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Abstract

We consider a class of nonlinear mappings F 4y in RY indexed by symmetric random matrices
A € RVXN with independent entries. Within spin glass theory, special cases of these mappings
correspond to iterating the TAP equations and were studied by Erwin Bolthausen. Within infor-
mation theory, they are known as ‘approximate message passing’ algorithms.

We study the high-dimensional (large N) behavior of the iterates of F for polynomial functions
F, and prove that it is universal, i.e. it depends only on the first two moments of the entries of
A, under a subgaussian tail condition. As an application, we prove the universality of a certain
phase transition arising in polytope geometry and compressed sensing. This solves —for a broad
class of random projections— a conjecture by David Donoho and Jared Tanner.

1 Introduction and main results

Let A € RYXN be a random Wigner matrix, i.e. a random matrix with i.i.d. entries A;j satisfying
E{A;;} =0 and E{A?j} = 1/N. Considerable effort has been devoted to studying the distribution of
the eigenvalues of such a matrix [AGZ09 BSOS, [TVI2]. The universality phenomenon is a striking
recurring theme in these studies. Roughly speaking, many asymptotic properties of the joint eigen-
values distribution are independent of the entries distribution as long as the latter has the prescribed
first two moments, and satisfies certain tail conditions. We refer to [AGZ09, BSOS, [TVI2] and ref-
erences therein for a selection of such results. Universality is extremely useful because it allows to
compute asymptotics for one entries distribution (typically, for Gaussian entries) and then export
the results to a broad class of distributions.

In this paper we are concerned with random matrix universality, albeit we do not focus on
eigenvalues properties. Given A € RY*N and an initial condition 2 € RY independent of A, we
consider the sequence (z');>o ¢t € N defined by letting, for ¢ > 0,

2= Af(atit) = b fa e —1), b= div(f(@n)], .- (1.1)
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Here, div denotes the divergence operator and, for each t > 0, f(-;t) : RN — RY is a separable
function, i.e. f(z;t) = (f1(21;t),..., fa(zn;t)) where the functions f;(-;t) : R — R are polynomials
of bounded degree. In particular b, = N=* SN #/(at: ).

The present paper is concerned with the asymptotic distribution of x* as N — oo with t fixed,
and establishes the following results:

Universality. As N — oo, the finite-dimensional marginals of the distribution of z! are asymptot-
ically insensitive to the distribution of the entries of A;;.

State evolution. The entries of 2! are asymptotically Gaussian with zero mean, and variance that
can be explicitly computed through a one-dimensional recursion, that we will refer to as state
evolution

Phase transitions in polytope geometry. As an application, we use state evolution to prove
universality of a phase transition on polytope geometry, with connections to compressed sens-
ing. This solves —for a broad class of random matrices with independent entries— a conjecture
put forward by David Donoho and Jared Tanner in [Don05al, IDTTT].

In order to illustrate the usefulness of the first two technical results, we start the presentation of our
results from the third one.

1.1 Universality of polytope neighborliness

A polytope @ is said to be centrosymmetric if z € Q implies —x € Q. Following [[Don05b, [Don05al
we say that such a polytope is k-neighborly if the condition below holds:

(I) Every subset of k vertices of () which does not contain an antipodal pair, spans a (k — 1)
dimensional face.

The neighborliness of @ is the largest value of k for which this condition holds. The prototype of
neighborly polytope is the ¢; ball C" = {z € R" : ||z||; < 1}, whose neighborliness is indeed equal
to n.

It was shown in a series of papers [Don05b, [Don05al, [DT05bL [DT05al IDT09] that polytope neigh-
borliness has tight connections with the geometric properties of random point clouds, and with
sparsity-seeking methods to solve underdetermined systems of linear equations. The latter are in
turn central in a number of applied domains, including model selection for data analysis and com-
pressed sensing. For the reader’s convenience, these connections will be briefly reviewed in Section
B

Intuitive images of low-dimensional polytopes suggest that ‘typical’ polytopes are not neighborly:
already selecting k = 2 vertices, does lead to a segment that connects them and passes through the
interior of (). This conclusion is spectacularly wrong in high dimension. Natural random construc-
tions lead to polytopes whose neighborliness scales linearly in the dimension. Motivated by the above
applications, and following [Don05bl [Don05al, DTO5D, [DT05a], we focus here on a weaker notion of
neighborliness. Roughly speaking, this corresponds to the largest k such that most subsets of k
vertices of @) span a (k — 1)-dimensional face. In order to formalize this notion, we denote by §(Q;¢)
the number of |/]-dimensional faces of Q.



Definition 1. Let Q = {Q"},,>0 be a sequence of centrosymmetric polytopes indexed by n where Qy,
has 2n wvertices and has dimension m = m(n): Q™ C R™. We say that Q has weak neighborliness

p € (0,1) if for any £ > 0,

o SQEmpL =€)
e F(Cnmwp(T =) T
o SQEmp(1+€)
e F(Cnmp ) T

If the sequence Q is random, we say that Q has weak neighborliness p (in probability) if the above
limits hold in probability.

In other words, a sequence of polytopes {Q" },>0 has weak neighborliness p, if for large n the m
dimensional polytope Q™ has close to the maximum possible number of & faces, for all k < mp(1—¢).

Note 1. Note that previously the neighborliness of a polytope was defined to be the largest integer k
satisfying condition (I). However, in our definition weak neighborliness refers to the fraction k/n.
This is due to the fact that weak neighborliness is defined in the limit n — oo.

The existence of weakly neighborly polytope sequences is clear when m(n) = n since in this case
we can take Q™ = C™ with p = 1, but the existence is highly non-trivial when m is only a fraction
of n.

It comes indeed as a surprise that this is a generic situation as demonstrated by the following
construction. For a matrix A € R™*" and S C R", let AS = {Az € R™: z € S}. In particular,
AC™ is the centrosymmetric m-dimensional polytope obtained by projecting the n-dimensional ¢4
ball to m dimensions. The following result was proved in [Don05al.

Theorem 1 (Donoho, 2005). There exists a function ps. : (0,1) — (0,1) such that the following
holds. Fiz 6 € (0,1). For each n € N, let m(n) = |nd| and define A(n) € R™™*" to be a random
matrix with i.i.d. Gaussian entries.

Then, the sequence of polytopes {A(n)C"}n>0 has weak neighborliness p.(5) in probability.

A characterization of the curve d — p,(d) was provided in [Don05al, but we omit it here since a
more explicit expression will be given below.

The proof of Theorem [0 is based on exact expressions for the number of faces F(A(n)C"™; ).
These are in turn derived from earlier works in polytope geometry by Affentranger and Schneider
[AS92] and by Vershik and Sporyshev [VS92]. This approach relies in a fundamental way on the
invariance of the distribution of A(n) under rotations.

Motivated by applications to data analysis and signal processing, Donoho and Tanner [[DTT1]
carried out extensive numerical simulations for random polytopes of the form A(n)C™ for several
choices of the distribution of A(n). They formulated a universality hypothesis according to which
the conclusion of Theorem [0 holds for a far broader class of random matrices. The results of their
numerical simulations were consistent with this hypothesis.

Here we establish the first rigorous result indicating universality of polytope neighborliness for a
broad class of random matrices. Define the curve (6, p«(9)), 6 € (0,1), parametrically by letting, for



a € (0,00):

2¢(a)
0 = S E200(a) —ad(=a))’ (1.2)
_ ., a®(-a)

where ¢(2) = e=#"/2/\/2r is the Gaussian density and ®(z) = [, #(z)dz is the Gaussian distri-
bution. Explicitly, if the above functions on the right-hand side of Egs. (L2), (L3) are denoted by
£3(@), fp(a), therll p.(8) = f£,(£5(6)).

Here we extend the scope of Theorem [ from Gaussian matrices to matrices with independent
subgaussianﬁ entries (not necessarily identically distributed).

Theorem 2. Fiz § € (0,1). For each n € N, let m(n) = |nd| and define A(n) € R™™*" to be an
random matriz with independent subgaussian entries, with zero mean, unit variance, and common

scale factor s independent of m. Further assume Ayj(n) = Ajj(n) + v Gij(n) where vy > 0 is
independent of n and {Gij(n)}icim) je[n) 8 @ collection of i.i.d. N(0,1) random variables independent
of A(n).

Then the sequence of polytopes {A(n)C™}n>0 has weak neighborliness p.(6) in probability.

It is likely that this theorem can be improved in two directions. First, a milder tail condition than
subgaussianity is probably sufficient. Second, we are assuming that the distribution of A;; has an
arbitrarily small Gaussian component. This is not necessary for the upper bound on neighborliness,
and appears to be an artifact of the proof of the lower bound.

The proof of Theorem is provided in Section Bl By comparison, the most closely related result
towards universality is by Adamczak, Litvak, Pajor, and Tomczak-Jaegermann [ALPTIII]. For
a class of matrices A(n) with i.i.d. columns, these authors prove that A(n)C™ has neighborliness
scaling linearly with n. This however does not suggest that a limit weak neighborliness exists, and
is universal, as established instead in Theorem

At the other extreme, universality of compressed sensing phase transitions can be conjectured
from the results of the non-rigorous replica method [KWT09 [REG0OI].

1.2 Universality of iterative algorithms

We will consider here and below a setting that is somewhat more general than the one described
by Eq. (Il). Following the terminology of [DMMQ09], we will refer to such an iteration as to the
approximate message passing (AMP) iteration/algorithm.

We generalize the iteration ([CI]) to take place in the vector space V,n = (R)N ~ RV*4,
Given a vector € V, n, we shall most often regard it as an N-vector with entries in R?, namely
x = (x1,...,Xn), with x; € R%?. Components of x; € R? will be indicated as (z;(1),...,zi(q)) = x;.

Given a matrix A € RV*V we let it act on V, v in the natural way, namely for v/,v € V, n
letting v' = Av be given by v, = Z;VZI A;;v;j for all i € [N]. Here and below [N] = {1,..., N} is the
set of first NV integers. In other words we identify A with the Kronecker product A ® I;x,.

Tt is easy to show that fs(«) is strictly decreasing in a € [0, 00), with f5(0) = 1, lima—co fs(a) = 0, and hence f; '
is well defined on [0, 1]. Further properties of this curve can be found in [DMMO9, [DMMIT].

2See Eq. (D) for the definition of subgaussian random variables.



Definition 2. An AMP instance is a triple (A, F,z°) where:
1. A e RVXN s q symmetric matriz with A;; = 0 for all i € [N].

2. F ={f*: k € [N]} is a collection of mappings f¥: R x N — R, (x,t) — fF(x,t) that are
locally Lipschitz in their first argument;

3. 2V e Vy,N is an initial condition.

Given F = {f* : k € [N]}, we define f(-;t) : Vyn — Vyn by letting o' = f(v;t) be given by
Vi = fi{vi;t) for alli € [N].

Definition 3. The approximate message passing orbit corresponding to the instance (A, F,z) is
the sequence of vectors {z'}1>0, ¥ € Vy v defined as follows, for t > 0,

= Aftt) - By fatht—1). (1.4)

Here By : Vg n — Vg n is the linear operator defined by letting, for v’ = By,
afI
_ 2
Vi = E A== % (x t) | vi, (1.5)

wzth denotmg the Jacobian matriz of f7(-;t) : RY — RY,

The above definition can also be summarized by the following expression for the evolution of a
single coordinate under AMP

= 3 A - 3 A2 aaf (ot ) Fi(xi0 1) (1.6)

JE[N] JE[N]

Notice that Eq. ([T]) corresponds to the special case ¢ = 1, in which we replaced A?j by E{A?j} =1/N
for simplicity of exposition.

Recall that a centered random variable X is subgaussian with scale factor o2 if, for all A > 0, we
have

2,2

E (e)‘X> <e2 . (1.7)

Definition 4. Let {(A(N), Fn,2%V)}n>1 be a sequence of AMP instances indexed by the dimension
N, with A(N) a random matriz and 2% a random vector. We say that the sequence is (C, d)-regular
(or, for short, regular) polynomial sequence if

1. For each N, the entries (Aij(N))i<i<j<n are independent centered random variables. Further
they are subgaussian with common scale factor C/N.

2. For each N, the functions f'(-;t) in Fn (possibly random, as long as they are independent
from A(N), %N ) are polynomials with mazimum degree d and coefficients bounded by C.

3. For each N, A(N) and z%N are independent. Further, we have S~ | exp{Hx?’Nﬂg/C} < NC
with probability converging to one as N — oo.



We state now our universality result for the algorithm ([C4l).

Theorem 3. Let (A(N), Fn,2%Y)n>1 and (A(N), Fn,zN)ns1 be any two (C,d)-regular polyno-
mial sequences of instances, that differ only in the distribution of the random matrices A(N) and
A(N).

Denote by {x'}i>0, N{ft}tzo the corresponding AMP orbits. Assume further that for all N and
all i < j, E{A?j} = E{A?J} Then, for any set of polynomials {pni}N>01<i<nN PN, : R — R, with
degree bounded by D and coefficients bounded by B for all N and i € [N], we have

N
tim > {Bpwaxd) — Epwa®)} = 0. (18)

i=1

1.3 State evolution

Theorem B establishes that the behavior of the sequence {z'};>¢ is, in the high dimensional limit,
insensitive to the distribution of the entries of the random matrix A. In order to characterize this
limit, we need to make some assumption on the collection of functions Fy.

Definition 5. We say that the sequence of AMP instances {(A(N), Fn,z%V)} >0 is polynomial
and converging (or simply converging) if it is (C,d)-regular and there exists: (i) An integer k; (ii) A
symmetric matriv W € R¥*® with non-negative entries; (i4i) A function g : R? x R x [k] x N — RY,
with g(x,Y,a,t) = (g1(x,Y,a,t),...,94(x,Y,a,t)) and, for each r € [q], a € [k], t € N, g,(-,a,t) a
polynomial with degree d and coefficients bounded by C; (iv) k probability measures Py, ..., Py on
R, with P, a finite mizture of (possibly degenerate) Gaussians for each a € [k|; (v) For each N, a
finite partition CN UCN U--- U C,iv = [N]; (vi) k positive semidefinite matrices ¥9,...%0 € RI%4,
such that the following happens.

1. For each a € [k], we have limy_, |CN|/N = ¢4 € (0,1).

2. For each N > 0, each a € [k] and each i € CN, we have fi(x,t) = g(x,Y (i),a,t) where
Y(1),...,Y(N) are independent random variables with Y (i) ~ P, whenever i € CN for some

a € [k].

3. For each N, the entries {A;;(N)h<icj<n are independent subgaussian random variables with
scale factor C/N, EA;; =0, and, fori e CN and j € C’va, E{A?j} = Wau/N.

4. For each a € [k], in probability,

lim CLN| Z g(x?,Y(i),a, 0>g<x?,Y(i),a, O>T =30, (1.9)

With a slight abuse of notation, we will sometime denote a converging sequence by {(A(N), g,2%")} n>o.
We use capital letters to denote the Y'(i)’s to emphasize that they are random and do not change
across iterations.

Our next result establishes that the low-dimensional marginals of {x'} are asymptotically Gaus-
sian. State evolution characterizes the covariance of these marginals. For each ¢ > 1, state evolution



defines a set of k positive semidefinite matrices Lt = (34,35, ..., 51), with X! € R7*%. These are
obtained by letting, for each ¢ > 1

k

»to= ZcbWab st (1.10)
b=1

2 = E{g(Z Yaa)g(Z} Yora )} (L11)

for all a € [k]. Here Y, ~ P,, Z, ~ N (0,%) and Y, and Z! are independent.

Theorem 4. Let (A(N),Fn,2%)n>0 be a polynomial and converging sequence of AMP instances,
and denote by {x'};>0 the corresponding AMP sequence. Then for eacht > 1, each a € [k], and each
locally Lipschitz function 1 : RY x R? — R such that |1 (x,y)| < K(1+ ||lyl|2 + [|x]13)¥, we have, in
probability,

lim Z W(x = E{¢(Z,,Y,)}, (1.12)

jECN

where Z, ~ N(0,%!) is independent of Yy ~ P,.

