EXTREMAL CUTS OF SPARSE RANDOM GRAPHS

AMIR DEMBO*, ANDREA MONTANARI', AND SUBHABRATA SEN

ABSTRACT. For Erdés-Rényi random graphs with average degree 7, and uniformly random ~y-regular graph
on n vertices, we prove that with high probability the size of both the Max-Cut and maximum bisection
are n(% + P.y/T + o(,/7)) + o(n) while the size of the minimum bisection is n(3 — P./T 4 o(,/7)) + o(n).
Our derivation relates the free energy of the anti-ferromagnetic Ising model on such graphs to that of
the Sherrington-Kirkpatrick model, with P, =~ 0.7632 standing for the ground state energy of the latter,
expressed analytically via Parisi’s formula.

1. INTRODUCTION

Given a graph G = (V| E), a bisection of G is a partition of its vertex set V = V; U V5 such that the
two parts have the same cardinality (if |V is even) or differ by one vertex (if |V| is odd). The cut size of
any partition is defined as the number of edges (i,j) € E such that i € Vj, and j € V5. The minimum
(maximum) bisection of G is defined as the bisection with the smallest (largest) size and we will denote this
size by mcut(G) (respectively MCUT(G)). The related Max-Cut problem seeks to partition the vertices into
two parts such that the cut size is maximized. We will denote the size of the Max-Cut by MaxCut(G). The
study of these features is fundamental in combinatorics and theoretical computer science. These properties
are also critical for a number of practical applications. For example, minimum bisection is relevant for

a number of graph layout and embedding problems | ]. For practical applications of Max-Cut, see
[ ]. On the other hand, it is hard to even approximate these quantities in polynomial time (see, for
instance | , , ) ).

The average case analysis of these features is also of considerable interest. For example, the study of
random graph bisections is motivated by the desire to justify and understand various graph partitioning
heuristics. Problem instances are usually chosen from the Erdés-Rényi and uniformly random regular
graph ensembles. We recall that an Erdés-Rényi random graph G(n,m) on n vertices with m edges is a
graph formed by choosing m edges uniformly at random among all the possible edges. A ~-regular random
graph on n-vertices G*°8(n, ) is a graph drawn uniformly from the set of all graphs on n-vertices where
every vertex has degree v (provided n is even). See | , , ] for detailed analyses of these
graph ensembles.

Both min bisection and Max-Cut undergo phase transitions on the Erdés-Rényi graph G(n,[yn]). For
v < log 2, the largest component has less than n/2 vertices and minimum bisection is O(1) asymptotically
as n — oo while above this threshold, the largest component has size greater than n/2 and min bisection

is Q(n) [ ]. Similarly, Max-Cut exhibits a phase transition at v = 1/2. The difference between the
number of edges and Max-Cut size is §2(1) for v < 1/2, while it is 2(n) when v > 1/2 | ]. The
distribution of the Max-Cut size in the critical scaling window was determined in [ |. In this paper,

we work in the v — oo regime, so that both min-bisection and Max-Cut are Q(n) asymptotically.
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Diverse techniques have been employed in the analysis of minimum and maximum bisection for random
graph ensembles. For example, | ] used the Azuma-Hoeffding inequality to establish that %— \/ % <

mcut(GR8(n, v))/n < T + 4/ L1%82.

Spectral relaxation based approaches can also be used to bound these quantities. These approaches
observe that the minimum and maximum bisection problem can be written as optimization problems over
variables o; € {—1, +1} associated to the vertices of the graph. By relaxing the integrality constraint to an
Lo constraint the resulting problem can be solved through spectral methods. For instance, the minimum
bisection is bounded as follows (here Q,, C {—1,41}" is the set of (£1)-vectors with > 1" ; o; = 0, assuming
for simplicity n even)

mcut(G) = min {% PINLE o)’} = % min {o - (Loo)} > %M(,ag). (1.1)

g€ [AS97%

Here L¢ is the Laplacian of G, with eigenvalues 0 = A\ (Lg) < Ma(Lg) < -+ A (Lg). For regular graphs,

using the result of | ], this implies mcut(GR°¢(n,y))/n > F — /v — 1. However for Erdés-Rényi graphs
X2(La) = o(1) vanishes with n | | and hence this approach fails. A similar spectral relaxation yields,

for regular graphs, , MCUT(G®(n,v))/n < J 4+ /v — 1, but fails for Erds-Rényi graphs. Non-trivial
spectral bounds on Erdés-Rényi graphs can be derived, for instance, from | , ].

An alternative approach consists in analyzing algorithms to minimize (maximize) the cut size. This
provides upper bounds on mcut(G) (respectively, lower bounds on MCUT(G)). For instance, [ ]

proved that all regular graphs have mcut(G)/n < 7 — 4/ 20 504 for all n large enough (this method was

further developed in | D).

Similar results have been established for the max-cut problem on Erd6s-Rényi random graphs. In a recent
breakthrough paper, | | establish that there exists M(7) such that MaxCut(G(n, [yn]))/n = M(v)
and following upon it | ] prove that M(y) € [y/2 + 0.47523,/7,7/2 + 0.55909,/7].

To summarize, the general flavor of these results is that if G is an Erdés-Rényi or a random regular graph
on n vertices with [yn/2] edges, then mcut(G)/n = v/4 — ©(\/7) while MCUT(G)/n and MaxCut(G)/n
behave asymptotically like v/4 + ©(,/7). In other words, the relative spread of cut widths around its
average is of order 1/,/7. Despite 30 years of research in combinatorics and random graph theory, even
the leading behavior of such a spread is undetermined.

On the other hand, there are detailed and intriguing predictions in statistical physics— based mainly
on the non-rigorous cavity method | |, which relate the behavior of these features to that of mean
field spin glasses. From a statistical physics perspective, determining the minimum (maximum) bisection
is equivalent to finding the ground state energy of the ferromagnetic (anti-ferromagnetic) Ising model
constrained to have zero magnetization (see [ ] and the references therein). Similarly, the Max-
Cut is naturally associated with the ground state energy of an anti-ferromagnetic Ising model on the
graph. The cavity method then suggests a surprising conjecture | | that, with high probability,
MCUT(G®8(n,v)) = MaxCut(G®°¢(n,v)) + o(n) = ny/2 — mcut(G¥°&(n,v)) + o(n).

The present paper bridges this gap, by partially confirming some of the physics predictions and provides
estimates of these features which are sharp up to corrections of order no(,/y). Our estimates are expressed
in terms of the celebrated Parisi formula for the free-energy of the Sherrington Kirkpatrick spin glass,
and build on its recent proof by Talagrand. In a sense, these results explain the difficulty encountered by
classical combinatorics techniques in attacking this problem. In doing so, we develop a new approach based
on an interpolation technique from the theory of mean field spin glasses [ , ) ]. So far this
technique has been used in combinatorics only to prove bounds | ]. We combine and extend these ideas,
crucially utilizing properties of both the Poisson and Gaussian distributions to derive an asymptotically
sharp estimate.
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1.1. Our Contribution. To state our results precisely, we proceed with a short review of the Sherrington-
Kirkpatrick (SK) model of spin glasses. This canonical example of a mean field spin glass has been studied
extensively by physicists | |, and seen an explosion of activity in mathematics following Talagrand’s
proof of the Parisi formula, leading to better understanding of the SK model and its generalizations (c.f.
the text | | for an introduction to the subject).

