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Abstract

The (two) core of an hyper-graph is the maximal collection of hyper-edges within which no vertex
appears only once. It is of importance in tasks such as efficiently solving a large linear system over
GF[2], or iterative decoding of low-density parity-check codes used over the binary erasure channel.
Similar structures emerge in a variety of NP-hard combinatorial optimization and decision problems,
from vertex cover to satisfiability.

For a uniformly chosen random hyper-graph of m = np vertices and n hyper-edges, each consisting
of the same fixed number [ > 3 of vertices, the size of the core exhibits for large n a first order phase
transition, changing from o(n) for p > p. to a positive fraction of n for p < p., with a transition window
size @(n_l/ 2) around p. > 0. Analyzing the corresponding ‘leaf removal’ algorithm, we determine the
associated finite size scaling behavior. In particular, if p is inside the scaling window (more precisely,
p = pe +rn~1/2), the probability of having a core of size ©(n) has a limit strictly between 0 and 1, and
a leading correction of order @(n~1/6). The correction admits a sharp characterization in terms of the
distribution of a Brownian motion with quadratic shift, from which it inherits the scaling with n. This
behavior is expected to be universal for wide collection of combinatorial problems.

1 Introduction

The k-core of a non-directed graph G is the unique subgraph obtained by recursively removing all vertices
of degree less than k. In particular, the 2-core, hereafter called the core of G, is the maximal collection
of edges having no vertex appearing in only one of them. With an abuse of language we shall use the
same term for the induced subgraph. The core of an hyper-graph is analogously defined and plays an
important role in the analysis of many combinatorial problems.

In the first of such applications, Karp and Sipser [KS81] (hereafter KS) considered the problem of
finding the largest possible matching (i.e. vertex disjoint set of edges) in a graph G. They proposed an
algorithm that recursively selects an edge (¢, j) € G for which the vertex i has degree one. If no such edge
exists, the algorithms declares a failure. Otherwise it includes it in the matching and removes it from
the graph together with all the edges incident on j (that cannot belong to the matching). Whenever
the algorithm successfully matches all vertices, the resulting matching can be proved to have maximal
size. KS analyze the performance of such an algorithm on uniformly random graphs with NV vertices
and M = | Nc¢/2] edges as N — oo, using the ODE asymptotic approximation for random processes,
based on [Ku70] (c.f. [AFP98, DFP93] for recent contributions).

It is easy to realize that the algorithm is successful if an only if a properly constructed hyper-graph
G does not contain a core. The hyper-graph G includes a node € for each edge e in G, and an hyper-edge
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Figure 1: Probability that a random [ = 3-hyper-graph with m vertices and n = m/p hyper-edges has
a non-empty 2-core estimated numerically for m = 100, ...,600. The vertical line corresponds to the
asymptotic threshold p. ~ 1.2218.

i for each vertex i of degree two or more in G. The hyper-edge 7 is incident on € in G if and only if e is
incident on ¢ in G.

A more recent application is related to the XOR-SAT problem, a simplified version of satisfiability
introduced in [CD99]. One is given a linear system over m binary variables, composed of n equations
modulo 2, each involving exactly [ > 3 variables. The authors of [CDMMO03, MRZ03] propose a simple
‘leaf removal’ algorithm to solve such a linear system. The algorithm recursively selects a variable that
appears in a single equation, and eliminates the corresponding equation from the system. In fact, such
an equation can be eventually satisfied by properly setting the selected variable. If all the equations are
removed by this procedure, a solution can be constructed by running the process backward and fixing
along the way the selected variables.

An hyper-graph G is associated to the linear system by including a vertex for each variable, and
an hyper-edge for each equation. Hyper-edge e is incident on vertex 4 if and only if the corresponding
equation involves the i-th variable with non-zero coefficient. It is easy to realize that the leaf removal
algorithm is successful if and only if the corresponding hyper-graph G does not contain a core.

Uniformly random linear systems with n equations and m = pn variables are considered in [CDMMO03,
MRZ03]. It is proved there that the algorithm is successful with high probability if p is larger than
a critical value p., and fails with high probability if p < p.. See Fig. 1 for an illustration of this
phenomenon. Further, it is shown there that the structure of the set of solutions of the linear system
changes dramatically at p., exhibiting a ‘clustering effect’ when p < pc.

The same ‘solution clustering’ phenomenon has been conjectured for a variety of random combinato-
rial decision problems, on the basis of non-rigorous statistical mechanics calculations. The most studied
among these problems is the random K-satisfiability, for which some indication of clustering is rigor-
ously proved in [MMZ05b, ARO06]. Several authors suggest that the solution clustering phenomenon is
related to the poor performance of search algorithms on properly chosen ensembles of random instances.
Still within random K-satisfiability, the performance of certain standard solution heuristics (such as the
‘pure-literal’ rule), is also related to the appearance of properly defined cores (see [Mol05]).

We conclude with the application to the analysis of low-density parity-check code ensembles, used for
communication over the binary erasure channel, which is the most relevant motivation for our work. The
decoding of a noisy message amounts in this case to finding the unique solution of a linear system over
GF[2] (the solution exists by construction, but is not necessarily unique, in which case decoding fails).



If the linear system includes an equation with only one variable, we thus determine the value of this
variable, and substitute it throughout the system. Repeated recursively, this procedure either determines
all the variables, thus yielding the unique solution of the system, or halt on a linear sub-system each of
whose equations involves at least two variables. While such an algorithm is not optimal (when it halts,
the resulting linear sub-system might still have a unique solution), it is the simplest instance of the
widely used belief propagation decoding strategy, that has proved extremely successful. For example,
on properly optimized code ensembles, this algorithm has been shown to achieve the theoretical limits
for reliable communication, i.e., Shannon’s channel capacity (see [LMSS01]).

Once again, one can construct an hyper-graph G by associating an hyper-edge to each variable,
and a vertex to each equation (notice that this representation is ‘dual’ with respect to the one used
for XOR-SAT). Decoding is successful (it finds the unique solution) if and only if this hyper-graph
does not contain a core. For a ‘reasonable’ code ensemble the probability of this event approaches 1
(respectively 0) when the noise level is smaller (larger) than a certain critical value. See [LMSSO01] for an
explicit characterization of the critical noise value via an application of the ODE method (based again
on [Ku70, PSW96]). Though this result has been successfully used for code design, it is often a poor
approximation for the moderate code block-length (say, n = 10% to 10°) that are relevant in practice.

To overcome this problem, a finite size scaling law is derived in [AMRUO04], providing the probability
of successfully decoding in the double limit of large size n, and noise level approaching the critical value.
In [AMRUO04] the authors also conjecture a ‘refined’ law that describe how the finite-size scaling limit is
approached, and demonstrate empirically that this refined scaling formula is very accurate already for
short message lengths n ~ 100, opening the way to an efficient code design procedure (c.f. [AMUO06]).

In this paper we resolve the conjecture by rigorously proving the refined scaling law. To simplify the
exposition we focus on a specific choice of the random ensemble of equations, but our proof generalizes
without much difficulties to a large variety of other cases, and in particular to all those mentioned in
the conjecture of [AMRUO4] (In the coding language, the example we consider corresponds to LDPC
ensembles with regular left and Poisson right degree, it also coincides with the random XOR-SAT
ensemble introduced in [CD99] and treated in [CDMMO03, MRZ03]). In graph-theoretical terms, we
determine the probability that a uniformly random?! i-hyper-graph (that is, an hyper-graph with hyper-
edges of size ), with n hyper-edges and m = np vertices has a non-empty core as n grows and p = p(n)
approaches p.. In the process of establishing the refined scaling law we gain much insight about the
core of such random hyper-graphs. For example, we determine the fluctuations in the size of the core at
criticality (see Remark 2.6), and show that if the hyper-graph is build one hyper-edge at a time, then
its core size jumps from zero to a positive fraction of m at a random time n., the distribution of which
we explicitly determine (c.f. Remark 2.5).

Our proof strategy should apply without conceptual changes to other phase transitions within the
same class, such as k-core percolation on random graphs (with k£ > 3), or the pure literal rule threshold
in random k-SAT (with k > 3, c.f. [FS96]). Even beyond this family of closely related phenomena, the
form of the refined scaling law (in particular, the scaling with n of the scaling window and of the first
correction) are likely to be quite universal. For instance, in [AMRUO04] it has been empirically found
to hold for iterative decoding of LDPC codes over general channels. Within statistical physics, several
core phase transitions have been studied as special examples of ‘mean field dynamical glass transition’
[SBTO05]. It is possible that the refined finite size scaling law generalizes to this (quite large) class as
well.

Finite size scaling has been the object of several investigations in statistical physics and in combi-
natorics. Most of these studies estimate the size of the corresponding scaling window. That is, fixing
a small value of ¢ > 0, they find the amount of change in some control parameter which moves the
probability of a relevant event from ¢ to 1 — . A remarkably general result in this direction is the rig-
orous formulation of a ‘Harris criterion’ in [CCFS86, Wil02]. Under mild assumptions, this implies that
the scaling window has to be at least Q(n~1/2) for a properly defined control parameter (for instance,
the ratio p of the number of nodes to hyper-edges in our problem). A more precise result has recently
been obtained for the satisfiable-unsatisfiable phase transition for the random 2-SAT problem, yielding

ndeed, we work with a properly defined ‘configurational’ model (somewhat similar to the one introduced in [Bo80]) to be
defined in the next section.



a window of size ©(n~'/3) [BBCKO01]. Note however that statistical physics arguments suggest that the
phase transition we consider here is not from the same universality class as the satisfiable-unsatisfiable
transition for random 2-SAT problem.

In contrast with the preceding, we provide a much sharper characterization, yielding beyond the
scaling window and the limiting scaling function, also the asymptotic form of corrections to this limit.
In this respect, our work is closer in its level of precision to that for the scaling behavior in the emergence
of the giant component in Erdds-Rényi random graphs (for more on the latter, see [JKLP93] and the
references therein).

At the level of degenerate (or zero-one) fluid-limits, the asymptotic size of k-core of random graphs
is determined by [PSW96] via the ODE method. See also [Mol05] for a general approach for deriving
such results without recourse to ODE approximations (using instead a method analogous to the ‘density
evolution’ technique from coding theory).

Darling and Norris determine in [DN05] the asymptotic size of the 2-core of a random hyper-graph
which is the ‘dual’ of the model we consider here. Indeed, the hyper-edges in their model are of random,
Poisson distributed, sizes, which allows for a particularly simple Markovian description of the recursive
algorithm that constructs the core. Dealing as we do, with random hyper-graphs at the critical point,
where the asymptotic core size exhibits a discontinuity, they describe the fluctuations around the deter-
ministic limit via a certain linear SDE. In doing so, they heavily rely on the powerful theory of weak
convergence, in particular in the context of convergence of Markov processes. For further results that
are derived along the same line of reasoning, see [DLN04, GN04, Go05].

In contrast, as we outline in the next section, the focus of this paper is on correction terms and rates of
convergence. These are well beyond the scope of weak convergence theory, which is thus irrelevant here.
This is also why many steps in our proof involve delicate coupling arguments, expanding and keeping
track of the rate of decay of approximation errors (in terms of n). Our technique can easily be extended
to provide rates of convergence (in the sup-norm) as n grows, for distributions of inhomogeneous Markov
chains on R? whose transition kernels Wi n (241 — x¢ = yloy = x) are approximately (in n) linear in z,
and “strongly-elliptic” of uniformly bounded support with respect to y.

2 Main result and outline of proof

We consider hyper-graphs with n hyper-edges over m = |np] vertices, p > 0. Each hyper-edge is an
ordered list of | > 3, not necessarily distinct vertices chosen independently and uniformly at random
with replacement. We are interested in the probability P;(n,p) that a random hyper-graph from this
ensemble has a non-empty 2-core (i.e. the existence of a non-empty list of hyper-edges such that, if a
vertex appears in this list then it does so at least twice).

In the next section we construct an inhomogeneous Markov chain {Z(7) = (21(7), 22(7)),n > 7 > 0},
where z1(7) and z(7) keep track, respectively, of the number of vertices of degree 1 and of degree at
least 2 after 7 steps of the decimation algorithm. As we show in Section 5, in the large n limit, this
chain is well approximated by a simpler chain with transition probabilities,

™ 2| > > > -1 - 1,42
Prp{2(r+1) =2+ (01— g0, —q) | 2(r) = 7} = ( ) )m%“ pipg (2.1)
qo — 1,41,q2
For ¥ = Z/n, 0 = 7/n,
max(x1,0) T2 Ta A
— - == 2.2
=00 0 T ilasoe 1N PTia—e (22)
where for zo > 0, we set A as the unique positive solution of
Mer —1 (1 —0)— max(xy,0
foy 2 M =1)  1(1-0) — max(r,,0) (23)

er—1—)\ o

enforcing pg + p1 + p2 = 1, while for o = 0, we instead set by continuity p; = 0 and ps = 1 — py.



Further, we show in Lemma 4.4 that n~1Z(0) converges to the non-random vector
§(0) = (le™/7,p(1 = e71/P) —1e7!7). (24)

Since the chain (2.1) has bounded increments, and the corresponding probabilities depend on the state
only through the macroscopic variables # and @, it is not hard to verify that the scaled process n~1Z(6n)
concentrates around the solution of the ODE

Doy = Fao).0), (25)
where F(Z,0) = (—1+ (I — 1)(p1 — po), —(I — 1)p1) is the mean of Z(r 4+ 1) — Z() under the transitions
of (2.1), see for instance [LMSS01, MRZ03, CDMMO03]. The solution of this ODE will be denoted by
7(0, p), often using the shorthand () (where the fixed value of p is clear from the context). From the
solution, one finds that y;(#) remains strictly positive for all § € [0,1) if and only if p > p. (see (4.3)).
As shown in [LMSS01] this indicates that, with high probability the algorithm successfully decimates
the whole hyper-graph without ever running out of degree one vertices if p > p.. Vice versa, for p < pc,
the solution 7(6) crosses the y; = 0 plane: this is shown to imply that the algorithm stops and returns
a large core with high probability. In the critical case p = p., the solution () touches the y; = 0 plane
at the unique time 6 = 6. € (0,1) (see Proposition 4.2). The principal conclusion of Section 5 is that,
near criticality, P;(n,p), can be estimated by the probability that Z(7) is small in a neighborhood of
T = nb.. More precisely,

Proposition 2.1. Let 8 € (3/4,1), J, = [n8. — n°,nb. + n°] and |p — pc| < nP 1 with 3’ < 26 —1.
Then for e, = Alogn,

TEJIn TE€Jn

I/P\’n,p{ inf z1(7) < —en} — 0 < Bi(n,p) < @n,p{ inf z1(7) < en} + 0y . (2.6)

where 8, = Dn’l/z(log n)?