We conclude by mentioning that, following [DMM09], generalizations of the algorithm ([Cl) were
studied by several groups [Sch10l [Ran1Tl, IMAYBI11], for a number of applications. Universality results
analogous to the one proved here are expected to hold for such generalizations as well.

1.4 Outline of the paper

The paper is organized as follows. After some preliminary facts and notations in Section B Section
considers the AMP iteration ([L4]) and proves Theorems Bl and Fl In order to achieve our goal, we
introduce two different iterations whose analysis provides useful intermediate steps. We also prove a
generalization of Theorem H to estimate functions of messages at two distinct times 9 (xt, x¢, Y ().

Section Bl proves a generalization of Theorem H to the case of rectangular (non—symmetmc) ma-
trices A. This is achieved by effectively embedding the rectangular matrix, into a larger symmetric
matrix and applying our results for symmetric matrices.

The generalization to rectangular matrices is finally used in Section H to prove our result on
the universality of polytope neighborliness, Theorem Bl This is done via a correspondence with
compressed sensing reconstruction established in [[Don05al], and a sharp analysis of an AMP iteration
that solves this reconstruction problem.

2 Notations and basic simplifications

We will always view vectors as column vectors. The transpose of vector v is the row vector indicated
by vT. Analogously, the transpose of a matrix (or vector) M is denoted by M . For a vector v € R™,
we denote its £, norm, p > 1 by |||, = (31, |v;[P)}/P. This is extended in the usual way to p = oo.
We will often omit the subscript if p = 2. For a matrix M, we denote by || M||,, the corresponding ¢,
operator norm. The standard scalar product of u,v € R™ is denoted by (u,v) = >7"; u;v;. Given
v € R™ w € R", we denote by [v,w] € R™™ the (column) vector obtained by concatenating v



and w. The identity matrix is denoted by I, or I« if the dimensions need to be specified. The
indicator function is 1(-). The set of first m integers is indicated by [m] = {1,...,m}. Finally, given
x = (x(1),2(2),...,2(¢)) € R? and m = (m(1),...,m(q)) € N9, we write

x™ = H z(r)™m) (2.1)
r=1

Following the common practice, degenerate Gaussian distributions will be considered Gaussian,
without further qualification. In particular, any distribution with finite support in R¥ is a finite
mixture of Gaussians.

In our proof of Theorem Bl we will make use of the following simplification, that lightens somewhat
the notation.

Remark 1. For proving Theorem [, it is sufficient to consider the case in which g : (x,Y,a,t) —
9(x,Y,a,t) is independent of Y.

Proof. We can assume without loss of generality that the measures P, are Gaussian. Indeed if, for
instance, P, is a mixture of ¢ gaussians, P, = wy Py1 + w2 P2 + -+ + w;P, ¢ then we can replace

effectively the partition element CV by a finer partition Cé\fl, . ,Cé\fg whereby C’é\fl U---u Cé\’[z =CoN
and |Cé\’71|, ce ]Cé\fd are multinomial with parameters (wq,...,wp). Notice that this finer partition

is random, but \Cévz\/N — cqw; almost surely, and therefore the theorem applies.

Assume therefore that the P, are gaussian. By replacing g(x,Y, a,t) by ¢'(x,Y,a,t) = g(x, Q.Y +
Vg, a,t) for suitable matrices @Q),, and vectors v,, we can always assume Y, ~ N(0,I;x4) for all a.
Assume therefore Y, ~ N(0,I;x4). Enlarge the space by letting £’ = k+ ¢, N’ = (§+ 1)N and
CN' = {Nl+1,...,N(l+1)}, for a = k+£ > k, while CN' = CN for a < k. We further let ¢/ = q+§
and define new functions ¢’ : R? x RY x [k'] x N — RY independent of the second argument (Y) as
follows. For x € R?, X € RY, we let

gé((x,i),Y,a,t) = g (x,X,a,t) forre{l,...,q},ae{1,... Kk},

g;<(x,>~<),y,a,t> - 0 forre{g+1,....q+q},ae{l,... .k},

g;<(x,>z),xa,t) -0 for r € {1,...,q},a € {k+1,....k+q},
g;H((x,i),Y,kM/,t) = 1(=1) for 0,0 € {1,...,G} .

We further use matrix A’ constructed as follows: Aj; = A;; for i,j < N, and A;; ~ N(0,1/N) if
i > N or j > N. (Notice that E{(A;j)2} = 2/N’ but this amounts just to an overall rescaling
and is of course immaterial.) Clearly the functions ¢’ do not depend on Y as claimed. Further,
x ~ N(0,I5x4) at all iterations. Hence the new iteration is identical to the original one when
restricted on {z;(r): i < N,r < ¢}. O

3 Proofs of Theorems Bl and

In this section we consider the AMP iteration ([[L]), and prove Theorem Bland Theorem H and indeed
generalize the latter.



We extend the state evolution ([LI0) by defining for each ¢t > s > 0 and for all a € [k], a positive
semidefinite matrix X5° € RC0*x(24) a5 follows. For boundary conditions, we set

=N S50 $30 . St . 30
22,0 — EJS EJS ’ EZ,O _ Ea /90 , Eg’t _ Ea Pt , (31)
X, X, 0 X, 0 X

with f)fl defined per Eq. (CIO)). For any s,t > 1, we set recursively

k
Sho= Y aWaS (3.2)
b=1

S = B{XXT} . Xa=[9(ZL Yasa),9(Z0, Yasa,8)] . (20, 23) ~ N(O,ZE7). (33)

Recall that [g(ZL, Yy, a,t),9(Z%, Yy, a,s)] € R?? is the vector obtained by concatenating g(Z%, Yy, a,t)
and g(Z, Yy, a,s). Note that taking s = ¢ in (B2)), we recover the recursion for ©¢, given by Eq. (CI0).

Namely, for all ¢t we have
¥toxt

Theorem 5. Let {(A(N), Fn,2%N)}n>1 be a polynomial and converging sequence of instances and
denote by {x'}1>0 the corresponding AMP orbit.
Fiz s,t > 1. If s # t, further assume that the initial condition %V is obtained by letting
?’N ~ Qg independent and identically distributed, with Q. a finite mizture of Gaussians for each
a. Then, for each a € [k|, and each locally Lipschitz function ¢ : RY x R? x R? — R such that
[p(x,x",y)| < K(1+ |lyl12 + Ix|12 + |X'|2), we have, in probability,

1 —1 t 8 ; t r7s
N TCR] .EZC:N V%5, Y (7)) =E [9(Z, 25, Ya)]
Jeba

where (Zt, Z5) ~ N(0,25°) is independent of Y, ~ P,.

Throughout this section, we will assume that {(A(N), Fy,z0")}, {(A(N), Fx,2%N)}, etc. are
(C, d)-regular polynomial sequences of AMP instances. We will often omit explicit mention of this
hypothesis. Notice that Theorem B holds per realization of the functions Fpn. Because of this, and
of Remark [M, we will consider hereafter Fy to be non-random.

The rest of this section is organized as follows. In subsection Bl we introduce two new itera-
tions that are useful intermediary steps for our analysis. We show that the corresponding variables
admit representations as sums over trees in Sec. and use them to prove basic properties of these
recursions in Secs. B3 B4l and Theorems Bl and Bl are then proved in Secs. Bl B7l Because
of Eq. (B4), Theorem H follows as a special case of Theorem Bl Indeed, we will show that both
statements are equivalent through a reduction argument. Depending on the application, Theorem
might be a more convenient formulation of the state evolution and will be used in Section Hl



3.1 Message passing iteration

We define two new message passing sequences corresponding to the instance (A, F, zON ). For each
i € [N] we use the short notation [N]\ ¢ to denote the set [N]\ {i}. We now define the sequence of
vectors (z!_ ;j)ten, where for each i # j € [N], z! ; is a vector in R? or equivalently for each t € N, we
can see (z!_ ;) as an N x N matrix with entries in R? (diagonal elements are never used). The initial

1—J
0,N

condition is denoted by z!_ . € R? for any 4,5 € [N] and is independent of j, such that zz_)] = X;

]
for all j # i. The r-th coordinate of the vector zfilj is defined by the following recursion for ¢ > 0,
Zfii (T) == Z AZZ Z£—>z7 ) ) (35)
Le[NT\j

where f£(-,t) : R? — R is the r*" coordinate of f%(-,t).
We also define for each i € [N] and ¢ > 0, the vector z! ™' € R? by

AN ) = Y An iz t). (3.6)

LE[N]
Our first result establishes universality of the moments of z!__ ; for polynomial sequences of instances.

Proposition 6. Let (A(N), Fn,2%N)ns1 and (A(N), Fy, 2"V n>1 be any two (C, d)-regular poly-
nomial sequences of AMP instances, that differ only in the distribution of the mndom matrices A(N)
and A(N). Assume that for all N and all i < j, E{A = IE{A +. Denote by z! the orbit (respec-

tively zt) defined by ([Z4) while iterating [Z3) with matriz A (respectwely A). Then for any t > 1
and any m = (m(1),...,m(q)) € N9, there exists K independent of N such that, for any i € [N]:

E[@)™] —E[@)™]| < kN2 (3.7)
The proof of this proposition is provided in Section

Note 2. In this statement and and in the rest of this section, K is always understood as a function
of d,t,q,m,C which may vary from line to line but which is independent of N.

Our second message passing sequence is defined as follows: for a (C,d)-regular sequence of in-
stances (A(N), Fy,2%V)n>1, we define for each N, an i.i.d. sequence of N x N random matrices
{A'}4en such that A = A(N). Then we define (vi;) by yz_)] = x0 N and for t >0

LE[NT\j
and
gt ) = Y Al fyiit). (3.9)
LE[N]

The asymptotic analysis of 3! is particularly simple because an independent random matrix A? is
used at each iteration. In particular, it is easy to establish state evolution for y’. Our next result
shows that vy’ provides a good approximation for 2.

10



Proposition 7. Let (A(N), Fn,2%N)n>1 be a (C,d)-reqular polynomial sequence of instances. Let
z! and y! be the sequences of vectors obtained by iterating (Z3A)-(ED) and (F8)-(Z3) respectively.
Then for any t > 1 and any m = (m(1),...,m(q)) € N9, there exists K independent of N such that,
for any i € [N]:

[E|(z)"] - E[(v)™]| < KN

The proof of this proposition is provided in Section B4l
Finally, recall that we defined the sequences (x!);cn with x! € R?, by xg and for t > 0,

. oft
A = DAl G ) = D ARD Gt 1)89[;{;) (1)

Proposition 8. Let (A(N),Fn,2%Y)n>1 be a (C,d)-reqular sequence of instances. Denote by
{x'}i>0 the corresponding AMP sequence and by {z'};>0 the sequence defined by [ED) while iter-
ating {33). Then for anyt > 1 and m(1),...,m(q) > 0, there exists K independent of N such that,
for any i € [N],:

[E|(x)™] —E[(z)"]| < kN2

(3

The proof of this proposition is provided in Section

3.2 Tree representation
By assumption of Proposition B, we have for each ¢ € [N] and r € [q],

q

frg(zvt) = Z cfl,...,iq(rv t) Hz(s)is7 (3.10)

i1t tig<d s=1

where each coeflicient Cfl,...,iq (r,t) belongs to R and has absolute value bounded by C' (uniformly in
¢ e [N],i1,...,iq, and t € N).

We now introduce families of finite rooted labeled trees that will allow us to get a simple expression
for the z;_;(r)’s and z{(r), see Lemma [l below. For a vertex v in a rooted tree T' different from the
root, we denote by 7(v) the parent of v in 7. We denote the root of T' by o. We consider that the
edges of T are directed towards the root and write (u — v) € E(T) if 7(u) = v. The unlabeled trees
that we consider are such that the root and the leaves have degree one; each other vertex has degree
at most d + 1, i.e. has at mostd children. We now describe the possible labels on such trees. The
label of the root is in [N], the label of a leaf is in [N] x [¢g] x N? and all other vertices have a label
in [N] x [g]. For a vertex v different from the root or a leaf, we denote its label by (¢(v),r(v)) and
call £(v) its type and r(v) its mark. The label (or type) of the root is also denoted by ¢(o); the label
of a leaf v is denoted by (£(v),r(v),v[1],...v[q]). For a vertex u € T, we denote |u| its generation
in the tree, i.e. its graph-distance from the root. Also for a vertex u € T (which is not a leaf), we
denote by wu[r] the number of children of u with mark r € [¢] (with the convention u[0] = 0). The
children of such a node are ordered with respect to their mark: the labels of the children of u are then
(0,1, (e ), (e 9y (el Etuld gy where each (£uO1F Ul pulOltetulitl] =1 g
u[i + 1]-tuple with coordinates in [N]. We denote by L(T') the set of leaves of a tree T, i.e. the set

11



of vertices of T' with no children. For v € L(T), its label (¢(v),r(v),v[1],...v[q]) is such that for all
i € [q], v[i] € N and v[1] +--- + v[g] < d. We will distinguish between two types of leaves: those
with maximal depth ¢ = max{|v|, v € L(T')} and the remaining ones. If v € L(T') and |v| <t —1,
then we impose v[1] = --- = v[g] = 0. This case corresponds to ‘natural’ leaves and since they have
no children, the notation is consistent with the notation introduced for other nodes of the tree. For
all other leaves, we do not make this assumption so that v[1] 4+ --- 4+ v[g] can take any value in [d].
These leaves are ‘artificial’ and can be thought of as leaves resulting from cutting a larger tree after
generation ¢ so that the vector of the v[r]’s keeps the information on the number of children with
mark r in the original tree.

Definition 9. We denote by T! the set of labeled trees T with t generations as above that satisfy the
following conditions:

1. If vy = o, v, ...,V is a path starting from the root (i.e. with w(v;y1) = v; for i > 1), then the
corresponding sequence of types €(v;) is non-backtracking. i.e., for any 1 <i < k —2, the three
labels £(v;), £(viy1) and L(viyo) are distinct.

2. Ifu e L(T) and |u| <t —1 (i.e. u is a ‘natural’ leaf), then we have v[1] + - -+ v[g] = 0.
3. Ifue L(T) and |u| =t (i.e. u is an ‘artificial’ leaf) then we have v[1] + - - 4+ v]g] < d.

We also denote by T' the set of trees that satisfy conditions 2 and 8, but not necessarily the non-
backtracking condition 1. Hence Tt C T

We also let Ut be the same set of trees in which marks have been removed (i.e. we identify any
two trees that differ in the marks but not on type). Analogously, U " is the set of trees in which marks
have been removed, but do not necessarily the non-backtracking condition 1.

For a labeled tree T' € 7' and a set of coefficients ¢ = (Cfl,...,z'q (r,t)), we define three weights:
AT) = H Ag)e()s
(u—v)eE(T)
(u
F(T, C,t) = H u([l}), ,u[q]( ( )7t - ‘U|),
(u—v)eE(T)
q
o) = [T T(55)"
veL(T) s=1

We define

(a) Tt ;(r) C T' the family of trees such that: (i) The root has type 4; (ii) The root has only one
child, call it v; (7i7) The type of v is £(v) ¢ {i,j} and its mark is r(v) = r.

(b) T:'(r) C T' the family of trees such that: (i) The root has type i; (i4) The root has only one
child, call it v; (i7i) The type of v is £(v) # ¢ and its mark is r(v) = r.

The sets of trees U (r) and U}, .(r) are obtained from 7;'(r) and 7} .(r) by removing marks.