The SK model is a (random) probability distribution on the hyper-cube {—1,+1}" which assigns mass
proportional to exp(8H%¥(c)) to each ‘spin configuration’ ¢ € {—1,+1}". The parameter 3 > 0 is
interpreted as the inverse temperature, with H5%(-) called the Hamiltonian of the model. The collection
{H®K(0) : ¢ € {—1,+1}"} is a Gaussian process on {—1,+1}" with mean E[H¥(g)] = 0 and covariance
E{H¥(a)H¢(¢")} = 5= (¢ - ¢/)%. This process is usually constructed by

1 n
HSK(Q) = —E Z Jijgigja (12)

i,j=1
with {J;;} being n? independent standard Gaussian variables, and we are mostly interested in the ground

state energy of the SK model. That is, the expected (over {J;;}) minimum (over ¢), of the Gaussian
process H5¥ (o) introduced above.

Definition 1.1. Let Dg be the space of non-decreasing, right-continuous non-negative functions x : [0, 1] —
[0,8]. The Parisi functional at inverse temperature 3 is the function Pg: Dg — R defined by

1
Pslz] = f(0,0;z) — ;/0 qx(q)dg, (1.3)

where f:[0,1] x R xDg = R, (q,y,z) — f(q,y;x) is the unique (weak) solution of the partial differential
equation

of 10* 1 or\?
T ) =0 1.4
9q "2 T2 5y ) (1.4)
with boundary condition f(1,y;x) = (1/5)log(2 cosh(By)).
The Parisi replica-symmetry-breaking prediction for the SK model is
P.s = inf{Pglz] : x € Ds}. (1.5)
We refer to the recent paper | ] for technical aspects of the above definition (e.g. well-definiteness
of Pglx]). We are interested here in the zero-temperature limit
P.= lim P, g3, 1.
g Pug (1.6)
which exists because the free energy density (and hence P, g, by | ]), is uniformly continuous in 1/8.
It follows from the Parisi Formula | |, that
le n ' Elmax{H%(0)}] = P.. (1.7)

The partial differential equation (1.4) can be solved numerically to high precision, resulting with the
numerical evaluation of P, = 0.76321 4+ 0.00003 | |, whereas using the replica symmetric bound of
[ |, it is possible to prove that P, < \/2/m ~ 0.797885.

We next introduce some additional notation necessary for stating our results. Throughout the paper,
O(), o(-), and O(-) stands for the usual n — oo asymptotic, while O,(-), o4(-) and ©,(-) are used to
describe the v — oo asymptotic regime. We say that a sequence of events A,, occurs with high probability
(w.h.p.) if P(4,) — 1 as n — oo. Finally, for random {X,} and non-random f : R™ — RT, we say
that X, = 0,(f(v)) w.h.p. as n — oo if there exists non-random g¢(v) = o0,(f(7)) such that the sequence
A, = {|Xn] < g(v)} occurs w.h.p. (as n — o0).

Our first result provides estimates of the minimum and maximum bisection of Erdés-Rényi random
graphs in terms of the SK quantity P, of (1.6).



4 AMIR DEMBO*, ANDREA MONTANARIT, AND SUBHABRATA SEN

Theorem 1.2. We have, w.h.p. as n — oo, that

mcut(GEln, ynl)) _ % _ P*\/Z+ 0,(v/7) (1.8)
MCUT(CZ(TL hnl) _ % ey %Jr 0, (/7). (1.9)

Remark 1.3. Recall the Erdds-Rényi random graph Gr(n,p,), where each edge is independently included
with probability p,. Since the number of edges in Gr(n, 2%) s concentrated around yn, with fluctuations of

O(n1/2+5) w.h.p. for any € > 0, for the purpose of Theorem 1.2 the random graph Gr(n, 2%) has the same
asymptotic behavior as G(n,[yn]).

Remark 1.4. The physics interpretation of Theorem 1.2 is that a zero-magnetization constraint forces a
ferromagnet on a random graph to be in a spin glass phase. This phenomenon is expected to be generic for
models on non-amenable graphs (whose surface-to-volume ratio is bounded away from zero), in staggering
contrast with what happens on amenable graphs (e.g. regular lattices), where such zero magnetization
constraint leads to a phase separation.

We next outline the strategy for proving Theorem 1.2 (with the detailed proof provided in Section 2). For
graphs G = (V, E), with vertex set V' = [n] and n even, we write o € Q, if the assignment of binary variables
o= (01,...,00), 0; € {—1,41} to V is such that ) .\, 0; = 0. We further define the Ising energy function
He(o) = =3 (i j)ep 0ioj, and let U_(G) = min{He(0) : 0 € U}, U (G) = max{Hg(c) : 0 € U} It is
then clear that

1 1 1 1
meut(G) = 5 B+ 5U-(G),  MCUT(G) = 5 |E| + 5 U+(G). (1.10)

In statistical mechanics ¢ is referred to as a ‘spin configuration’ and U_(G) (respectively Ui (QG)), its
‘ferromagnetic (anti-ferromagnetic) ground state energy.’

The expected cut size of a random partition is taken care of by the term %|E |, whereas standard
concentration inequalities imply that U, (G) and U_(G) are tightly concentrated around their expectation
when G is a sparse Erdés-Rényi random graph. Therefore, it suffices to prove that as n — oo all limit
points of n'E[U4(G)] are within o, (/7) of £Py/27. Doing so is the heart of the whole argument, and
it is achieved through the interpolation technique of | , ]. Intuitively, we replace the graph
G by a complete graph with random edge weights J;;/v/n for J;; independent standard normal random
variables, and prove that the error induced on Uy (G) by this replacement is bounded (in expectation) by
no,(y/7). Finally, we show that the maximum and minimum cut-width of such weighted complete graph,
do not change much when optimizing over all partitions ¢ € {—1,+1}" instead of only over the balanced
partitions ¢ € €2,. Now that the equi-partition constraint has been relaxed, the problem has become
equivalent to determining the ground state energy of the SK spin glass model, which is solved by taking
the ‘zero temperature’ limit of the Parisi formula (from | D).

The next result extends Theorem 1.2 to y-regular random graphs.

Theorem 1.5. We have, w.h.p. as n — oo, that

mcut(Gneg(n,W)) _ % _ P*\/Z+ 0,(v7) (1.11)
MCUT(GnReg(n,’y)) :%—i—P* %"’Ow(\ﬁ)' (1.12)

The average degree in an Erdés-Rényi graph G(n,[yn]) is 27y so Theorems 1.2 and 1.5 take the same
form in terms of average degree. However, moving from Erddés-Rényi graphs to regular random graphs
having the same number of edges is non-trivial, since the fluctuation of the degree of a typical vertex in an
Erdés-Rényi graph is ©,(,/7). Hence, any coupling of these two graph model yields about n,/y different
edges, and merely bounding the difference in cut-size by the number of different edges, results in the too
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large /7 spread. Instead, as detailed in Section 3, our proof of Theorem 1.5 relies on a delicate construction
which “embeds” an Erdds-Rényi graph of average degree slightly smaller than v, into a y-regular random
graph while establishing that the fluctuations in the contribution of the additional edges is only no, (/7).

