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Problem statement

Given data on the activity of a set of users, provide personalized
recommendations to users X, Y, Z,...
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Example

Today's Recommendations For You
Here's a daily sample of items recommended for you. Click here to see all recommendations.

Lok msioE! oox wsoE!

Buobaplisti Graphical Elements of Informaton Networks: An Introduction

Hodels:... (Hardcover) by cover) by Thamas  (Herdcover) by Mark Newman
D‘ap‘hr‘\e‘)(?”er »1 F. er | Fedchctede () S70.10
ododotok (4) $7490 ohcdotods (27) seost o e recommandation

Fix this Fix this

Andrea, Welcome to Your Amazon.com (if you're not Andrea Montanari, dick here.)

Today's Recommendations For You

Here's a daily sample of items recommended for you. Click here to see all recommendations.

Lookmsioe! ooxwsioer

Introducing Monte Carlo M.
(Paperback) by Christian P.
Robert

Large-Seale Inference: Sesame Street - Fiestal DVD ~
Empiica,, (Hardcover) by Celia Cruz
Bradley Efrol I (58) 5849
@ 55’9 3 Fix this recommendation
Fix this recommendation

5225
Fix this recommendation

The Elements of Staigice

=
Forokodely (45) $62.32
Fix this recommendation

Maple Teathers
(©) s1345
Fix this recommendation
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ver) by Trevor

Loocmsioe!

Savesian Dats Analysis
Sei rdcover) by

Rndon Golman
FoheAchol (16) S6241
Fix this recommendation

LOOKINSIDE!

Data Manipulation with R (Use
R) (Paperback) by Phil Spector.

't (15) 4683

Fix this recommendation
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An obviously useful technology
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An obviously useful technology

amazon
p—

Shopby.
Department v

Department
Books.
‘Contemporary Literature &
Ficion
Acion & Adventure Fiction
Thrillers
Mysteries
Police Procedurals

Kindle Store
‘Contemporary Fiction
Fiction
Mystery & Thrilers
Police Procedurals
‘Suspense Thilllers

+See All 14 Departments

‘Shipping Option (ears ms?)
Free Super Saver Shipping

Listmani

RosieVelts Mystery List: A
list by RosleVelt

Andrea Montanari (Stanford) Collaborative Filtering

Your Amazon.com

Search

“montanar”

The All-New

TodaysDeals | GitCards | Help kindle fire Ho

[t B o

Wish
artv  List v

Showing 1 -16 of 1,755 Results

Choose a Department v to encble sorting
Echo Man by Richard Montanari (Sep 1, 2011)

$6.99 new (15 offers) Fotochesc @ 0)
$0.44 used (37 offers) Books: Seeall 743 fems

The Echo Man: A Novel of Suspense (Jessica Balzano and Kevin Byrne) by Richard Montanari (Sep 19, 2011)
$4.99 Kindle Edition ool @ (9)

Ao dovered weokssly Kindle Store: See all33 lems.

Killing Room by Richard Montanari (Feb 1, 2012)
$14.72 used (9 offers) Fododeielt © 2)

el this back for an Amazon com Gt Card
Books: See all 743 fiems

Violet Hour by Richard Montanari (Dec 1, 2010)
$0.02 used (53 offers) Setcdeted ¥ (21)
Books: Seeall 743 lems
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A model
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Setting

Users: 1€{1,2,...,m}

Movies : 35 €{1,2,...,n}
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Setting

Users: 1€{1,2,...,m}

Movies : 35 €{1,2,...,n}

When user < watches movie 7, she enters her rating R;;.

Want to predict ratings for missing pairs.
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Linear regression model

Movie 7
v; = (genre; main actor; supporting actor; year;...) € R" J
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Linear regression model

Movie 7
v; = (genre; main actor; supporting actor; year;...) € R" J

Ry ~ ¢ + (u, ’Uj) + €4
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Linear regression model

Movie 7
v; = (genre; main actor; supporting actor; year;...) € R" J

Ry ~ ¢ + (u, ’Uj) + €4

Want: User parameters vector u;
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Linear regression model

Movie 7
v; = (genre; main actor; supporting actor; year;...) € R" J

Ry ~ o7 + (u;, v5) + €

Want: User parameters vector u;
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Least squares

) 2
u; = arg min ) (Rij — (i, "’j))
2
' jE€WatchedBy(4)
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Ridge regression

2
w=agmin g > (Ry— (@) + 2|l
o jEWatchedBy(1)
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Ridge regression

2
w=agmin g > (Ry— (@) + 2|l
o jEWatchedBy(1)

» How do we construct the v;’s?