At the critical point (i.e. for p = p. and 8 = 6.) the solution of the ODE (2.5) is tangent to the
y1 = 0 plane and fluctuations in the y; direction determine whether a large core exists or not. Further,
in a neighborhood of 6., we have y;(0) ~ %F(H — 6.)?, for some F > 0. In the same neighborhood, the

contribution of fluctuations to the change of z; is approximately \/én(ﬁ —0.), with G>0. Comparing

these two contributions we see that the relevant scaling is X, (t) = n~"3[z1(nfe+n?/3t) — z1(nb.)], which

for large n converges, by strong approximation, to X (t) = %ﬁ 12 + \/EW(t), for a standard two-sided

Brownian motion W (t) (see Lemma 6.1 for a precise quantitative statement). Clearly,

~ d2y1 o dF1 o 8F1 8F1

F 102 (0c) = @(y(gc)vgc) =90 + B Fy. (2.7)

In the last expression we adopted the convention (to be followed hereafter) of omitting the arguments
whenever they refer to the critical point § = 0., ¥ = 7(6.) and the trajectory considered is the critical
one, i.e. p = pe.

Fluctuations of Z(nf.) around ng(f.) are accumulated in nd. stochastic steps, and are therefore of
order \/n. As shown in Section 6, the rescaled variable (Z(nf) — ng(6))//n converges to a Gaussian
random variable. Its covariance matrix Q(60, p) = {Qab(0,p);1 < a,b < 2} is the symmetric positive
definite solution of the ODE:

WO _ (0. 0) + A(5160).0)000) + QO)A6).0)' (28)
where A(Z,0) = {Aw(Z,0); 1 < a,b < 2} for Ag(Z,0) = 0., Fo(Z,0), and G(Z,0) is the covariance
of Z(7 + 1) — Z(7) under the transitions (2.1), that is, the non-negative definite symmetric matrix with
entries

Gui(Z,0) = (I—1)[po+p1— (po—p1)?,
Gi12(%,0) = —(1—1)[pop1 +p1(1—p1)], (2.9)
Goa(7,0) = (I=1)pi(1—p1)



Here again we use the convention Q(6) = Q(0, p) when the value of p is clear from the context. The
positive definite initial condition Q(0) for Eq. (2.8) is computed on the original graph ensemble, and
given by

Qu(0) = Lye (e —1+7-77),
Q12(0) = —% ye 2 (e¥ — 1 —~?), (2.10)
Q2(0) = Le (e —1)+7(e7 —2) =721 +7)],

where v = [/p (see Section 4.2 for details).

The parameter describing the fluctuations of 21 (nf)—z1(nf.) for 6 near 6. is simply G =Gy (7(6e),6.).
As we show in Section 6, this analysis allows us to approximate the probability that Z(7) approaches
the z; = 0 plane, by replacing {Z(7)} by an appropriately constructed Gaussian process.

Proposition 2.2. Let X(t) = %ﬁﬂ + \/EW(t) where W (t) is a doubly infinite standard Brownian

motion conditioned to W(0) = 0. Further, let £(r) be a normal random variable of mean (%—?ﬁ) r and

variance Q11 (both evaluated at 0 = 0. and p = p.), which is independent of W (t).
For some 3 € (3/4,1), anyn < 5/26, all A >0, r € R and n large enough, if p, = pc +rn~/? and
en = Alogn, then

~

Py, { inf 2 (1) < ien} —P {n1/6£ +inf X(t) < o}‘ <n7". (2.11)

The key to the validity of Proposition 2.2 is the fact that within the critical time window J,, the
Markov chain of transition probabilities (2.1) is well approximated by the chain

Z(r+1) = 2'(r) + A (012 (1) — §(r/n)) + Ar (2.12)

with ;&T =1L, <., A(5(7/n, p),7/n) for 7, = [nf. —n”], and independent random variables {A,} of mean
F(§(r/n),7/n) and covariance G(5(r/n),7/n) (c.f. Proposition 5.5). In particular, taking

B7 = (]1+ 1&) : <11 + 1&”) (]1+ 1&,) , (2.13)
n n n

for integers 0 < o < 7 (while N; =1 in case T < o), we see that
~ T_l ~ ~
Z'(7) = ByHZ(0) + ) B (A — Aggilo/n)) (2.14)
o=0

is a sum of (bounded) independent random variables, hence of approximately normal distribution. Fur-
ther, the mean and covariance of Z’(7) are given by discretized versions of (2.5) and (2.8), hence are
sufficiently close to the solutions (6, p) and Q(6, p) of these ODEs (c.f. Lemma 4.3).

Combining Proposition 2.1 and Proposition 2.2 we are now able to estimate the desired probability
Pi(n, p) in terms of the distribution of the global minimum of the process { X (¢)} (that is, a Brownian
motion plus a quadratic shift). The latter has been determined already in [Gr89], yielding the following
conclusion, which is our main result. Figure 2 illustrates the accuracy of the finite size scaling expression
proved below, by comparing it with numerical simulations.

Theorem 2.3. Let [ > 3, and define oy = \/Q11 (%—ypl) , B = ﬁéQﬁ ﬁ*1/3, Pn = Pec +rn~Y/2,
Then, for any n < 5/26

Pi(n, pn) = ®(—r/oq) + BiQ &' (—r/ay) n~ Y6+ O(n~"), (2.15)

where ®(x) denotes the distribution function for a standard normal random variable, the finite constant
Q is given by the integral

Q= /0 [1-K(2)"] dz, (2.16)
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Figure 2: The numerical estimates for the core probabilities in Fig. 1, plotted versus scaling variables 71,
7. On the left: 7 = /n(p — pe)/oy. On the right: 7 = n(p — pe — Gn~=2/3)/a; where § = ;3.
According to Theorem 2.3, corrections to the asymptotic curve ®(—7) (dashed) are ©(n"1/6) on the left,
and O(n~%/26%¢) on the right.

where
dy, (2.17)

_ L[ Ai(iy)Bi(2Y/32 + iy) — Ai(2'/%2 + iy)Bi(iy)
k=g A(iy)

and Ai(+), Bi() are the Airy functions (as defined in [AS64, Page 446]).

Remark 2.4. The simulations in Figure 2 suggest that the approximation of Pi(n,p,) we provide in
(2.15) is more accurate than the O(n=5/25%€) correction term suggests. Our proof shows that one can-
not hope for a better error estimate than @(n*1/3) as we neglect the second order term in expanding
O(—r/a; + Cn~Y9), see (2.18). We believe this is indeed the order of the next term in the expansion
(2.15). Determining its form is an open problem.

Remark 2.5. It is of interest to consider the (time) evolution of the core for the hyper-graph process
in which one hyper-edge is added uniformly at random at each time step. In other words, n increases
with time, while the number of vertices m is kept fized. Let S(n) be the corresponding (random) number
of hyper-edges in the core of the hyper-graph at time n and n. = min{n : S(n) > 1} the onset of a
non-empty core. From Lemma 4.7 we have that for any p > 0 there exist k > 0 and C' < oo such that
{S(n) : 0 < n < m/p} intersects [1, mr] with probability at most Cm'~Y2. Further, fiving p < pe, the
probability of an empty core, i.e. S(m/p) = 0, decays (exponentially) in m. We thus deduce that for
large m most of the trajectories {S(n)} jump from having no core to a linear (at least mk) core size
at the well defined (random) critical edge number n.. By the monotonicity of S(n) we also know that
P {n. < m/p} = P(p,m/p). Therefore, Theorem 2.8 allows us to determine the asymptotic distribution
of ne. Indeed, expressing n in terms of m in Eq. (2.15) we get that for each fized x € R,

P {nc <mp t4+m'2p73 2 x} = ®(z) + B () m™ VS + O(m™™),

whence we read off that ne = (ne — m/pc)/(\/ﬁpgspal) + ﬂlQpé/Gm_l/ﬁ converge in distribution to the
standard normal law (and the corresponding distribution functions converge pointwise to ®(x) at rate
which is faster than m™" for any n < 5/26).

Remark 2.6. Our techniques are applicable to many other properties of the core in the ‘scaling regime’

pn = pe+rn~Y2. For example, the distribution of the number of hyper-edges S in the core can be derived
from the approximation of the trajectory of the decimation algorithm. Namely, as shown in Section 6,
for such py, near the critical time 21 (t) =~ /n&(r)+ X, (t) for £(r) and X, (t) = n'/>X (n=2/3(t—nb.)) as



in Proposition 2.2. With EX,,(t) = %(t —nb.)?, upon noting that n — S = min{t : 21(t) = 0}, we obtain
that, conditional to the existence of a non-empty core, (S —n(1 — 6.))/n* converges in distribution

to (4Q11/ﬁ2)1/4Z with Z a non-degenerate random variable. Indeed, at the relevant time window
nb.+0(n3*) the contribution of X, () —EX,() to the fluctuations of S is negligible in comparison with

that of \/n&(r). So, more precisely, based on the explicit distribution of () we have that Z 4 VU —1b

forb = 1_11/2% and U a standard normal random variable conditioned to U > rb. In formulae, Z is

supported on Ry and admits there the probability density
2z e~ 2 (rb+2)?

pz(z) = m .

Naively one expects the core size to have ©(n'/?) fluctuations. This is indeed the asymptotic behavior
for a fixed p < pc, but as usual in phase transitions, fluctuations are enhanced near the critical point.

The distribution of the fractions of vertices with a given degree within the core can be computed along
the same lines.

Proof. Putting together Propositions 2.1 and 2.2, we get that
Pin, pn) = P {nl/Gf +inf X (t) < o} +O(n™).

By Brownian scaling, X (t) = F~1/3G¥/3X (F?/3G~1/3t), where X (t) = it + W(t) and W(t) is also a
two sided standard Brownian motion. With Z = inf, X (t), and Y a standard normal random variable
which is independent of X (t), we clearly have that

p {nl/G (%_%) r 4+l /QuY + F-Y3G2R 7 < O} +0(n™")

E{o(- a% — G 5Z) b+ 0. (2.18)

Pl(napn)

The proof of the theorem is thus completed by a first order Taylor expansion of ®(-) around —r/ay, as
soon as we show that EZ = —Q, and E|Z|? is finite. To this end, from [Gr89, Theorem 3.1], we easily
deduce that Z has the continuous distribution function Fyz(z) = 1 —K(—2)?, for z < 0, while Fz(2) =1
for z > 0, resulting after integration by parts with the explicit formula (2.16) for 2. We note in passing
that taking ¢ = 1/2 and s = 0 in [Gr89, (5.2)] provides the explicit formula (2.17) for K(x), en-route to
which [Gr89] also proves the the finiteness of the relevant integral. Further, [Gr89, Corollary 3.4] shows
that the probability that the minimum of X (t) is achieved as some ¢ ¢ [—T,T] is at most Ay le=AoT?
for a positive constant Ag. With X (t) > W(t) we therefore have that

Fr(2)=P{Z <z} <P {te[in£ - X(t) < z} + A5t e~ A0T? < o=5/2T | A7t e AT

Taking T' = /z we deduce that if z < 0, then Fz(z) < C~'exp(—C|z]3/?) for some C' > 0, which yields
the stated finiteness of each moment of Z (and in particular, of E|Z|? and ). O

3 Ensembles and transition probabilities: exact expressions

3.1 Model for the (initial) graph

Throughout the paper we follow the coding literature and identify the hyper-graph with a bipartite
graph with two types of nodes: v-nodes, corresponding to hyper-edges, and c-nodes to vertices. A graph
G in the ensemble G = G;(n, m) consists of a set of v-nodes V' = [n], a set of c-nodes C' = [m] and an
ordered list of edges, i.e. couples (i,a) with ¢ € V and a € C

E= [(17 a’l)a (17 0,2), ey (]-a al); (27 a’l+1)a cees (TL, a(n,—l)l+1)7 ey (TL, anl)] 3



where a couple (i,a) appears before (j,b) whenever ¢ < j and each v-node ¢ appears exactly [ times in
the list, with [ > 3 a fixed integer parameter. The total number of graphs in this ensemble is thus

1G1(n,m)| = m™ = coeff[(eX)™, x™] (nl)! (3.1)

The ensemble of graphs G is endowed with the uniform distribution. One way to sample from this
distribution is by considering the v-nodes in order, ¢ = 1, ..., n, where for each v-node and for j = 1,...,1,
we choose independently and uniformly at random a c-node a = a(;—1y4+; € C and add the couple (i, a)
to the list £. An alternative way to sample from the same distribution is by first attributing ! sockets
to each v-node, with sockets (¢ — 1)l 4+ 1,...,4l attributed to the i-th v-node. Then, we attribute k,
sockets to each c-node a, where k,’s are mutually independent Poisson(¢) random variables, conditioned
upon their sum being nl (these sockets are ordered using any pre-established convention). Finally, we
connect the v-node sockets to the c-node sockets according to a permutation o of {1,...,nl} that is
chosen uniformly at random and independently of the choice of k,’s.

3.2 Model for the graph produced by the algorithm

The ensemble is characterized by the non-negative integers (z1, 22) = 7, 7 and [ > 3, n,m and denoted >
as G(Z,7). In order for G(Z,7) to be non-empty, we require either zo > 1 and 21 + 229 < (n — 7)l or
2o =0 and z; = (n — 7). An element in the ensemble is a graph G = (U,V; R, S,T; E) where U,V are
disjoint subsets of [n] with UUV = [n] and R, S,T are disjoint subsets of [m] with RU SUT = [m)],
having the cardinalities |U| =7, |V| =n — 7, |R| = m — 21 — 22, |S| = 21, |T| = z2. Finally, E is an
ordered list of (n — 7)l edges

E= [(il’ al)a ) (ilv CL[); (i27 al+1)7 cees (inf‘rv a’(n—T—l)l-l—l)? ) (in,-,—, a(n—r)l)] )

such that a couple (i,a) appears before (j,b) whenever i < j. Moreover, each i € V appears as the
first coordinate of exactly | edges in F, while each j € U does not appear in any of the couples in E.
Similarly, each a € R does not appear in E, each b € S appears as the second coordinate of exactly one
edge in E, and each ¢ € T appears in at least two such edges. The total number of elements in G(Z, 7)
is thus

m

h(zZ,7) = |G(Z 1) = ( ) <2> coeff[(eX — 1 — x)*2, x(" === ((n — 7)I)! .

R15 225"

The ensemble G(Z,7) is endowed with the uniform distribution. In order to sample from it, first
partition [n] into U and V uniformly at random under the constraints |U| = 7 and |V| = (n — 7) (there
are (’;) ways of doing this), and independently partition [m] to RU .S UT uniformly at random under
the constraints |R| = m — 21 — 22, |S| = 21 and |T| = 22 (of which there are (Z1,ng,-) possibilities).
Then, attribute ! v-sockets to each ¢ € V' and number them from 1 to (n — 7)! according to some pre-
established convention. Attribute one c-socket to each a € S and k, c-sockets to each a € T, where k,
are mutually independent Poisson({) random variables conditioned upon k, > 2, and further conditioned
upon Y, ka being (n —7)l — z;. Finally, connect the v-sockets and c-sockets according to a uniformly
random permutation on (n — 7)l objects, chosen independently of the k,’s.