Our next result, whose proof is provided in Section 4, shows that upto the first order, the asymptotic of
the Max-Cut matches that of the Max bisection for both Erdés-Rényi and random regular graphs.

Theorem 1.6.
(a) W.h.p. as n — oo, we have,

MaxCut(G(n, [yn])) _
2

(b) W.h.p. as n — oo, we have,

MaxCut(G"*#(n, 7)) _ Ty P*\/Z_’_ oy (V7).

n 4

1.2. Application to community detection. As a simple illustration of the potential applications of our
results, we consider the problem of detecting communities within the so called ‘planted partition model’,
or stochastic block model. Given parameters a > b > 0 and even n, we denote by Gr(n,a/n,b/n) the
random graph over vertex set [n], such that given a uniformly random balanced partition [n] = V; U V53,
edges (7,7) are independently present with probability a/n when either both i,j € Vj or both i,j € V3,
or alternatively present with probability b/n if either ¢ € V; and j € V3, or vice versa. Given a random
graph G, the community detection problem requires us to determine whether the null hypothesis Hy : G ~
Gr(n,(a+0b)/(2n)) holds, or the alternative hypothesis H; : G ~ Gr(n,a/n,b/n) holds.

Under the alternative hypothesis the cut size of the balanced partition (Vi,Vs2) concentrates tightly
around nb/4. This suggests the optimization-based hypothesis testing

0 if meut(G) <6,

) (1.13)
1 otherwise

Tcut(G§ 9) = {

and we have the following immediate consequence of Theorem 1.2.

Corollary 1.7. Let 0,, = (b/4) + €, with €,4/n — 00. Then, the test Tey(-;6,) succeeds w.h.p. asn — 0o,
provided (a — b)? > 8P2(a +b) + o(a + b).

Let us stress that we did not provide an efficient algorithm for computing T¢,:. By contrast, there exist
polynomially computable tests that succeed w.h.p. whenever (a — b)? > 2(a + b) and no test can succeed
below this threshold (see | , , ]). Nevertheless, the test T¢y: is so natural that its
analysis is of independent interest, and Corollary 1.7 implies that T¢,; is sub-optimal by a factor of at most
4P? ~ 2.33.

2. INTERPOLATION: PROOF OF THEOREM 1.2

The Erdés-Rényi random graph G(n,m) considers a uniformly chosen element from among all simple
(i.e. having no loops or double edges), graphs of n vertices and m edges. For m = [yn]| and 7 bounded,
such simple graph differs in only O(1) edges from the corresponding multigraph which makes a uniform
choice while allowing for loops and multiple edges. Hence the two models are equivalent for our purpose,
and letting G(n, [yn]) denote hereafter the latter multigraph, we note that it can be constructed also by
sequentially introducing the [yn| edges and independently sampling their end-points from the uniform
distribution on {1,---,n}. We further let G},%* denote the Poissonized random multigraph G(n, Ny,)
having the random number of edges N,, ~ Pois(yn), independently of the choice of edges. Alternatively,
one constructs sz’jfs by generating for 1 < 4,5 < n the iid z; ~ Pois(1) and forms the multi-graph
on n vertices by taking (z;; + z;;) as the multiplicity of each edge (i,7),7 # j (ending with multiplicity

o~ Pois(%) for edge (4,7), i # j and the multiplicity z(;; ~ Pois(}) for each loop (i,i), where

(i
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{2(3i,j)>1 < J, #(i,)} are mutually independent). By the tight concentration of the Pois(yn) law, it suffices to
prove Theorem 1.2 for ng’;ss, and in this section we always take for G,, a random multi-graph distributed
as G,

2.1. Spin models and free energy. A spin model is defined by the (possibly random) Hamiltonian
H :{-1,41}" — R and in this paper we often consider spin models constrained to have zero empirical
magnetization, namely from the set Q, = {o¢ € {-1,+1}" : > ; 0, = 0}. The constrained partition
function is then Z,(8) = >_ o, e PH(@) with the corresponding constrained free energy density

on(6) =~ Ellog Z,()] = ~ B[ log { 3 e #H@}]. (21)

n
[ASI92

The expectation in (2.1) is over the distribution of the function H(-) (i.e. over the collection of random
variables {H(c)}). Depending on the model under consideration, the Hamiltonian (or the free energy)
might depend on additional parameters which we will indicate, with a slight abuse of notation, as additional
arguments of ¢, ().

For such spin models we also consider the expected ground state energy density

1
= —FE| min H 2.2
en = E[min H(g)], (2.2)
which determines the large-# behavior of the free energy density. That is, ¢n(8) = —fBe, + o(5). We
analogously define the maximum energy

1
e, =—E H ) 2.3
én = Elmax H(o)] (2.3)
which governs the behavior of the free energy density as § — —oo. That is, ¢,(8) = —Se, + o(8) (in
statistical mechanics it is more customary to change the sign of the Hamiltonian in such a way that ( is
kept positive). The corresponding Boltzmann measure on €, is

ponle) = 5 xp(~BH (@)} (2.9

A very important example of a spin model, that is crucial for our analysis is the SK model having the
Hamiltonian H5%() of (1.2) on {—1,+1}" and we also consider that model constrained to Q, (i.e. subject
to zero magnetization constraint).

The second model we consider is the ‘dilute’ ferromagnetic Ising model on Gﬁ%iss = (V, E), corresponding
to the Hamiltonian

HY(o)=— ) oioy, (2.5)
(3,5)EE

again restricted to o € €2,. We use superscripts to indicate the model to which various quantities refer.
For instance ¢$¥ () denotes the constrained free energy of the SK model, ¢ (3;~) is the constrained free
energy of the Ising model on G with analogous notations used for the ground state energies e>X and

e2(4). '

The first step in proving Theorem 1.2 is to show that mcut(G,) and MCUT(G,,) are concentrated around
their expectations.

Poiss

n?’y 4

Lemma 2.1. Fizing € > 0, we have that
P Hmcut(Gn) - E[mcut(Gn)]) > ne} =0(1/n)

i HMCUT(GH) - E[MCUT(GH)]) > né} = 0(1/n).
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Proof. Recall (1.1) that meut(G,,) = 1| E,| + 3U_(G,), with |E,| = N,, ~ Pois([yn]). Therefore,
P[|mcut(G,) — E[mcut(G,)]| > ne] < P[|U-(G,) — E[U_(G n)]| > nel + P[|N,, — EN,| > ne]

Var(U (Gn)) . Var(N,) Var(U-(G,))

n2e? Tz T n2e? +O0/n).
We complete the proof for mcut(G,,) by showing that Var(U_(G)) < nvy. Indeed, writing U_(G,,) = f(2)
for z = {z;;,1 < i,j <n} and i.id. z; ~ Pois(’y/n) we let z("7) denote the vector formed when replacing
zij in z by an i.i.d copy #{;. Clearly |f(z) — F(z0)] < |z — 2
[ , Theorem 3.1],

Var(U-_ ZE ZE Zij — z” ,

yielding the required bound (and the proof for MCUT(G,) = 3N, + 3U4(Gr) proceeds along the same
line of reasoning). O

i;|- Hence, by the Efron-Stein inequality

Next, recall that | E,| ~ Pois(yn) has expectation yn, while e? = n='E[U_(G,,)] and 2 = n"'E[U, (G,,)]
(see (2.2) and (2.3), respectively). Hence, from the representation (1.1) of mcut(G,,) and MCUT(G,,), we
further conclude that

1 v 1 1 M v 1y
EE[mcut(Gn)] 5 T 56 n (1) EE[ CUT(Gn)] = 5 1t35¢ en (). (2.6)
Combining (2.6) with Lemma 2.1, we establish Theorem 1.2, once we show that as n — oo,

—V/29P. + 0,(v7) + 0(1), (2.7)

= +/29P. 4+ 0,(\/7) + o(1). (2.8)
Establishing (2.7) and (2.8) is the main step in proving Theorem 1.2, and the key to it is the following
proposition of independent interest.