» Ad hoc definitions are not suited to recommendation!
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If T knew the users’ feature vectors

Ry ~ (i, v5) + €5
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If T knew the users’ feature vectors

Ry ~ (us, ’Uj) + €y

2
v; = arg I%iulg}r > (Rij —{us, yj)) + A [y
Y i€ Watched(5)
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Everything together

2
u;, = arg min S (Rij—<zi,vj>) A |z
z; ERT . .
jEWatchedBy(1)
. 2 2
y = agmin{ > (Ry—(u,y)) +Alyl
y€R" | . .
1EWatched(7)
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Everything together

2
u; = arg élélﬂlglr{ Z (Rij - (%%‘)) + A||$¢||2}

jEWatchedBy(1)

2
v; = arg mln{ > (Rzy (’Umy])) +}‘Hyj||2}

RT‘
%€ 1EWatched(7)

Minimize (E = Watched)

FX,Y) = Y (Ry—(eny) +AZH%Hz+/\ZHysz

(1.7)€E
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Objective function
Minimize (£ = Watched)

FX,Y) = Y (Ry—(auw) +AZH%HZ+/\ZHy]H2

(2.7)€B
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Objective function
Minimize (£ = Watched)

FX,Y) = Y (Ry—(auw) +>\ZH$sz+>\ZHyJH2

(2a)eB
IPe(R—= XY )%+ AIX|IF + A YR

Ay if(1,7) € B,

Pe(4) = {0 ’ otherwise
X7 = [afo o]
YT = [yl‘yz‘“' yn]
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Low rank structure

1. Low-rank matrix M
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Low rank structure

VT

1. Low-rank matrix M
2. R=M+7
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Low rank structure

1. Low-rank matrix M
2. R=M+7
3. Observed subset F

Pr(R)y

Andrea Montanari (Stanford)

My + 2y if (t,7) € E,
0 otherwise.
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Low rank structure

[ ] | | [ ]
| | | | [ ]
| W | [ |
| | [ ] | |
[ | | | [ |
m Sample Pg(R) u n
[ ] HE [ ]
[ ] | | | |
| | [ ] [ ]
HE HE
n
1. Low-rank matrix M
2. R=M+7
3. Observed subset F
) My+Zy if(s,7)€EE,
Pr(R)y = { 0 otherwise.

Andrea Montanari (Stanford) Collaborative Filtering

September 15, 2012

16 / 58



Algorithms and accuracy J
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Questions

» How do we minimize F(X, Y)?

» What prediction accuracy? (RMSE = ||M — M||z/+/mn)
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How do we minimize F'(X, Y)?

» Spectral methods.

» Gradient method. [Srebro, Rennie, Jaakkola, 2003]

» Convex relaxations. [Fazel, Hindi, Boyd, 2001]
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Spectral method (for simplicity A = 0)

Replace

F(X,Y) = |[Pe(R-XY")|%
= ||Pe(XY "% - 2(Pe(R), XY T) + const.
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Spectral method (for simplicity A = 0)

Replace

F(X,Y) = |[Pe(R-XY")|%
= ||Pe(XY "% - 2(Pe(R), XY T) + const.

with (p = |E|/mn fraction of observed entries)
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Spectral method (for simplicity A = 0)

Replace

F(X,Y) = |[Pe(R-XY")|%
= ||Pe(XY "% - 2(Pe(R), XY T) + const.

with (p = |E|/mn fraction of observed entries)

F(X,Y) = p|XYT"||% -2(Pg(R),XYT) + const
1 2
= p HXYT - Z—)PE(R)

F
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Spectral method (for simplicity A = 0)

Minimize

2

F(X,Y) = HXYT—%PE(R)

F
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Spectral method (for simplicity A = 0)

Minimize

2

F(X,Y) = HXYT—%PE(R)