3.3 Transition probabilities

We consider the graph process {G(7), 7 > 0}, defined as follows. The initial graph G(0) is a uniformly
random element of G;(n,m). At each time 7 =0,1,..., if there is a non-empty set of c-nodes of degree
1, one of them (let’s say a) is chosen uniformly at random. The corresponding edge (i,a) is deleted,
together with all the edges incident to the v-node . The graph thus obtained is G(7+1). In the opposite
case, where there are no c-nodes of degree 1 in G(7), we set G(7 + 1) = G(7).

We define furthermore the process {(7) = (21(7), 22(7)), 7 > 0} on Z3. Here z1(7) and 25(7) are,
respectively, the number of c-nodes in G(7), having degree one or larger than one, which necessarily
satisfy that (n — 7)l > 2z1(7) 4 222(7) for 7 = min(7,inf{7’ > 0: z1(7') = 0}).

2Since n, m and I do not vary during the execution of the algorithm, we leave them implicit in the ensemble notation.



Lemma 3.1. The process {Z(T) T > 0} is an inhomogeneous Markov process, whose transition probabil-
ities, denoted by

WHAZID) =P{Z(r+1) =2+ AZ| Z(1) = 7}
(here AZ = (Az1,Az3)), are such that W (AZ]Z) = 1(AZ = 0) in case z1 = 0, whereas for z; > 0,
hZ,T+1) (m — 21 =25\ (21 (#\ o
wWH(Azz) = ———2(r+1)1! v ! ) =
(847 h(Z,7) 1) ED: 40, Do, - @) \q2) =1
-coeff[(eX — 1 — x)Po(eX — 1)1 Fe2 xl=a0] (3.2)
! !

Here 2} = z1 + Azy, 25 = 20 + Azs. Also, using the notation zg = m — 21 — 29 and 2z, = m — 2 — 25,
the collection D consists of all integers po, qo,q1,q2 > 0, satisfying the equalities

20 = 2)—¢qo—Do,
21 = 21+q—q, (3.3)
zo = zh+po+aqi,

and the inequalities (n — T)l — (21 4+ 222) > 1 — (2po+ qo + q1) > G2, qo + po < 24, @1 < 2} (equivalently,
qo < 21), g2 < 25 (equivalently, po + q1 + g2 < z2).

Moreover, conditional on {Z(7'),0 < 7/ < 7}, the graph G(7) is uniformly distributed over G(Z,7T).
That is,

1
h(Z,7)
Proof. Fixing 7, 2= Z(7) such that z; >0, 2 = Z(7+ 1) and G' € G(Z',7 + 1), let N(G'|Z,7) count the
pairs of graphs G € G(Z,7) and choices of the deleted c-node from S that result with G’ upon applying
a single step of our algorithm. Obviously, G and G’ must be such that RC R/, S C R'US and T" C T.
So, let gg > 0 denote the size of R’ NS, pg > 0 the size of '’ N T, and ¢; > 0 the size of S’ N T.
We have go +po < m — 2} — 25, (1 < z{, and the equalities of (3.3) follow as well. Let T* denote the
set of c-nodes a € T’ for which k, > k!, and denote the size of T* by ¢z < z4. Observe that of the [
edges of the v-node 4 deleted by the algorithm in the move from G to G’, exactly one edge hits each of
the nodes in R’ NS, at least one edge hits each of the nodes in S’ N T, and each of the nodes in T*,
while at least two edges hit each of the notes in R’ N'T. Consequently, 2pg + qo + q1 + g2 < I. Since
z1 > 0 we know that 7 = 7 and further, (n — 7 — 1)] > 2] + 224, which in view of (3.3) is equivalent to
(n—7) — (21 +222) > 1— (2po + qo + q1) > q2 as claimed.

To count N(G'|Z, ) we first select the v-node i to add to G’ from among the 7 + 1 elements of U’,
and the order (permutation) of the [ sockets of i that we use when connecting it to the c-nodes for
creating G € G(Z, 7). Summing over the set D of allowed values of py, qo, 1, g2, for each such value we

have (mq_ozgo_zé) ways to select the nodes of R’ that are assigned to S, T' and R, then (Zi) ways to select

those of S’ that are assigned to T" and ((Zlé) ways to select those of T” that are assigned to T*. We further

P{G(r) =G{z(r),0< 7 <7}} = I(G e G(zZ,7)). (3.4)

have coeff[(eX — 1 —x)P0(eX — 1)1+42 x!=9] ways to select the precise number of edges (> 2) from i that
we are to connect to each of the pg nodes in R’ N T, and the precise number of edges (> 1) from 7 that
we are to connect to each of the ¢; nodes in S’ N T and to each of the g2 nodes in T*, while allocating
in this manner exactly I — gy edges out of ¢ (the remaining go then used to connect to nodes in R' N S).
Finally, noting that for each of the graphs G thus created we have exactly gy ways to choose the deleted
node from S while still resulting with the graph G’, we conclude that

N@Z7) = (+)Uuy. <m A Z2> <21> <Z2> Gocoeff[(€X — 1 — x)P0(eX — 1)1+ xl=wo].

D 4o, Do, * q1 2

We start at 7 = 0 with a uniform distribution of G(0) within each possible ensemble G(2(0),0). Since
N(G'|J, 1) depends on G’ only via o’ it follows by induction on 7 = 1,2,... that this property, namely
(3.4), is preserved as long as 7 = 7, since if z1(7) > 0, then

P{G(r+1)=G|{Z(r"),0<7 <7}} = —7) ,
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is the same for all G’ € G(Z+ AZ, 7+ 1). Since there are exactly h(Z+ AZ, 7+ 1) graphs in this ensemble,
we thus recover also (3.2). Finally, noting that G(7) = G(7) and Z(7) = Z(7) we deduce that (3.4) holds
also when 7 < 7. O

4 Asymptotic expressions

4.1 Properties of the ordinary differential equations

We derive here the properties of solutions of the ODEs (2.5) and (2.8) that are needed for our analysis.
This is based on the continuity of (Z,0) — p.(Z,0), a = 0,1,2 on the following compact subsets of
RQ X R+,

gle) = {(#,0): —1<z1;0<=z9;0€[0,1—¢]; 0<(1-0)—max(x1,0)— 2z},

and ¢4 (e) = q(e) N {z1 > 0}, as stated in

Lemma 4.1. For any € > 0, the functions (Z,0) — p.(Z,0),
continuous on q(€). Further, on ¢y (€) the functions (Z,0) — pa(
derivatives.

a = 0,1,2 are [0,1]-valued, Lipschitz
Z,0) have Lipschitz continuous partial
Proof. Fixing € > 0, the stated Lipschitz continuity holds for po(#, #) since both max(z1,0) and 1/(1—6)
are Lipschitz continuous and bounded on q(€). Further, po(Z, 0) € [0,1] throughout g(e). Setting f1(0) =
2, note that f; : Ry — [2,00) of (2.3) is a monotone increasing, twice continuously differentiable function,
with f{(\) = [(e* —=1)2—=)2e*]/(e* —1—\)? strictly positive and bounded away from zero throughout R, .
Consequently, the inverse mapping f| ! is well defined and twice continuously differentiable on [2, c0),
from which we deduce that for each 6 > 0 the non-negative function A\(Z, #) is well defined, bounded and
continuously differentiable on the compact set g(e) N {(Z,0) : zo > d}. Though A(Z,0) T oo as z2 | 0,
note that p = (1 — po)(1 — g())) for g(\) = A/(e* —1). In particular, since po = 1 — pg in case x5 = 0,
it follows that po(Z,0) is continuous throughout g(e). Since po(Z, ) is Lipschitz continuous on ¢(e),
the Lipschitz continuity of py follows by showing that, for x1 # 0, g(A(Z,8)) has bounded derivatives
as 2 | 0. By letting £ = (Z,6) € (), we have Oz, 9(A) = g'(A\)0¢, A. Using the definition (2.3), and
recalling that f{(\) is bounded away from zero, it follows that |9, \| < Cz;* as x2 | 0. On the other
hand, |g/(A)| < Ce™ < Ce~C"/#2 in the same limit thus implying that dg,g()) is bounded.

Further, the identity (2.3) is equivalent to po+p1+p2 = 1, which thus implies that p; is also Lipschitz
continuous on ¢(¢€). Finally, since both A(Z, 8) and z2 are non-negative throughout g(¢), the same applies
for p; and po, and consequently, p, € [0, 1] for a = 0,1, 2.

Considering for the remainder of the proof £ = (Z,6) € G4 (e), we replace max(z1,0) by 21 in
the definition of (pg,p1,p2). The stated regularity of po is then obvious and as before the regularity of
p1 = 1—po—p2 follows from that of po = (1—pg)(1—g(N)). To this end, we see that it suffices to show that
O¢,g(N) = ¢’ (X)0¢, A, are Lipschitz continuous in € on the compact set gy (¢). As seen already A — ¢/(\) is
bounded and Lipschitz continuous on R, and 8&)\(5) is bounded and has bounded derivatives on gy (e)N
{¢: 2y > 6}. The proof is completed by showing that 0, [9' (N0, Al = 9" (M), A0, A + g'(N)Og, O, A
converges to zero as xo — 0. This is proved similarly to what was already done for the first order
derivatives. Indeed, the first and second derivatives of A — f1(\) as well as £ — Og, [x2 f1(N)] and its
partial derivatives are all bounded, hence |9, \| < C;” and |0, 0¢,A| < Czy* as x5 — 0, which since
A — oo inversely proportional to x5 — 0, is more than compensated by the exponential decay in A of ¢’
and g”. O

Setting h,(u) = u — 1 + exp(—lu!~!/p) and the finite and positive critical density
pe=inf{p >0: hy(u) >0 Vue (0,1]},

we have the following properties of the ODEs.
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Proposition 4.2. For any p > 0, the ODE (2.5) admits a unique solution i subject to the initial
conditions (2.4), and the ODE (2.8) admits a unique, positive definite, solution Q subject to the initial
conditions (2.10), such that:

(a) For any e > 0, 6 < 1 — ¢, we have that (§(0,p),0) is in the interior of q(¢), with both functions
(0,p) — ¥ and 0 — Q Lipschitz continuous on (0,p) € [0,1 —¢€) x [e,1/€].

(b) Let u(0) = (1 —0)"/! and 0_(p) = inf{0 >0 : h,(u(#)) <0} A1. Then, for 6 € [0,0_(p)]

yi(0.p) = 1u(®)' ~Mu(0) — 1+ e O, (4.1)
l -1 -1
pl0.0) = S[=e O —qu(e) e O (4.2)

(where v = 1/p). In particular, (0, p) — ¥ is infinitely continuously differentiable and (0, p) — Q
is Lipschitz continuous on {(6,p) : 0 <min(6_(p),1 —¢), e < p < 1/e}.

(c) Let 0.(p) =inf{d >0 : h,(u(f)) <0}. Then, 0.(p) =sup{d <1 : y1(6',p) >0 for all 0’ €[0,0)}
and the critical density is such that

pe=nf{p>0: O,(p)=1}=inf{p >0 : y1(0,p) >0 VO€[0,1)}. (4.3)

(d) The critical time 0. = 6. (p.) is in (0,1), whereas 0_(p.) = 1. For p = p. the infinitely continuously
differentiable function 0 — y1(0) is positive for 0 # 0., 0 # 1, with y1(0.) = y1(0:) = 0, and
Yy (0:) > 0, while y1(1 — &) =18 + 0(d) for any § > 0.

Proof. (a) For any p > 0 the initial condition #(0) of (2.4) is such that (7(0),0) is in the interior of g(e).
Further, fixing € > 0, by Lemma 4.1 we have that F' (Z,0) is bounded and Lipschitz continuous on g(e).
Consequently, for § € [0,0.] there exists a unique solution ¢(6) of the ODE (2.5) (i.e. g—g = F(7,0)),
starting at this initial condition, where 6. = inf{f > 0 : (%(0),0) ¢ q(e)} is strictly positive, and
(7(6e), 0¢) is necessarily on the boundary of g(e). We proceed to verify that 8. = 1 — € by showing that:

(i) y1(0e) > —I. Indeed, since y1(0) > 0 and Fy(¢(6),0) > —I, we have y1(0.) > —16 > —I.

(i1) y2(0:) > 0. In fact zo = 0 implies p1(Z,0) = 0, and therefore F5(Z,0) = 0. By the Lipschitz
continuity of Fy on g(e) it follows that F»(#,0) > —Cxy for some finite C' and all x5 in g(e).
Therefore, y2(0.) > y2(0)e~C% > 0.

(iii) v(0.) > 0, where v(0) = w(y(0),0) for w(Z,0) = I(1 — §) — max(z1,0) — 2z5. Indeed, note that
v(0) > 0 and

dv . .

3 = 120 = Dpu(7,0)] L1 () < 0) — (I = 1)p2 (7, 0) L(y1.(6) > 0).

Further, recall that if w(Z, 8) = 0 then py (7, 0) = 0, and if in addition 1 < 0, then also p1(Z, ) = 1.
Hence, by the Lipschitz continuity of pi(-,-) and pa(-,-) on g(€) we have that pa(Z,0) < 2Cw(&, )
and p1(Z,0) > (1 — Cw(Z,0))I(z1 < 0) for some finite C' > 0, throughout g(e). Since I > 2, it
follows that 9% > —2(I — 1)Cwv(6) for all 0 € [0, 0], resulting with v(,) > v(0)e~2(~1Cb > 0.

Lemma 4.1 further implies that for any a,b € {1,2} both Au(Z,0) = 0., Fu(Z,0) and Gup(Z,0) are
uniformly bounded over g(€). The linear ODE (2.8) has these functions as its coefficients, for & = ().
We thus deduce that there exists a unique solution Q(6) of the initial value problem for this ODE at
least for 6 € [0, 6.]. With 6. =1 — € and € > 0 arbitrarily small we established the existence of a unique
solution (¢, Q) for 6 € [0, 1).