Proposition 2.2. There exist constants A1, Ay < oo independent ofn B and 7 such that

(=) - o) < 4 ’ﬁg +m (29)

We defer the proof of Proposition 2.2 to Subsection 2.2, where we also apply it to deduce the next

lemma, comparing the ground state energy of a dilute Ising ferromagnet to that of the SK model, after
both spin models have been constrained to have zero magnetization.

Lemma 2.3. There exist A = A(vo) finite, such that for all v >~y and any n,

D =D
en(7) SK —-1/6 en (V) SK —~1/6

AR A <A , AR <A . 2.10

2y e, | < Ay % +e, | < Ay ( )

In view of Lemma 2.3, we get both (2.7) and (2.8) once we control the difference between the ground state

energies of the unconstrained and constrained to have zero magnetization SK models. This is essentially
established by our following lemma (whose proof is provided in Subsection 2.3).

Lemma 2.4. For any 6 > 0, w.h.p. 0 < UK —UiK < n3tS where
+=SK . .
U, ZQE{r_nll’gl}n{HSK(Q)}, Up* = min {H*(e)} . (2.11)
Indeed, applying Borel’s concentration inequality for the maxima of Gaussian processes (see | ,
Theorem 5.8]), we have that for some ¢ > 0, all n and ¢ > 0,
P HU,S;K ~ BTN

n

]‘ > ng| < 2e7”, (2.12)

P [|USK — E[USK]| > nd] < 2e7" . (2.13)
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Recall that e5X = n~E[USK], whereas n_lE[UiK] — —P, by (1.7). Consequently, the bounds of (2.12),
(2.13) coupled with Lemma 2.4 imply that e3X — —P, as n — oo. This, combined with Lemma 2.3 and
(2.6), completes the proof of Theorem 1.2.

2.2. The interpolation argument. We first deduce Lemma 2.3 out of Proposition 2.2. To this end,
we use the inequalities of Lemma 2.5 relating the free energy of a spin model to its ground state energy
(these are special cases of general bounds for models with at most ¢ configurations, but for the sake of
completeness we include their proof).

Lemma 2.5. The following inequalities hold for any n, B,y > 0:

1 log 2 1 log 2
) S omB| 55, [ S i) < 255 2.14
() 5 (8,7) 5 5 (8) 5 (2.14)
Further, for anyn, B <0, v >0,
log 2 1 log 2
+ 2 oR(B,)| < K-S aR) < 5 2.15
()5( 7) i 5 (8) 7] (2.15)
Proof. Let Hy,(o) be a generic Hamiltonian for o € €2,,. One then easily verifies that
9 (n(B) 1 log 2
2 = ——E[S(ugn)] € [ - —2,0],
for the Boltzman measure (2.4) and the non-negative entropy functional S(u) = — > o w(a)logu(a)

which is at most log |[Q,|. Further, comparing (2.1) and (2.2) we see that 37 '¢,(8) — —e, when 8 — oo
(while n is fixed). Consequently, for any 8 > 0,

o S| [ 2 () < bt

We apply this inequality separately to the SK model and the diluted Ising model to get the bounds of

(2.14). We similarly deduce the bounds of (2.15) upon observing that 3~1¢,(8) — —&, when 8 — —c0

and recalling that with { H3¥(g)} a zero mean Gaussian process, necessarily e>f = —ePK. O

Proof of Lemma 2.3. Clearly, for any n, 8 > 0 and v > 0,
el (v 1 I5} 1
2(1) ~ Lo e+ 300

VI ‘r“ )+ 5o ’ ‘5 5 (o 7

In view of (2.14), the first and last terms on the RES are bounded by (log2)/8. Setting 8 = v/, we deduce
from Proposition 2.2 that the middle term on the rHS is bounded by A1y~ Y6 + Ayy~1/2, yielding the first
(left) bound in (2.10) (for A =1log2+ A; + Agfyo_l/?’). In case 3 < 0, starting from

7)‘+

B 4| < | e + 5oz + |50 - ez | + |6 - Ja2es)
V2y - f ! \ﬁ B B2y oot ’
and using (2.15), yields the other (right) bound in (2.10). O
Proof of Proposition 2.2. For t € [0,1] we consider the interpolating Hamiltonian on Q,
1
Hy(y,t,0) = —==HY,_ (o) + VIH*(a), (2.16)

ozl

denoting by Z,(8,7,t), ¢n(8,7,t) and ugn(-;7,t), the partition function, free energy density, and Boltz-
mann measure, respectively, for this interpolating Hamiltonian. Clearly, ¢,(8,v,0) = ¢P (\/%,'y) and
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¢n(B,7,1) = ¢5°(B). Hence,
8 s '
D K
L= <
Rl = 20| < [
and it suffices to show that ]aéiﬂ is bounded, uniformly over ¢ € [0, 1] and n, by the RrES of (2.9). To this
end, associate with i.i.d. configurations {o7,j > 1} from pg,(;7,t) and £ > 1, the multi-replica overlaps

QA
=32 (II+).

=1 j=

000
ot

<mt>] at

Then, denoting by (-); the expectation over such i.i.d. configurations {¢/,j > 1}, it is a simple exercise

in spin glass theory (see for example [ 1), to explicitly express the relevant derivatives as
(%) =Fa-Era. 217
<a;1">D = —~log cosh (\/%> + V;} (_z)ﬁ <tanh %)ZEKQ%A . (2.18)

For the reader’s convenience, we detail the derivation of (2.17) and (2.18) in Subsection 2.4, and note in
passing that the expressions on their RES resemble the derivatives of the interpolating free energies obtained
in the Gaussian and dilute spin glass models, respectively (see [ 1, [ -