F

Solved by SVD

- 1
PE(R) = XSYT =M= EXer(S)’r‘X’FYT

nxr
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Random matrix » = 4, m = n = 10000, p = 0.0012

04030201

iy

Lo
0 10 20 30 40 50 60 70 80
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Netflix data (trimmed)

I
80 100 120 140

RMSE = 0.99 ]
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Accuracy guarantees

Theorem (Keshavan, M, Oh, 2009)

Qssume |My;| < Mpax. Then, w.h.p., rank-r projection achieves

RMSE < CMauxy/nr/|E| + C' 27|l nv/r/| B

E.g. Gaussian noise: C"(1+0,)+/rn/|E|
[Improves over Achlioptas-McSherry 2003]
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Gradient descent

FX,Y) = Y (Ry—(any) +AZ||xz||2+AZ||yJ||2

(v7)eB
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Gradient descent

FX,Y) = Y (Ry—(any) +AZ||xz||2+AZ||yJ||2

(v7)eB

Update rule: (y = ‘learning rate’)

i — (L-M)zi+y > (sz — (i, yj))yj
jE€WatchedBy(4)

y o« A-My+r Y (Ry—(my))s
1EWatched(7)
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Interpretation

z, «— (1=M)zi+7y > Wi Yy
JEWatchedBy(1)

¥y — A-Myi+yr D, wym
1€EWatched(7)
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Interpretation

z, «— (1=M)zi+7y > Wi Yy
jEWatchedBy(4)

¥y — A-Myi+yr D, wym
1€EWatched(7)

user <+ avg of movies she liked
movie +  avg of users that liked it
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A variant (stochastic gradient)

Pick (¢,7) € E:

z. — (I-Mz+yw;y;
¥ (L=M)y+7wy
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A variant (stochastic gradient)

Pick (¢,7) € E:

z. — (I-Mz+yw;y;
¥ (L=M)y+7wy

[Srebro, Rennie, Jaakkola, 2003]
[Srebro, Jaakkola, 2005]
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In the words of SIMONFUNK

Only problem is, we don't have 8.5B entries, we have 100M entries and 8.4B empty cells. Ok, there's another problem too, which
is that computing the SVD of ginormous matrices is... well, no fun. Unless you're into that sort of thing.

But, just because there are five hundred really complicated ways of computing singular value decompositions in the literature
doesn't mean there isn't a really simple way too: Just take the derivative of the approximation error and follow it. This has the
added bonus that we can choose to simply ignore the unknown error on the 8.4B empty slots.

So, yeah, you mathy guys are rolling your eyes right now as it dawns on you how short the path was.

If you write out the equations for the error between the SVD-like model and the original data—just the given values, not the
empties—and then take the derivative with respect to the parameters we're trying to infer, you get a rather simple result which I'l
give here in C code to save myself the trouble of formatting the math:

userValue[user] += lrate * err * movieValue[movie];
movieValue[movie] += lrate * err * userValue[user];

This is kind of like the scene in the Wizard of Oz where Toto pulls back the curtain, isn't it. But wait... let me fluff it up some and
make it sound more impressive.

[Neflix challenge, 2006-2009]
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And his results

=[]

fresh=decay
train fresh-decay

fresh-nodecay

train fresh-nodecay

Global fvg
Aug w/Dffset
Cinematch
Progress Prize
e —

B % A

8
0.308091 [ o
P

R

R —

0 50 100 180 200 250
107,554

o554, 0,965275

Target RMSE < 0.8564
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Three variants

L Meésage Pa‘ssing R
Alt. Min.
1.05 OptSpaléle
RMSE
0.7 : : : : : :
0 5 10 15 20 25 30 35
iterations

OPTSPACE ~ Gradient descent on Grassmannian [Keshavan-M.-Oh 2009]
ALTERNATING LEAST SQUARES [Koren-Bell 2008]
MESSAGE PAssING [Keshavan-M. 2011]