Z—>] Z—>]
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Lemma 1. Let (A(N), Fn,2%N)n>1 be a polynomial sequence of AMP instances. Denote by z! the
orbit defined by (3TA) while iterating (Z3) with matriz A. Then,

doglr) = Y AMI(T,c,t)x(T), (3.11)
TET! ;(r)

Ar) = ) ADI(T,c t)x(T). (3.12)
TETH(r)

Proof. We first prove (BI1]) by induction on t. For ¢ = 1 we have, by definition

zi(r) = Z Z AaCfl,...' H(%—n )

LE[N\j i1+-+ig<d

»
[y

This expression corresponds exactly to equation (BI]) since trees in ’Tll_>J (r) have a root with label
i and with one child with label (¢,7,i1,...,4,) for some ¢ ¢ {i,5} and i1 +--- + i, < d.
To prove the induction, we start with Eq. (BX]), which yields

q
1
Zfij(r) = Z Ay Z zl, 7' H z£—>z

CE[N]\j  i1+-+ig<d s=1

Using the induction hypothesis, we get
is

H(zg_%-(s))is = H A(T)I(T,c,t)x(T)
s=1

s=1
= HH (Tp)T(T3 s e, )z (1),

where the last expression is a sum over all (i1 + --- + i,)-tuples of trees with the first i; trees in
T} (1), the following is in 7! (2), and so on.

l—1 l—1
Hence, we get

a s
ORI DEY > Auch, i ) [T TT AT (T, e, )2 (T3).  (3.13)
CE[N|\j i1--dg [T}, (s)]1 7t Fia s=1k=1
The claim now follows by observing that the set of trees in ’Z'Zti]l( ) is in bijection with the set of
pairs constituted by a label (¢,7) with ¢ ¢ {7,j} and a (i1 + --- + ig)-tuple of trees with exactly i
trees belonging to 7% (s) for s € [g]. Indeed, take a root with label i and one child say v, with label
(¢,r) for some £ ¢ {i,j} and with a (i; + --- + ig)-tuple of trees with exactly i, trees belonging to
T} .(s) for s € [g]. Now take v as the root of these (iq + - -- +1i,) trees, the order in the tuple giving
the order of the subtrees of v. Note that the root of each subtree in 7} ,(s) has type ¢ and in the
resulting tree will get mark r. The proof of (BI2) follows by the same argument, the only change is

that in the sum in ([BI3]), we need now to include ¢ = j. O
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3.3 Proof of Proposition

We are now in position to prove Proposition

Proof. For notational simplicity, we consider the case m(r) = m, and m(s) = 0 for all s € [g] \ r.
Thanks to Lemma [, we have

EH0)"] = Y [ﬁrm,c,t)

Ti,...Tm€T}(r) =1

m

[z

l=1

E E (3.14)

[TAm)
(=1

Since c is fixed in this section, we omit to write it in I'(T,t). Notice that the general case m =
(m(1),...,m(q)) € N? admits a very similar representation whereby the sum over T4, ..., T}, € T.'(r)
is replaced by sums over T1,...,T,,1) € TH(1), Tt,..., Tinz) € TH2), ..., T1,..., Tpyg) € T'(q)/
The argument goes through essentially unchanged.

We have I(Ty,t) < C¥"". We first concentrate on the term E [T1/%; A(Ty)]. Recall that, from

2
subgaussian property of entries of A: E (e’\Aiﬂ') < ¢S . Now using Lemma [[2 from Appendix [Dl we
get for all i < j € [N]

S\ S o2

E[|A;;]f] < 2 <E> AR SN < 203 (-)5 N3, (3.15)

obtained by taking A = \/Ns/C.
For a labeled tree T', we define ¢(T") = {¢(T);; € N, i < j € [N]} where ¢(T);; is the number of
occurrences in T of an edge (u — v) with endpoints having types ¢(u),£(v) € {i,j}. Hence we have

AT) = H AZ;-(T)” and E
i<j€[N]

- i<j1-;I[N]E AF =] (3.16)

[TAm)
{=1

Since the mean of each entry of the matrix A is zero, in Equation (BIdl), we can restrict the sum
to T4, ..., T, such that for all i < j € [N], >, ¢(T0)i; < 2 implies Y~ ¢(1y)i; = 0.

We now concentrate on the sum restricted to 77, ..., T, such that moreover there exists i < j €
[N] such that ;" ¢(T%);; > 3. For such a m-tuple T1,...,T,,, we denote p = p(Th,...,Ty,) =
ZK]- Y req ¢(Ty)ij. Let G be the graph obtained by taking the union of the T;’s and identifying ()
vertices v with the same type {(v). We define e(T, ..., ;) = >, 1(3°)%, ¢(T)ij > 1) which is the
number of edges counted without multiplicity in G. Since there exists ¢ < j with > ;" ¢(1})i; > 3,
we have 3+ 2(e(Ty, ..., Ty) — 1) < p, ie. e(Ty, ..., Ty) < “T_l Using Eq. (B13), we get

E| [T

(=1

< H E [‘Aij‘zz; ¢>(Tz)ij]
i<je[N]

< (2(1’5 (g) %> e N-

since in the product on the right-hand side of (BIfl), there are e(T1,...,T,) terms different form
one, i.e. at most (u — 1)/2 contributing terms.

! ‘

(S

(3.17)
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We now compute an upper bound on

(w)
> E

Tlv"'vT’UL

[z

(=1

(»)
where the sum ) ranges on m-tuple of trees in 7;*(r) such that Y, i 2rey #(Ty)ij = p. First note
that for any x € RY, we have for any p > 2:
2
Il < lIx|l5 < max (exp(|lx[l3), ") -

Hence the condition + SN exp(Hx?’Nﬂg/C) < C ensures that for any p > 2,

1 N
0,N
5 2 I < 6,
=1

Therefore,
W m N g T
> Tl < (@D (1+1adN @)+ + 2 (5)1™) (3.18)
T1,....Tm £=1 j=1s=1
p—1
) md 1 N 2
p=1 0,N
= @"N)T [+ D5 DI
k=1~ j=1
.

md 2
< <qm<q +y 0@) N'T
k=1

where the last inequality is valid for N > C. To see why (BIR) is true, note that the graph G
is connected since all trees T7,...,T,, have the same type ¢ at the root. Therefore, the number of
vertices in G is at most e(Tl, o Tn) +1 < ”_1 + 1. Since all T)’s have the same root which has
type i, G has at most £= L distinct vertices Wthh are dlstlnct from the one associated to the root.
In particular, all trees T1, ..., Ty, together have at most £5— L distinct types among their leaves. The
factor ¢"™ comes from the fact that for each type j there are at most ¢ choices for its m marksnr
corresponding to the m trees. Now each leaf with type j will contribute a factor []?_; (w?’N(s)) )
with ) ng < md.

It is now easy to conclude, since we can decompose the sum in (BId) in two terms, the first term
say S1(A) consists of the contribution of the m-tuples T4, ..., T, such that for all ¢, j, > ;% ¢(1})i; €
{0,2} while the second term denoted by S2(A) consists of the remaining contribution. We have

S1(A) = S1(A) and, using [BFI7) and BIX), we get:
1

Sy < Y cfTHR N —%:o<N—§), (3.19)

p<mdt+t

which concludes the proof Proposition Bl Here we used the fact that all values p, ¢, and {Ck}z”fo are
independent of N. O
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We end this section by showing that the term S;(A) can be further reduced. This result will be
useful in the sequel and we state it as the following lemma.

Lemma 2. Recall that we denoted by S1(A) the term in the sum ([3-14), consisting of the contribution
of the m-tuples T, . . ., Ty, such that for alli,j, >~," &(Ty)i; € {0,2}. We further decompose S1(A) =
T(A)+R(A) in two terms where the first term T(A) corresponds to the sum over trees T, ... T,, such
that the resulting graph G obtained by taking the union of the Ty’s and identifying vertices v with
the same type £(v), is a tree (each edge having multiplicity two). Then there exists K (independent
of N) such that:

(E [zf(r)m} - T(A)( — KNV,
B[] <K, [E[#H 0" <K

Proof. We have by definition E [(2!(r)™)] = T(A) + R(A) + S2(A), so that thanks to (EIJ), we need
only to show that R(A) = O (N~1/2).

For any m-tuple T4, ..., T, such that for all 4,7, > -, ¢(T7)i; € {0,2}, we have with the same
notation as above: e(T1,...,T;,) = 5. The number of vertices in G is at most 1 + e(T4,...,Ty)
with equality if and only if G is a tree (remember that G is always connected as all trees Ty’s share

the same root). Hence for the cases that G is not a tree it has at most § — 1 vertices that serve as

leaves of a tree among T1,...,T,,. By the same argument as above we get
T(4)] < Y KN:EN"E=0(1) (3.20)
p<mdt Tt
IR(A)] < ) KN:T'NTE=0O(NTY), (3.21)
p<mdi+1
and the claim follows. O

3.4 Proof of Proposition [T

The proof follows the same approach as for Proposition Bl For notational simplicity, we consider the
case m(r) = m, and m(s) = 0 for all s € [¢] \ r. The general case follows by the same argument. For
y, we are using a different matrix at each iteration and we need to define a new weight associated
to trees T' € T as follows:

Arty = 1 Axdi (3.22)
(u—v)eE(T)

In the particular case where the sequence {A'};cy is constant (i.e., equals to A), this expression
reduces to A(T') defined previously. Similar to Lemma [l for x, we have now

viir) = Y ATONT ¢, t)z(T),
TeTz':j(T)

vi(r) = AT H)0(T, e, t)2(T),
TeTt(r)
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so that we get

E[e)"] = Y

T1,.., Tm €T (r)

m

H Tg,c t

/=1

(3.23)

[1:[:5 (Ty) f[ (Ty, 1)

For a labeled tree T', we define p(T') = {@(T)Zgj >0,i<j€[N],d>1} where gp(T)Zgj is the number
of occurrences in 7' of an edge (v — v) with endpoints having labels ¢(u), f(v) € {i,j} and with
generation [u| = g. In particular, we have > ¢ (T)]; = #(T)i; which was defined in the proof of
Proposition Bl Hence we have with p =32, ;> /% ¢(T0)ij,

[HZTZ, } @ H H [Z“M)}
=1 i<j€[N] g
< JT TIE[ayPsetos]
i<je[N] 9
pN (n—1)/2
(2 <QCS (g>2>“ N~E (3.24)

where (a) holds since {A!};en is an iid sequence with the same distribution as A(N), and (b) follows
by the same argument as in (BI7). The inequality (B224]) implies that the bounds (BI9) and (BZ)
are still valid with the weight of a tree given by (B22) (the term E [[ ;% z(T7)] can be treated as in
previous section).

As in the proof of Proposition [Bl, we define the graph G obtained by taking the union of the T}’s
and identifying vertices v with the same type ¢(v). By Lemma B, we need only to concentrate on the
term T'(A) corresponding to m-tuples T1,...,T}, such that each edge in G has multiplicity 2 and
such that G is a tree. Indeed, the proposition will follow, once we prove

T(A) = T(A), (3.25)

where T'(A) was defined in Lemma B and T(Z) is the corresponding term with the weight of a tree
given by (BZJ). First note that for any T1,..., Ty, such that E [[[;", A(Ty,t)] # 0, we have

m
H T£7
=1

Now suppose that we have E[[];%; A(Ty)] # 0 = E [[Ij~, A(Ty,t)]. This can only happen, if an
edge in G connecting types say 7 and j has multiplicity 2 but appears at different generations in the
original trees Ty’s. Suppose this edge appears twice in say 17 at on the same branch and at different
generations, i.e. there exists (¢ — b) and (¢ — d) € E(Ty) with {£(a),£(b)} = {{(c),4(d)} = {i,7},
la| < |c| and the edge (a — b) is on the path that connects ¢,d to the root. Thanks to the non-
backtracking property, these two edges cannot be adjacent, i.e. a # d. But then these edges create a
cycle in G, contradiction. Suppose now that these edge appears in T} and T3 in different generations,
i.e. there exists (a — b) € E(Ty) and (¢ — d) € E(T3) with {{(a),£(b),¢(c),¢(d)} = {i,7} and
la| < |¢|. Then the same reasoning shows that they will create a cycle in G since b and d are
connected to the roots of T and T5 respectively which are both identify to a single vertex in G. The
latter argument can be used for the case where both edges belong to the same tree 17 but they lie
in different branches. Hence we obtain again a contradiction.

m

E|[TAm)

l=1
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3.5 Proof of Proposition

Proof. As in the proof of Proposition B, we will rely on a representation of z!(r) based on labeled
trees defined as in Section In the present case it is however more convenient to work with trees
from which marks have been removed, i.e. we identify any two trees in which the vertex marks are
different but the types are the same. Notice that Eqs. (B11l), (B12) imply

i) = > AMI(T,c,t)x(T), (3.26)
TeU!,(r)

dr) = Y AMI(T,c,t)z(T), (3.27)
Teut(r)

where I'(T, ¢, t) is obtained by summing I'(T, c,t) over all trees T that coincide up to marks. In the
following, with a slight abuse of notation, we will write I'(T, ¢, t) instead of T''(T) c, ).

In a directed labeled graph, we define a backtracking path of length 3 as a patha - b —c—d
such that ¢(a) = ¢(c) and ¢(b) = ¢(d). We define a backtracking star as a set of vertices a — b — ¢
and a'(# a) — b such that £(a) = £(a’) = £(c). We define B! as the set of rooted labeled trees T' in

Ut, that satisfy the following conditions:

o If w — v € E(T), then ¢(u) # ¢(v) and there exists in 7" at least one backtracking path of
length 3 or one backtracking star.

Then, we define B! as the subset of trees in B! with root having type i and only one child with type
£ with £ 2 1.
Lemma 3. Under the same assumptions as in Proposition B, we have

zi(r) = Z A(T T,t,r) (T),

TeB!
for some T(T,t,r) which is bounded uniformly as |D(T,t,r)| < K(d,C,t).

Proof. Following the same argument as in Lemma [Il it is easy to prove by induction on ¢ that we
can find I'(7,¢,r) such that

Z A(T)T(T,t,r)2(T), (3.28)

Teu

i

with |T(T,t,7)| < K(d,C,t). The terms Ao fE(x4,t) can be handled exactly as in Lemmal[ll Concern-

ing the terms A2 fi(x! 1) 82:{;) (x},t), it can be interpreted as a sum on the following trees in U:

the type of the root is ¢ and the root has one child with type ¢. This child has at most d — 1 subtrees

in 71" coming from the term 6?6{78) (x},t) (which is a polynomial with degree at most d — 1) and one

child say u with type 4. This child u is the root of at most d subtrees in U =t coming from the term

Fi(xt71t —1). We see that the resulting tree is in 7. Now to see that |ID(T,t,r)| < K(d,C,t),
£

note that each polynomial f£(-,t) (resp. aam—’?s)( -,t)) has coefficients bounded by C' (resp. dC') so

that taking into account the contribution of each term in decomposition (B28), we easily get

IT(T,t+1,7)| < dC? |K(d,C,t)* + K(d,C,t)* 'K (d,C,t — 1)
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It remains to prove that f(T,t, r) agrees with the expression in Lemma [ ¢f. Eq. (B26), B21),

for T € U!(r) and is zero for trees in u' \ Bt. The proof of this fact will proceed by induction on ¢.
The cases t = 0,1 are clear since Bﬁ = (). For t > 1, we define

2(r) = Aufi(zlt = 1), ei(r) =Y AT, t,r)2(T), dj(r)=z,(r)+e)(r)
TeB!

so that we have by the induction hypothesis, Xz = zz_)i + zzi + ez = zz_)i + dzi.
Since f£(-,t) is a polynomial, we have

ot —_ Let t t aff t
fr (th) fr (Z£—>z7t) + Z (’ZZ,Z(S) + 65(8)) 81’(8) (ZZ—n’t)

t7.(8))n8 an1++anf (Zt t)
ng!  dz(1)m ... dz(q)na " TV

where the last sum contains a finite number of non-zero terms.
Multiplying by A;¢ and summing over ¢ € [N], the first term on the right hand side gives exactly

271 (7). The second term gives:

Z AZZ Z f )86{7“ £—>27 + Z AZZ Z 8{2) (Z€—>i7 t) .

From now on and to lighten the notation, we omit the second argument of the functions f‘. Hence
we have

‘ ¢
10 = 4= ALY (e~ e )

+ ZMZ%)W’;)(ZL» (3.29)
YA S

+ ZA , Z H < )n gt ft (7))
¢ ) nit-4ng>2 s=1 55(1)"1 ... 0x(q)" =i/

We now show that each contribution on the right hand side (except zt+1(7‘)) can be written as a sum
of terms A(T)I(T,t + 1,r,2°) over trees T € B! that we construct explicitly.