Now observe that |Q| < 1 for all £ > 2 and @1 = 0 on 2, hence

On B\ _p BN _ B
‘at lOg cosh <m> - ﬂ <tanh m) - tanh \/727

The required uniform bound on |85it”\ is thus a direct consequence of the elementary inequalities

o0

+’YZ%

(=3

¢
+2 &

(B,%t)‘ <~ 5

1 1
|log cosh x — §x2| <Cixt, [P =2 < Coxt, |—log(l—y)—y— §y2| < Cslz)?,
which hold for some finite Cy, C2, C3 and any y = | tanh z|. O
2.3. Proof of Lemma 2.4. Recall that H%¢(0) = —ﬁgTjg where J = (Jij = (Jij + Jji)/V2 : 1 <

i,j < n}is a GOE matrix. Since {J;;} do not affect USK —UiK, we further set all diagonal entries of J to zero.
By symmetry of the Hamiltonian HS¥(-), the configuration ¢* that achieves the unconstrained ground
state energy H5X(o*) = UiK is uniformly random in {—1,+1}". Therefore, S := £ >"" | 0¥ is a centered
Bin(n, 1/2) random variable, and by the LIL the events B,, = {|Sy| < b,} hold w.h.p. for b, := /nlogn.
By definition UELK > —%/\max(j/\/ﬁ), hence the events C,, = {UiK > —2n} also hold w.h.p. by the
a.s. convergence of the largest eigenvalue Apax(-) for Wigner matrices (see [ , Theorem 2.1.22]).
Consequently, hereafter our analysis is carried out on the event {B,, N C,} and without loss of generality
we can and shall further assume that S} > 0 is integer (since n is even).

Since ¢* is a global minimizer of the quadratic form H®¥(g) over the hyper-cube {—1,1}", necessarily
o = sign(f}) for

1
fi= 2\/71;%]'0]*-.
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Consequently, under the event C,,
n
—2n§ﬁi = H* (o Za*fz— Z|fz*|,
i=1

hence R* := {i € [n] : |f7| < 6} is of size at least (2/3)n. Thus, for n > 6b,, under the event B, N C,, we
can find a collection W* C {i € R* : of = +1} of size S}, and let ¢ € Q,, be the configuration obtained by
setting 0; = —o} = —1 whenever ¢ € W* while otherwise ; = 0. We obviously have then that

TF = B (%) < USK < H%(5). (2.19)
Further, by our choices of ¢ and W* C R*, also

HSK( ) HSK Z Z

zEW* JE[n] \W*

< 4;W: £+ ﬁA(W*) <48t 4 \;%A(W*) , (2.20)
where we define, for W C [n] the corresponding partial sum
AW) = > |yl
1,JEW,i<)
of (|W|) i.i.d. variables Jw Under the event B, we have that S} < b, <y, := 4n!/?T so by (2.19) and

(2.20) it suffices to show that w.h.p. {A(W*) < z,} for x, = \fyn To this end note that by Markov’s
inequality, for some ¢ > 0, all n and any fixed W of size |W| < by,

P(A(W) > z) < e " ElelT]0h < e |
With at most 2" such W C [n], we conclude that
P(sup{A(W) : W C [n], [W| < bp} < zp) = 1,
and in particular w.h.p. {A(W*) < z,} (under B,, = {S} < b,}).
2.4. The interpolation derivatives. Recall the Hamiltonian H,(v,t,0) of (2.16), the corresponding
partition function Z,(3,7,t) and free energy density ¢,(3,7,t). We view n=log Z,(8,7,t) := ¥n(t,z,J),
as a (complicated) function of the Gaussian couplings J = {J;; : 1 <4, j < n} and the Poisson multiplicities

z = {z;; : 1 < i,j < n}. Denoting by p(t,-) the Pois(y(1 — t)/n) probability mass function (PMF) of z;;
yields the joint PMF p(t,z) = ngi’jgnp(t, 2ij), and the expression

bn(B,7,1) = Elthn(t,2,3)] = / Ut 2, 3)p(t, 2)dp1(z, T) (2.21)

where p = (VN)"2 ® (VR)"2 for the counting measure vy on N and the standard Gaussian measure vg on

R. Thus,

St = [ S n DR () + [ Galt.2.3) P (1 2)dn(a, )
O Oy,
=— —_— . 2.22
(%)t (50), 22
Proceeding to verify the expression (2.17), here 8(%” = 2\1[HSK (since HP S1— t)( ) depends on t only through

the PMF of z). Hence,

g [108 2u(8.2.0)] = =8( 2 (. 0)) = =52 (H(2))
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resulting with

(%), = o (EalE=on).

The expression on the RHS of (2.17) then follows by an application of Gaussian integration by parts to
Ez[(H%(0))4], as illustrated for example in | , Lemma 1.1].

Next, to establish (2.18) let hi;(zi;) := E[tn(t, 2, J)|2i;], and note that the product form of p(t,z) and
w(z,J), results with

(a%) ZZ/ i t 2)dun(2) . (2.23)

=1 j=1

The ij-th integral on the RHS of (2.23) is merely the value of (—vy/n)g’(\), where g(A) = E[f(2)] for
f = hij and z ~ Pois(A) at A = (1 — t)/n. Differentiating the Pois(\) PMF one has the identity ¢’(\) =
E[f(z+1) — f(2)] (under mild regularity conditions on f). This crucial observation transforms (2.23) into

0
< ¢"> = Z ZE iz + 1) = hij(zi)] - (2.24)
=1 j=1
Here 9, (t,-,-) = n~'log Z,(83,7,t) and adding one to z;; corresponds to an extra copy of the edge (7,7) in
the dilute Ising model of Hamiltonian \ﬁ 'y(l t)( o). Consequently, setting b := \ﬁ’

hij(zij + 1) — hz](zl]) = %log <€b0i0j>t = %10g { COSh(b) [1 + tanh(b) <Uin>t] } s (225)

since e® = cosh(b)[1 + tanh(b)y] for the {—1,+1}-valued y = 0;0,. Combining (2.24) and (2.25), we obtain
by the Taylor series for —log(1 + =) (when —1 < z < 1), that

<8¢”> — Z ZE log {cosh(b) [1 + tanh(b)(c;0;)¢]}]
=1 j=1
= —~log cosh(b) + 'YZ (tanh b))éE[% Z (<a¢0j>tﬂ
— ij=1
= —vlog cosh(b) + v (_;) (tanh(b))eEKQ%t] )
)4

3

~

Il
_

as stated in (2.18).

3. GRAPH COMPARISON: PROOF OF THEOREM 1.5

The notion of uniform random ~-regular graph refers to drawing such graph uniformly from among all
~-regular simple graphs on n-vertices, provided, as we assume throughout, that nvy is even. We instead
denote by G®°(n,~) the more tractable configuration model, where each vertex is equipped with ~ half-
edges and a multigraph (of possible self-loops and multiple edges) is formed by a uniform random matching
of the collection of all yn half-edges. Indeed, as mentioned in the context of Erdés-Rényi graphs (see start
of Section 2), for v bounded the matching in G®°€(n, ) produces a simple graph with probability bounded
away from zero, and conditional on being simple this graph is uniformly random. Consequently, any
property that holds w.h.p. for the configuration model multigraph G®°¢(n,~) must also hold w.h.p. for
the simple uniform random ~v-regular graph.