Andrea Montanari (Stanford) Collaborative Filtering September 15, 2012 30 / 58



Accuracy guarantees: Vignette (m = n = 2000 rank-8)

low-rank matrix M sampled matrix MF

0.25% sampled
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Accuracy guarantees: Vignette (m = n = 2000 rank-8)

low-rank matrix M sampled matrix MF

OPTSPACE output M

[ JL T PRI RS

0.50% sampled
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Accuracy guarantees: Vignette (m = n = 2000 rank-8)

low-rank matrix M
v
o &

'.'I:"E?: I |

1 | ]
-y =

[T Tl
- mamm - E=a
REATTTE ITINE
T T
o =3 cp=h e
- TP SR T T

sampled matrix MF

0.75% sampled

Andrea Montanari (Stanford)

Collaborative Filtering

September 15, 2012 31 / 58



Accuracy guarantees: Vignette (m = n = 2000 rank-8)

low-rank matrix M sampled matrix MF
-~ =

=
LTENTA
OPTSPACE output M squared error (M — M)?2

® i | b
Foaa i
- - -

» . -
v =17 I ot S
=== L B | L O

1.00% sampled
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Accuracy guarantees: Vignette (m = n = 2000 rank-8)

low-rank matrix M sampled matrix MF

OPTSPACE output M squared error (M — M)?2

= -----—-. -'J- :

-_ -

-r. P -:-.
-%f 35
RN

.l__l |;_x-..-.:|'1-.1:.—

....:-.'...'I .

—— - F-*-l -

|{ "il- -1:.'.-_ -
P A

1.25% sampled
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Accuracy guarantees: Vignette (m = n = 2000 rank-8)

low rank matrix M sampled matrix MF

1.50% sampled
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Accuracy guarantees: Vignette (m = n = 2000 rank-8)

low-rank matrix M

sampled matrix MF

squared error (M — M)?

1.75% sampled
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Accuracy guarantees: Unstructured factors

Incoherence

lull? < pdllwlPars Nyl < pllol?)e-

[Candés, Recht 2008]
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Accuracy guarantees

Theorem (Keshavan, M, Oh, 2009)

Assume M| < Mpax. Then, w.h.p., rank-r projection achieves

RMSE < CMuyax\/nr/|E| + C'||Z%||2n/T/|E| .
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Accuracy guarantees

Theorem (Keshavan, M, Oh, 2009)

Assume M| < Mpax. Then, w.h.p., rank-r projection achieves

RMSE < CMuyax\/nr/|E| + C'||Z%||2n/T/|E| .

Theorem (Keshavan, M, Oh, 2009)

Let M be incoherent with o1(M)/o,(M) = O(1). If
|E| > Cn min{r(logn)?,r*log n} then, w.h.p., OPTSPACE achieves

RMSE < c"%‘;HZ% ,

with complezity O(nr3(logn)?).

E.g. Gaussian noise: C"o, /7 n/|E|

4
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Two surprises

Can do much better than SVD !

Error = Noise / Sampling factor
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Analogous guarantees for convex relaxations

Candés, Recht, 2008 *
Candés, Plan, 2009

Candés, Tao, 2009

Gross, 2010

Negahbahn, Wainwright, 2010

Koltchinskii, Lounici, Tsybakov, 2011
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A noisy example

» n =500, = 4,0, = 1, example from [Candés, Plan, 2009]

1.4 | ﬂcank—r pfojectioﬁ — |
. SDP —e—
ADMiRA —&—
1.2 OptSpace —=—
Oracle Bound
1 L
RMSE o |
0.6
0.4
0.2
0
0 100 200 300 400 500
|El/n
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Challenge #1: Privacy J
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Research question

User ratings — User feature vector J
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Research question

User ratings — User feature vector J

User ratings — User private attributes 777 J
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Research question

User ratings — User feature vector J

User ratings — User private attributes 777 J

Let us try to do it!
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Which attribute?

Number of persons in the household J
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Which attribute?

Number of persons in the household J

» Non-obvious
» Recommender has incentive
» 2011 CAMRA CHALLENGE [ no prize :-( we won it :-) ]
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CAMRA dataset

> m ~ 2-10° users, n &~ 2 - 10* movies

v

|EB| ~ 4.5 - 10° ratings (p ~ 0.001)

272 households of size 2

v

14 households of size 3

v

4 households of size 4

v
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CAMRA dataset

> m ~ 2-10° users, n &~ 2 - 10* movies
> |E| ~ 4.5 - 10° ratings (p ~ 0.001)

» 272 households of size 2

» 14 ho of size 3
>W
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CAMRA dataset

> m ~ 2-10° users, n &~ 2 - 10* movies

v

|EB| ~ 4.5 - 10° ratings (p ~ 0.001)

v

272 households of size 2

v

v

Can you identify whether two users shared an account? J

Can you identify which user watched a movie?