First consider the terms of the form: Agel(s) 82:{5) (z}_,). By definition e}(s) can be written as a

sum over trees in B and by Lemmal [l the r-th component of z}, ; can be written as a sum over trees

in U} _,(r). Hence by the same argument as in the proof of Lemmal[ll we see that Agel(s) 8sz; ) (xt_.)

can be written as a sum over trees with root having type 7, one child say v with type £. This vertex v

is the root of a tree in B (corresponding to the factor e}(s)) and a set of trees in U} (1),...,U}_;(q)

corresponding to the factor 6f (g . This tree clearly belongs to BT
da(s) \U—i i

We now treat the terms in the first line. Again, we have

, oft oft
f;(xf_l)ax{g) (Xz) fz(zi_d) a.CC](C ) (ZZ—M) + g(d;e 517 dZ 7 Z_>£7 Zz—n)
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where ¢ is a polynomial with either a positive power of a component of dﬂl or of dzi. Hence, we only

need to construct trees in BI T (r) corresponding to terms of the following form: for 3 (as+bs) > 1,
— as bs — Cs ds
ALTT (424) ™ (i)™ (51(5) (shals)™

Let first consider the term: A2 ], (zf;lg(s))cs (z}?éi(s))ds. It can be interpreted as a sum on the
following family of trees: the type of the root is i and the root has one child with type ¢. This
child has dy subtrees in U} .(s) and one child denoted u with type i. This child u has ¢, subtrees
in I/{Z?:;(s). Note that the only backtracking path in such a tree is the path from u to the root with
types 4,¢,i. In particular such a tree does not belong to Bi(r).

We assume now that there exists s with as > 1. We need to interpret the multiplication by
dﬁl(s) = zle(s) + et~ 1(s). First consider the case of e/~!(s), this corresponds to add a subtree in
Bf_l to the vertex u. As in previous analysis, we clearly obtain a tree in Bf“. The term zle(s)
corresponds to adding a child of type £ to the vertex u which is the root of a subtree in U 5:3(3), in
particular we introduce a backtracking path of length 3 so that again the resulting tree is in Bf“.
Similarly if by > 1, the multiplication by dé ;(s) will correspond to add a subtree to the child of the
root, resulting in either adding a backtrack{ng path of length 3 or adding a backtracking star.

The last term of the form

g ) gyt
b ! ax(l)"l...ax(q)"q(ze_’i)’

with 71 4+ --- + ny > 2 can be analyzed by the same kind of argument by noticing that the factor
AMZZZ-(S)ZZZ-(S/ ) corresponds to a backtracking star. O

The proof of Proposition B follows from the same arguments as in the proof of Proposition B
Once more, for simplicity, we only consider the case m(r) = m and m(s) = 0 for s # r, the general
case of m = (m(1),m(2),...,m(q)) € N? being completely analogous. We represent both moments
E[z!(r)™] and E[z!(r)™] using Lemma [l (in the form given in Eqs. (B28), (827)) and Lemmalll The
expectation E[z!(r)™] is represented as a sum over trees T1,..., Ty, € Ul(r) U Bi(r), while E[z!(r)™]
is given by a sum over trees 11, ..., T, € U!(r). In order to complete the proof we need to show that
the contribution of terms that have at least one tree in B!(r) vanishes as N — oo.

The factor [, I'(Ty,t,7) is bounded by K(d,C,t)™. which is independent of N. Hence, we
only need to prove that

D 2 E

TieB(r) T €T (r;)UBL(r;),5€[2,m]

m

[TA@)=(T)

l=1

~0 (N—%) . (3.30)

This statement directly follows from previous analysis, since in the graph G obtained by taking the
union of the Tp’s and identifying vertices v with the same type ¢(v), there is at least one edge with
multiplicity 3, due to the backtracking path of length 3 or the backtracking star in 77. So that

previous analysis shows that the term in (B30) is of order O <N _%) O
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3.6 Proof of Theorem

Let {pn,i} N>0,1<i<n be a collection of multivariate polynomials py; : R? — R with degrees bounded
by D, and coefficients bounded in magnitude by B:

P = S N () (g (3.31)
m(1)4-+m(q)<D

By Propositions @ and B, we have,

]EpN,i(xf) — EpNJ(}"cf)] < E \cﬁX’il ||E[(x)™] — E[(x})™]] < KDIBNY? (3.32)
= 1),...,m(q) -
m(1)+--+m(q)<D

whence the thesis follows.

3.7 Proof of Theorem
An important simplification is provided by the following.

Remark 2. [t is sufficient to prove Theorem A for t = s.
(Hence, Theorem [J) implies Theorem [3.)

Proof. Indeed consider a converging sequence {(A(N), Fx,2%V)}y>1 and fix h = ¢t — s > 0. For
the sake of simplicity, and in view of Remark [[l we can assume Fpy to be given by the polynomial
function g : R? x RY x [k] x N — R, (x,Y,a,t) — g(x,Y,a,t) that does not depend on the random
variable Y. With an abuse of notation we will write g(x,a,t) in place of g(x,Y, a,t).

We will construct a new converging sequence of instances {(A(N), Fu,#%V)} ~N>1 with variables
%! € R% and such that, letting X! = (ul,v!), ul, vl € R, the pair (uf,v!) is distributed as (x!, Xf_h)
asymptotically as N — oc.

The new sequence of initial conditions is constructed as follows

1. The initial condition is given by X{ = (0,0).

0

2. The independent randomness is given by Y (i) = x). Notice that, for i € CY, we have
Y (i) ~iid Qq and hence we let P, = Q,.

3. The partitions C¥, a € [k] and matrices A(N) are kept unchanged.

4. The collection of functions in Fy is determined by the polynomial function g : R24 x R? x [k] x
N =R, (%,Y,a,t) = §(X,Y,a,t). Writing g(-) = [§V(-),g? ()], with gV (-), g (-) € RY,
we let, for u,v € R,

oV (), V) = Qom0 =0, (3.33)
g(u,a,t) ift >0,
i <
¢ (), vat) = (o@D TEsh (3:34)
g(v,a,t) ift > h.

As a consequence of this construction, ul = x! for all i € [N], ¢t > 1, and v! = Xl;_h forall t > h+ 1.

This completes the reduction. O
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As a consequence of this remark, it is sufficient to prove Theorem H and by Remark [l we can
limit ourselves to the case in which g : (x,Y,a,t) — g(x,Y,a,t) does not depend on Y and hence
this argument will be dropped. We begin by considering the expectation of moments of x.

Proposition 10. Let (A(N), Fn,z%) x>0 be a polynomial and converging sequence of AMP instances,
and denote by {x'};>0 the corresponding AMP orbit. Then we have for any i =1i(N) € CN, t > 1,
m = (m(1),...,m(g)) € N,

lim E [(xf)m] =E [(Zé)m] )

N—o0
where Zt ~ N (0,%%).

Proof. By Propositions [ and B, we need only to prove the statement for the AMP orbit yt. We will
indeed prove by induction on ¢ that for any i € C¥ and any j # i,

Jim E[(yi;)"] = E[(Z)"] (3.35)
J&@m@g (vio,)™ = E[(Z)™] in probability (3.36)

For t > 1, let §; be the o-algebra generated by A°,..., A*"1. We will show, using the central limit
theorem, that the random vector (yfib(l), c yfilj(q)) given §; converge in distribution to a centered
Gaussian random vector. More precisely, by (B8] and the induction hypothesis, the following limit

holds in probability,

Jdim B[S0 5@)8) = lim 37 B[4 0r (Vo b 095 (5 b1
Ce[N]\j
cechy
k
= ) aWaE [g:(Z,b,t)g:(Z4,b,1)] = SHH (r, s).
b=1

Since for all 7 € [g] from (BF]) we have E[yfilj (r)] = 0, from the central limit theorem, it follows that
yfilj converges to a centered Gaussian vector with covariance 1. Since all the moments of yfilj
are bounded uniformly in N by Proposition [ and Lemma [ the induction claim, Eq. (835 follows,
for iteration t + 1.

In the base case t = 0 the same conclusion holds because

T E [(A%9)2] g, (y2_. <(y0 .
Ngnooee%\;\- [( Zz) ]g (yZ—n?b’ O)Q (YZ—ﬂ’b’ 0)
J

cecly

Jim B [ (r)yi—;(s)]

k

== Z cbWabig(T7 S) )
b=1

where the second identity holds by assumption.
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Next consider the induction claim Eq. (B36]). Recall the representation introduced in Section

B
yf—g’(’r) = Z Z(T7 t)F(T,C,t)IL‘(T),
TeTilj (r)
a _ t=|ul
AT,t) = I A
(u—v)eE(T)

Using this representation of yf_)j, vi_ ; it is easy to show that, fori#k, i,k € CN

[E[(¥i=)™ (i) "] = E[(vieg) "V E [(vimy) ]| < V), (3.37)

for some function ¢(N) — 0 as N — oo ar m,C,d,t fixed. Indeed, the above expectations can
be represented as sums over m = m(1) +m(2) 4 --- + m(q) trees Th,..., T, € T, ; and m trees
T,...., T, € Tt i Let G be the simple graph obtained by identifying vertices of the same type in
Ty,....,Tn,T7,...,T..

By Lemma [ and the argument in the proof of Proposition Bl all the terms in which G has
cycles, or an edge of G correspond to more than 2 edges in the union of T4,..., T, 17,...,T),
add up to a vanishing contribution in the N — oo limit. Further, all the terms in which G is the
union of two disconnected components (one containing 4, and the other containing k) are identical

inE [(yﬁé j)m(y};q j)m] and E [(yﬁqj)m] E [(y}i_} j)m} and hence cancel out. We are therefore left
with the sum over trees Th,...,T,,,T],..., T}, such that G is itself a connected tree, with edges

covered exactly twice. Assume, to be definite, that G has p vertices and hence y — 1 edges. The
weight of such a term is bounded by

KE {ﬁZ(Ti,t) ﬁZ(Tg,t)} < KNHt1
i=1

i=1

On the other hand, the number of such terms is bounded by K N#~2 (because the type has to be
assigned to p vertices, but 2 of these are fixed to i and k), and hence the overall contribution of these
terms vanishes as well.

From Eq. (B37) and using the fact that E[(yf_)j)2m] < K (because of Lemma B and Proposition
[d), we have

. 1 m
Jim Var{ o D (1) )
iecl

< Jm e X (B0 04" - B L) " E [y =0

Equation (B30]) follows for iteration ¢ + 1 by applying Chebyshev inequality to the sequence

1 m
W Z (Yf—g) )

ieClN N>0

and using (B33). O
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We are now ready to prove Theorem [ in the case in which ¢ : R? — R is a polynomial.

Proposition 11. Let (A(N),}"N,xo)NZO be a polynomial and converging sequence of AMP in-
stances, and denote by {x'}i>0 the corresponding AMP orbit. Then we have for any t > 1, m =
(m(1),...,m(q)) € N4,

A}im Var{@ Z (xf)m} =0. (3.38)

—0Q0
1eCcl

Proof. In order to prove (B38]), we fix t > 1 and a € [k], and construct a modified sequence of
AMP instances as follows. The new sequence has N’ = 2N and k' = k + 1. The new partition
of the variable indices {1,..., N} is the same as in the original instances, with the addition of
C,i\frl ={N +1,...,2N = N’}. Further we set, for ¢ : R? — R a polynomial,

L. For4,j < N: Aj; = A;; and when ¢ > N or j > N define A}; ~ N(0,1/N) independently.

2. g'(x,b,t') = g(x,b,t') for b € [k], t' <t —1; g'(x,b,t) = 0 for b € [k]\ a; g}(x,0a,t) = p(x),
gr(x,a,t) =0, for r > 2; ¢'(x,k +1,¢') =0 for all ¢'.

The definition of ¢'(x,a,t’) for ¢’ > ¢ is irrelevant for our purposes.

Since ¢'(x,k + 1,¢') = 0 for all ¢/, the orbit (x! : i < N,t' <t) is not affected by the new variables.
Further, by the general AMP equation ([CH]), we have, for i € C’,i\zrl

(1) = ) Ajext). (3.39)
jecy

Notice that the {A;; }jeCé\’ in this equation are independent of xz-. Hence

E{zi7 ()Y = Y B{Ay AipAip A Lo, e, e, )e(x),)}  (3.40)
J1,-J4€CY
3
= s 2 Ble(d)’e(d,)’) (3.41)
jlvaECé\r

On the other hand, using Proposition [0 (once for iteration t+ 1 and i € C,i\frl, and another time for
iteration ¢ and i € C) we get

lim B ()Y = E{(Z5(0)") =350 (1L 10)° = 36E{p(Z.)°)?, i€ Cfhy,(3.42)

N—oo
lim E{p(x})*} = E{p(Z))%}, i€y, (3.43)

N—oo

where Z! ~ N(0,%%). Comparing these equations with Eq.(8ZI]) we conclude that

2
1
Jim o Y E{p(,) ()%

J1,je€CY jecy

I
B
|
=
5
%xw
=

(3.44)
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Equivalently

lim Var{,c—z\,’ Z go(xg)z} =0. (3.45)

N—oo )
iecl

Taking ¢(x) = x¥, we obtain Eq.(B38)) for m even. In order to establish Eq.(B38]) for general m we
take, for instance, p(x) = 1 + ex™ and use the fact that the limit must vanish for all e. O

At this point we can prove Theorem Bl

Proof of Theorem [A. By Remark [l and Remark B, we reduced ourselves to the case t = s, and
Y (i) = 0 (equivalently, Y (i), is absent).
Consider the empirical measure on R? given by

1
Ha' = ol > G
@ 'iecN

Proposition [ shows the convergence of expected the moments of pY to moments that determine
the Gaussian distribution. Proposition [ combined with Chebyshev inequality implies

T ()™ = B [(Z0)™].

in probability. The proof follows using the relation between convergence in probability and conver-
gence almost sure along subsequences, together with the moment method. O

4 Non-symmetric matrices

In this section we consider a slightly different setting that turns out to be a special case of the one
introduced in Section

Definition 12. A converging sequence of (polynomial) bipartite AMP instances {(A(n), f, h, 2%™)}n>1
is defined by giving for each n:

1. A matriz A(n) € R™*™ with m = m(n) such that lim, .. m(n)/n =0 > 0. Further, A(n) =
(Aij)i<m,j<n i a matriz with the entries A;; independent subgaussian random variables with
common scale factor C/n and first two moments E{A;;} =0, E{A?j} =1/m.

2. Two functions f : RI x RI x N — RY, and h : R? x R? x N — R? such that, for each t > 0,
f(-, - t) and h(-, -,t) are polynomials.

3. An initial condition 20" = (x9,...,x%) € Vg =~ (RY)", with x? € RY, such that, in probability,
> exp{[x"[3/C} < nC, (4.1)
i=1

. 1 ¢ 0 V(s 0 vy mT _ =0
nh—>n;o W ; fx3, Y (0),0) f(x7,Y(2),0)" =E". (4.2)
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4. Two collections of i.i.d. random variables (Y (i), € [n]) and (W (j),j € [m]) with Y (i) ~;;.4 Q
and W (j) ~iiq. P. Here Q and P are finite mizture of Gaussians on RY.

Throughout this section, we will refer to non-bipartite AMP instances as per Definition B, as to
symmetric instances. With these ingredients, we define the AMP orbit as follows.