Our strategy for proving Theorem 1.5 is to start from the random regular multigraph G; ~ G®°€(n,~),
deleting some edges and “rewiring” some of the existing ones to obtain a new graph G which is approx-
imately an Erdés-Rényi random graph of ny_/2 edges, where v_ := v — ,/ylog~v. Then, with Theorem
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1.2 providing us with the typical behavior of extreme bisections of G, the main challenge is to control the
effect of our edge transformations well enough to handle the minimum and maximum bisections of G;.
Specifically, drawing i.i.d. X; ~ Pois(y-), we let Z; := (v — X;)+ and color Z; of the v half-edges of each
vertex ¢ € [n] by BLUE (B). All other half-edges are colored RED (R). Matching the half-edges uniformly,
without regard to their colors, we obtain a graph G; ~ G%°¢(n,v). Our coloring decomposes G to the
sub-graph GRrgr consisting of all the RR edges and Grg U Ggg having all other edges, which we in turn
decompose to the sub-graph Ggg consisting of the BB edges and Grg having all the multi-color edges (i.e.
RB and BR). To transform G to Ga, we first delete all edges of Gpg, disconnect all the multi-colored RB
edges and delete all the B half-edges that as a result became unmatched. We then form a new sub-graph
GRrr by uniformly re-matching all the free R half-edges (in case there is an odd number of such half-edges we

leave one of them free as a self-loop). The graph Gs has the vertex set [n] and E(Gs) = E(Grr) U E(GRrRr)-

We represent by §2,, the collection of all bisections for a graph G having n vertices, denoting by cutg(o)
the cut size for the partition between {i € [n]: 0; = —1} and its complement. Then, for any o € §,, we
have

cutg, (g) = cutg, () — cutg (o) + cubcrguces (@) - (3.1)

We control the LES of (3.1) by three key lemmas, starting with the following consequence of Theorem 1.2,
proved in Subsection 3.1 that gives sharp estimates on the dominant part, namely cutg, (o).

Lemma 3.1. We have, w.h.p. as n — 00,

metlln) 2 p [T o), 32)
MCUT(G,) _ %‘ + P, \/}r 0y (v7)- (3.3)

n

Our next lemma, proved in Subsection 3.2, shows that while both the B half-edge deletions and the R
half-edge re-matching that follows, may affect the cut size, on the average (with respect to our random
matching), at the scale of interest to us they cancel out each other.

Lemma 3.2. Uniformly over all o € Qy,,

Efcut e ()] nﬁﬁ“”+amﬁ+dm, (3.4)

2
Eleutg,_(o)] = n C@Og” + 07(1)> +o(n), (3.5)
o 2
Elcutg,, (2)] = n (ng) + 07(1)> +o(n). (3.6)

The last result we need, is the following uniform bound on the fluctuations, proved in Subsection 3.3,
that allows us to control the effect of the edge rewiring on the extremal bisections.

Lemma 3.3. There exists C' sufficiently large, independent of n and v, such that

P

wamw%E@mwm>&ﬁ“w%4=dU (3.7)

a€Qn

where A may be distributed as Grg U Ggg or C:’RR.

Turning to prove Theorem 1.5, we have from (3.1) and Lemma 3.3 that w.h.p. as n — oo,

oSGuS%) ‘CUtGﬁ( ) — cutg, (o) +E[Cut~ (g)] Elcutargucys (@ ‘ =noy(v/7) - (3.8)
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In view of Lemma 3.2, we deduce from (3.8) that w.h.p. as n — oo,

vlogy
suS%) cutg, (o) — cutg, (o) — n\fT =noy(y/7) +o(n).
[ASI97%

This in turn implies that w.h.p.
lo
mcut(G1) = mcut(Ga) + n@ + noy(y/y) +o(n),

MCUT(G1) = MCUT(G2) + n@ + noy(/y) +o(n) ,

and Theorem 1.5 thus follows from Lemma 3.1 (recall that v = v_ + \/ylog~).

3.1. Proof of Lemma 3.1. Let G be the random graph generated from the configuration model with
iid. X; ~ Pois(v_) degrees. We denote by G°"(n,~_) the sub-graph obtained by independently deleting
each half-edge of GI™ with probability 1/n, before matching them. By the thinning property of the Pois law,
G°"(n,~y_) has the law of the Poisson-Cloning model, where one first generates i.i.d. ¢ ~ Pois(%v_),
then draws a random graph from the configuration model with (; half-edges at vertex i. Recall | ] that
the Gr(n, 2=) and G°"(n,~v_) models are mutually contiguous. Further, v_/y — 1, and so by Theorem

1.2, w.h.p.
meut(G<°" (n,v-)) _ 7-

. =- P*\/Z +0,(,/7), (3.9)

MEUTIE™ (0 y)) %= 4, [7 4 0(3). (3.10)

n 4 4
Next note that for any two graphs Gi,Gs on n vertices, [IMCUT(G;) — MCUT(Gz2| < |E(G1)AE(G2)| and
Imcut(G1) — meut(Go| < |E(G1)AE(Gs)|. W.h.p. our coupling has >.(X; — ¢;) = O(1) half-edges from Gt
not also in G°"(n,~v_). Hence |E(GI")AE(G"(n,~v_))| = O(1) and (3.9)-(3.10) extend to mcut(Gi*)
and MCUT(G!™)| respectively.

We proceed to couple GI'* and Go such that |E(GM)AE(G2)| < nos(y/y) w.h.p. thereby yielding
the desired conclusion. To this end, G2 could have alternatively been generated by one uniform random
matching of only the X/ := min{X;,~v} RED half-edges that each vertex ¢ has in Gy (for completeness,
we prove this statement in Lemma 3.4). We can thus couple Go and G by first forming G, then
independently for ¢ = 1,...,n color in RED uniformly at random X/ of the X; half-edges of vertex ¢, with
all remaining half-edges colored BROWN. Now, to get GGo we delete all BB edges, disconnect all RB edges
and delete the resulting B half-edges, then uniformly re-match all the free R half edges (for Lemma 3.4
applies again in this setting). The claimed bound on |E(G*)AE(G2)| follows since the total number of B
half-edges in GI'* is w.h.p. at most

ME (X1 — X{) = 20E[(X1 —7)+] = nO, (1), (3.11)

where the RHs follows by Normal approximation to Pois(y-) and our choice of y_ =~y —/7log.

3.2. Proof of Lemma 3.2. We first prove (3.4), utilizing the fact that the distribution of cutgeg () is
the same for all o € €2,,. Hence,

E[CutGRB (@) =E [ Eq+ [CUtGRB ()] } (3.12)

for o* chosen uniformly from €2,,. Given the graph G1, we have

E
Eq [CUtGRB ()] = [Ere|

= 30— (3.13)
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where Erp denotes the set of RB edges in 1 excluding self-loops. Next, noting that the expected number

of edges in G excluding self-loops is "2((7; ;1_);)2 and the probability that an edge connecting two distinct
vertices is coloured RB is 2 %(1 - %), we have,
— 142 E[Z E|Z
E[|Ere|] = "D EAL G BAD) (3.14)
ny—1 v g
where Z; ~ (7 — X1)+ and X; ~ Pois(y_). We get (3.4) out of (3.12) and (3.14) upon observing that
E[Z1] = v = E[Xa] + E[(y — X1)-] = v = y— + E[(X1 —7)+] = v7logy + O4(1) (3.15)
(see (3.11) for the right-most identity). By an analogous calculation, we find that for all o € Q,,
n(n —1)y2 (E[Z1]\2 1 1 9
E|cut = ( ) =n|-(1 1 .
Turning to (3.5), the same argument as in (3.12) implies that
E[cut@RR (Q)] = E[Eg* [cutéRR (g*)]] ,
for o* chosen unifomly from €2,,. Further, similarly to (3.13) we find that given the graph Grr,
* ‘EQ‘
E,- [ cut ~ — =2 1
- [cutGRR(g )] 50— 1) (3.16)

where Ey denotes the set of edges in Ggrg excluding self-loops. Recall that |E(Grg)|—|Ers| and 3|E(Grs)|—

| E2| count the number of self-loops in Grg and éRR, respectively. The expected number of such self-loops
is O(1) as n — oo, hence E[|E3|] = 3E[|Erg|] + O(1), which upon comparing (3.13) to (3.16) yields the
required expression of (3.5).