Andrea Montanari (Stanford) Collaborative Filtering September 15, 2012 42 / 58



Short answer

Yes: For a significant fraction of the accounts. )
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Two examples (Netflix dataset, no ground truth)

User 1

User 2

TLOTR: The Fellowship of the
Ringf(S), TLOTR: The Return
of the King!(5), TLOTR: The
Two Towersf(5), The Whole Nine
Yards(4), Immortalf(l), The Deep
End(2), ToysT(zL), The Addams
Family(5)

H.R. Pufnstuf(5), Sex and the
City: Season 50(1), Me My-
self & TIrene(1l), AIll the Real
GirlsOA(E)), Titanico(f)), George
Washington® (5), The Siege(1), In
the BedroomA(B)

User 1

User 2

Monsters Inc.0(5), Finding
Nemo<>(5)7 Whale Rider(5), Con
Air(4), Lilo and Stitcho(4), Ice
Ageo(S), Ring of Fire(4), Star
Trek: Nemesis(3),

In America® (2), Super Size Me(2),
A Very Long Engagement*(l),
Bend It Like Beckham(2), 21
Grams‘(l)? Airplane II: The
Sequel(4), Spun‘(l), Fahrenheit
9/11(1)

No movie

info used!

ndrea Montanari (Stanford) Collaborative Filtering
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How did you do it?

Rij ~ (ui, vj) + €5
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How did you do it?

Ry ~ (ui, vj) + €4

Ry, —v;) € R™M 5 € WatchedBy(z) { C Hyperplane
)~
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How did you do it? Subspace clustering

One user — One hyperplane
Two users — Two hyperplanes
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Example: A two-user household (CAMRA)

Distance Difference Distribution for household 172, with similarity score 0.898117

80 T
I User 1
I User 2
70f == Normal fit (-)
= = =Normal fit (+)

40

Number of movie rating events

15 - —0.5 0 0.5 1 1.5
Difference of distances of Xi from the two hyperplanes
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Example: Another two-user household (CAMRA)

Distance Difference Distribution for household 124, with similarity score 0.500787

120 T T T T
I User 1
I User 2
— T
100 Normal fit in pu + 1.50||

80

60

40

Number of movie rating events

20

-2 -15 - -0.5 0 0.5
Difference of distances of X from the two hyperplanes
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Classifying households

0.08
lSize 1, Empirical
] MOVIEX Bl Size 2, Empirical
0.06 [ Size 1, Fitted Gamma
S: B - -=Size 2, Fitted Gamma
8 0.044 1

O e -msEkmsioftm) 2%

MSE;

— MSE using one hyperplane
MSE,

—  MSE using two hyperplanes
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Challenge #2: Interactivity J
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We want to design the system

User Recommender
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We want to design the system

—
User Recommender
—
We took time out of the picture. J
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Interactive system

t=1 User \ Recom.
t=2 User < Recom.
t=3 User * Recom.

Andrea Montanari (Stanford)

Collaborative Filtering
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Abstract from other users

At time ¢
» Recommender suggests movie vy;
» User gives feedback R:
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Abstract from other users

At time ¢
» Recommender suggests movie vy;
» User gives feedback R:

Focus on user u

Re ~ (u, vg) + €4
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Linear bandits

Decision:
Ut
Observations:
Rt ~ ('u,, 'Ut) + E¢
Reward:
t
Ot - Z<u1 ’UZ>
=1

[Rusmevichientong, Tsitsiklis, 2008]
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Important differences

» Number of observations ~ Dimensions

» Cannot explore completely at random.
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Simulating an interactive system (Netflix data)

Cumulative Reward
Cumulative Reward
-~
T
I
Cumulative Reward
-
T

» 3 ‘typical’ users

» Constant-optimal policy
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Conclusion
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Conclusion

» A crucial technology for modern information networks.

» Only scratched the surface.
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Conclusion

» A crucial technology for modern information networks.

» Only scratched the surface.

Thanks! )
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