If also follows from the above discussion that 8. = 1 — ¢ and (0, p) is Lipschitz continuous in 6
on [0,1 — €] x [e,1/€]. Further, applying Gronwall’s lemma, the Lipschitz continuity of F(Z,6) implies
that the solution ¢(6) of the ODE is then also Lipschitz continuous with respect to the initial condition
7(0), with a uniform in # < 1 — € bound on the corresponding Lipschitz norm. Clearly, ¢(0) of (2.4) is
differentiable in p with a uniformly bounded derivative when p € [¢,1/€]. Consequently, we arrive at the
stated Lipschitz continuity of (6, p) — %(6, p).
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The same argument shows that the initial conditions (2.10) for the ODE (2.8) are bounded in
p € [e,1/¢€]. Further, §(6, p) stays in g(e) and with the coefficients of the linear ODE (2.8) uniformly
bounded on [0, 1—€] x [¢, 1/€], its solution Q is also Lipschitz continuous in 6. Suppressing the dependence
of the various matrices on p, set IB%E =1 and, for 8 > ¢

0
dB;

W - A(5(6), 0)BY . (4.4)

It is easy to check that the unique solution of (2.8) is given by

Q(6) = BYQ(0) (BY)' + / "B G((0), ¢) (BY)'dc. (4.5)

for the non-negative definite matrix G(&, 0) of (2.9). In particular, starting from the symmetric, positive
definite Q(0) of (2.10), this implies that Q(#) is non-negative definite. Further, since detB) = 1 and

d(detBY)

TR (detBg) Trace(A(#(0),9)),

with the entries of A(Z,6) uniformly bounded, it follows that detBY > 0, hence the solution Q(#) of (2.8)
is positive definite.

(b) Though this is a special case of a result of [LMSSO01], we provide its short proof for the reader’s
convenience. We first check that (6, p) of Egs. (4.1) and (4.2) is the unique solution of the ODE (2.5)
for 6 € [0,0_(p)]. To this end, first note that for # = 0 the functions 7(0, p) of Egs. (4.1) and (4.2) satisfy
the initial condition (2.4). Further, the function y; (6, p) of Eq. (4.1) is non-negative for 6 € [0,0_(p)].
Hence, upon substituting y1 (6, p) for max(z1,0) and y2(0, p) for z2 on the right hand side of Eq. (2.3), and
noticing that (1—6) = u(6)’, it is not hard to verify that this equation is satisfied by A((6), ) = yu(#)' 1.
Using this value of A yields after some algebra that Fy (¢(0),6) = —1— % (u—1—|—e_’V“l71 —’yul_le_wlfl)
and Fy(4(0),0) = —y(l — 1)ul*26*7“l_1. With 9% = —¢!=!/1, it is then immediate to verify that the
functions given by Egs. (4.1) and (4.2) indeed satisfy Eq. (2.5) as long as 6 < 6_(p). Clearly, %(6, p) of
Egs. (4.1) and (4.2) is infinitely continuously differentiable on [0,1 — €] x [, 1/¢€]. With Q(, p) Lipschitz
continuous in 0 (by (a)), it remains only to show that this function is Lipschitz continuous with respect
to p € [e,1/€]. Since the ODE (2.8) is linear and of bounded coefficients, with initial condition Q(0) of
(2.10) that is Lipschitz continuous in p € [e,1/€] it suffices to show that the coefficients Ay, (%, 0) and
Gap(Z,0), are Lipschitz continuous in Z on ¢4 (¢). We deduce the latter property from Lemma 4.1 upon
noting that these coefficients are smooth bounded functions of p, and 9y, pg.

(¢) We turn to verify that p. satisfies (4.3). We have already seen that the solution of (2.5) starting
at 7(0) of (2.4) is given for 6 < 0.(p) < 6_(p) by Egs. (4.1) and (4.2), and in particular is such that
y1(0,p) > 0 for all § < 0.(p). Further, p — 6.(p) is monotone non-decreasing, and since u(1) = 0, we
see that 0,(p) <1 for all p > 0. Thus, to complete the proof it suffices to assume that for some positive
0 and pg the solution of the ODE (2.5) is such that y1(6, po) > 0 for all 8 € [0, 8.(po) + d] and arrive at
a contradiction. To this end, note that for p = pp and 8 < 6.(pg) + J, the solution of (2.5) must also
satisfy the modified ODE .

Do) = F(510).0), (16)
where F*(Z,0) = (=1 + (I — 1)(pt — pg), —(l — 1)p?) and p* are obtained by replacing max(z1,0) in
Egs. (2.2) and (2.3) with z7. Modifying the set g(e) in the same manner, it is easy to verify that the
statement and proof of Lemma 4.1 remain valid for p’(Z,0) (apart from the fact that the latter are
not [0, 1] valued). We also find that . = 1 — € for the ODE (4.6), from which we can deduce that the
latter ODE also admits a unique solution subject to the initial condition (2.4). Further, the preceding
computations show that for every p > 0 the solution of (4.6) starting at (2.4) is given by Eqgs. (4.1) and
(4.2). In particular, at p = po this is also the solution of the ODE (2.5) on [0, 6.(po) + d]. However, by
definition of 6. (p), necessarily y1 (6, po) of (4.1) is non-positive for some 6 € (6.(po), 0+ (po)+9), resulting
with the desired contradiction.
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(d) Simple calculus shows that either u +— h,(u) is monotone increasing and positive on (0, c0), which
happens for all p large enough, or h;,(u) = 0 has exactly two positive solutions, u; = u1(p) corresponding
to a local maximum of h, and us = us(p) > u; corresponding to a local minimum of h,. With h,(0) =0
and h,(-) positive on [1, c0), while h,(u2(p)) < 0 for all p > 0 small enough, it follows from the definition
of pc that h, (u2) = 0 at us = ua(pe) € (0,1) and h,, (u) is positive at any positive u # us. Hence,
by definition 0_(p.) = 1 while 6,(p.) = 1 — uz(p.)! € (0,1). From part (b) of the proposition we thus
have that at p = p. the function y;(6) is infinitely continuously differentiable, with y; () = h(u(6)) for
h(u) = lu'=th, (u) (cf. Eq. (4.1)). In particular, y;(6) is then zero when 6 = 6. or § = 1 and positive
elsewhere (per the preceding analysis of h,_ ). Further, at § = 6, we have u(f) = ua(p.), an isolated
minimizer of h(u), and as u/(6.) > 0, it follows by elementary calculus that y}(6.) = 0 and 3 (6.) > 0.
Also, h(u) = lu!(1 + O(u!=?)) for small u, hence y1(1 — &) = 1§ + o(8) at p = pe. O

We conclude this section by showing that the discrete recursions corresponding to the mean and
covariance of the process Z’(+) of (2.12) are near the solution of the relevant ODEs (at least for p near
pe and up to time 7, = |nf. — n?]). More precisely, for A, = I, -, A(5(7/n, p),7/n), let

JHr+1) =G (r) + 0 A (7 (7) = 7 /n) + 0T E (@ (r /), /) (4.7)

starting at §*(0) = ¢(0, p) and consider the positive definite matrices

T—1

Q. =B 'Q(0, »)(E; ) + 3. B G(g(o/n), o/n) (Br7h) (4.8)

o=0
for BY, of (2.13). Then,
Lemma 4.3. Fizing € (3/4,1) and 8 < 26 — 1 we have for all n large enough and |p — pe| < n® !

F

|n1/2y1*(7_n) . §n2,373/2 _ n1/2(p _ Pc)%(ec, pe)| < C'n38-5/2 : (4.9)
I

the matrices {I@; : 0,7 < n} and their inverses are uniformly bounded with respect to the Lo-operator

norm (denoted || - || ), and

1Qr,, = Q(0c; pe)|| < O, (4.10)
for some finite C = C(8,5') and all n.

Proof. Recall part (a) of Proposition 4.2 that ¢(6, p) € q(e) for 8 < 1 — 2¢ and p € [¢,1/€]. Thus, fixing
B, 3 and 0 < e < (1 —6,.)/2, it follows that the operator norm of A, is uniformly bounded over 7 < 7,,
lp — pe| < n? =1 and n > ng (hereafter n; and ¢;, i = 0, 1,... are two non-decreasing sequences of finite
constants, each depending only on I, 3, 3 and €). Consequently, the matrices IE; of (2.13) and their
inverses are also uniformly bounded with respect to the Lo-operator norm for n > ni, o, 7 and p as
before.

We proceed to show that {g*(7),7 < 7,} is close to the solution ¥(-, p) of the ODE (2.5). To this
end, let D () = §7* () — §(7/n, p), noting that by definition D (7 + 1) = (I+n"*A,) D% (1) + &, (1) for
T > 0, with DX (0) = 0 and

T41
n

Er) = / " [F((r/n),7/n) — F(50),0)]d0.

.

By the Lipschitz continuity of (6,p) — % on [0,1 — €] X [¢,1/€] (see Proposition 4.2), we know that
[|7(8) — g(7/n)|| < co/n for some finite ¢, all 6 € [7/n,7/n+1/n] and any 7 < (1 — €)n. Further, since

||F(Z,0)|| <2l and (Z,0) — F = (=1+ (I — 1)(p1 — po), —(I — 1)py) is Lipschitz continuous on g(e) (see
Lemma 4.1), we deduce that for some finite constant C,, = C(l,¢€) all m, 7 < (1 — €)n and p € [¢, 1/€],

- 1 — — _
1n (Tl < ~ sup |E(5(6),0) — F(g(r/n),7/n)|| < Cn™2. (4.11)
oc[r/n,7/n+1/n]
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Since D (1) = E;;(l) ﬁ;ﬁé(o), and ||BZ|| are uniformly bounded, we deduce that
sup sup sup ||y (1) —g(t/n,p)|| <1 < 0. (4.12)
n>nz |p—p.|<nf’'—1 T<Tn

Let 0, = 7, /n, A0, = 0,, — 0. = —nP~1 and Ap = p — p.. Note that y; (0, p.) > ¢(AF,,)? for some
¢ > 0,allnand 6 € [0,0,] (see part (d) of Proposition 4.2). Further, recall that |Ap| < n” ~! = o((A6,,)?)
by our choice of ' < 23—1. The Lipschitz continuity of p — (0, p) for § < 6_(p) thus implies that both
(0c, pe) and (0,,, p) for n > ny and |p—pe| < n? =1 are in the set A. = {(0,p) : 0 < min(A_(p),1—¢), € <
p < 1/e} where (6, p) — 7 is infinitely continuously differentiable (see part (b) of Proposition 4.2). Hence,

by Taylor expanding y;(-) around (6., p.) where y; = % = 0, we obtain that for some ¢}, ¢z and all n,

oy 1 2 1
O, p) — Ap 2L -
Y1(On, p) P ap B

S| < (B0 + 180 (1801 + (80,)) < eon®OD (4.13)

(Aby)

(with all partial derivatives evaluated at (fc,pc)). Recall that F = %29%1, so the left side of (4.9) is
bounded above by

82y1

062

. . 0 1
WG () = §n /s )| 012 10 p) = Ap it = 5 (A00)?

Thus, controlling the first term via (4.12) and the second term via (4.13) yields the bound of (4.9).

Turning now to the proof of (4.10), recall that the solution Q(-) of Eq. (2.8) is Lipschitz continuous
in (6, p) on the set A, (see part (b) of Proposition 4.2). As both (0., pc) and (6., p), n > n4 are in this
set, it follows that for some finite ¢4, ¢3 and all n,

1Q(On, p) = QOe, po)l < (10| + |Ap]) < csn”

(recall that 3’ < 28 — 1 < (). Further, Q(@, p) is given by (4.5), where the matrices G((¢), () are
bounded and Lipschitz continuous in ¢ (with respect to the Lo operator norm) uniformly in n > ny and
¢ < 0,,. The same uniform boundedness applies for Q(0, p) and Bg, 0<¢ <60 <1-—c¢ (see proof of
part (a) of Proposition 4.2). Hence, comparing Egs. (4.5) and (4.8) we thus deduce that (4.10) is an
immediate consequence of

sup [|Blg' —BZ || < eanh, (4.14)
0<(<bn

T/n
o/n

holding for some finite ¢4 and all n. To this end, let D, (o,7) = ||IE%[T,*1 - B
definition of IB%? and B7, we have that D,,(c,0) = 0 and for all 7 > o,

||, noting that by the

ABIT — A(7(0, p), 0)B?

o/n

D,(o,74+1) < Dy(o,7) +n~t  sup
oe[z, =)

(4.15)

n’ n

As (79, p),0), 0 < 6,, and n > ny are in the set g1 (¢) in which (Z, 8) — A(Z, 0) is bounded and Lipschitz
continuous (for the operator norm), it follows that for some c; finite and all n,

sup  sup  [|A; — A(§(0, p), 0)|| < csn! (4.16)

T<Tn 96[%,77“]

Further, with ||A(7(6, p), 0)|| bounded uniformly in (6, p), we have from (4.4) the existence of ¢ finite,
such that

1BY - BZ|| < co(l0 — 0 +1¢ — '), (4.17)

for any p € [6,1/e] 0 < (<0<1—¢and 0 < <@ <1-—ec So, with Ar, B;;Z and A(-) uniformly
bounded, by the Lipschitz properties (4.16) and (4.17) we have that

|A, B~ — A(5(0),0)BY .|| < crDy(0,7) +csn™t,

o/n
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for some c7, cg finite and all n, 0 < 7 < 7, and 6 € [7/n, (7 + 1)/n]. Plugging this bound in (4.15) we
have that D,,(o,7+1) < (1+cn~ 1) D, (0, 7) 4 cgn™2, from which we deduce that for some cg finite and
all n,
max  Dy,(o,7) <con'.
0<o<7<m,

By (4.17), this yields the bound (4.14), hence completing the proof of (4.10) and that of the lemma. O

4.2 Asymptotic enumeration of the graph ensemble

Here we show that the initial distribution of the Markov chain Z(-) of Section 3 is well approximated
by a multivariate Gaussian law of mean ng(0) and positive definite covariance matrix nQ(0), with the
rescaled mean #(0) and covariance Q(0) given by the initial condition of the corresponding ODE’s,
namely, Egs. (2.4) and (2.10), respectively.

Lemma 4.4. For ¥ € R? and a positive definite d-dimensional matriz A, let Gq(:|%; A) denote the d-
dimensional normal density of mean T and covariance A. Further, let Z = (21, 22) denotes the number of
c-nodes of degree 1 and of degree strictly greater than 1 in a random graph from the Gi(n, |np|) ensemble.
Then, for any € > 0 there exist finite, positive constants kg, k1, ke and k3, such that for all n, r, and

p€le /e,

[EZ—=ng(0)] < ko, (4.18)

PIZ-EZ|>r) < mpe/mn, (4.19)

sup sup |P{a-Z <z} — Go(ZIng(0);nQ(0)) dZ | < ksn~ V2. (4.20)
wER? x€R i-Z<x

Proof. Set m = |np| and v = 1/p. Recall that the description of the ensemble G;(n,m) in Section 3.1
provides the following expression for the probability P(2) of having exactly z1 c-nodes of degree one and
zo c-nodes of degree strictly greater than one,

h(Z,0) Py {gm = (217Z2;nl)}
mt Py {SS,)) = nl} 7

(4.21)

where S, = > X, for X; = (Iny=1,In,>2,Ni) € Zi and N; that are i.i.d. Poisson(y) random
variables. Consequently,

P, {S%) ) =nl—1}

B, {8 =t}

Pv{‘sﬁll = nl}
P, s =ni}

With |pn —m| < 1 and §(0) of Eq. (2.4) such that ng(0) = np(P,{N1 = 1},P,{N1 > 2}), we easily get
(4.18) upon using the fact that S,(f) is a Poisson(k+) random variable and the sequence mle(1 — )™ —1]
is uniformly bounded.

By (4.18), in deriving (4.19) we may and shall replace E Z by %gj’(O) = (ES&,},),EST(,%)). In view of
(4.21), the stated bound (4.19) is then merely,

Ez = mP{N, =1}

Ez = m—Ez —mP,{N:. =0}

P, {|S5) —ESQ 2 + 52 ~ES@2 272 | SP = ni} < wyer/n,

which is an immediate consequence of Hoeffding’s inequality for the partial sums (Sg), 57(73)) and the

(3) _

uniform lower bound P, {S nl} > en™1'/? with ¢ > 0 depending only on € and [.
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Observe next that X; are non-degenerate lattice random variables on R?, having minimal lattice Z3,
finite moments of all orders and such that

B p1(1—p1) —P1P>2 p1(1—7)
cov(X;) =V = —p1p>2 p>2(l—p>2) v—p1—>2 |,
pi(l=7) 7 —=p1—p>2 g

with p1 = P,(IV; = 1) = ye ™ and p>o = P,(N; > 2) = 1 —e™ 7 —ye 7. Thus, upon bounding
(1+||@|?)P1(=Gs(-|0,V) : {€,})(@) for the correction term P; of [BR76, (7.19)] (with {£,} denoting the
cumulants of the law of X1), uniformly in v € [¢/,1/¢] and @ € R3, it follows from Corollary 22.3 of
[BR76] (with s = 3 there), that for some finite ¢ = ¢(€’), any such v, all m and 7 € Z2,

em ™2

O )
}JP,Y{Sm z} GalZe | mies V)| < = (4.22)

-,

where Z, = (Z,nl) and %, = p~1(7(0),1) = IEW)_('l. Applying the same argument for S% e RY, and
possibly enlarging ¢(¢’) as needed we further have that

P {S®) = ni} — Gi(nl | mry; mVsz)| < em™L. (4.23)

Next, summing the bound of (4.22) over Z € Z2, we deduce that for some finite ¢’ = ¢/(¢) any v and m,

Z ‘P7 {,S_"m = Ze} — G3(Z, | mZe; mV)| < m™L. (4.24)

zZez?

Further, PW{S(?,’) =nl} = >..P.{S,, = 7.}, hence we get from Eq. (4.21) and the bounds of (4.23) and
(4.24) that for some finite k = k(€¢’) and any v and m,

D

Z€Z?

G3(Ze | mZe mV) em™t 4+ c'm~!

G1(nl | my; mVss)

< kn~1/? (4.25)

P(z) -

= Gi(nl|my; mVss)

(with the rightmost inequality due to the uniform lower bound on m'/2Gy (nl | m~y; mVas) for |nl —mry| <
1/€'). The ratio G3(---)/G1(---) appearing in (4.25), is the conditional distribution of (z1, 22), given
z3 = nl, under the (joint) law Gz(---), which is thus a Gaussian distribution of mean n’g(0) and the

positive definite covariance matrix n'V, with n’ = m/p and the entries of the 2-dimensional matrix V
given by V;; = p[Vij — VigV}g/Vg,g]. Upon substituting the expressions for p; and p>2, we see that V
coincides with Q(0) of Eq. (2.10).

So, it follows from (4.25) that

sup sup |P{d-Z <z} — Z Ga(Z)n'7(0); n'Q(0))| < kn~1/2.

ZER2
wER2 zeR @-7<z

We thus arrive to (4.20) upon observing first that

sup sup sup +| 3 Ga(AN(0): hQ0) - [ Galn510):h0(0)) d2
h<1l4€eR? zeR i 7<w a-z7<x

is uniformly bounded in v by the Euler-MacLaurin sum formula (c.f. Theorem A.4.3 of [BR76] for the
Schwartz function G (-|0; Q(0)), where the correction in A, () of [BR76, (A.4.20)] to the Gaussian distri-
bution is then at most x’h for a finite x’(¢), all # € R? and ), then noting that \/n sup; sup,, |G (@, z;n)—
G(u,z;n’)| is bounded in v, n and |0’ — n| < 1/e for the Gaussian distribution function G(@,z;r) =
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4.3 Asymptotic transition probabilities

We next prove an approximated formula for the transition probabilities W (AZ]2), that we often use
in the sequel. This formula is valid throughout Q4 (¢) = Q(e) N {z; > 1} C Z3, where for each € > 0,

Qle)={(Z,7) : —nl+ne<z1;ne<z; 0<7<n(l—-¢); ne<(n—r7) —max(z,0) — 222} ,

is a finite subset of Z3. As many of our approximations involve the rescaled variables & = n~'Z and
6 = 7/n, we note in passing that if (Z,7) € Q(e) then necessarily (Z,0) is in the set g(¢) of Lemma 4.1
and if further (2, 7) € Q4 (e) then also (Z,60) € ¢4 (e).

Lemma 4.5. For each 0 € [0,1) let Ky : R? — Ky denote the projection onto the convex set Ky = {T €
R3 : 21 + 222 < I(1—0)}. Recall that each 6 € [0,1) and & € Ko specifies by Egs. (2.2) a well defined
probability vector (po, p1,p2). For such 0, T define the transition kernel

—~ -1
We(AZ)T) = Go=lgdiydz 4.26
waga = (0 et (420
where qo z/\—Azl — Az > 1, q1 = =Nz >0, ¢g =1+ Az; +2A2 > 0. For any & € R?, set
Wy (-|%) = Wo(:|Kg(Z)). That is, Azy = —1 — Go + q1 and Azy = —qu, with (go,q1,q2) having the

multinomial law of parameters | — 1, pg, p1, P2 that correspond to the projection of & onto Ky.
Then, there exist a positive constant C = C(l,€), such that, for any p € [e,1/¢], (Z,7) € Q1 (€),
Azye{-l,....01 =2}, Azp e {—(1—1),...,0}, and all n

‘W:(Azm W, (AZ17)| <

S1Q

Proof. Following the notations of Lemma 3.1, for each ¢ = (po, q0,¢1,92) € D, let

a(@) = <p0 i Q2)C0eff[(€x — L= x)Po(eX — 1)t xImw], (4.27)
Do, 41,42

and for Z = (z1, 22) let

0= (2 (0, )@

e qo—1 o+ q1+q2

Using the identities zo = 2z, — go — po, 21 — q1 = 21 — qo and z§ — g2 = 22 — po — 1 — ¢2 of (3.3) it follows
after elementary algebra that g;(Z) equals the sum over D in (3.2) times the term (, ™ )/(,, 7 .,).

’ ’ ’
20,2122 20171522

Next note that for any A > 0, and integers ¢, s > 1,
pa(t,s) = coeff[(e* — 1 — x)!, x*]A*(e* =1 = \)7¢, (4.28)

is precisely

pa(t,s) =Py {Z N; = s} ,

where {N;} are ii.d. random variables, with Py(N; = k) = P(Ny = k[N, > 2) and N, a Poisson
random variable of parameter A > 0. It is not hard to explicitly compute

et —
fi(A) =Ex(1) = %,
ROV =Van(N) = gt 17 - e,

and the normalized k-th moment fi(\) = Ex(N1 — f1(A\)*/f2(N)*, k> 3.
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The behavior of f; was already considered in the proof of Lemma 4.1. Moreover fo : Ry — Ry
is bounded away from zero and infinity when A is bounded away from zero and infinity, respectively,
resulting with fx(A) that are also bounded away from infinity for each k.

Using (4.28) and writing explicitly the remaining terms in the expression (3.2), it is not hard to
verify that

L 4 fl(n—1)—1 -1 pa(Zy, (n—7—=1)1—2}) .
+ A — -1 )\l-l—Azl )\_1_)\ Azo 2 1 4.9
N G (e e e G ITE

where 21 = 21 + Azq, 25 = 20 + Azy and §;(2) = gl(Z)/n(l_l).

Let £ = ((n — 1)l — 21)/22. Since (n — 7)l > 21 + 229 we have that £ > 2, and there exists a unique
non-negative solution of f1(\) = £. Further, as long as (2,7) € Q4 (¢) we get that 2+ (¢/p) < € < /e
and hence €2 < \ < [/e (for p < 1/€). We show in the sequel that this implies that there exist a positive
constant C' = C(I, €), such that, for any Az, € {—I,...,1 —2} and Az € {—(1—1),...,0},

palz2 +Azo, (n—7) — 21 — 1 — Azy)

-1 <
palze, (n— 1)l — 21) -

g (4.30)

Further, the positive term A'T2%1 (e* — 1 — X\)2#2 does not depend on n, whereas elementary calculus

implies that
(=Dl —1\"" 1—1)
-1 (( 1—)1 ) _ W (14 Ry), (4.31)

where |R,,| < C(1)/(ne) in Q4 (¢).

We turn to the asymptotic of §;(2) for (Z,7) € Q4 (¢). To this end, note that the condition 2pg + go +
q1+q2 < I implies that the set D is at most of size [* and that the non-negative coefficients ¢;(§) of (4.27)
are bounded, uniformly in ¢'by some K = K (I) < oo that is independent of z; and z5 (hence independent
of n). On @, () the contribution to §;(Z) of the term indexed by ¢is at most Kn~(=1) (nl)potaotai+a—1,
As 2po+qo+q1 + g2 < I, the sum over terms with either py > 0 or go < [ —qg—q1 is at most K!=Po+3p~1,

Consider now ¢ with pg = 0 and g2 = [ — gg — q1, in which case ¢ = —Azo and g = —Az1 —Azy > 1
are uniquely determined by AZ. Note that ¢;(§) = (l qo) for these choices of pg and g2, resulting with

TS 2 Rt ) IR S -1 _ 139
a(Z)=n —a0) (=)' \go—1a1,0 R (4-32)

for some |R,| < K(I,€)/n. Since,

2
.13(110_1 <1 _ l_) < n—(20—1) (z1 —1)! < .13(110_1
n (21 — qo)!

)

replacing n~(© =1 (z; — 1)1/(2; — qo)! in (4.32) by 2%~" and collecting together (4.29), (4.30), (4.31),
and (4.32), results with the statement (4.26) of the lemma (note that 2g; + g2 =1+ Azp).

We complete the proof of the lemma by showing that (4.30) is a consequence of a local CLT for
the sum Sy of i.i.d. lattice random variables X; = (N; — &)/ f2()\). Indeed, X; have zero mean, unit
variance and for some finite Cj, we have that |E(XF)| = |fx(\)| < Cy for all (z,7) € Q4 (e). Further,
pa(22, (n = 7)l — z1) = P(Sk = 0) and pr(z2 + Azg, (n — 1)l — 21 — 1 — Az;) = P(Sp = 1) for k = 29,
E—k=Aze{-(1-1),...,0} and n = —(I + Az; + {Az3)/ f2(A\). Note that 5 is uniformly bounded
by some ¢; = ci(l,€) on Q4 (e) and in the lattice of span b = fo(\)~! of possible values of Si/. Thus,
for some finite ¢y = c2(l, €), all n and &’ as above, we have by Theorem 5.4 and (5.27) of [Hal82] that,

fB()(:s n C2
T+ et I < T

where ¢(u) = e’“2/2/\/ 27 and ¢ (u) denotes its third derivative. The same applies for k and 7 = 0,
yielding that

|2 OVEP(Sp = 1) — (—=) +

| F2O)VEPR(Sy, = 0) — ¢(0)| < —.
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In particular, with k& > ne, we see that P(Sx = 0) > ¢3/+/n for some ¢35 > 0 and all n > ng, both
depending only upon [ and €. As ¢(u) is an even function with uniformly bounded derivatives of any
order, k, k' > en, |n| < ¢y and |k — k| <1, it follows that for some finite ¢y = c4(l, €),

VE VEf3(\)

_ _ VRIBWA) 3y M\~ G4
Vo) — o(0) - LI gy < &
from which (4.30) now directly follows. O

We often rely on the following regularity property of (Z,0) — /W\9(|J_f) for the transition kernels of
(4.26).

Lemma 4.6. With || - ||ty denoting the total variation norm and || -|| the Buclidean norm in R?, there
exist positive constants L = L(l,€) such that for any 0,0’ € [0,1 — €] and T, 7' € R?,

[[Wor (- 1) = Wa(- 12)

<L(|z' -7 0 -0 . 4.
S L =+ o) (133)

Proof. With (#,0) — Ky(Z) Lipschitz continuous, given that one finite set supports the kernels Wg(@')

for all (Z,0) and that /V[Zg(AZM:') of (4.26) is a smooth function of (pg,p1,p2) for T € Ko, we get (4.33)
out of the Lipschitz continuity of (po, p1,p2) on g(e), proved in Lemma 4.1. O

4.4 Absence of small cores

A considerable simplification of our analysis comes from the observation that a typical large random
hyper-graph does not have a non-empty core of size below a certain threshold. For the convenience of
the reader, we next adapt a result of [OVZ05] (and its proof) to the context of our graph ensemble.

Lemma 4.7. A subset of v-nodes of a hyper-graph is called a stopping set if the restriction of the
hyper-graph to this subset has no c-node of degree one. Forl > 3 and any ¢ > 0 there exist k(l,€) > 0
and C(l,€) finite such that for any m > en the probability that a random hyper-graph from the ensemble
Gi(n,m) has a stopping set of less than mk(l, €) v-nodes is at most C(l,¢) m*~!/2.

Remark 4.8. Since the core is the stopping set including the mazimal number of v-nodes, the lemma
implies that for m > en the probability that a random hyper-graph from the ensemble Gi(n,m) has a
non-empty core of size less than mr(l,€) is at most C(I,€)m*~"/2. With n < m/e, upon changing & to
k/e and increasing C as needed, it further follows that the probability of having a non-empty core with
less than nk v-nodes is at most Cn'=!/2,

Proof. Let N(s,r) denote the number of stopping sets in our random hyper-graph which involve exactly
s v-nodes and r c-nodes. Then, necessarily r < |ls/2] and

S r

EN(s,r) = (") <m) #coeff[(ex 11— %), x(sl)!

(multiply the number of sets of s v-nodes and r c-nodes by the probability that such a set forms a
stopping set, with coeff[(eX — 1 —x)",x*!](sl)! counting the number of ways of connecting the s v-nodes
to these r c-nodes so as to form a stopping set, while m* is the total number of ways of connecting the
s v-nodes in our graph ensemble). It is easy to see that for any integers r,¢ > 1,

coeff[(e* — 1 —x)",x'] < (X —1—%X)" |x=1< 1.

Hence, for some ¢ = ((l, €) finite, any m > en, sl < m and r < |ls/2],
n\ (m\ (s)! _ n® mlsV/2 (s)lms sl o s\1/2-17°
EN < < — < — (| — < — .
(s,7) < (s) (r) mst = sl |sl/2]! mst T sl \m - C(m)
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Thus, fixing 0 < & < 1/ (so sl < m whenever s < km), for [ > 3, the probability that a random
hyper-graph from the ensemble G;(n,m) has a stopping set of size at most mk is bounded above by

mek LlS/QJ o0

N [Z > N(s,r)} < Cm 2 sI(CR!A T < AQm T2
s=1 r=1 s=1
provided ¢x!/271 < 1/2. -

5 Auxiliary processes and proof of Proposition 2.1

In this section we provide relations between two auxiliary inhomogeneous Z2-valued Markov processes
whose distributions are denoted, respectively as P, ,(-) and P, ,(-). In both cases, we denote the
process as {Z(7) = (21(7), 22(7)),0 < 7 < n}, and use for both the same initial condition

B p(2(0) = 2) = B y(2(0) = 2) = Pgyum) (2(G) = 2) = 120

mn

if 7 € Z2 is such that z1 +22, < nl, and P,, ,(Z(0) = 2) = @m,,(Z(O) = Z) = 0 otherwise. Here Pg, (5, 1) (- )
is the uniform distribution on the graph ensemble G;(n, m) and m = |np].

Turning to specify the transition kernels, recall the triangles Ky = {Z € R% : 21 + 225 < (1 — 6)},
6 €[0,1), and set

W (AZ]2) if 21 >1,n7 7€ Ky,

Wr(A%12) :{ W /n(AZIn™1Z)  otherwise,

for W (-]-) of (3.2) and the simpler kernel /V[79(~ |-) of (4.26). The transition probabilities are then,

Pn,(Z(r+1) =2+ AZ|Z(1) =2) = W, (AZ2), (5.1)
P (Z(r+1) =2+ AZ|Z(1) =2) = W,/(AZn"12), (5.2)
for 7 = 0,1...,n — 1. While the Markov process of Lemma 3.1 describing the evolution under the

decimation algorithm has n=1Z(7) € K, /n this is not necessarily the case for the two auxiliary processes
we consider here. Nevertheless, the Markov process of Lemma 3.1 coincides with the one associated with
P, ,(-) up to the first time 7 at which 2;(7) = 0, i.e., when the decimation algorithm terminates at the
core of the hyper-graph.

We next provide a coupling that keeps the process of distribution P, ,(-) ‘very close’ to its ‘approx-
imation’ by the process of distribution I/P\>n,p( -) as long as the former belongs to Q(n) for some n > 0.
We shall see in Corollary 5.4 that up to an exponentially small probability (as n — o0), this is indeed
the case for 7 < (1 — €)n, allowing us to focus on the properties of the simpler distribution @n’p(-).

Lemma 5.1. There exist finite C.. = Ci(1,€) and positive A\, = A\.(l,€), and a coupling between {Z(7)} <
P, () and {Z'(1)} 4 I/Ein,p( -), such that for any n, p € [e,1/€] and r > 0,
]P{sup [1Z(1) — 2" (7)]| >7“} < Coe ™7, (5.3)

where 7. < n denotes the first time such that (Z(7.), 7«) & Q(e).

Proof. To construct the coupling between the two processes, start with Z/(0) = Z(0), which is possible
since Z(0) and Z’(0) are identically distributed. Then, for 7 = 0,1...,n — 1, with Z(r) = Z and
ZN(r)=2"set Z(t+1) =2+ AZand Z'(r + 1) = 2/ + AZ’, where the joint distribution (coupling) of
(AZ, AZ') is chosen such that

P(AZ £ AZ'|7,7) = HWT(-|Z) — W, puleln 12 (5.4)

‘TV ’
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Clearly, it suffices to show that A, (\s) < Cy for some A, > 0 and C, < oo that depend only on [
and e, where

Z(r)= sup ||Z(0) —Z'(0)]], A\ = E[eAZ(T)] 7

o <TATy

for 7 = {0,...,n} and A > 0. To this end, note first that by our definition of W (-|Z), we have from
Lemma 4.5 that for some finite ¢ = ¢(l, €), any (Z,7) € Q(¢), and all n,

W2 (12 = Wopln 2| < (5.5)

Cc
TV n

(since the kernels W, (-|2) and WT/H(-m*li) are non-zero for at most 21? points). Further, with |[|AZ]| <
20 and ||AZ’|| < 2I, we have that for any 0 < A\ < 1/(4l) (so e** < 148I)\), 0 = 0,1,...,n — 1 and
realizations of the two processes,

D < 11 4 8IN [[az(oy a7 (0)0<r) } €20

As 7, is a stopping time and our coupling satisfies (5.4), upon considering the expectation of the preceding
inequality we get that

Bo1(N) < B0 (A) + BE { || Wo (12(0)) = Wom(n ™ Z0))]|_ Tocr. @} (5.6)

Recall that as long as (Z(0),0) € Q(e), by (5.5) and Lemma 4.6

[Wo (12(0) ~ Wopu G 20N < 4

™V n

12(0) = 2" (o)l (5.7)
Since ||Z(0) — Z/(0)||lo<r. < Z(0), combining the bounds of (5.6) and (5.7), we deduce that

AG-H(/\)

IN

[1+ 8t~ AE{ (1 + n~'8ILAZ () () |
[1+81en~'A] Ag(A(1 + 81Ln~")). (5.8)

N

Since Ag(A) = 1, taking A = A, = exp(—8IL)/(4l) < 1/(4l), and applying the inequality (5.8) for
the monotone increasing sequence {\,, ¢ > 0} with \g = A\, and A\, 41 = Ao (1 + 8ILn~1), such that
An = A(1+8IL/n)™ < 1/(4l), we get that

n—1 n—1
An(A) < H(l +8lcn™"\,) < exp {8lcn ™" Z Ao} < exp {8lcA,} < exp{2¢},
o=0 o=0
completing the proof of the lemma. O

We turn to establish some of the asymptotic (in n — oo) properties of our approximating processes
(of distribution Py, ,(-)).

Lemma 5.2. For any l > 3 and € > 0 there exist positive, finite constants n < €, and Cy,Cq,Co,Cs,
such that, for anyn, p € [e,1/€¢] and 7 € {0,...,|[n(l —¢€)]},

(a) Z(T) is exponentially concentrated around its mean

P, {||Z(r) —EZ(7)|| > 7} < 4e Cor . (5.9)

(b) Z(1) is close to the solution of the ODE (2.5),

E|| Z(1) — ng(7/n)|| < C1y/n logn . (5.10)
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(c) (Z(7),7) € Q(n) with high probability, more precisely
Py {(2(r),7) & Q(n)} < Ce™Cm. (5.11)

Proof. (a) For 7 = 0, upon taking Cj large enough, this is an immediate consequence of (4.19). Turning
to the general case, applying the Azuma-Hoeffding inequality for Doob’s martingale

Z(o) =E[Z(1) | Z(0),...,2(0)], oed{0,...,7},
we see that for some co = co(€) finite, any n, r >0, 7=1,...,n(l —¢€) and p € [¢,1/€],
Prp {IIZ(r) —E[E(D)IZO)]| = 7} < 4 exp(—1*/(2657)), (5.12)

provided esssup||Z(o) — Z(c — 1)|| < ¢o for all 1 < o < 7. To this end, with Z(-) a Markov process, we
have the bound
esssup||Z(0) — Z(o = 1)|| < sup [[E[Z(r)|2(0) = V] — E[Z(r) | 2(0) = ]|, (5.13)

2() Z(2)

where the preceding supremum is over all Z1), #(2) such that some trajectories {Z(0) ... Z(c — 1), Z(0) =
ZMY and {£(0)...Z(c —1), Z(0) = Z®} are both of positive probability. In particular, [|2(%) — 2(2)|| < 41.
Fixing such Z) and #®, let Z1(v) and ) (v) denote the realizations of two Markov processes of
same transition kernels /W\g( -|-), starting at 71 (o) = Z(1) and #?) (o) = Z?), respectively, where for
v =o0,...,7 — 1 the joint distribution (coupling) of AZM (v) = ZM (v 4+ 1) — 2N (v) and AZP(v) =
7@ (v +1) — Z?)(v) is chosen such that

P(AZV () # AFD (W) | 20 (), 2D () = [[Wy (- [0 2D @) = Wy (- 0 22 0))] 17y -

With A(v) = E||Z2() (v) — 2D (1)||, the right-hand-side of (5.13) is upper bounded by the supremum of
A(T) over all possible pairs of initial conditions such that A(c) = ||Z{V) — #?)|| < 4I. Further, due to
the Markov property of Z and the preceding coupling, for o < v < 7 we have by (4.33) that

A(v+1)

IN

EJ|Z0(w) - 2@ )| + E{E [||[Az0() - a2 ()| | 20(), 22 ()] }

AW) +4E{ || Wy (- 7 Z0@) = W (- In 22 @))| |} < (1 + %) AWw).

IN

With 7 < n, it thus follows that A(7) < exp(4IL)A(o) < 4lexp(4lL) =: ¢y, as claimed.

Further, the preceding argument shows that 1(2) = E[Z(7) | 2(0) = Z] is uniformly Lipschitz contin-
uous function of Z, of Lipschitz constant ||¢||, = exp(4IL) that is independent of 7, n and p. Hence,
from (4.19) we have that

P{|[(2(0) — $(E2(0) )|| = rllvliL} < P{||Z(0) ~EZ(0) || > r} < mye™"/"2m.

Integrating this over » > 0 we have that ||E¢(2(0)) — ¥ (EZ(0))|| < e¢y/n for some finite constant ¢
depending only on € and I, yielding that

Po {|[E[Z(7)|2(0)] = E[Z(n)]l| > r} = P{|[(2(0)) — E(2(0))]| = 1} < Cle™" /",

for some Cf and ¢}, which depend only on € and [, which, together with (5.12), concludes the proof of
(5.9).
(b) Since ||Z(7)|| < 2nl, choosing r = /Conlogn in (5.9) we find that

E||Z(T) —EZ(7)|| < c1y/n logn, (5.14)

for some finite ¢ (€). Denote by A,, (1) = ||[EZ(7) —ng(7/n)]|| the error made in replacing the expectation

~

of the process Z(7) of distribution P, ,(-) with the (rescaled) solution of the ODE. Then, fixing 7 <

n(l — ¢€), we have by the Markov property of Z(-) that
Am(7 +1) = [E5(r) — nfi(r/n) + E {BIAZ() E(r)]} — nlg(r/n + 1/n) — Flr/n)]|.

23



Recall that for 8 <1 —¢,

= = F(.0) =Y We(AZ[H)AZ,
AZ

so by the triangle inequality we get that

Ap(r+1) < Apl(r)+

E{ W, /n(AZIn7 2(r)) — W,/ (AZIn T E2(7))] AZ}
AZ

+ [|ELD W, /n (AZIn T E2(7)) — Wy (AZ](r/n)] AZ}
AZ
T/n+1/n .

tn / [£(7(6),0) — F(ii(r/n),7/n)] d6
T/n

= Ap(1)+689() 4+ 60 (1) + 62 ().

Recall as in (4.11) that 52 (1) < Cyun~t. Since ||AZ]| < 41, we have by (4.33) that

= . = . AL . 4lL
83, (1) < AE||W, /0 (AZn ™ EZ(7)) = W,/ (AZIF(r/n)) v < — IBZ(7) = ng(r/n)|| = —=Am(T).

Similarly, by (4.33) and (5.14), for some c3 = ca(€) finite,

4l L I
5O(r) < Z2E||5(7) —BE(7)|| < e/ =22
n n

so putting these estimate together, we obtain the inequality

41L 1
Ap(t+1) < (1—}—%) A (T) + c3 / Oin.

Further, recall (4.18) of Lemma 4.4 that A,,(0) is bounded in n and m = |pn], provided p € [e,1/€].
Thus, we easily get (5.10) upon applying the preceding recursion for 7 =0,...,n — 1.

(¢) In the course of proving part (a) of Proposition 4.2 we have seen that there exists 7 = n(e, 1) > 0 such
that if p € [e,1/€] and 6 < (1 —¢) then y1(0) > —1+2n, y2(0) > 2n and (1—0)] —max(y1(6),0) —2y2(0) >
2n). Consequently, taking n < e, for such p and 7 € {0,..., [n(1 —¢)]}, if ||Z(7) — ny(7/n)|| < nn/3 then
clearly (Z(7),7) € Q(n). We thus get (5.11) upon considering (5.9) and (5.10) for » = nn/6 and n such
that C1v/nlogn < nn/6. O

The first consequence of Lemma 5.2 is the existence of ‘critical time window’. That is, for p near p.
a typical trajectory {Z(7); 0 <7 < (1 — €)n} does not traverse the z; = 0 plane if 7 is not near né..

Corollary 5.3. Fizing 3 € (3/4,1), 3 <28—1 and € > 0, let I,, = [0,n0. — nP] U [nb. +n® n(1 —¢)].
Then, for some Cy finite, n positive, all n and |p — pc| < nf' -1,

@n,p {min z1(1) < nﬁl} < Cype ™.

T€l,

Proof. From part (d) of Proposition 4.2, we have that ny;(7/n, p.) > en?3~1 for some ¢ > 0, all n and
T € I,. Since p — (0, p) is Lipschitz continuous (by Proposition 4.2, part (a)), there exists a finite
constant ¢ such that ||7(6, p) — (6, pe)|] < ¢nP' = for any 6 € [0,1 — €] and |p — pc| < n” 1.

By part (b) of Lemma 5.2, we thus get that for 5’ < 28 — 1, 8 > 3/4, some positive C = C(8, 5’)
and all n large enough, if 7 € I,, and |p — pc| < n? ~! then

E z1(7) > nyi1(7/n, p) — C1 v/nlogn > nyi(17/n, pc) — dn? — Cy \/nlogn > 200>~
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Applying now Lemma 5.2, part (a), we see that for any n < (48 — 3)/2, some C' = C'(5, ', n) finite
and all n large enough

Bup{z(r) <0} < B, {II20) —E2(r)| = Oy <0,
whenever 7 € I, and |p — p.| < n? 1. To conclude, recall that there are at most n integers 7 € I,,. [

The second consequence of Lemma 5.2 is that with high probability also the process {z(7)} of
distribution P, ,(-) belongs to the set Q(n) as long as 7/n is bounded away from 1.

Corollary 5.4. For any € > 0, there exists n > 0 and positive, finite constants Cs,Cg such that if
p € [e,1/¢] then

Po,{(Z(r),7) € Q) YO<T <n(1—} > 1-Cie . (5.15)
Proof. From part (c) of Lemma 5.2 we have that for some 1’ € (0, ¢), positive and finite ¢5 and cg,
ﬁn,p{(z(r),r) € QW) YO<T<n(l— e)} > 11— cgecon, (5.16)

Applying the coupling of Lemma 5.1 with n = n’/4 for the value of € in the statement of this lemma, we
also have that

IE”{ sup ||2(r) — 2/(7)|| > nn} < cpeosn (5.17)
7Ty

where 7/ < n denotes the first time such that (Z(r),7) ¢ Q(n). Further, if 7/ < n(l —¢€) and
sup, <., ||Z(1) — Z'(7)|| < nn then necessarily (z'(7),7) ¢ Q(4n) = Q1) for 7 = 74 < n(l —¢),
an event whose probability is at most cse~%" (by (5.16)). Combining the latter bound with (5.17) we
find that

P {7 <n(l—e€)} <cse” " + cre” =",
yielding (5.15) for Cs = ¢5 + ¢7 and Cg = min(cg, cs), both finite and positive. O

Proof of Proposition 2.1. For {Z(7); T > 0} distributed according to P, ,(-) let 7., denote the first time
at which z1(7) < 0. Since by construction (and using Lemma 3.1), the sequence {z1(7); 0 < 7 < T\ }
is distributed as the number of c-nodes of the graphs G(7) having degree one under the decimation
algorithm, we see that Pj(n,p) =Py, , {7 <n —1}

Further, the core of the initial graph G(0) includes at most n — 7., vertices. Consequently, by Lemma
4.7 (c.f. Remark 4.8), we can choose D < 0o and 0 < k < 1 — 6, such that

1
Prp {7 <n(1—k)} < P(n,p) <Pp {7 <n(l—k)} + Zénv

for |p — pe| < n? =1 and 6, = Dn='/2(log n)2.
By Corollary 5.4, there exist 0 < n < € < k and finite, positive C5,Cs, such that {Z(7), 0 < 7 <
n(1 —¢€)} C Q(n) with probability at least 1 — Cse~“¢" for all n. Hence, we have that

1
oy { it 21(7) <0} < Rlonp) < Poyp { min 1) <0 4 Cre@ 4 36,

0<7<7y 0<7<7s
for
T« =n(l — k) Amin{r: (Z(7),7) € Q(n)}.

By Lemma 5.1, there exists A > 0, and a coupling of the process {Z(7)} with a process {Z/(7)} of
distribution P, ,( - ), such that, with probability larger that 1 —1/2n, up to time 7, the distance between
these two processes is at most €, = Alogn. Therefore, enlarging D if necessary, we have that

1 1 1
]P{ min 21(7)<—€n}——<Pl(n,p)<]P’{ min zi(7)<gn}+—+15n,
n n

0<7< T, 0<7<1,
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We have seen that 7. < n(1l — k) with probability of at most Cse . Hence, enlarging D once more,

we find that

=~ 1 =~ 1
]Pn i <_n __5n<P } S]P)n i é n _5n~
fomin )< et 36 < R <Buy{_min ) saf g
With 6, < (1 — k), the set [0,n(1 — k)] is the disjoint union of J,, as in the statement of the proposition
and a set of the form I, of Corollary 5.3. Thus, bounding the probability of the event min, ¢y, 21(7) < e,
via the latter corollary, yields the thesis of the proposition (enlarging D as needed for absorbing the
term Cy exp(—n) into dy). O

Let P, ,(-) denote the law of the R%-valued Markov chain {Z'(7)} of (2.12), where z’(0) has the
uniform distribution Pg,(,, m)(-) on the graph ensemble G;(n, m) for m = |np], and

Poo(Z'(T4+1) = 2/(r) + A + A (712 (7) = §(r/n)) | 2/(7) = 2') = W, /(A [5(7/n))

We conclude this section by providing a coupling that keeps the process {Z/(-)} ‘sufficiently close’ to
{Z(-)} of distribution P, ,(-) throughout the time interval .J,, of interest to us.

Proposition 5.5. Fizing 8 € (3/4,1) and 8’ <28 —1, for any 6§ > 3 — 1/2 there exist finite constants
a, ¢ and a coupling of the processes {Z(-)} of distribution P, ,(-) and {Z'(-)} of distribution P, ,(-)
such that for all n and |p — pe| < nP 1,

P { sup |2(r) = /(7)) 2 cn‘s} < % . (5.18)

The key to Proposition 5.5 is the following elementary martingale concentration property.

Lemma 5.6. Consider an R*-valued discrete-time martingale (Zs, Fs) with Zy =0 and Us = Zg11 — Zs
such that for some finite I' and a stopping time 1. for Fj

E[ ”US”Qe)vUS ]:g] < FE[e)st

Fs] < o0 whenever s < Ty, [|A] <1 (5.19)

Then, for any 0 < a < tT'Vd,

a2
za} <2d6Xp{_2dI‘t} .

Proof. Recall that for real-valued variable V, if E[V] = 0 and E[V2exp(uV)] < kE[exp(uV)] < oo for
all u € [0,1], then E[exp(V)] < exp(x/2) (bound the value of ¢(1) for ¢(u) = logE[exp(uV)] using
#(0) = ¢'(0) = 0 and ¢"(u) < k). In the special case of d = 1 and 7. = oo, we have from (5.19)
that the preceding assumptions hold for x = T'A\2, ||\|| < 1 and V having the law of AU, conditional
on Fs. Consequently, then E[exp(AUs)|Fs] < exp(T'A\?/2), implying that E[M,;] < E[My] = 1 for the
super-martingale M = exp(AZs — ['A\?s/2). Considering a € [0,tI') and A = a/(T't), we thus deduce
that P{Z; > a} < exp{—a?/(2I't)} in case Z; is a real-valued martingale for F, and (5.19) holds for all
s < 0o. The stated bound for R?-valued martingale Z; of coordinates Z; ; follows upon noting that the
event {||Z:|| > a} is contained in the union of the events {uZ;; > a/vd} foru=—1,1and i =1,...,d,
with uZ, ; real valued martingales. Finally, we get the thesis in the general case, where P(7, < 00) > 0,
upon considering the (stopped) martingale Zpin(s,r.)- O

P { ||Zmin(t,7-*)

Proof of Proposition 5.5. We couple the processes {

Z'()} £ Puy(), and {Z(1)} £ P ,(-) in a joint
Markov process, by letting z”(0) = Z(0) and for 7 =0, 1,

2,...,m—1,
PAZ(T) # Ar | Fr) = [[Wen (- [0 2(7) = W (- [5(r/0)) |7y

where AZ(7) = Z(7 + 1) — Z(7) and F; denotes the o-algebra generated by {Z(c), 2’ (0),0 < 7}.
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Fixing € < (1 —0.)/2, let 7. < n denote the first value of 7 such that ||Z(7) —ng(7/n)|| > K+/nlogn,
with a finite K = K (e) such that by parts (a) and (b) of Lemma 5.2, for any n and p € [¢, 1/€],

P, {r <n(l—e}<n!

Fix 8 € (3/4,1), #/ and § > B — 1/2. With at most n values for 7 in J,, we thus obtain (5.18) once we
show that some ¢ < oo, all n large enough

sup P{r < 7., [|Z/(7) = Z(7)|| > en® } < n 2. (5.20)
TEJn

To this end, consider Doob’s decomposition of the adapted process Ny = (@871)_1(2’(8) — Z(s)) as the
sum of an Fs-martingale {Z,}, null at zero, and the predictable sequence

Vigr = ZAV ZE s+1 — Ns|Fy] .

It follows from our coupling that AV; = (@8_1)*1R’(n’12(s),g’(s/n), s/n), where
R(Z',Z,0) = F(Z,0) + lyco, AZ,0)[2' — &) — F(Z',0)
(with 0, = 7,/n = [nf. —n®]/n), and that for AF = Ay — AZ(t),
Up = Zoyy — Zo = (B ) 7H{AT - E[A]| 7]} (5.21)

Since Agp(Z,0) = 8TbF (Z,0) with F(Z,0) having Lipschitz continuous derivatives on g (¢), it follows
that ||R(Z',%,0)|| < col|Z’ — &||? for some co = co(€) finite, provided 6 < 0,, and both (Z,6) and (Z’, 6)
are in g4 (€). By the Lipschitz continuity of F(Z,) we also have that ||R(Z', Z
6 > 0, as soon as (#,0) and (Z’,0) are in g(e).

Recall Lemma 4.3 that for some finite ng and k we have that ||(I§S_1)*1|| < kforall T, p € [e,1/€] and
n > ng. In the course of proving part (a) of Proposition 4.2 we have seen that the distance of (7(6, p), )
from the complement of g(e) is bounded away from zero, uniformly in § < 1 — 2¢ and p € [e,1/¢].
Further, y1(6, p) > n?P=Y for some &' > 0, all n, [p — pc| < n? =1 and 6 <6, (c.f. proof of Corollary
5.3). Consequently, for some finite n; = n1(K,€) and all n > ny, the event {s < 7.} implies that both
(n=1z(s),s/n) and (4(s/n),s/n) are in g(e¢) when s < nf. +n”, and in case s < 7, they are also in
7+ (€). We deduce that if n > n; and {s < 7.} then

,0)|] < co]|Z" — Z|| in case

IAVA] < collB5 ) Il lln~"2(s) = §(s/n)I? < conK*n ™" logn,

when s < 7,, whereas ||AV;|| < conKn~/2(logn)'/? for s € J,. Hence, for some finite ¢; and all
n > ny, the event {7 < 7.} implies for 7 € J, that [[V;|| < cinP~ 1/2(10gn)1/2 Fixingn € (1/4,5—1/2),
since [|Z/(7) — Z(7)| < ||IB%T Y1V + 112-]] and ||IB%T Y| are bounded uniformly in n, 7, and p, we
thus get (5.20) by considering Lemma 5.6 at 7 € J,, and a = n", provided we show that for some ca
finite, the martingale differences Uy of (5.21) satisfy the inequality (5.19) with T' = con™1/2(logn)'/? (as
indeed n" < 7,,['V/d for all n large enough and n*7/2dI'n — oc). To this end, note first that by the total
variation bound of Lemma 4.6 and the definition of 7, for ¢t < 7, our coupling of (Z,Z’) results with

B(A] £ 0|F) < Lin~15(t) — §(t/n)]| < LKn"*(logn)/2 = u
Further, the bounded support of W9(|f) implies that [|Af|| < 41, so for t < 7, also
EIATIF]] < 4P(A] £ 01F,) < Almin(un, 1).
From the preceding estimates we deduce that Uy of (5.21) is such that ||U|| < 8lk and when ¢ < 7, also
P([U3]] > Al min(un, 1) ) < P(A] £ 0| F) < un.

These two facts easily imply that if ||A]| < 1 and ¢ < 7, then the inequality (5.19) holds for I" =
2(81r)2e'0!y,, which as we already seen, completes the proof of the proposition. (Il
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6 Gaussian approximation and proof of Proposition 2.2

This section is devoted to the proof of Proposition 2.2. Specifically, building on Proposition 5.5, in
Section 6.1 we approximate the Markov process {Z(7)} of distribution P, ,(-) by a Brownian motion
with a quadratic shift, when 7 is within the window J,, around the critical time. Then, in Section 6.2 we
show how the one-sided Brownian motion with quadratic shift can be replaced by a two-sided motion,
once its initial condition is appropriately mapped to the distribution of the two-sided motion at the
critical time. Finally, in Section 6.3 we show that this distribution (which a-priori depends on the law
of Z(0)), is also well approximated by a Gaussian law and complete the proof of Proposition 2.2.

6.1 Local approximation by a Brownian motion with quadratic shift

Our goal here is to approximate the probabilities of interest to us in terms of the minimal value of the
Brownian motion with quadratic shift

Xo(r) =B X (023 (r — 0.5 —nb.)) — X (n"3(1, — 0.5 — nb))], (6.1)

within J,, = [nf. — n?, nf. + n?], for the process {X(t)} of Proposition 2.2. As stated in the following
lemma, while doing this we also approximate the law of z;(7,,) by that of the sum of @, - [Z(0) — ng(0)],
where ,, denotes the first row of @6”71, and an independent normal random variable of mean ny; (7,)
and variance n[(Q,, )11 — @, Q(0, p)ii,].

Lemma 6.1. Fizing 8 € (3/4,1) and A > 0, set 3/ < 28— 1, e, = Alogn as in Proposition 2.1 and
Y, =infiey, Xn(t) for X, (:) of (6.1). Then, for any é > 303 — 2, there exist positive, finite constants o
and C such that for any n and |p — p| <nP 1,

P{& + & + Y, < —Cn°} —% <P, {Tnel}]n z1(7) < ian} <P{& +6,+Y, <Cn} + %,

=,

where &, = Uy - [Z(0) —ng(0)], the normal random variable & of mean ny; (1,) and variance n[(Qr, )11 —
@l Q(0, p)id,), and X, (), are mutually independent.

Proof. The strategy we follow is to progressively simplify the process {Z(7)} of distribution ]?P\’n’ o(+) till
be obtain the stated bounds of the lemma, where each simplification is justified by a coupling argument.
The first and most important step of this program has already been done in Proposition 5.5. Since
the chain {Z'(:)} of law P, ,(-) has independent increments for 7 > 7, we can apply Sakhanenko’s
refinement of the Hungarian construction for the uniformly bounded (by 4l) independent increments
& = 21(tn +1) — 21(7n + 1 — 1). We then deduce the existence of a real-valued Gaussian process b, (7),
independent of z{(7,), such that b,(7,) = 0, its independent increments Ab, (1) = b, (7 + 1) — by (7)
have mean and variance

EAb, (1) = Fu(g(7/n, p),7/n), VarAb, (1) = Gui(§(/n, p), 7/n)

(matching the corresponding moments of 2 (7 + 1) — 21 (7)), such that for some finite ¢y, o and all n, p,

P{sup |21(7) — 21(Tn) — bpu(7)| > cologn} < @ (6.2)
TeJn 4n

(the latter follows by Chebyshev’s inequality from [Sak85], see for example [Sha95, Theorem Al).

Considering the representation (2.14) for Z’(r,,) we see that z{(7,) — &, is the sum of the uniformly
bounded real-valued independent variables (ﬁ;’jﬁlAg)l, 0=0,...,7, — 1 plus a non-random constant.
Hence, similarly to the derivation of (6.2) we obtain that for some finite ¢, o and all n, p,

P{[2(7a) — & — €] > cologn) < - (6.3)

where £ is a normal random variable, independent of &, and b,(-), whose mean and variance match
those of 2} (7,) — &,. It is not hard to verify that the latter mean and variance are indeed ny;*(7,) and

n[(Qr, )11 — @, Q(0, p)ii,], as stated.
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We clearly have the representation

bp(T) = Tz_: EAb, (o) + B <T§_: VarAbn(J)> :

o=Tp o=Tp

for a standard Brownian motion B(-). Further, the real-valued Gaussian process {X,(t),t > 7,} of
(6.1) admits the representation

X, (t)=F o (0/n —0c)do + B(G(t — 7)),

Tn—0.5

for the same standard Brownian motion B(-), where G = G171 and F = %, both evaluated at 8 = 6.
and ¥ = §(0¢, pe) (so F is as defined in Eq. (2.7)). Combining (5.18), (6.2) and (6.3) we establish the
thesis of the lemma upon showing that the preceding coupling of b, (-) and X,,(-), is such that for some
«, c1 finite and all n,

B{sup [ba ([t]) = Xn(t)] = 3e1n’} <

4
ted, 4n (6 )

The sup in (6.4) is taken over all real valued t € J,, = [nf. — n®,nf. +nP], while in the sequel we use
T € J, to denote an integer in the same interval. _

With {X, (7 +t) — X,,(7) : t € [0,1]} having the same law as {B(Gt) + an -(t) : t € [0,1]} for
non-random a,, -(t) which are bounded uniformly in ¢ € [0, 1], n and 7 € J,,, we obviously get (6.4) upon
showing that

sup P{|b, (1) — X,,(7)| > 2¢1n°} <n 2. (6.5)
TEJn

The inequality (6.5) is a direct consequence of having a finite x such that, for AX, (1) = X,,(t+ 1) —
Xn(7),

ei(r) = |VarAb,(r) — VarAX, ()| = |G (§(/n, p),7/n) — G| anﬁ_l ,
ea(r) = |[EAb, (1) — EAX, (1) = |FL(F(1/n, p), 7/n) — (1/n — 0)F | < kn?B~1

for all 7 € J, and |p—pc| < nB -1 Indeed, since § > 8+2(8—1) > 1 — 3 and the interval J, is of length
2[nf], taking c¢; large enough so ¢;n® > kn?B=1D|J,| for all n, the stated bound on es(-) guarantees
that |Eb, (1) —EX,,(7)| < c1n? for all 7 € J,,, whereas the corresponding bound on e;(-) guarantees that
Var(b, (1) — X,(7)) < e1nn'~=# | leading (by standard Gaussian tail estimates) to (6.5).

Turning to bound e;(7) and ey(7), recall that 7 € J, and |p — pe| < n? =1 imply that (7/n,p) €
[0,1—¢€) x [e,1/€], s0 |g(T/n, p) — §(T/n, pc)| < C1|p— pc| for some constant C; = C4(€) by the Lipschitz
continuity of p — (0, p) (see part (a) of Proposition 4.2). Further, then (7(7/n,p),7/n) € q(e€), so by
Lemma 4.1 we have the Lipschitz continuity of p — Fi(§(7/n,p),7/n) and p — G11(§(7/n,p),7/n).
That is, for some constant Cy = C3(e) and all such 7, p, n,

elr) < Gu(r/m, pe),7/n) = Guaylbe, pe), be) + Calp — pel (6.6)
ea(r) < |Fi(r/n) = (7/n = 0)F| + Calp = pel,

where Fy(0) = Fy(§(0, pc),0). Similarly, the Lipschitz continuity of 8 — (6, pc) on [0,1 —¢€) (from part
(a) of Proposition 4.2) together with that of (Z,6) — G11(&,0) on ¢(¢) (by Lemma 4.1), result in

G (F(7/n, pe), 7/n) = G11(F(0c, pe), 0c)| < Cslr/n —bc| < Csn~t,

for some C3 = C3(e) and all 7 € J,,. Thus, with 3’ —1 < 2(3— 1), we get from (6.6) that e;(7) < knf~1
for all 7 € J, and |p — po| < n? 1, as stated. As for bounding ey(7), recall that 6 — (6, pc) is
infinitely continuously differentiable on [0,1 — €] (c.f. parts (b) and (d) of Proposition 4.2). Further, as
(¥(0,pc),0) € Gy(e) for all € [0,1 — €] (by (a) and (d) of Proposition 4.2), from Lemma 4.1 we have
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that F}(-) is differentiable on [0,1 — €] with a Lipschitz continuous derivative. Recall that dy;/df = 0 at
0 = 0. and p = pc (see part (d) of Proposition 4.2). Hence, F () = 0 (in view of the ODE (2.5)), and
with F' = F}’(0.) we deduce that for some Cy = Cy(e) and all § € [0,1 — €],

|ﬁ1(9) - (0 - 90)ﬁ| < C4|9 - 90|2 .

Combining (6.7) with the latter bound (for = 7/n and 7 € J,,, so | — .| < nP~1), we conclude that
ea(1) < kn?B=Y for all 7 € J,, and |p — pe| < n? 71, as stated.
U

6.2 Brownian computations

We show in the sequel that for large s and w the distribution of

Vs = inf  X(t) —X(-s),

te[—s,u]

is well approximated by that of V, — X (—s) for V, = infier X (¢) and {X(t)} an independent copy of
{X(t)}. More precisely, we prove that,

Lemma 6.2. With the preceding definitions, for 0 < ¢ < 4(1 —)/3 — 1, all s,u large enough and any
non-random v,

P{V, — X(—=s) > v+2s %} =" <P{Viy > v} <P{V, — X(—s5) > v — 25"} 4 5e~"0)"

Proof. Conditioning upon the value of X (—s) we have on account of the independence of { X (—t¢) : t > 0}
and {X (¢): t > 0} that

P{Viu > v} = Elps(v+ X(—5), X(—5))g-uo(v + X(~3))],
where for s > 6 > 0 and any a, b,

ps(a,b) = ]P’{ inf X(t)Za’X(—s):b},

—s<t<0

G-s-sla) = B{ inf X(t)>af.

Recall that the law of {X(¢) : —s < t < 0} conditional upon {X(—s) = b} is merely the law of
{Xps(t) = X(t) — £(b— X(—s)) : —s <t < 0}. Thus, in particular,

P{Vew > v} = EpS) (v + X (=5), X(=8))g-u0(v + X (=9))], (6.8)
where

(e) _ :
p—s,—e(a’v b) =P {—sértli—e Xb,c(t) > CL} .

Similarly,

P{V, — X(—s) > v} = E[g_so0(v + X(—5))?]. (6.9)

Fixing 0 < ¢ < 4(1 —)/3 — 1, choose (p +1)/2 < k < 2(1 —)/3. Then, setting p =1 — 1 — k and
0 =sP (so s~ = £s7), it follows that if [b — 3 Fs?| < s*, then for all s large enough

P{ sup |Xps(t) — X()] >25V} <P{X(—s)— %ﬁsﬂ > st <ed. (6.10)
—6<t<0

Consequently, for any value of a,

—g?

goolat2s7") = e <p'%) (a,0) < g gola—257") +e

(6.11)
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Relying upon these bounds we next show that if [b — %ﬁ 52| < s™ then for s large enough and all a,

—s¥

G-ooola+257%) =3¢ < p(fz’o(a, b) < ¢-o0(a—25"%) + 3e (6.12)

Indeed, with X s(0) = X(0)

= 0, clearly (6.12) holds for ¢ > 0 (as then ¢_oo(a) = p(_S;O(a,b) = 0).
Next recall that forc>s>6 >0

and any a, b,
(c) b) —[1 — () )] < (c) b) < (c) b 6.13
p—ep(av) [ p_&_QOL )]4,p,sp(a, )4,p_9@(a,), ( : )

q-c0,0(@) < q-9.0(a) < q-c00(a) +[1 = ¢-c0,~0(a)]. (6.14)

Combining these with the monotonicity in a of the functions p(®) and ¢, we thus get (6.12) also for a < 0
out of (6.11) as soon as we show that for § = s” and all large s

1~ govo_g(25") =P {ti<nf9X(t) < 23“} < e, (6.15)
B (s) _ . < —g®
1—p7 4(0,0)=P {_322_9 Xps(t) < 0} < 2e7F (6.16)

Now, since 2p > k > ¢, it follows by standard Gaussian tail estimates that for = s” and s large

P {tién_fex(t) < QSK} < %J [P{\/EW(T) < —%Tz} +p{féogtl£1[vv(7 1) - W(r) < —%#}}

o0
3 Z 675272/(726) < efsv”
T=60]

IN

thus establishing (6.15). Further, as | X s(¢t) — X (t)| < | X (—s) — §SQ| +|b— §52|, we deduce from (6.10)
that if |b — $Fs?| < %, then

P{ sup | Xp () — X(t)| > 28K’} <e ",
—s<t<0
which together with (6.15) implies the bound (6.16). N _

We now apply in (6.8) standard gaussian tail estimates for | X (—s) — £ F's?| > s", and the bounds of
(6.12) otherwise. With the [0, 1]-valued p(_C;O(a, b) and g—s,0(a) monotone in s and a, this results in

E[g—so0(v+ X(—5) + 25 )2 —4e™*" <P{V,, > v}
< Elgosoov+ X(—5) — 257 ¥)g_wo(v + X(—s) — 25~ %)) + 4" . (6.17)

Finally, if @ > 0 then ¢_, 0(a) = ¢—0,0(a) = 0, whereas for a < 0, taking 6 = u in (6.14) we find by
(6.15) and the monotonicity of ¢, (a) that ¢_y 0(a) < g—co,0(a) +exp(—u¥) for u large. Combining
this upper bound on ¢_, ¢ with (6.9) and (6.17) provides the thesis of the lemma. O

Since Y,, of Lemma 6.1 has the same law as n1/3V5,u for s = s(n) = n’2/3[n90 + 0.5 — 7,] and
u = u(n) = n"2/3[n? —0.5], we have the following immediate corollary of Lemmas 6.1 and 6.2.
Corollary 6.3. Fizing 3 € (3/4,1) and A > 0, set J, = [nf.—n”, nf.+n"] and ' < 28—1, &, = Alogn

as in Proposition 2.1. Let {X(t)} denote an i.i.d. copy of the process {X (t)} of Proposition 2.2. Then,
for any v < min(7/3 — 33, /4 — 1/6), there exist ¢ finite such that for all n and |p — p.| < nP 1,

]P’{gn—kirtle(t)g—n_”}— <@n,p{minz1(7)<ign}<P{§n+irt1fX(t)<n—”}+ :

c c
n TEJn n

where gn =n13(6, +€5) — X(—nP~2/3) (and &, and & of Lemma 6.1 are independent of both {X ()}
and {X()}).
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Proof. Fixing v < min(7/3 — 353,3/4 — 1/6), set § > 38 — 2 of Lemma 6.1 and ¢ € (0,1/4) of Lemma
6.2 such that v < 1/3—¢ and v < ¥(8—2/3). Conditioning on the values of £, and & we apply Lemma
6.2 for the values of s = s(n) and u = u(n) indicated above, taking there v(n) = n=/3[+Cn’ — &, — &]
for the finite constant C' of Lemma 6.1. With s(n) A u(n) > n®~2/3 — 2 and 8 > 2/3, the error terms
5exp(—(s(n) Au(n))?) are accommodated within ¢/(2n) for some finite ¢ and all n. Further, enlarging
¢ if needed, with |s(n) —n?=2/3] < 2n=%/3 and v < (8 —2/3) < 1/3, it is easy to see that for all n,

~ ~ 1 ¢

_ _ _ ,872/3 > P 4 < — .

]P’{|X( s(n)) — X(—n )|72n }2n

Our choice of ¢ and § is such that Cn®=1/3 4-2s(n)~% < %n”’ for all n > nyg, so adding to ¢ the constant

« of Lemma 6.1 and making sure that ¢ > 2ng, upon taking the expectation over &, and & our thesis
follows from the latter lemma. O

6.3 Proof of Proposition 2.2

Fixing 3 € (3/4,1), r € R and 3’ < 23 — 1, we have that |p, — pc| < n? ! for p, = pe +rn~"/? and
all n large enough. Further, taking f = 10/13 € (3/4,1) which maximizes the bound vy = min(5/2 —
38,/4)—1/6 on v in Corollary 6.3 leads to vy = 5/26—1/6 > 0. Thus, fixing A > 0, the statement (2.11)
of the proposition is a consequence of Corollary 6.3, once we show that for any 1/6 <n < v+1/6 < 5/26
and all n large enough,

‘IE” {€+imf X (1) < 20} =P {n!/o¢(r) +inf X(1) < 0}‘ <n,

where £(r) denotes a normal random variable of mean (%) r and variance 11 (both evaluated at 6 = 6,

and p = p.), independent of X (-). Conditioning on &, and &(r), by the independence of {X(t): t >0}
and {X (¢) : t <0}, this is equivalent to

E[g(&n ™ = &)%) — Elg(~n'/%(r))?]| < n 7", (6.15)

where q(a) = P(inf;<o X(t) > a). With ¢?(a) a [0, 1]-valued monotone non-increasing function that
approaches zero as a — 0o, we have that for any random variables Y, Z and non-random v,

Ela(v2)*) ~ Elq(0Y)* )| < sup|[P(Z < 2) ~P(Y <a)|.

Applying this for v = —nl/6, Z = n=1/6¢, £ n=+1/6) and Y = £(r) of bounded density, we deduce
that (6.18) holds for all n large enough, thus completing the proof of Proposition 2.2 as soon as we show
that for n < 5/2 — 34 and all n large enough,

sgg P(n~'/5¢, < z) —P(E(r) < x)’ <n7". (6.19)

To this end, recall that nfl/ﬁgn = n71/2€n+n71/2€; —n’l/ﬁ)?(—nﬁﬂm), where the latter three random
variables are independent of each other. Hence, in view of (4.20) we have that

sup [P(n~1/%¢, < z) —P((, < x)} < kgn~1/?
z€R

where (,, is obtained upon replacing &, with a normal random variable of zero mean and variance
niil, Q(0, )i, (for the positive definite initial condition Q(0, p) of the ODE (2.8) at p = p,). With

B¢, = n'/2y; (1n) — §n2f3’3/2, it follows from (4.9) that [E(, —E&(r)| < Cn3#~=5/2, Similarly, it follows
from (4.10) that for some C finite and all n,

[Var(Ga) — Var(€(r))| = 1@z, )1 + Gn® " = Qui(Be, po)] < OnP~' < Cn¥P=5/2.

With Var(¢(r)) > 0 independent of n, our thesis (6.19) easily follows from these bounds on the difference
in the mean and variance of the normal random variables (,, and £(r). (]
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