3.3. Proof of Lemma 3.3. Starting with A = Grg U Ggg clearly, for any x,, > 0,

B sup [euta(o) ~ Eleuta(o)]| > 22,] < pi(n) + pa(n) (3.17)
[eS197%
where Z = (Z3,--- , Z,) count the number of BLUE half-edges at each vertex of G; and
pi(n) = IP’{ sup |cuta(a) — ¢(a, Z)| > xn} : (3.18)
o€
p2(n) = IP’{ sug%) |c(c, Z) — Elcuta(0)]| > a:n] , (3.19)
oclly

for ¢(o,Z) := E[cut 4(0)|Z]. Letting S,(Z) = > ", Z;, note that wh.p. Z € &, for &, = {z : |Sy(z) —
nE[Z1]| < b,} and b, = v/nlogn. Hence, by a union bound over g € ,, we get that

pi(n) < 2" Max max P [|cutA(g) —c(o,Z)| > J:n‘Z = z} +o(1). (3.20)
We next apply Azuma-Hoeffding inequality to control the ruS of (3.20). To this end, fixing z € &, and
half-edge colors such that {Z = z}, we form G; by sequentially pairing a candidate half-edge to uniformly
chosen second half-edge, using first BLUE half-edges as candidates for the pairing (till all of them are
exhausted). Then, fixing o € Q,, we consider Doob’s martingale M}, = E[cuta(c)|-Zk], for the sigma-
algebra .%) generated by all half-edge colors and the first k¥ > 0 edges to have been paired. This martingale
starts at My = c(o,Z), has differences | My — Mj_1| uniformly bounded by some universal finite non-
random constant x (independent on n, g and z), while My = cut 4(c) for all £ > S,,(z) (since the sub-graph
A = Grp U Ggg is completely formed within our sequential matching first S, (z) steps). The bounded
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difference property of Mj, follows easily from the “switching” argument in | , Theorem 2.19]. Thus,
from Azuma-Hoeffding inequality we get that for z € &,,
2

7 = z} <2 exp (—%) <2 exp <—8K2(HEFZ%1] . bn)> (3.21)

Recall (3.15) that E[Z1] = ,/7log~ + O,(1), hence choosing z,, = Cny'/*\/log 7 for some C? > 8x2log 3,
we find that the RHS of (3.20) decays to zero as n — oo.

Turning to control pa(n), for i € [n] and 1 < j < Z;, let I;;(g) = 1 if the j'® B half-edge of vertex i is
matched to some half-edge from the opposite side of the partition induced by ¢, and I;;(¢) = 0 otherwise.
Then,

P ||cuta(c) —c(o,Z)| > xp

n Z;
cuta(o) = Y Iij(o) — cutge (o). (3.22)
i=1 j=1
For i such that o; = 1 and 1 < j < Z; we similarly set Igj(g) = 1 if the j*" B half-edge of vertex i is
matched to a B half-edge of a vertex from the opposite side, and I{j = 0 otherwise. Clearly then

Z;
Cutggs (o) = Z ZIZ{]'(Q),

{i:0;=1} j=1

so setting Sy (0, Z) == 3 y;.,,,—1) Zi» we have from (3.22) that

n  Z Z;
(. Z) =) Y Pllylo)=1Z] = Y Pllj(a)=1/Z]

i=1 j=1 {icoy=1} j=1

5,2y /2 gt 7y SnlZ) = Sile.2). (3.23)

ny—1 ny—1

Considering the extreme values of the RHS of (3.23) yields that for all o € Q,,,

1 Sn(Z) 1 1

= _ < - ) < =

(@) (155, 7) <ele)(1- ) < 55u(2).
from which we deduce that

ny
2050 o2y

< sup sup {c(c,Z)} <n
Zetly aedp

E[Qzl] +o(n). (3.24)

Further, while proving Lemma 3.2 we have shown that

E[Z,] n ElZ;
[2 ](rwf—yl)<1 [ ])’

Elcuta(a)] = n

hence from (3.24) and (3.15) it follows that

2
sup sup |c(o,Z) — Ecut4(o)] | < nE[Zl] + o(n) < n(logy)*+o(n),

ZeEy o€y 4y
and since w.h.p. Z € &,, we conclude that pa(n) = o(1).

Next we consider the graph A = éRR and proceeding in a similar manner we have the decomposition
(3.17), except for replacing in this case Z in (3.18)-(3.19) by the count Y = (Y1, Ys, -, Y},) of number of R
half-edges at each vertex at the initiation of the second stage. The total number S, (Y) of R half-edges to
be matched in the second step is less than the initial number S,,(Z) of B half-edges. Consequently, if Z € &,
then Y € & :={y : Sp(y) < nE[Z1] + b,}, and we have again a bound of the type (3.20) on p1(n), just
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taking here the maximum over y € & instead of z € £,. Further, we repeat the martingale construction
that resulted with the RHS of (3.21). Specifically, here Fy is the sigma-algebra of Y, namely knowing the
degrees of vertices in éRR, and we expose in Fj the first k£ edges to have been paired en-route to the
uniform matching that forms Grg. As before the Doob’s martingale Mj, = Elcutg (o) Fk] has uniformly
bounded differences, starting at My = ¢(g, Y ) and with the same choice of z,, the desired bound on p;(n)
follows upon observing that My = cutg (o) for all £ > Sy, (y), hence as soon as £ = nE[Z1] 4 by. Turning
to deal with pa(n) in this context, by the same reasoning that led to (3.23) we find that for S = S, (y) > 2
and S7 (o) = 5,/ (2, ),

S*(0)(S - 5*(0)) _ S - (25 (o) - 5)*

S—1 B 4(8 —1) (3:25)

(o.y) = Eleutg, ()Y = y] =

While proving Lemma 3.2 we have shown that
n = 4E[cutg (0)] = n[E[Z1] + O4(1)] + o(n)

and that ¢, is constant over ¢ € §2,,. As ¢, > 6x, for n and v large, while |S?/(S — 1) — S| is uniformly
bounded, we deduce from (3.25) that for any y,, < x,,