Definition 13. The approximate message passing orbit corresponding to the bipartite instance
(A, f,h,2%) is the sequence of vectors {xt, 2 }1>0, ' € Vyp 28 € Vym defined as follows, for t >0,

2= Af@hY;t) —Bih(TL Wit —1), (4.3)
e = AT R Wit) — Dy f(2', Y58, (4.4)

where f(---), h(---) are applied componentwise (see below for an explicit formulation). Here By :
Vgm — Vam 18 the linear operator defined by letting, for v' = B, and any j € [m],

V= Z A2 gi( LY (R);t) | vy (4.5)

ke[n]

Analogously Dy : Vg, — Vg is the linear operator defined by letting, for v/ = Dy, and any j € [n],

oh
— 2 . .
Vi = IEE[ }A P —(zb, W();t) | vi. (4.6)

For the sake of clarity, it is useful to rewrite the iteration (E3), ([4]) explicitly, by components:

zt = Z Aijf(x§, Z A?kgf (xt, (k:);t)h(zﬁ_l,W(i);t —1) for all i € [m],
JE€n] ke(n]
8h . .
X§+1 — Z Aijh(yt, W Z Al2]8 z], (l);t)f(:l);-,Y(]);t) for all j € [n].
ze m] le[m]

We will state and prove a state evolution result that is analogous to Theorem H for the present case.
Since the proof is by reduction to the symmetric case, the same argument also implies a universality
statement of the type of Theorem Bl However, we will not state explicitly any universality statement
in this case. We begin by introducing the appropriate state evolution recursion. In analogy with
Eq. ([[CI), we introduce two sequences of positive semidefinite matrices {3!};>0, {Z}i>0 by letting
=Y be given as per Eq. (E2) and defining, for all ¢ > 1,

SR {h(Zt_l,W,t CDRZTL Wt — 1)T} : ZEV O N@O,ECY), W~ P, (A7)
= = LR {7V YT XUANOD), Y ~Q. (48)

We also define a two-times recursion analogous to Egs. (B2), [B3)). Namely, we introduce the
boundary condition

=0 =0 =t 0 =0 0
=00 _ (= = =t0 _ (= =0t _ [ = (4 9)
= T \=0 =0/ = ~“\o =0/ = —\o =t)° :
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with Z¢ defined per Eq. (7)), @X). For any s,t > 1, we set recursively

¥ =E {Zt—l,s—l ZtT—Ls—1} ) (4.10)
Zy 11 = M2 Wt = 1), (257 W, s — 1], (4.11)
=t = | {Xms XJS} , (4.12)
Xps = [f(XL,Y01), f(X°,Y5)]. (4.13)
(Recall that [u,v] denotes the column vector obtained by concatenating u and v.)

Theorem 6. Let {(A(n), f,h,2%™)},>1 be a polynomial and converging sequence of bipartite AMP
instances, and denote by {z', 2'}1>0 the corresponding AMP orbit.

Fix st > 1. If s # t, further assume that the initial condition %™ is obtained by letting X ~ R
independent and identically distributed, with R a finite mizture of Gaussians. Then, for each locally
Lipschitz function ¢ : R x R? x R? — R such that |¢(x,x',y)] < K(1+ ||ly||3 + HXH% + [X'[13)K, we
have, in probability,

Jim — E[j]w x5, x5, Y (1) = E [¢(X", X*, V)], (4.14)
JEINn

Nhi%om E[j]w 25,25, W(j) = E [p(Z', 2°,W)], (4.15)
jEm

where (X', X®) ~ N(0,3"%) is independent of Y ~ Q, and (Z%,Z%) ~ N(0,=%%) is independent of
W ~ P.

Proof. The proof follows by constructing a suitable polynomial and converging sequence of symmetric
instances, recognizing that a suitable subset of the resulting orbit corresponds to the orbit {z?, 2!}
of interest, and applying Theorem H

Specifically, given a converging sequence of bipartite instances (A(n), f, h,z%™), we construct a
symmetric instance (A4(N),g,23") with (below we use the subscript s to refer to the symmetric

instance):
1. The symmetric instance has dimensions N =n +m and ¢s = q, s = q.

2. We partition the index set in k = 2 subsets: [N] = CN U CY, with O = {1,...,m} and
CY ={m+1,...,m+n}. In particular ¢c; = §/(1 +6) and c = 1/(1 + §).

3. The symmetric random matrix A’ is given by

0 A
we (b

In particular Wy; = Way = 0 and Wig = Woy = (1 +6)/0.

4. The vertex labels are Y,(i) = W (i) for i < m and Y5(i) = Y (i —m) for i« > m. In particular,
these are independent random variables with distribution V(i) ~ P, = Q if i € CIV and
Y,(i) ~ Py =P ific CY.
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ON _ On . N
si = X;_, forie Gy

5. The initial condition is given by ngv =0 forie C) and x
6. Finally, for any x € R9, Y € RY, t > 0, we let

9(x,Y,a=1,2t) = f(x,Y,1), (4.16)
9(x,Y,a=2,2t+1) = h(x,Y,1),. (4.17)

The definition of g(x,Y,a = 1,2t + 1) and ¢(x,Y,a = 2,2t) is irrelevant for our purposes.

The proof is concluded by recognizing that, for all ¢ > 0,

2+1 _ ot ' N
Xgi = Z fori e Cy,
xfﬁ =xt_,,, forieC¥,

O

We finish this section with a lemma that establishes continuity of the AMP trajectories with
respect to Gaussian perturbations of the matrix A. This fact will be used in the next section. (Notice
that an analogous Lemma holds by the same argument for converging, non-bipartite, instances.)

Lemma 4. Let {(A(n), f,h,2%")},>1 be a polynomial converging sequence of bipartite AMP in-
stances and denote by {x!, 2'}4>0 the corresponding AMP orbit. For each n, let G(n) € R™m)xn
be a random matriz with i.i.d. entries G(n);; ~ N(0,1/m(n)), independent of A(n). Consider the
perturbed sequence {(A(n) = A(n) + v G(n), f, h, %) }p>1, with v € RY and denote by {F, 3 }1>0
the corresponding AMP orbit. Then for any t there exists a constant K independent of n such that

E{lx! - &8} < K (v2 +n72), E{llzf - 73} < K(v2 4+ n712).
Proof. Consider the difference [x}(r) — X!(r)]. By the tree representation in Section and Lemma

i i
B, this difference can be written as a polynomial in A and G whereby each monomial has the form

F(T,t)x(T){ H Aguyew) — H AZ(u)Z(v)}' (4.18)
(u—v)eB(T) (u—v)eE(T)

Enumerating the edges in T as (u1,v1),. .., (ug, vg) the quantity in parenthesis reads

k 1—1 k
ST Aty - ¥ Getunrewny - T Aetuyews) (4.19)

i=1 j=1 j=i+1

In other words, the sum over trees T is replaced by a sum over trees with one distinguished edge,
and the edge carries weight v G(y,) ¢(v,)- The expectation E{||x! — %![|3} is given by a sum over
pairs of such marked trees. Using the fact that the entries of the matrix A(n) are still independent
subgaussian with scale factor C'/(n+1v2Cm(n)) < C’/n, it is easy to see that the argument in Lemma
and (B30) are still valid. Hence, up to errors bounded by K n~'/2 the only terms that contribute
to this sum are those over pair of trees such that the graph G obtained by identifying vertices of the
same type has only double edges. In particular for the distinguished edge, we can use the following
upper bound instead of (BIA): E [[vGy;)?] = 2 < K and this yields a factor 12 (by the same

m(n) — n

argument as in the proof of Lemma B to get (B20)). O
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5 Proof of universality of polytope neighborliness

In this section we prove Theorem [ deferring several technical steps to the Appendix.

Hypothesis 1 Throughout this section {A(n)},>0 is a sequence of random matrices whereby A(n) €
R™*™ has independent entries that satisfy E{A(n);;} =0, E{A(n)%} = 1/m and are subgaus-
sian with scale factor s/m, with s independent of m, n.

Notice that these matrices differ by a factor 1/y/m from the matrices in the statement of Theorem
Bl Since neighborliness is invariant under scale transformations, this change is immaterial.

The approach we will follow is based on the equivalence between weak neighborliness and com-
pressed sensing reconstruction developed in [Don05bl [Don05al [DTO5DL IDT05a]. Within compressed
sensing, one considers the problem of reconstructing a vector xy € R™ from a vector of linear ‘obser-
vations’ y = Azg with y € R™ and m < n. The measurement matrix A € R"*" is assumed to be
known. An interesting approach towards reconstructing z¢ from the linear observations y consists
in solving a convex program:

Z(y) = arg min {Hle such that z € R", y = Ax, } . (5.1)

Hence one says that /1 minimization succeeds if the above arg min is uniquely defined and Z(y) = z.
Remarkably, this event only depends on the support of g, supp(zg) = {i € [n] : z¢; # 0} [Don05b].
This motivates the following abuse of terminology. We say that, for a given matrix A, £; minimization
succeeds for a fraction f of vectors zg withf] zollo < k if it does succeed for at least f(7) choices

of supp(xg) out of the (Z) possible ones. Analogously, that 1 minimization fails for a fraction f of

vectors z if it does succeed at most for (1 — f)(}) choices of supp(zo).
Success of £1 minimization turns out to be intimately related to the neighborliness properties of

the polytope AC™.

Theorem 7 (Donoho, 2005). Fiz § € (0,1). For each n € N, let m(n) = |nd| and A(n) € R™)x"
be a random matriz. Then the sequence {A(n)C™}p>0 has weak neighborliness p in probability if and
only if the following happens:

1. For any p— < p, there exists €, | 0 such that, for a fraction larger than (1 —e,) of vectors xg
with ||zollo = m(n) p— the €1 minimization succeeds with high probability (with respect to the
choice of the random matriz A(n)).

2. Viceversa, for any py > p, there exists €, | 0 such that, for a fraction larger than (1 —e,,) of
vectors xg with ||xgllo = m(n) py the £1 minimization fails with high probability (with respect
to the choice of the random matriz A(n)).

This is indeed a rephrasing of Theorem 2 in [Don05b].
In view of this result, Theorem B follows from the following result on compressed sensing with
random sensing matrices.

3 As customary in this domain, we denote by ||v|o the number of non-zero entries in v € R? (which of course is not
a norm).
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Theorem 8. Fiz § € (0,1). For each n € N, let m(n) = |nd| and define A(n) € R™™*" to be

a random matriz with independent subgaussian entries, with mean 0, variance 1/m, and common

scale factor s/m. Further assume A;j(n) = A;j(n) + vy Gij(n) where vy > 0 is independent of n and

{Gij(n) }icim) jem) is a collection of i.i.d. N(0,1/m) random variables independent of A(n).
Consider either of the following two cases:

1. The matriz A(n) has i.i.d. entries and {xo(n)},>1 is any fized sequence of vectors with
limy, .00 [|[Zo (1) [0 /m(n) = p.

2. The matriz A(n) has independent but not identically distributed entries. The vectors xo(n)
have i.i.d. entries independent of A(n), with P{xz¢i(n) # 0} = pd.

Then the following holds. If p < p«(0) then 1 minimization succeeds with high probability. Viceversa,
if p > p«(0), then ¢1 minimization fails with high probability. (Here probability is with respect to the
realization of the random matriz A(n) and, eventually, xo(n).)

The rest of this section is devoted to the proof of Theorem Bl Indeed, as shown below, this
immediately implies Theorem

Proof of Theorem [d. Take xq(n) to be a sequence of independent vectors with independent entries
such that P,{z¢(n); = 1} = pd and P,{xo(n); =0} =1 — pd. Then, by the law of large numbers we
have lim,_.o [|zo(n)o/m(n) = p almost surely. Let A(n) € R™™*" he a matrix with i.i.d. entries
as per Hypothesis 1 above, with m(n) = |nd] and y(n) = A(n)zo(n). Applying Theorem B we have,
for any p_ < p«(9) and py > pi(9)

lim P, {2(y(n)) = zo(m)} =1, (5.2)
lim B, {#(y(n)) = zo(n)} =0, (5.3)

where P, i{ . } denotes probability with respect to the law just described when p = py. Let
V(p;m,n) be the fraction of vectors xy with ||zg|]| = [mp] on which ¢; reconstruction succeeds.
Since in Eqgs. (22), (E3)), support of xg(n) is uniformly random given its size, and the probability of
success is monotone decreasing in the support size [Don05bl, the above equations imply

nlLH;OE{V(p_;m,n)} =1, (5.4)
JLH;OE{V(pJF;m,n)} =0, (5.5)

Using Markov inequality, Eqs. (B4), (&0) coincide (respectively) with assumptions 1 and 2 in The-
orem [ The claim follows by applying this theorem. O

Let us now turn to the proof of Theorem B The following Lemma provides a useful sufficient
condition for successful reconstruction. Here and below, for a convex function F' : RY — R, 0F(x)
denotes the subgradient of F' at z € R?. In particular d||z||; denotes the subgradient of the ¢; norm
at x. Further, for R C [n], Ar denotes the submatrix of A formed by columns with index in R.
The singular values of a matrix M € R%*% are denoted by omax(M) = o1(M) > oo(M) > --- >
Omin(dy,d2) (M) = Umin(M)-

Lemma 5. For any c1,co,c3 > 0, there exists q(c1, c2,c3) > 0 such that the following happens. If
g €ER", A e R™*" y = Axg € R™, are such that
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1. There exists v € 9||xoll1 and z € R™ withv = ATz+w and |w||s < /ne, with e < go(c1, c2,¢3).

2. For ¢ € (0,1), let S(c¢) = {i € [n] : |vil| > 1—c}. Then, for any S’ C [n], |S'| < e¢1n, the
minimum singular value of Ag(.,\us satisfies Omin(Ag(c)us’) > ca-

3. The maximum singular value of A satisfies cgl < omax(A)? < c3.
Then xq is the unique minimizer of |z||1 over x € R™ such that y = Ax.

The proof of this lemma is deferred to Appendix

The proof of Theorem [ consists in two parts. For p > p.(d), we shall exhibit a vector x with
l|lzl]l1 < |lzolli and y = Az. For p < p.(0) we will show that assumptions of Lemma Bl hold. In
particular, we will construct a subgradient v as per assumption [l In both tasks, we will use an
iterative message passing algorithm analogous to the one in Section Hl The algorithm is defined by
the following recursion initialized with 2% = 0:

2 = gt + AT a0y), (5.6)
2= y— Azt 4 b (5.7)

where 7(u;0) = sign(u) (u — 0)4, « is a non-negative constant, and by is a diagonal matrix whose
precise definition is immaterial here and will be given in the proof of Proposition [ below. Notice
two important differences with respect to the treatment in Section

e The iteration in Egs. (&8]), (1) does not take immediately the form in Eqs. (EE3]), (£4]). For
instance the nonlinear mapping 7( - ; o) is applied after multiplication by AT. This mismatch
can be resolved by a simple change of variables.

e The nonlinear mapping 7( -;aoy) is not a polynomial. This point will be addressed by con-
structing suitable polynomial approximations of 1.

We refer to Appendix [Al for further details.
For t > 0, oy is defined by the one-dimensional recursion

o1 = FEAX + 01 Z;00) — XPY, 63

where expectation is with respect to the independent random variables Z ~ N(0,1), X ~ px, and
> =E{X?
o5 = E{X"}/6.

Proposition 14. Let {(zo(n), A(n),y(n))}tn>0 be a sequence of triples with A(n) random as per
Hypothesis 1, {xoi(n) : i € [n]} independent and identically distributed with xg;(n) ~ px a finite
mizture of Gaussians on R, and y(n) = A(n)zo(n).

Then, for each n there exist a sequence of vectors {z'(n),z'(n)}i>0, with z'(n) = z! € R,
2t (n) = 2t € R™, such that the following happens for every t.

1. There exists a diagonal matriz by = by(n) such that

2=y — Azt + b, 2L, (5.9)
1
lim m[aaﬁ(bt)ii = lim m[in](bt)ii =5 ]P’{\X +o11Z| > aat_l} ) (5.10)
n—oo icm n—oojelm

where the limit holds in probability.
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2. In probability

1
lim — ||z —n(zt + AT a0) |3 = 0. (5.11)

n—oo N

3. For any locally Lipschitz function 1 : R x R — R, |[¢(z,y)| < C(1 + 22 4+ y?), in probability
m LY ot (AT
lim = " 4p(wo, 2} + (AT2");) =E(X, X + 0,7). (5.12)

4. There exist a two functions o(a;c) and o(a,b;c), with o(a;c) — 0, o(a,b;c) — 0 as ¢ — 0 at
a,b fived, such that the following holds. Assume A;j(n) = Aij(n) + v Gyj(n) where v > 0 is
independent of n and {Gij(n)}icim) jein) 5 a collection of i.i.d. N(0,1/m) random variables
independent of A(n). Then there exists a sequence of vectors {@t, 2 }4>0 that is independent of
G such that, for any t > 0,

% Zn:IE{ ((z" + AT2h; — (@t + flTét)i)2} < o(t;v)+o(t,v;n™1), (5.13)
i=1
% ZE{ (2 — 25)2} < o(t;v) +o(t,v;n7t). (5.14)
i=1

The proof is deferred to Appendix [Al

We also need a generalization of the last proposition for functions of the estimates z?, z* at two
distinct iteration numbers ¢t # s. To this objective, we introduce the generalization of the state
evolution equation (B.8). Namely, we define {Rs;}s >0 recursively for all s,¢ > 0 by letting

Repris = % E{[n(X + Zs;a0s) — X]n(X + Zs;aor) — X} (5.15)

Here the expectation is with respect to X ~ px and the independent Gaussian vector [Zs, Z;] with
zero mean and covariance given by E{Z2} = R, s, E{Z?} = R:; and E{Z;Z,} = R; 5. The boundary
condition is fixed by letting Roo = E{X?}/6 and defining, for each t > 0,

Ros1 = 5 B{n(X + Zsaon) — X][- X} (516)

with Z; ~ N(0,R:;). This uniquely determine the doubly infinite array {R:s}+s>0. Notice in
particular that R;; = o7 for all ¢ > 0. (This is easily checked by induction over t).

Proposition 15. Under the assumptions of Proposition [I7) the sequence {x*(n), z'(n)}+>o constructed
there further satisfies the following. For any fixed t,s > 0, and any Lipschitz continuous functions
Y:RXxRxR—-R, ¢:RxR— R, in probability

1 n
lim > <x0 zf+ (AT2%), 2t + (Ath),.) =E(X, X +Zs, X + Z4) , (5.17)
=1
B I N
Jim — 2_; (2}, 2) =Ed(Zs, Zy) | (5.18)

where expectation is with respect to X ~ px and the independent Gaussian vector (Zs, Z;) with zero
mean and covariance given by E{Z2} = Ry s, E{Z}} = Ry and E{Z;Zs} = Ry ;.
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The proof of this proposition is in Appendix [Al

Finally, we need some analytical estimates on the recursions (L8) and (&I13). Part of these
estimates were already proved in [DMMO9, [DMMIT, [BMT2], but we reproduce them here for the
reader’s convenience. Proofs of the others are provided in Appendix

Lemma 6. Let px be a probability measure on the real line such that px ({0}) = 1—¢ and E,, {X?} <
o0, fit § € (0,1) and set p = de. For this choice of parameters, consider the sequences {02 }1>0,

{Rs1}s1>0 defined as per Eqs. (B38), (&13).
If p < pi(6) then

(al) There ezists ai(e,0), aa(e,0), ax(e) with 0 < ayi(e,0) < ax(e) < as(e,d) < 0o, and wy(e,d) €
(0,1) such that the following happens. For each a € (a1, a9), 07 = Bw!(1 + 04(1)) as t — oo,
with w € (0,1).

Further, for each w € [wy(g,09),1) there exists a— € (o, ] and at € [ay, ag) (distinct as long
as w > ws) such that, letting a € {a_, a4}, 02 = Bw'(1+ 04(1)).

Finally, for all o € [ax, av2), we have € +2(1 —e)®(—a) < 4.
(a2) For any o € (o (€), aa(e,0)), we have limy_,oo Rey—1/(0p0¢—1) = 1.

(a3) Assume px to be such that max(px ((0,a)), px ((—a,0))) < Ba® for some B,b > 0 (in particular
this is the case if px has an atom at 0 and is absolutely continuous in a neighborhood of 0).
Fizing again o € [a(€), as(e, ), and c € Ry,

lim sup P{|X + Z,| > cos; | X + Z¢| < coy} =0, (5.19)

to—00¢ s>¢
where (Zs, Zy) is a gaussian vector with E{Z2} = 02, BE{Z2} = 02, E{ZsZ:} = Rs..
Viceversa, if p > p«(0) , then there exists ap(d,px) > Qmin(0) > 0 such that

(b1) For any a > amin(6), we have lim;_o, 02 = 02 > 0 and, for a > ap, lim;_ [Rit — 2Ry -1 +
Ri_14-1] =0.

(b2) Letting a = (0, px ), we have P{|X + 0.Z| > ao.} = 4.

(b3) Consider the probability distribution px = (1 — €)dy + e with y(dz) = exp(—2?/2)/V/2r dx
the standard Gaussian measure. Then, setting o = «ao(d,px), we have lim;_ o E{|n(X +
o1 Z;aoy)|} < E{|X|}, where Z ~ N(0,1) independent of X.

We are now in position to prove Theorem B For greater convenience of the reader, we distinguish
the cases p < p«(0) and p > p.(d). Before considering these cases, we will establish some common
simplifications.

5.1 Proof of Theorem B, common simplifications

Consider first case 1. By exchangeability of the columns of A(n), it is sufficient to prove the claim
for the sequence of random vectors obtained by permuting the entries of zy(n) uniformly at random.
Hence zg(n) is a vector with a uniformly random support supp(zo(n)) = Sy, with deterministic size
|Sy| such that |S,|/n — e. Further, the success of ¢; minimization is an event that is monotone
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decreasing in the support supp(zo(n)) [Don05b]. Therefore we can replace the deterministic support
size, with a random size |S,| ~ Binom(n, ) (which concentrates tightly around ne).

Finally, since success of ¢; minimization only depends on the support of zg(n) [Don05b], we can
replace the non-zero entries by arbitrary values. We will take advantage of this fact and assume
that all the non-zero entries of xg(n) are i.i.d. N(0,1). We conclude that it is sufficient to prove
that /1 minimization succeeds/fails with high probability if the vectors zo(n) have i.i.d. entries with
distribution px = (1 — €)dg + £, where y(dz) = exp(—22/2)/v/2n dz.

Consider next case 2, in which the entries of zo(n) are i.i.d. with P{z;(n) # 0} = pd = . Again,
exploiting the fact that the success of £; minimization depends only on the support of x¢(n), we can
assume that its entries have common distribution px = (1 — &)dp + 7.

Summarizing this discussion, in order to prove the Theorem both in case 1 and case 2, it will be
sufficient to do so for the following setting

Remark 3. In the proof of Theorem [8, we can assume the vectors xzo(n) to be random with i.i.d.
entries with common distribution px = (1 —€)dp + £, and the matrices A(n).

5.2 Proof of Theorem B, p < p,.(0)

Fix p < p«(6). We will prove that the hypotheses [l 2l Bl of Lemma [l hold with high probability for
fixed ¢, ¢a, 3 > 0, and € arbitrarily small. This implies the claim (i.e. that ¢; minimization succeeds)
by applying the Lemma. Notice that hypothesis Bl holds with high probability for some c3 = ¢3(9)
by classical estimates on the extreme eigenvalues of sample covariance matrices [BS98], [BS05].

We next consider hypothesis[[lof LemmaBl In order to construct the subgradient v used there, we
consider the sequence of vectors {z?, 2! };>( defined by as per Proposition [l We fix « € (a1(g), az(g))
as per Lemma Bl (a) so that 07 = Aw’(1+0(1)) with w € (0,1) to be chosen close enough to 1. Also,
we introduce the notation #; = ao;. We let v* € R” be defined by

o [siEnGod) ifies, (5.20)
i ﬁ(xt—l 4+ AT 1 _@‘t)i otherwise, .
o= Tt AT N0,). (5.21)

Notice that, by definition of the function #(-; -) we have |zi~' — (AT2t"1); — 2| < ,_;, and hence
vt € O||zgll1. We can write

1
”Ut = E ATZt + gt + /8t + Ct 9 (522)
1
& = o (27t AT — 2t — AT, (5.23)
1
= (=7, 5.24
b 0,1 ( ) (5.24)
¢ = sign(zg,;) — 9:71 (:Et_l + AT — ft)i ifies, (5.25)
0o otherwise. )

This part of the proof is completed by showing that there exists h(t) with lim; o h(t)
<

= 0 such
that, for each ¢, with high probability we have ||£/]|3/n < (1 — Vw)?/a? + h(t), ||B8%||3/n < h(t), and
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I¢tI13/n < h(t). Indeed, if this is true, we can then choose t sufficiently large and a € (. (), az(e, d))
so that ||¢' 4 B 4 ¢?||3 is small enough as to satisfy the condition [l of Lemma Bl
First consider &¢. Applying Proposition [ to 1 (z,y1,v2) = (y1 — y2)?, we have, in probability

1 1
lim —[|¢"]3 = lim ———— [la* + AT2" — 2! — AT2"7Y3
1
=5 [Rt,t — 2Rt 1+ Re—14-1]
RS
1 o Ry
= 07 — 20001 +0}_] +2- [1 _ Lot ]
a0y q Ot—1 Ot0¢_1
1 2

Here the last equality follows from the fact that 07 /o?_; — w by LemmalBl(al) and Ry ¢—1/(0t04—1) —
1 by Lemma Bl (a2). This implies the claim for £.
Next, consider 3t. By Proposition [[412

1 1
Jim ~ o’ = 3 = lim 2’ ="' + AT a0 0)|3 =0, (5.26)

and hence ||3||3/n < h(t) with high probability for any h(t) > 0
Finally consider ¢?, and define R(y;0) =y — n(y; ). We have

+1 fory >4,
R(y;0) =< y/0 for —0<y<8,
-1 fory < —4.

Using Proposition [[413, we can show that
.1 .
nh—>nolo EHCt”% = E{[sign(X) — R(X + 04_1Z;a01-1)*1x 20} - (5.27)

Notice that this apparently requires applying Proposition [[4 to the function ¥ (z,y) = [sign(z) —
R(y; 0)]2196750 which is non-Lipschitz in . However we can define a Lipschitz approximation, with
parameter r > 0:

[z/r = R(y; 0)] || /v for |2 <7,

[1— R(y;0)] for |z > r. (5.28)

¢7‘($7y) = {

Notice that 1, is bounded and Lipschitz continuous. We further have [, (z,y) — ¥(z,y)| < 41(x #
0; |z| <), whence

. ‘ #12 Lot AT ‘<1- EN  1(xoy # 0; |zos] < 1) < 87(5.29
im sup | 1€°112 ;:1 Yr(zo, 27 + A 277)| < lim sup — > 1w # 0 |zo] < 1) < 87(5.29)

e T =
The last inequality holds almost surely by the law of large numbers using y([—r, r]) < 2r. Analogously

(Ezp(X,X Vou1Z) — By (X, X + at_lZ)‘ <AP(X £0;|X| <) < 8r. (5.30)

35



Hence the claim (B27) follows by applying Proposition [43 to ¢, (x,y), using Egs. (29), E30),
and letting r — 0.

We conclude by noting that the right-hand side of Eq. (BEZ7) converges to 0 as t — oo by
dominated convergence, since o — 0. Therefore

o1 h(t
tim Ltz < 20

n—oo N

this completes our proof of assumption [ of Lemma Bl
We finally consider hypothesis Bl Let S;(c) be defined as there, for the subgradient v, namely

Siey={ien] : [vi|>1-c}
=Sufiem\S : [+ AT > (1 - o)1}

Recall that by assumption A;; = /L-j +v Gy whereby Gy ~ N(0,1/m) and (eventually redefining flij)
we can freely choose v € [0,1g]. Let {Z¢,2'};>0 be a sequence of vectors defined as per Proposition
[[@4, and define v! as v?, but replacing zt, 2t, A by &, 2%, A

[ sign(zoy) ifies, 5.31

b = 1 (#1 + AT =1 z').  otherwise 30
0r—1 g ’

i‘\t = n(i«,t—l + /N[th_l; et—l) . (532)

We further define

Sie)y={ien] : [0 >1-c}
=Su{iem\S : |F '+ AT > (1-¢)f1}.

We claim that the following two claims hold for some t, > 0 independent of n:

Claim 1.

Claim 2.

There exists ¢1,¢ > 0 (independent of v) such that for all S’ C [n], |S’| < 2¢1n, the minimum

singular value of A§t (2e1)US" satisfies Umin(Agt (2e1)U &) = v with probability converging to

1 as n — oo.

For all t > t,,
P{|S¢(c1) \ S, (2¢1)] > ne = o1(tsv) + 0g(ty,v;n1),

where 01 (t,,v) vanishes as v — 0 at t., c1, ¢ fixed, and 0a(t.,v;n~!) vanishes as n=! — 0 at
te, v, c1, co fixed.

These claims immediately imply that hypothesis Bl of Lemma B holds with probability converging
to one as n — oo. Indeed, if |S'| < nep, then (by Claim 2) Si(e1) U S" C S, (2¢1) U S” where
|S”| < 2ne; with probability larger than 1 — o1 (t«;v) — 02(ts, v;n~1). By Claim 1, we hence have
Omin (A4 St(q)us/) > ¢9 = éov. The thesis follows since v can be chosen as small as we want. (Notice
that once t, is fixed to satisfy these claims, we can still choose t > t, arbitrarily to satisfy hypothesis
M of Lemma [, as per the argument above.)
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In order to prove Claim 1, above first notice that, for any b > 0

]P’{ min 0min(A§t*(2c1)uS’) < égy}

S’ C[n]
|8|<2¢1n
< ]P’{ ép/ncl[n] O-min(Agt*(ch)US’) < équ 1Sy, (201)] < bn} + ]P’{\gt*@cl)\ > bn}
|5/]<2cqn
H(2 AT 3
< enH(2e1) s%“iﬁ P{Umin(A@*(%l)uS’) < Covs |St, (2¢1)] < bn} —|—]P’{\St*(2cl)] > bn},
|87]<2¢c1n

(5.33)

where in the last line H(c) denotes the binary entropy of b and we used (') < exp{nH(c)}. We
want to show that t,, b, ¢1, co, v can be chosen so that both contributions vanish as n — oo.

Consider any b € (0,0) and restrict ¢; € (0, (6 —b)/2). Then the matrix Ag (2e1)us! Das nd rows

and né—©O(n) columns. Further A = A+vG with S, (2¢1) (and hence Sy, (2¢1)US’) independent of G.
We can therefore use an upper bound on the condition number of randomly perturbed deterministic
matrices proved by Buergisser and Cucker [BCI0] (see also Appendix [D]) to show that

]P){O-min(Agt*@cl)US’) < G ‘gt* (2¢1)| < bn} < (alé2)n(5—b—201)+1 (5.34)

with a1 = a1((b+ 2¢1)/d) bounded as long as (b+ 2¢1)/0 < 1 We can therefore select éo = 1/(2a;)
and select ¢; small enough so that H(2¢1) < (1/2)(d —b—2¢1)log 2. This ensures that the first term
in Eq. (B233) vanishes as n — oo.

We are left with the task of selecting b € (0,9), t. > 0, so that the second term vanishes as well,
since then we can take ¢; € (0, (6 —b)/2). To this hand notice that by Proposition [l (and using the
fact that X 4+ 0,17 has a density) we have, in probability,

n—oo

.1
lim L[5, (0)| = P{|X + 01, 12| > (1~ ). 1}
and further, since oy — 0 as t — oo (cf. Lemma Bl (al)) and 6; = aoy, we have

tlim P{X + 01, 12| > (1—c)by,—1} =e+2(1 —e)@(—(1 — c)a).

On the other hand, by Lemma Bl (al), and since « € [, a2), we have e +2(1 —e)®(—a) < 4. Hence
there exist by € (0,6) and ¢; > 0 so that for all ¢, large enough |Sy, (3¢1)| < nby with high probability.
Taking b € (by,d) and using Markov inequality (with ¢/ = ¢, — 1)

P{|S:. (2¢1)| > bn} < nE{Igt*(QQ) \ Se. (3c)[} + P{IS. (3c1)| > bon }

L
(b —bo)

L SUE{(( + ATa) — (3% + ATE),) 2 B8} + P{IS. (Ber)| > bon)
=1

<
~—(b- bo)cfef*_ln

< 01(t;v) + 0a(ts,vin 1) + P{[Se, (3c1)| > bon},

where the last inequality follows from Proposition [[414. LL terms can be made arbitrarily small by
choosing v small and n large enough.
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In order to conclude the proof, we need to show that Claim 2 holds for eventually larger t.. First
notice that, applying again Proposition [414, we get

P{| St (c1) \ Sk (2e1)| > ner/2} < %E{\St*(cl) \ Si. 2e1)|}
= n—cl ZE{ L AT — (@ + AT2%),)° > 302} < o1(tsv) +oa(te,vin™Y). (5.35)

By Proposition [[0, and using the fact that the vector (X + Z;,, X + Z;) has a density, we have, in
probability,

.1
nll_)rl;o E‘St(q) \ St*(cl)] = ]P’{‘X + Zt*_ﬂ > (1 - Cl)o't*—l§ ’X + Zt_1’ < (1 - Cl)o't—l} < h(t*),

where, by Lemma [Bl (a3), h(t.) vanishes as t, — oo. Given any ¢; > 0, we can therefore choose .
so that, with high probability [S¢(c1) \ S, (¢1)| < nep/2. Combining with Eq. (B30)), we obtain the
desired Claim.

5.3 Proof of Theorem B, p > p.(0)

Fix a small number A > 0. By Lemma [l (b), there exists A = A(d,¢) > 0 independent of h, such
that, for a = (6, px) and t large enough

1
|5 P{X + 0.2 > a} =1 < (5.36)
|Rt,t — 2R 41 + Rt—17t—2| < %, (5.37)
E{In(X +0:Z;a01)|} < E{[X[|} —2A, (5.38)

as well as 02 | < 202. By Propositions [, (and noting that X + 047 has a distribution that is
absolutely continuous with respect to Lebesgue measure), we have, with high probability,

m[ax‘ bt )u| < 2h7 (539)
1€

28 =272 < 2hvn, (5.40)

'l < flzolli — nA, (5.41)

Izfle < 2044/, (5.42)

Namely Eq. (B36) implies (39), Eq. (B37) implies (540), Eq. (B3]) implies (B41)), and the as-
sumption o2 ; < 202 implies (F22).
Using Eq. (B3 together with the above, we get

ly — Az'lla < [l2" = 272 + max |(be)ii — 1[Iz l2 < 2hv/n (1 + 20) . (5.43)
Define 2 = x! + AT(AAT)"Y(y — Ax') (notice that the sample covariance matrix AAT has full

rank with high probability [BS98, [BS05]). Notice that, by construction Az = y. Then, with high
probability

17 — 2|2 < Omax(A)omin(4) 2 |ly — Az'[l2 < C(8)(1 + 20.)hv/n, (5.44)
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where omax(A), omin(A4) are the maximum and minimum non-zero singular values of A. The second
inequality holds with high probability for 6 € (0,1) by standard estimates on the singular values of
random matrices [BS98, [BS05]. Using Eq. (B41]) together with triangular inequality and ||Z — zt[|; <
vV |z — 'tz we finally get

12l < flzolly = nA + C(6)(1 + 204 )hn < [zo]lx (5.45)

where the second inequality follows from the fact that h > 0 can be taken arbitrarily small (by
letting ¢ large) while A, C' and o, are fixed. We conclude that xg cannot be the solution of the ¢;
minimization problem (BI).
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A Proof of Proposition M4 and

In this appendix we prove Proposition [[4 and by a suitable application of Theorem Before
passing to these proofs, we establish a corollary of Theorem [0l that allows to control iterations of the
form (B4, (&), with 7(-; -) replaced by a general polynomial.

A.1 A general corollary
For g = xzo(n) € R™ and A = A(n) € R™*™ as per Hypothesis 1 in Section [, we define y = y(n) €
R™ by

y = Axg. (A1)

Let D € R™ ™ be the diagonal matrix with diagonal entries equal to the square column norms of A,

that is D;; = E €lm] Aﬂ, and D;; = 0 for ¢ # j. Further define up = ug(n) € R™ as follows

uo,i = (Dii — V)zo,; = ( Z A — )xoﬂ-. (A.2)

j€lm]
Let 2° = (I — D)2 (notice that D is invertible with high probability) and define iteratively
t

2 = y— Azt bt (bt)ii = Z Awnt 1( j]m + (AT, —uoj) . (A.3)
j€n]

e = (Dot + AT — ), (A4)
where, for each t, 7, : R — R is a polynomial and, for v € R"™, n;(v) = (n:(v1),...,nt(vy)). Further
b € R™*"™ is a diagonal matrix with entries given as in Eq. ([A3]).
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We next introduce the corresponding state evolution recursion. Namely, we define {Es,t}s,tzo
recursively for all s,¢ > 0 by letting

§s+l,t+1 = %E{[WS(X + Zs) = X|ne(X + Z;) — X1} (A.5)

Here expectation is with respect to X ~ p x and the independent Gaussian vector [Zs, Zy] with zero
mean and covariance given by E{Z2} = R, s, E{Z}} = Rtt and E{Z;Z;} = Rts The boundary
condition is fixed by letting Roo = E{X?}/§ and defining, for each t > 0,

Rouet = 3 B{In(X + Z) - X][-X]}, (A.6)

with Zy ~ N(0, Em). This uniquely determines the doubly infinite array {Et,s}t,szo'

Corollary 16. Let {(zo(n), A(n),y(n))}n>0 be a sequence of triples with A(n) having independent
subgaussian entries with E{A;;} =0, E{A -+ =1/m, {x0,i(n) : i € [n]} independent and identically
distributed with xo;(n) ~ px, and px a ﬁmte mizture of Gaussmns. Define {x',2'}1>0 as per
Eg¢s. (A3), (A4).

Then, for any fived t,s > 0, and any Lipschitz continuous functions ¥ : R x R x R — R,
¢ :R xR — R, in probability

1 n

nh_{go n Z ¥ <x07i7 z; + (ATzs)iv l'l; + (ATZt)i) =EP(X, X +Zs, X + Zy) , (A7)
=1

Jim — Z ¢(25,20) = E(Zs, Zt) (A8)

where expectation is with respect to X ~ p x and the independent Gaussian vector [Zs, Z;] with zero
mean and covariance given by E{Z2} = R 5, E{Z}} = Riy and E{Z;Z;} = Rts

Proof. Define #'t! = ATz* + Da! — Dxy. Then Eqs. (A3), (A) read

2= Af@E xest) F (2Tt - 1), (A.9)
T = AT k(b t) +dif (3 zost), (A.10)
where, for i € [m], j € [n],

f@yst) =y —m- 1(y+96) hzt) =z, (A11)
(be)ii = — Y A% (@, x04:1) (A.12)

j€ln]
(de)jj = — > AZH (1) (A.13)

j€ln]

(Here f'(x,y;t), h'(x;t) denote derivatives with respect to the first argument.) The iteration takes
the same form as in Eqs. (E3), @) with Y (i) = zo,, and W (i) = 0, B, = —b; and D; = —d;.

Further, the initial condition 2° implies #° = —x. Notice that this is dependent on Y = z, but we
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can easily set the initial condition at ! = 0 and define f(z,y;t = 0) = —y. We can therefore apply
Theorem [Bl and conclude that, in probability

1 n
Jim -~ > <<170,z', Dyi(x§ — 0,:) + (AT2%);, Dig(xh — mo;) + (ATZt)i) =E¢(X,Zs,Zy) ,  (A14)
i=1
D
fi 30 ~BoZaZ) (A1

where expectations are defined as in the statement of the Corollary. The second of these equations
coincides with Eq. ([AZ§). For the first one, note that E{D;;} = 1 and, by a standard Chernoff bound

lim max{D;; : i € [n]} = 1, (A.16)
lim min{D;;: i € [n]} = 1. (A.17)
We therefore get
1 n
lim ; Z 1)[) <$0,i7 (:L’s + ATZS)Z' — X0,i, (IL‘: + ATZt)Z' — 1’0,2’) = Ew(X, Zs, Zt) , (AlS)
i=1
which coincides with Eq. (A7) after a redefinition of the function . O

A.2 Proofs of Propositions [[4] and

We will start by proving Proposition [4l Since Proposition [[H follows from the same construction, we
will only point to the necessary modifications. Before presenting the proof, we recall a basic result
in weighted polynomial approximation (here stated for a specific case), see e.g. [[Lub07].

Theorem 9. Let f : R — R be a continuous function. Then for any k,& > 0 there exists a polynomial
p: R — R such that, for all x € R,

|f(x) = plz)| < gem/2. (A.19)

Proof of Propositions [IJ) Since the proposition holds as n — oo at t fixed, we shall assume through-
out that ¢t € {0,1,...,tmax} for some fixed arbitrarily large tpax.

We claim that, for each (3, tmax > 0, we can construct an orbit {acﬁ’t, 28 150 obeying Eqs. (A3),
(&) for suitable functions n; = ngﬁ ) such that the following holds (with a slight abuse of notation
we will drop the parameter 3 from ™!, 2%). For all 0 < t < tpay, and all functions 1) as in the
statement, we have 2! =y — Ax? + b; 2~ by construction. Further, in probability,

1
lim m[aﬁ (by)si — EIP’{|X +or 17| > ao’t_l} <z, (A.20)
n—ooie[m
1

lim = [ (et + AT a0)| < 8. (A.21)

1 n
Jim = (w0 + (AT2)) —EQ(X, X +012)| < 6. (A.22)

=1
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Assuming this claim holds, let {3, },>0 be a sequence such that limy_., 3¢ = 0. Denote by {z5t 25} >0

the orbit satisfying Eqs. (A20), (A21), (A22) with 8 = £,. Let nf = néﬁ *) be the correspond-
ing polynomial, and bf be given per Eq. (A3). Fix an increasing sequence of instance sizes
ny <ng <ng <...,and let zf(n) = 25¢(n), 2/(n) = 2%t (n) for all ny < n < nyy1. Choosing {ng}e>o
that increases rapidly enough we can ensure that, for all n > ny,

1
m[a}si (bf)“ — g ]P’{’X + Ut_lz’ > OéO't_l} < 2,65, (AQS)
em
% 25 — (@t + AT a0 |2 < 26, (A.24)
LS o, 2l + (ATH0:) —Bw(X, X + 0, 2)| < 26, (A.25)
n
i=1

with probability larger than 1 — 8,. Points 1, 2, 3 in the proposition then follow since 5y — 0.
In order to prove Egs. ([A20) to [(A22)) we proceed as follows. It is easy to check that oy > 0 for
all ¢, cf. Eq. (E8). We use Theorem [ to construct polynomials 7; such that

2

n(a; a0y) —m(x)] < € exp {x—} : (A.26)

16 max (o7, s2)
for all € R. Here ¢ > 0 is a small parameter to be chosen below, and s is the smallest variance of
the Gaussians that are combined in px. Let g; be defined by

51 = <EAn(X +5.2) ~ X} (a.27)

with Z ~ N(0,1) independent from X ~ px, and 63 = E{X?}/§. Notice that 57 = Ry. From
Egs. (BX), (A28), and ([AZ7), it is then straightforward to show that |02 — 62| < C¢ for some
C=C(t).

Given polynomials as defined by ([(A20), we define {z¢,2'};>¢ as per Eqs. (A3), (AZ), with the
initial condition given there. Equation ([A22]) follows immediately from Corollary [[Gl for £ sufficiently
small. Equation ((A22]]) also follows from the same Corollary, by taking

(@, w2, 23) = {m(x3) — n(xs;a01)}° (A.28)

and then using once again Eq. ([AZ28]) on the resulting expression.
Finally, consider Eq. ([A220)). For economy of notation, we write

(b = Y Afe;, i = M1 (D" + (AT — o), (A.29)
J€ln]

and further define

av 1
b} = — > e (A.30)
Jj€ln]
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Then we have

E{((bt)n - b?V)4} = Z E{ (AZ2]1 ;) <Az2j2 - m> (Azzja - m) (A?jzl - %)‘Ph@jz‘ﬁjﬁpjg}

J1,J2,33,J4€[n]

= > E(j,j23.d4)

Ji 7j27j37j4€[n}

Using the tree representation in Section B2, it is not hard to prove that the expectation on the
right-hand side is bounded as follows

K
E(p7Q7r7 8) < 5 p,q,71,S8 distinct,
n
K -
E(Q7Q7Ta 5) < ﬁ, q,Tr,S dlStlHCt,
K .
E(r,r,s,8) < pr r, s distinct,
K -
E(r,r,rs) < —, r, s distinct,
n
K
E(r,r,r,r) < 3

Consider for instance the first case, p, ¢, r, s distinct. Using Lemma B, each of ¢, ¢4, ¢r s can be
represented as a sum over trees with root type respectively at p, g, r, s. The weight of these trees is
as in Lemma [ times the prefactor (A?p —m™1) .- (A%, —m™1). Let p be the total number of edges in
these trees, plus 8 (two for each of the additional factors). Then any non-vanishing contribution is of
order n™#/2. Let G be the graph obtained by identifying the vertices of the same type in these trees,
and e(G) the number of its edges. Since each edge in G must be covered at least twice by the trees
to get a non-zero expectation, and the edges in (i, p),...,(i,s) at least once, we have 2¢(G) +4 < pu.
The number of vertices in G is at most e(G) + 1 (note that G is connected because it includes type
i connected to p, q,r,s). Of these vertices all but 5 (whose type is i, p, g, r, s) can take an arbitrary
type, yielding a combinatorial factor of order n¢(@)+1-5 < pu/2=6  Hence the sum over trees is of
order n=H/2pi/2=6 — =6 a5 claimed.

Summing over ji, ..., js de above bounds we obtain E{ ((bt)ii — b?")4} < K/n2 and therefore,
by Markov inequality

lim IP’{ max |(by)s; — b2 > n—1/5} = 0. (A.31)

n—0o0 1€[m]

Since by standard concentration bounds max;ep,) Dji, minep,) Di; — 1, we obtain, in probability,

lim max(b;); = lim min (b;);; = hm b3
n—00 §&[m] n—00 j€[m] —00

=hm—Znt1 +(ATZ7h;)

J€[n]

= SE{ﬂé—l(X +01-12)}
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where, in the last step, we applied Corollary [[8 to the polynomials 7;_;, and X ~ px, Z ~ N(0,1)
are independent. We are left with the task of showing that, by taking & small enough in Eq. ([A226)),
we can ensure that

[E{ni_1(X +61-12)} —P{|X +01-1 Z| > aoy_1}| < 30. (A.32)

Indeed integrating by parts with respect to Z the above difference can be written as (for K a finite
constant that can depend on ¢ and change from line to line)

1 ~ 1 -
—E{Zp1(X+0412)} — —E{Zn(X + 641 Z; ao’t—l)}‘
Ot_1 Ot—1
< KE‘Zm_l(X +o112)—Zn(X + 011 Z; aat_l)‘ + K|oy—1 — 0¢—1]
X2 +ol X2

< KEE {exp{
< K£+K|O't_1 —&t_1| .

— Kloy_1 — 04—
4max(at2,s2)}}+ 01-1 = Gt

The claim follows by noting that, as argued above |oy—1 — oy—1| < K'€.
Consider finally point 4. First recall that we constructed the vectors {z!, 2! };>0, using a sequence
of orbits {z°t, 26¢},>0, indexed by £ € N, that obey Eqs. (A3), (A4), and letting

zt(n) = 2%(n), Z(n)=z%(n), for all n, with ny <n < ngq;. (A.33)

Claim 17. There exists a sequence {Bg}geN with limy_, o Bg = 0 such that, for all ' > ¢,

lim % STE{((@"+ AT, - (a8 + AT4)?) < By, (A.34)
i€[n]
L S E(GE- ) < B (239
i€[m]

The proof of this claim is presented below. It follows from this claim that, by eventually redefining
ng to be larger we can ensure

E{ ((:L"gl’t + AT — (a5 + Ang’t)1)2} 26,
B{(=;' - 25)"} < 28

for all n > ny. Here and below expectation is taken also with respect to I uniformly random in [n]
and J uniformly random in [m]. By Eq. [(A33), for all n > ny, we also have

E{((z! + ATz — (a4 + AT24)%) < 26,
E{ (zf] — zi’t)2} < 2@.

Applying Lemma Bl we can then construct {Z!, '};>( as in the statement at point 4, such that

IA

IA

B{(@ + A7) - (@ + A7)} < K0P 4n),
E{(zh - 25)%) < K@ +n7'?),

where K depends on £ but not on v or n. Proof is finished by using triangular inequality and selecting
¢ = {(v,t) diverging slowly enough as v — 0. O
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We now prove Claim [T

Proof of Claim[I7 To be definite we will focus on Eq. (A34)).
Fis ¢, ¢/ € N (not necessarily distinct). By an immediate generalization of Corollary [[6] we have,
in probability

1 / !/
nh_{lgo - Z E{(z% + AT250 — 20)i(a"t + AT — 20),} = Qhu - (A.36)

i€[n]

Further, the quantities QZ,Z’ satisfy the state evolution recursion

Qi = %E{ [f(X + Zyo) — X] [nf (X + Zop) — X] } : (A.37)

with initial condition @Y, = (1/§)E{X?}. Here expectation is taken with respect to X ~ px
and the independent centered Gaussian vector (Z;, Z; ¢) with covariance given by E{Z Z2,t} = QZ o
E{ZE, = Qz, v B{AZ04 Zp 4} = Qz »- In order to prove the claim, it is therefore sufficient to show
that

lim sup |Qf, — 07| =0, (A.38)
£—00 gr. o> ’

since this implies limy oo supy. pr>4 [sz — 2Q2,£’ + Qz,’z,] = 0, which in turn implies the Claim, via

Eq. (A34).
Finally, recall that nf was constructed using Theorem [, cf. Eq. (A28), in such a way that, for
all x € R,

2
ot o) = ()] < & esp { e} (A:39)

with §& — 0 as £ — oco. The desired estimate (A3R) then follows by recalling that o7, =
(1/0)E{[n(X +0¢Z) — X]*} and using Eq. (A39) inductively to show that |Q23, —of| <K@)&. O

We finally sketch the proof of Proposition

Proof of Proposition [[4. The sequence {z', 2'};>¢ is constructed as in the previous statement. The
proof hence follow by using Corollary [, and taking & small enough in Eq. ([(A224)), since we can
ensure that |Rys — Ry s| < (' for any §/ > 0 and any ¢,s < tmax (as shown above for the case
t=s). O

B Proof of Lemma

Throughout the proof we denote by Ci, Cs, C3 etc, positive constants that depend uniquely on
Cly...,C3.
Consider the ¢; minimization problem

minimize  ||z||1,

subject to y = Axg.
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and denote by Z any minimizer. Further, let v be a subgradient as in the statement, and define, for
some c € (0,1),

={icn]:|v>1-c}. (B.1)

Also, let S(c) = [n] \ S(c) be the complement of this set. Notice that, by definition of subgradient,
we have v; = sign(zo;) for all i € S and |vg;| < 1 for all in S = [n]\ S. This implies that S C S(c).

We have
Hff||1 = [[zollx + (v, (¥ — 20)) + R1 + Ry,

= 1Ts(e)ll1 — llzo,s(0) It — (Vs(e)> (T — T0)s(0)) 5 (B.3)

—~
oS}
[\

~—

= [Z5) 1 = %9501t = (V50 (@ — Z0)5(0)) -

Since S(c) C S, we have o735y = 0 and hence

Ry = ||Z50) 1 — (v5(0) Ts(e) = D (@il —wili) > Z (1Zi] = (1 = )|Zi]) = cllZg(y 1. (B.5)

i€S(c) ieS(c
On the other hand, vg,) is in the subgradient of [z g()|l1 at zg() = o 5(0)- Hence R; > 0. It follows
that Eq. (B2) implies ||Z]|y = [lzoll1 + (v, (Z — 20)) + ¢[[Zg(, [l1- Since T is a minimizer, we thus get

1 1

~ ~ ~ € ~
|Z5(olh < =20, @ = 20)) = == (w, @ - 20)) < SV l}@ — woll, (.6)

where in the last step we used Cauchy-Schwarz together with assumption [l Hereafter we let r =
T — ZQ.

Let S(c) = UK Sy be a partition such that nc/2 < |S;| < nc, and that |r;| < |rj| for each i € Sy,
j € Se_1. If |S(c)| < nc/2, such a partition does not exist, but the argument follows by an obvious
modification of the one below. Further define S} = UX,S, C S(c) and S; = [n]\ S;. We have

K-1

Irsil)? _ 4 4
Irs, I = anmb _Zw (Tl) < 2 sl < sl (B.7)

(=1

o~

Fix ¢ = ¢;. Since S(c) C S, we have T'5() = T3, and using Eq. (B.E) we conclude that there exists
C) < 4/6? such that

Irs. 1B < €123 (B3)
On the other hand, by definition Ar = 0, and hence Ag, rg, + A§+7’§+ = 0. Since S(c) C S, we have

S C S(c) C S4. Further Sy \ S(c) = S1, whence |Sy \ S(¢)| < nc = ney. By assumption Bl we have
Omin(As,) > c2 and therefore

1 1 C3
Irs,ll < s rs o = 1145, 5, b < i, o

Combining this with Eq. (B8], we deduce that ||r||2 < Cae ||r||2 for some Cy = Ca(cy, c2,¢3), which
in turns implies » = 0 provided that Cye < 1. The claim hence follows for g = 1/[2C3(c1, c2, ¢3)].
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C Asymptotic analysis of state evolution: Proof of Lemma [6

Before proceeding, we introduce the following piece of notation (following [BM12]). Fix a probability
distribution px on R, with px({0}) =1 —¢, and § > 0. For 0,02 > 0, we define

F(O‘2,9)E%E{[’I’}(X—{—O‘Z;@)—X]2}, (C.1)

where expectation is taken with respect to the independent random variables X ~ px and Z ~
N(0,1). When necessary, we will indicate the dependency on px by F(c2,0;px). With this notation
the state evolution recursion reads afﬂ = F(0?,a0y). The following properties of the function F
were proved in [DMMQ09] (but see also [BM12], Appendix A for a more explicit treatment).

Lemma 7 ([DMM09]). For any a > 0, the mapping 02 — F(0?,a0) is monotone increasing and
concave with F(0,0) =0 and

% F(o?,a0)| = %{5(1 +a®) +2(1 - 9)E[(Z - a)2]}. (C.2)

o=0

It is also convenient to define
Ge(a) =e(14+a®) +2(1 —e)E{(Z — )3} (C.3)
=c(l+a?) +2(1 —e)[(1 +a®)P(~a) — ag(a)] .
The first two derivatives of o +— G.(«) will be used in the proof
Gl(a) =20 +4(1 —¢)[ — ¢(a) + a®(—a)], (C.4)
GY(a) =2 + 4(1 — e)®(—q) . (C.5)
In particular, we have the following.
Lemma 8. For any e € (0,1), a — G(«) is strictly convex in o € R, with a unique minimum on
ax(e) € (0,00). Further G.(0) =1 and limy—oo Ge(a) = 00. Finally, the minimum value satisfies

Gulon) = +2(1 — £)B(—a) = %Gg(a*) € (0,1). (C.6)

Proof. By inspection of Eq. (CH), GZ(«) > 0 for all & > 0, hence G(«) is strictly convex. Further,
from Eq. ([C4), we have GL(0) = —4(1 —¢)¢(0) < 0 and GL(a) = 2ae+ O, (1) > 0 as o — oo. Hence
a +— G¢(a) has a unique minimum o, () € (0, 00).

Finally, Eq. (CH) follows immediately by using the condition GL(a.) = 0 in the expression

C3). 0

In our proof it is more convenient to use the coordinates (d,¢) instead of (p,d). In terms of the
latter, the phase boundary (CZ), (L3) reads

_ 2¢(ax(¢))
M T 0. ) @) (e
a.(e) solves ae+2(1—¢)[a®(—a)— ¢(a)] =0. (C.8)

Notice that the use of the symbol a,(¢) in the last equations is not an abuse of notation. Indeed
comparing Eq. (C8) with ([CZ)) we conclude that a. () is indeed the unique solution of GL(«) = 0.
Further, comparing Eq. (C7) with Eq. (C3) we obtain the following.
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Lemma 9. Let (0, p.(6)) be the phase boundary defined by Eqs. (LA), {L3). Then, for p, € [0,1],
p > p«(0) if and only if, for e € (0,1), 0 € (g,1)

d <dil(e) = m>1101 Ge(a). (C.9)
Viceversa p < p«(0) if and only if 6 > d.(e).

C.1 Proof of Lemma [6l(a): p < p.(6)

Proof of Lemma[@.(al). We set o = a(e) = argming>g G:(a). Hence we have, by Lemma [1 and
Lemma [

d 1 3. (e)

07 F(o?, o) = —minGe(a) = 5 (C.10)

0_2:0 (5 C|{>0

In particular, by Lemma Bl for p < p.(d), we have % F(0?, a.0) = wi(e,6) € (0,1). Since, by
Lemma [l o2 +— F(0?, a,0) is concave, it follows that 07 = Bw![1 + 04(1)].

Let S = {a € Ry : G:(a)/d < 1}. Since a — G(a) is strictly convex by Lemma B with
G:(0),G-(00) > d, we have S = (a1, a2) with 0 < a1 < ay < ag < 0. Let w(a) = Ge(a) /. Fixing
a € (a1, a9), by concavity of 02 — F(0?, ac), we have 0? = Bw(a)![1+0;(1)]. Finally, by continuity

of @ — G.(a), we have {w(a) : a € (a1,02)} = [ws, 1) and hence any rate w € [w,, 1) can be
realized.

Finally by LemmaR G (o) = e +2(1 —¢)P(—aw) < 4. Since o — £+2(1 —¢)P(—a) is decreasing
in «, the last claim follows. O

In the proof of part (a2) we will make use of the following analytical result.

Lemma 10. Fore € (0,1), a > a.(e), consider the function Fu. : [0,1] — R defined by

Fae(Q) =

) E{[n(XOO + Z150) — Xoo) [ X + Zoj ) — XOO]} , (C.11)
where expectation is taken with respect to Xoo, P{Xs = 0} = 1 — ¢, P{X € {+00,—0}} = ¢,
and the independent Gaussian vector (Z1, Za) with mean zero and covariance E{Z?} = E{Z3} = 1,
E{Z1Z>} = Q. (The mapping x — [n(x + a;b) — x] is here extended to x = +00, —00 by continuity
for any a,b bounded.)

Then Fo is increasing and convex on [0,1] with Foo(1) = 1 and F, (1) < 1. In particular

Fors(Q) > Q for all € ]0,1)

Proof. Tt is convenient to change variables and let @ = e™*%. If we let {Us}scr denote the standard
Ornstein-Uhlenbeck process, dUs = —Usds + V2dBg with {B,}ser the standard Brownian motion.
Then Fu ((Q) = Fo(—log(Q)), with

Faels) = Gia)

E{[n(Xoo + Up; Oé) - XOOHT](XOO + Us; a) - Xoo]} . (C'12)

A simple calculation yields

d ~ 1
3o ee(8) = TG

E{n’(Xoo + Up; @)1 (Xoo + Us; a)} e *, (C.13)
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where 7/ ( -; ) denotes the derivative of 7 with respect to its first argument. By the spectral decom-
position of the Ornstein-Uhlenbeck process, we have, for any function ¢ € Lo(R)

E{v(Uo)b(Us)} = Y e ar(1)?, (C.14)
k=1

for some non-negative {\}r>1. In particular e® %ﬁa,g(s) is strictly negative and increasing in s.
We therefore obtain

4
dQ

Which is strictly positive and increasing in ). Hence Q — F, (Q) is increasing and strictly convex.
Finally, since 7'(y; ) = 1(|y| > «), we have

fa,a(Q) =

G() E{n(Xeo + Z1;0)0 (Xoo + Z2; ) }, (C.15)

d 1 o — 1 B o= G(«)
@fa7g(Q) o G P{|Xoo + Z| > a} = G () {e+201 —e)®(—w)} = 230.(a) (C.16)

Since by Lemma B o — G¢(«) is strictly increasing over (a.(g),00) and by Eq. [CH) a — G?(«) is
strictly decreasing over R, we have

d GZ(a(€))

_fa Q < € = 1 , C17

dQ 76( ) 0=1 2G5(Oé*(€)) ( )
where the last equality follows again by Lemma B This conclude the proof. O

We are now in position to prove part (a2) of Lemma Bl

Proof of Lemma [@.(a2). Throughout the proof we fix o € (au(g,9),a2(e,0)). Let the sequence
{0?}+>0 be given as per the state evolution equation (EX). Define Q; = R;;—1/(01041—1). By Propo-
sition [[3, Q¢ is the covariance of two gaussian random variables of variance 1. Hence |@| < 1. Using
Eq. (&T3) we further have

Qi1 = Fi(Qr) (C.18)
0= Eafp (S zio)- K vz - X)) e

were expectation is taken with respect to X ~ px and the independent Gaussian random vector
(Z1, Zs) with zero mean and covariance E{Z?} = 1, E{Z2} = 1, E{Z1Z>} = @Q;. By induction it is
easy to check that Q; > 0 for all ¢.

For a € (a1, a2), by part (al) we have o — 0. Hence X /o, converges in distribution (over the
completed real line) to a random variable Xo, ~ (1 —€)dp + €40400 + £—-0_oo Where e, = P{X > 0},
e- =P{X <0}, e =4 +e_. Hence the expectation in Eq. (CI9) converges pointwise to

E{ [n(Xoo + Zy; a) — Xoo] [n(Xoo + Za; a) — Xoo] } . (C.20)

(Notice that this expectation depends on the distribution of X, only through e, because of the
symmetry properties of the function 7.)
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Further, by the proof of part (al), as t — oo we have 02 — 0 and

d
ot = WF(UQA*U) B ot +o(o}) =

%Ga(a*) - (C.21)

Hence

. Ot—1 1)
1 — = C.22
T G (€-22)

Comparing Egs. (CI)) and ([CI39) we conclude that, for any @ € [0, 1]
Jim F(Q) = Far(Q). (C.23)

Further the convergence is uniform, since the functions F; are uniformly Lipschitz (see proof of
Lemma [0 above).

Consider now the sequence {Q}+>0 and let Q. = liminf, . Q;. Since Q; € [0,1] for all ¢, we
have Q. € [0,1] as well. We claim that in fact @, = 1 and therefore lim;_, ., @; = 1, which implies
the thesis.

In order to prove the claim, let {Qt(k)}kEN be a subsequence that converges to Q.. Then

Qs = lim Fypy 1(Qury—1) = klin;o Foe(Qyry—1) = Fa,e(lim klilgo Qik)-1) = Fae(Qx), (C.24)

k—oo

where, in the last step, we used the fact that F, () is monotone increasing. Since F, (q) > ¢ for
all ¢ € [0,1) by Lemma [[0, we conclude that Q, = 1. O

Before proving (a3) of Lemma [Bl we establish one more technical result.

Lemma 11. Let px be a probability measure on the real line such that px({0}) = 1 — ¢ and
Ep {X?%} < 0o, Assume px to be such that max(px((0,a)),px((—a,0))) < Ba® for some B,b > 0.
Then, letting Xoo ~ (1 — €)dg + €40400 + €-0_0o (with the notation introduced above, namely,
ey = px(0,+00) and e_ = px(—00,0)):

X X X X
‘E{ [n(a—t + Zl,a> - —] [n(— + Zg,a> - —” (C.25)

Ot O¢—1 Ot—1
~B{[1(Xow + Z1;0) = Xoo] [n(Xow + Zai0) — Xoc] }| < B'(0} + 01_1),
for an eventually different constant B’. Here expectation is taken with respect to X ~ px and the

independent Gaussian random vector (Z1, Z3) with zero mean and covariance E{Z?} = 1, E{Z3} = 1,
E{Z1Z2} = