, because an agent who becomes critical ¢ periods
after arrival meets m¢ new agents in expectation. Simple algebra (see
sec. B1) shows that for any algorithm ALG,

=¢(1+d/m)d/m 1 — d + d2 2
LALG) > 1 Hfm )
1+d+d/m 1+2d+d/m

From this perspective, the planner prefers to increase the pool size as
much as possible. One can then easily show that if { <1/(2d + 1), this
lower bound guarantees that the fraction of agents with no matches is
at least 1/(2d + 1), and if { > 1/(2d + 1), our previous bound guaran-
tees that the loss is at least 1/(2d + 1). So L(OPT) > 1/(2d + 1).

OMN algorithm.—We use a similar trick to provide a lower bound for
L(OMN). We have already established a lower bound on the fraction of
agents with no matches, as a function of expected pool size. But we know
that the expected pool size can never be more than m, because thatis the
expected pool size when the planner does not match any agents. Hence,
the fraction of agents with no matches when the expected pool size is m
is a lower bound on the loss of the OMN. (See sec. B2 for the details.)

OPT* algorithm. Now we sketch the proof of theorem 2 and bound
OPT*. The key idea behind this proof is the following: OPT® matches
agents (to noncritical partners) if and only if they are critical. Suppose
that we run OPT* from time 0 to 7" Take any realization of the stochastic
process: all critical agents depart. A noncritical agent departs if and only if
he is matched. Thus, the number of noncritical agents who are matched is
equal to the number of departures (denoted #depart) minus the number
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of agents who become critical (denoted #critical). Each matched pair con-
sists of one critical agentand one noncritical agent, so the total number of
matched agents is equal to 2(#depart — #critical). The following approx-
imations hold as T — oo: L(OPT) = Ef#arrive — 2(#depart — #critical)]/
mT, where #arrive is the number of agents who arrive between 0 and T;
E[#critical] = {¢, where {“ is the expected pool size at ¢ for ¢ drawn uni-
formly at random from [0, T1; and E[#farrive — 2#depart]/m7T = —1.
Thus, L(OPT) = 2(¢/m) — 1.

Finally, for any ALG, L(ALG)>L(OPT‘)~ 2({/m)— 1, which
leads to (m/2)(1 + L(ALG)) > ¢“. From above, L(OPT¢) > ¢ ¢ (*4/md/m/
(1 + d + d*/m), and substituting for ¢ finishes the proof of theorem 2.

The idea behind the proof of bound for OMN sheds light on the fun-
damental dilemma that any algorithm with no access to criticality infor-
mation confronts. On the one hand, because the planner cannot identify
critical agents, they all perish. Hence, the planner wishes to make the pool
size as small as possible to avoid perishings. On the other hand, the plan-
ner wishes to thicken the market so that agents have more matches. In bal-
ancing these two opposing forces, we prove that the planner cannot do
much to outperform the Greedy algorithm.

These results suggest that criticality information is particularly valuable.
This information is necessary to achieve exponentially small loss, and no
expansion of information enables an algorithm to perform much better.
However, in many settings, agents have privileged insight into their own
criticality times. For instance, a rider in a carpooling platform knows the
time sensitivity of her request, but the platform does not know that. In
such cases, agents may have incentives to misreport whether they are crit-
ical, in order to increase their chance of getting matched. The situation is
more subtle if agents have waiting costs.

To study this problem, we first formally introduce discounting to our
model: an agent receives zero utility if she leaves the market unmatched.
If she is matched, she receives a utility of 1 discounted at rate . More pre-
cisely, if s(a) is the sojourn of agent 4, then we define the utility of agent a
as follows:

¢ "9 if @ is matched,
u(a) =

0 otherwise.