[125%(0) = 8 < 2 (WIS = S <y (JIS' = @l < 20} = {4e(,y) — al < 420}
Now, w.h.p. ' = S,(Z) is in Z,, := [nE[Z1] — by, nE[Z1] 4+ b,] with |S" — ¢,| < x,, and taking then the
union over g € 2, we get similarly to the derivation of (3.20) that

p2(n) <2™ max maxIP’[|2S+(g) —Sn| > @, 5> S —yn | 5 = 3n:|
SnELn o€,

+ max P(S < sn—yn | S = sn) +0(1) =t p3(n) + pa(n) + o(1). (3.26)
Starting with 2N = n~ half-edges of G; of whom S’ = s,, colored B (while all others are colored R), the
non-negative number S’ — S of half-edges in Ggg is stochastically dominated by a Bin(sy,, s,/(2N — s,))
random variable. For s, € T, the latter Binomial has mean nE[Z;]?/(y — E[Z1]) + o(n), hence in view
of (3.15), ps(n) = o(1) provided y, > 3n(log~)%. For bounding p3(n) we assume w.l.o.g. that o; = 1 iff
i < n/2, with S*(o) the total number of R half-edges for vertices i < n/2, which are matched to B half-
edges by the uniform matching in the first step. Fixing the total number s, of B half-edges in G, clearly
S* (o) is stochastically decreasing in the number S’ = Z?:/ ? Z; of B half-edges among vertices i < n/2.
Thus, it suffices to bound p3(n) in the extreme cases, of S, = 0, and of S, = s,,. The uniform matching
of the first step induces a sampling without replacement with S (o) denoting the number of marked balls
when drawing a sample of (random) size S € (s, — yn, sp), uniformly without replacement from an urn
containing 2N — s, balls, of which either N or N — s, balls are marked. By stochastic monotonicity, it
suffices to consider the relevant tails of S* (o) — s,,/2 only in the extreme cases of S = s,, —y,, and S = s,,.
As 2N/n =7, sp/n < v and y,, < ,, standard tail bounds for the hyper-geometric distribution [ ]
imply that ps(n) = o(1) for v sufficiently large, thereby completing the proof.

3.4. A pairing lemma. We include here, for completeness, the formal proof of the fidelity of the two
stage pairing procedure (which was used in our preceding arguments).

Lemma 3.4. Given 2¢ labeled balls of color R and 2m labeled balls of color B for some m < £, we get a
uniform random pairing of the R balls by the following two step procedure:
(a) First match the 2(m + £) balls uniformly at random to obtain some RR, RB and BB pairs.

(b) Remowve all B balls and uniformly re-match the R balls which were left unmatched due to the removal
of the B balls.

Proof. We use the notation (2k — 1)!! = (2k —1)(2k —3)---1 and [m]y =m(m —1)---(m —k+1) and let
& denote the random pairing of the 2¢ R balls by our two-stage procedure (which first generated 2s pairs
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of type RB, (m — s) of type BB and (£ — s) of type RR). We then have that for any fixed final pairing P of

the R balls,
o N (1) [2mlas(2(m —s) — 1!
s 2) (s) Gom + 20— )i~ 1)1

_ﬂ'(2m'2€m28( m+ >_ 1
(

2m + 20)! —s,0—52s) (20—’
where the last identity follows upon observing that Y 7 22 (mettes 25) = (2(”21#)). O

4. FroM BISECTION TO CUT: PROOF OF THEOREM 1.6

Let T%(0) := {i : 0; = £1} be the partition of [n] induced by ¢ and m(g) := 3 >_I" ; 0; the difference
in size of its two sides. Note that by the invariance of cutg (o) under the symmetry o — —o, it suffices
to compare the cuts in S = {o € {—1,+1}" : m(c) > 0} to those in §2,. To this end, define the map
T : S — Q, where we flip the spins at the subset V(o) of smallest m (o) indices within Z% (), thereby
moving all those indices to Z~(T'(¢)). Let X(o), Y (o) and Z(g) count the number of edges from V(o) to
I (o), T (T(o)) and ZT(T(c)) = I (c)\V (o), respectively. Fixing 0 < § < 1/4 let

S = {g €S m(o) < 7_5n} . (4.1)
Then, for o* € S;F such that MaxCut(G,,) = cutg, (¢*) we have
MaxCut(G,,) = cutg, (T(c*)) + X (¢*) — Z(c*) < MCUT(G,) + Y (¢*) — Z(c¥).
Considering the union over o € §*, we get that

P[MaxCut(Gyp) > MCUT(Gp) + A, < 2" max P|Y (o) — Z(0) > An] L P[0 ¢ S*]

oeS*
=:q1(n) + ga2(n). (4.2)

In proving part (a) of Theorem 1.6, we consider w.l.o.g. the Erdds-Rényi random graphs G, ~ Gr(n, )
as in Remark 1.3. For fixed g € S;F each of the independent variables Y (¢) and Z(¢) is Bin(NV,v/n) for
N = m(cg)(n/2). Upon computing the m.g.f. of Y (o) — Z(a) we get by Markov’s inequality that for any
0 >0,

4
P[Y(g) — Z(o) > An} < e 2201 4+ =L ginn2(g)Y .
n
Setting A, = ny¥/? for some ¢ € (1—6,1) fixed and the maximal N = %n2'y_5 for o € §*, we deduce that

limsupn ! logIP’[Y(g) —Z(o) > An} < —2[07¥/? — A 0 sinh?(0)] =: —J . (4.3)
n—oQ

Since ¥ > 1 — & we have that v'~9 sinh?(y~%/2) — 0, so taking 6 = v~¥/2 results with J > 1 for all ~ large

enough, in which case ¢1(n) = o(1) (see (4.2)). As for controlling ga2(n), recall Theorem 1.2 that w.h.p.

MaxCut(G,,) > MCUT(Gy,) > ny/4. Hence, considering the union over o ¢ S* we have that

ny
g2(n) < 2" max P(cutg, (o) > )
For our Erdés-Rényi graphs cutg, (o) ~ Ry := Bin(k(n — k), 1) with & = § — m(c). Taking the maximal
k* = %—nw“s for o ¢ §* and computing the relevant m.g.f. yields, sumlarly to (4.3), that for f1(6) = e?—1,
f2(0) =e? — 0 —1 and any 6 > 0,
limsup n " log P( Rgx > %) < %ﬁ(a) — A2 (g) =~ (4.4)

n—o0
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Since 7 fo(y~'/2) is uniformly bounded while v1=20 f; (y=1/2) = 07(71/2_25) diverges (due to our choice of
§ < 1/4), it follows that for # = 4~ /2 and ~ large enough, J' > 1 hence ¢a(n) = o(1), thereby completing
the proof.

The Erdés-Rényi nature of the graph G,, is only used for deriving the large deviation bounds (4.3) and
(4.4). While slightly more complicated, similar computations apply also for GR°¢(n, ). Indeed, in this case
Y (o) — Z(g) corresponds to the sum of spins in a random sample of size ym(g) taken without replacement
from a balanced population of yn spins (so by standard tail estimates for the hyper-geometric law, here
too the LHS of (4.3) is at most —1 for any «y large enough). Similarly, now Ry« counts the pairs formed
by uniform matching of yn items, between a fixed set of vk* items and its complement (so by arguments
similar to those we used when proving Lemma 3.3, the LHS of (4.4) is again at most —1 for large ). With
the rest of the proof unchanged, we omit its details.
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