We assume that agents are fully rational and know the underlying pa-
rameters and that they believe that the pool is in the stationary distribu-
tion when they arrive, but they do not observe the actual realization of
the stochastic process. That is, agents observe whether they are critical
but do not observe G, while the planner observes G, but does not observe
which agents are critical. Consequently, agents’ strategies are independent
of the realized sample path. Our results are sensitive to this assumption;
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for instance, if the agent knew that she had a neighbor or knew that the
pool at that moment was very large, she would have an incentive under
our mechanism to falsely report that she was critical. This assumption
is plausible in many settings; generally, centralized brokers know more
about the current state of the market than individual traders. Indeed, fre-
quently agents approach centralized brokers because they do not know
who is available to trade with them.

We now exhibit a truthful mechanism without transfers that elicits
such information from agents and implements the Patient algorithm.

DerFINITION 4 (Patient mechanism). Ask agents to report when they
become critical. When an agent reports being critical, the market maker
attempts to match her to a random neighbor. If the agent has no neigh-
bors, the market maker treats her as if she has perished; that is, she will
never be matched again.

Each agent a selects a mixed strategy by choosing a function ¢,(-); at
the interval [¢, ¢ + dt] after her arrival, if she is not yet critical, she re-
ports being critical at rate ¢,(#)dt, and when she truly becomes critical
she reports immediately. Our main result in this section asserts that if
agents are not too impatient, then the Patient mechanism is incentive
compatible in the sense that the truthful strategy profile is a strong e-Nash
equilibrium."

THEOREM 5. Suppose that the market is in the stationary distribu-
tion, d > 2, and d = polylog(m)." If 0 < r < ¢ 2, then the truthful strat-
egy profile is a strong e-Nash equilibrium for the Patient mechanism,
where € — 0 as m — .

Proof overview.—We sketch the proof here. The full proof can be found
in online appendix D. An agent can be matched in one of two ways under
the Patient mechanism: either she becomes critical and has a neighbor or
one of her neighbors becomes critical and is matched to her. By symme-
try, the chance of either happening is the same, because with probability
1 every matched pair consists of one critical agent and one noncritical
agent. When an agent declares that she is critical, she is taking her chance
that she has a neighbor in the pool right now. By contrast, if she waits,
there is some probability that another agent will become critical and be
matched to her before she takes her chance of getting matched by report-
ing to be critical. Consequently, for small 7, agents will opt to wait.

There is a hidden obstacle here. Even if one assumes that the market
is in a stationary distribution at the point an agent enters, the agent’s
beliefs about the graph structure and Z, may change as time passes. In

'» Any strong e-Nash equilibrium is an e-Nash equilibrium. For a definition of strong
e-Nash equilibrium, see definition 5 in online app. D.

' The term polylog(m) denotes any polynomial function of log(m). In particular, d =
polylog(m) if d is a constant independent of m.
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particular, an agent makes inferences about the current distribution of
poolsize, conditional on not having been matched yet, and this conditional
distribution is different from the stationary distribution. This makes it
difficult to compute the payoffs from deviations from truthful reporting.
We tackle this problem by using the concentration bounds (see propo-
sition 13 in sec. A2), which limit how much an agent’s posterior can be dif-
ferent from her prior. We also focus on strong e-Nash equilibria, which
allows small deviations from full optimality.

The key insight of theorem 5 is that remaining in the pool has a “con-
tinuation value”: the agent, while not yet critical, may be matched to a
critical agent. If agents are not too impatient, then the planner can in-
duce truth telling by using punishments that decrease this continuation
value. The Patient mechanism sets this continuation value to zero, but in
practice softer punishments could achieve the same goal. For instance, if
there are multiple potential matches for a critical agent, the planner
could break ties in favor of agents who have never misreported. However,
such mechanisms can undermine the Erdds-Rényi property that makes
the analysis tractable.'”

VI. Discussion

In this paper, we have studied the problem of dynamic matching in a mar-
ket with network frictions. The key insight of our analysis is that thickness
and information are complements and can be highly valuable. Waiting to
thicken the market can yield large gains if the planner can forecast depar-
tures accurately. Information about departures is highly valuable if it is
feasible to wait. In our simple benchmark, local algorithms perform well
relative to algorithms that account for the entire network structure.

One goal of this paper is to identify conditions under which timing
concerns are more important than network optimization. To illustrate the
limits of these results, we close by discussing two environments in which
network optimization is potentially important.

A, Sparse Networks

When evaluating algorithms, our results mainly distinguish between loss
thatis fractionally small in dand loss that is exponentially small in d. Such
bounds have bite when the graph is not extremely sparse (d < 4). For
instance, when d = 3, our bounds imply only that L(DAG) > .143 and

' If an agent could be matched even if he misreported previously, then we need to keep
track of the edges of that agent off the equilibrium path. However, the fact that the agent
was not matched indicates that the agent did not have any edges at the point he misreported,
which means that the Markov process of the path does not have a tractable Erdés-Rényi
random-graph representation.
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L(Patient) < .112, so0 waiting may notyield large improvements. Similarly,
in extremely sparse graphs the upper bound for L(Patient) leaves room
for improvement by considering the network structure. For instance, one
could modify the Patient algorithm so that when a critical agent has mul-
tiple compatible partners, it breaks ties in favor of partners with lower de-
gree. Simulations indicate that this modified algorithm yields appreciable
improvements when d is small (fig. 8, in online app. F).

B.  Heterogeneous Types

One limitation of the model is the assumption that agents are ex ante
homogeneous. Some of our results crucially depend on this assumption.
Suppose instead that agents have types that affect the probability that they
are compatible with other agents, as in the following example.

ExampLE 2. There are two types of agents: those who are hard to
match (H) and those who are easy to match (E). The probability that
two agents of types ¢, j € {H, E} are compatible is p;, where pun < pur =
pen < pre. Suppose that a critical agent has two neighbors, one H and
one E. Then, ceteris paribus, the optimal policy should match the critical
agent to the H neighbor.

Clearly, an algorithm that ignored types could have large losses. In this
case, a local algorithm would exploit information about neighbors’ types
but ignore the overall network structure. It is an open question whether
local algorithms perform well for heterogeneous types, since our current
proofs do not extend straightforwardly to this case.'®

A recent empirical study of the world’s largest carpooling platform
(DiDi) by Liu, Wan, and Yang (2019) sheds some light on the role of het-
erogeneity. Liu, Wan, and Yang (2019) study a two-sided version of our
model. Their simulations indicate that for some moderate levels of match
heterogeneity, Patient continues to outperform Greedy.'” However, they
also show that for substantial levels of heterogeneity in matches, at least
in theory, Greedy can outperform Patient. These findings show that het-
erogeneity interacts with our results in a subtle way, and a detailed theo-
retical treatment is an interesting avenue for future research.* The tech-
niques we have presented here are a step toward understanding dynamic
matching in more general environments.

¥ Even extending our model to two types raises several technical challenges, discussed
in the online appendix of Nikzad et al. (2017).

¥ In particular, Liu, Wan, and Yang (2019, 5) write, “[with heterogeneous drivers]. . ..
We find that the patient algorithm generates the highest market thickness and achieves the
highest match rate at our estimates.”

* One recent paper by Ashlagi, Nikzad, and Strack (2018) studies a two-type version of
our model, similar to the one previously studied in Nikzad et al. (2017), and shows that for
the kind of heterogeneity they consider, some of the results presented here will be altered.



806 JOURNAL OF POLITICAL ECONOMY

Appendix A
Analysis of the Greedy and Patient Algorithms

In the online appendixes, we establish that under both the Patient and Greedy
algorithms the random processes Z are Markovian, have unique stationary distri-
butions, and mix rapidly to the stationary distribution. These facts are crucial in
the analysis of this section. Here, we upper-bound L(Greedy) and L(Patient) as
functions of d. Note that the result that L(Greedy) > 1/(2d + 1) is simply a cor-
ollary of the lower bound on the class of DAG algorithms.

We prove the following theorems.*'

THEOREM 6. Foranye >0and 7 > 0,

L(Greedy) < IOgd(Q) Tm';( ) + 6e + 0(%), (AD)

where 7, (e) < 2log(m/d) + log(2/e).
THEOREM 7. For anye>0and 7 > 0,

L(Patient) < n[(llflgf](z"‘ 0(1/\/_))

L Tuin(€)
2+ d_ +2/m, (A2

where 7, (€) < 8log(m)log(4/e).

Setting e small enough thatem — 0 (e.g.,e = 1/m? ore = 27") implies the sec-
ond part of theorem 1. This is because when m grows and for em — 0, the loss of
the Patient algorithm is upper-bounded by max.. /gyl]ze"” , which is maximized
at z = 1/2 for d > 2. Hence, L(Patient) < ¢”*/?/2. We prove theorem 6 in sec-
tion Al and theorem 7 in section A2. Note that the limit results of section III
are derived by taking limits from equations (Al) and (A2) (as T, m — ).

Al.  Loss of the Greedy Algorithm

In this section, we upper-bound L(Greedy). We crucially exploit the fact that Z, is
a Markov chain and has a unique stationary distribution, 7: N — R, . Our proof
proceeds in three steps. First, we show that L(Greedy) is bounded by a func-
tion of the expected pool size. Second, we show that the stationary distribution
is highly concentrated around some point k", which we characterize. Third, we
show that k" is close to the expected pool size.

Let ¢ = E,..[Z] be the expected size of the pool under the stationary distri-
bution of the Markov chain on Z,. First, observe that if the Markov chain on Z, is
mixed, then the agents perish at the rate of {, as the pool is almost always an empty
graph under the Greedy algorithm. Roughly speaking, if we run the Greedy algo-
rithm for a sufficiently long time, then the Markov chain on size of the pool mixes,

21 We use the operators O and O in the standard way. That is, f(m) = O(g(m)) iff there
exists a positive real number N and a real number m, such that |f(m)| < N|g(m)| for all
m > my. The operator O is similar but ignores logarithmic factors; i.e., f(m) = O(g(m))
iff f(m) = O(g(m)log*g(m)) for some k.
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and we get L(Greedy) = ¢/m. This observation is made rigorous in the following
lemma. Note that as 7" and m grow, the first three terms become negligible.
LemMma 8. Foranye>0and T >0,

Tun(€) B2
T

m

L(Greedy) < + 6e + — 2 om 4 27
The theorem is proved in online appendix E.1. The proof of the above lemma
involves lots of algebra, but the intuition is as follows. The E,.,[Z]/m term is the loss
under the stationary distribution. This is equal to L(Greedy) with two approxima-
tions. First, it takes some time for the chain to transit to the stationary distribution.
Second, even when the chain mixes, the distribution of the chain is not exactly
equal to the stationary distribution. The term 7,,x(e)/ T provides an upper bound
for the loss associated with the first approximation, and the term 6e + (1/m)2*"
provides an upper bound for the loss associated with the second approximation.

Given lemma 8, in the rest of the proof we just need to get an upper bound for
E,--[Z]. Unfortunately, we do not have any closed-form expression of the station-
ary distribution, 7 (-). Instead, we use the balance equations of the Markov chain
defined on Z, to characterize 7 (-) and upper-bound E,_.[Z].

Let us rigorously define the transition probability operator of the Markov
chain on Z. For any pool size k, the Markov chain transits only to state £ + 1
orstate k — 1. It transits to state k + 1 if a new agent arrives and the market maker
cannot match her (i.e., the new agent does not have any edge to the agents cur-
rently in the pool), and it transits to state £k — 1 if a new agent arrives and is
matched or an agent currently in the pool becomes critical. Thus, the transition
rates 7, ;+1 and 7,_,,—; are defined as follows:

d k
Vi h+1 = m<1 - —) s (A3)

m

Mo kr—1 = k + m|:1 - <1 _i) :| (A4)
m

In the above equations, we use the fact that agents arrive at rate m and perish at
rate 1 and that the probability of an acceptable transaction between two agents
is d/m.

Let us write the balance equation for the above Markov chain (see eq. [A.3]
in online app. A for the full generality). Consider the cut separating the
states 0,1, 2, ..., k — 1 from the rest (see fig. Al for an illustration). It follows that

7|'(k - 1)7k71~>k = W(k)r;HH- (A5)

Now we are ready to characterize the stationary distribution = (-). In the fol-
lowing proposition we show that there is a number £* < log(2)m/d such that un-
der the stationary distribution, the size of the pool is highly concentrated in an
interval of length O((m/d)"*) around k*.**

* In this paper, log x refers to the natural log of x.
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Fic. Al.—Illustration of the transition paths of the Z Markov chain under the Greedy
algorithm.

ProposITION 9. There exists m/(2d + 1) < k* <log(2)m/d such that for any
o>1,

Pﬂ[k* —oV2mjd < 7 < K +o\/2—mﬁ] >1- 0( m/d)e*"“.

Proof. Let us define f: R — R as an interpolation of the difference of transi-
tion rates over the reals,

(&)= m(1 = d/m)" = {x+m[l = (1 —d/m)7}.

In particular, observe that S(k) = 741 — 7i—s1. The above function is a de-
creasing convex function over nonnegative reals. We define k* as the unique root
of this function. Let ki, = m/(2d + 1) and kma = log( )m/d. We show that
(ki) = 0 and f(kmax) < 0. This shows that ky, < k* < Emax.

# #

# kind
JK) > Ko = ot 2t = 4y = zm(1 = B ) g

F(koa) < =Ko — m + 2m(1 — d/m)™ < =Ko — m + 2me =" = —fE < 0.

In the first inequality, we use the Bernoulli inequality, which states that for any
x<landanyn=>1, (1 — x)">1 — xn. It remains to show that 7 is highly con-
centrated around . In the following lemma, we show that stationary probabil-
ities decrease geometrically.

LemMa 10.  For any integer k > k*,

7r(k + 1) < e—(k—k*)d/m
w(k) ’

and for any k < k*, w(k — 1)/m(k) < ¢~ #* -k D/n,
This is proved in online appendix E.2.
By repeated application of the above lemma, for any integer k > k*, we get®

w(k) < W(k?) < exp <_d "[21] i— k) ) < exp(—d(k — Kk —1)*/2m).  (A6)

m

» The term k"1 indicates the smallest integer larger than %"
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We are almost done. For any ¢ > 0,

) © )
—d(k—k*=1)*/2m _ —d(k+o\/2m/d)* /2m

LG E .

k=k* +1+0r/2m/d k=k*+1+0y/2m/d k=0

—a?

= min{l/Q,U\/WQAm} .

The last inequality uses equation (H.1) from online appendix H. We can similarly
upper-bound

::nn\/mﬂ'(k)
QED

Proposition 9 shows that the probability that the size of the pool falls outside
an interval of length O((m/d)"*) around k* drops exponentially fast as the mar-
ket size grows.

The following lemma exploits proposition 9 to show that the expected value of
the pool size under the stationary distribution is close to k".

LEmMa 11, For K* as in proposition 9,

E,..[7] < K + O(Mmg(m/d)).

This is proved in online appendix E.3.
Now theorem 6 follows immediately by lemmas 8 and 11, because we have

[EZNW[Z]

(k" + O(vmlogm)) < 10%‘1(2) + o(1).

SIH

A2.  Loss of the Patient Algorithm

Let 7: N — R, be the unique stationary distribution of the Markov chain on Z,
and let { = E,..[Z] be the expected size of the pool under that distribution.

Once more our proof strategy proceeds in three steps. First, we show that
L(Patient) is bounded by a function of E,.[Z(1 — d/m)*"']. Second, we show
that the stationary distribution of Z, is highly concentrated around some point
k*. Third, we use this concentration result to produce an upper bound for
E,.[Z(1 —d/m)""].

By proposition 6, in online appendix A, at any point in time G, is an Erdds-
Rényi random graph. Thus, once an agent becomes critical, he has no accept-
able transactions, with probability (1 — d/m)”~". Since each agent becomes crit-
ical at rate 1, if we run Patient for a sufficiently long time, then L(Patient) =~
(¢/m)(1 — d/m)""". The following lemma makes the above discussion rigorous.

LeMma 12, Foranye>0and 7 >0,

Tonix (€) Lem
T A

L(Patient) < l[Ezw[Z(l _ d/m)l—l} I
m

This is proved in online appendix E.4.
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So in the rest of the proof we just need to lower-bound E,,[Z(1 — d/m)”*"']. As
in the Greedy case, we do not have a closed-form expression for the stationary dis-
tribution, 7(-). Instead, we use the balance equations of the Markov chain on Z,
to show that 7 is highly concentrated around a number k*, where k* € [m/2, m).

Let us start by defining the transition probability operator of the Markov chain
on Z,. For any pool size k, the Markov chain transits only to states k + 1,k — 1, or
k — 2. The Markov chain transits to state k + 1 if a new agent arrives, to state
k — 1 if an agent becomes critical and the planner cannot match him, and to
state k — 2 if an agent becomes critical and the planner matches him.

Remember that agents arrive at rate m, that they become critical at the rate of
1, and that the probability of an acceptable transaction between two agents is
d/m. Thus, the transition rates 7_, 1, %1, and 7,_, ,—o are defined as follows:

Ve k1 = M, (A7)

A\
Tes k-1 = k(l - _) > (A8)

m

s = k{l - (1 - i) 7 ] (A9)
m

Letuswrite down the balance equation for the above Markov chain (see eq. [A.3]
in online app. A for the full generality). Consider the cut separating the states 0,
1,2, ... .k from the rest (see fig. A2 for an illustration). It follows that

(k) 7icier = Tk + D)ty + 7k + Vv mgm + 7k + 0o s. (AL0)

Now we can characterize 7 (-). We show that under the stationary distribution,
the size of the pool is highly concentrated around a number k", where k* €
[m/2 — 2, m — 1]. Remember that under the Greedy algorithm, the concentra-
tion was around k* € [m/(2d + 1),log(2)m/d], whereas here it is at least m/2.

ProrosITION 13 (Patient concentration). There exists a number m/2 — 2 <
k* < m — 1 such that forany 0 > 1,

P, [k* — ovam < Z} >1—2yme ™,
P[Z < k" + U\/@] > 1 — 8y/me “VMETHI,

The proof idea is similar to that for proposition 9, with a little more algebra,
and it can be found in online appendix E.5. Since the stationary distribution of Z,

Fic. A2.—Illustration of the transition paths of the Z Markov chain under the Patient
algorithm.
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is highly concentrated around k* € [m/2 — 2, m — 1] by the above proposition,
we derive the following upper bound for E,_.[Z(1 — d/m)”], which is proved in
online appendix E.6.

LemMa 14. For any d > 0 and sufficiently large m,

E.r[Z(1 = d/m)?] < max (z+ O(v/m))(1 = d/m)* + 2.

2€[m/2,m)

Now theorem 7 follows immediately by combining lemmas 12 and 14.

Appendix B
Analysis of the OPT and OMN Algorithms

We now provide bounds for optimum solutions by proving the following theorems.
TaeorEM 15.  If m > 2d, then for any T > 0,

L(OPT) >

2d+ 1+ d/m’

THEOREM 16. If m > 2d, then for any T > 0,

—d—d*/m
L(OMN) = d+1+d/m’

It is useful to study the evolution of the system in the case of the inactive algo-
rithm, that is, where the algorithm does nothing and no agents ever get matched.
We adopt the notation A, and Z to denote the agents in the pool and the pool size,
respectively, in this case. Observe that, by definition, for any matching algorithm
and any realization of the process,

7, < 7. (B1)

Using the above equation, the following proposition shows that, for any matching
algorithm, E[Z] < m.
ProrosITION 17. For any 4 > 0,

mé

P[ZA, = F] S F

Therefore, Z, is distributed as a Poisson random variable of rate m(1 — ¢ *), so
E[Z] =0 —¢")m
This is proved in online appendix C. Now we are ready to bound losses.
Bl1. Loss of OPT

In this section, we prove theorem 15.
Let { be the expected pool size of the OPT algorithm,

{ = [E/~un1f[0,T] [ZJ-
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Since OPT does not know Af, each critical agent perishes with probability 1.
Therefore,

_ 1 N
L(OPT) = m[EU:“l, dt} = = /m (B2)

To finish the proof, we need to lower-bound ¢ by m/(2d + 1 + d*/m). We pro-
vide an indirect proof by showing a lower bound on L(OPT), which in turn lower-
bounds ¢.

The key idea is to lower-bound the probability that an agent does not have any
acceptable transactions throughout her sojourn, and this directly gives a lower
bound on L(OPT), as those agents cannot be matched under any algorithm,
so they will all perish, except those who belong to A;. Since a conservative upper
bound for E[A;] is m, we then have that the expected number of perished agents
is at least P[N(a) = &)(mT — m), so L(OPT) > P[N(a) = &](1 — 1/T). Since
we are mainly stating our results for large values of 7, we continue this proof
by taking the limit and assuming that 1 — 1/7 = 1 and then discuss how this will
change the final result when we include it explicitly.

Fix an agent a € A. Say a enters the market at a time ¢, ~ unif|0, 7] and
s(a) = t; we can write

%0

P[N(a) = @] > LOP[s(a) =4 E[(1 - d/m)™] ~[E[(1 —d/m)l el de (B3)

t
To see the above, note that a does not have any acceptable transactions if she
does not have any neighbors upon arrival, and none of the new agents that arrive
during her sojourn are connected to her. Using Jensen’s inequality, we have

0

P[N((l) = @} ZJ 67’ . (1 _ d/m)[ﬂl’”] i (1 _ d/m)[EHAR-“'nH dt

=0

= [ et (1= d/m) - (1= d/m)" du.

t=0

The last equality follows by the fact that E[|A},.,|] = mt. Since 1 — d/m>
e~ for d/m < 0.5,* we have

R 1—-¢(1+d d
L(OPT) > P[N(a) _ @] > o {(/mtd /m)J o a4y ( /:”) /m
=0 1+d+d/m

(B4)

Putting equations (B2) and (B4) together, for 8 = {d/m we get

L(OPT) > max{l — B+ d/m) B} - 1

l+d+d/m df ~2d+1+2d/m’

2t This is because 1 — x = ¢ ** has a solution at x ~ 0.68 and 1 — x > ¢~ for smaller
values of x.
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where the second inequality follows by letting 8 = d/(2d + 1 + 2d*/m) be the
minimizer of the middle expression.*

B2.  Loss of OMN

In this section, we prove theorem 16.
The proof is very similar to that of theorem 15. Let {be the expected pool size
of the OMN,

g‘ = IE/«unlf[O,T][ZJ'
By condition (B1) and proposition 17,
¢ < Erewito1] [ZJ s m

Now fix an agent a € A, and let us lower-bound the probability that N(a) = &.
Say a enters the market at time 4 ~ unif]0, 7] and s(a) = ¢; then,

0

PIN(a) = @] = J Pls(a) = ¢ - E[(1 = d/m)"] -[E[(l = df/m)lll e

>

e (1 —d/m)"" ar >

0 o S(+d/ma/m oA /m
>
Lo Tl+d+d&/m 1+d+dm’

where the first inequality uses Jensen’s inequality and the second inequality uses
the fact that when d/m < 0.5, 1 — d/m > ¢ /"~ /"",
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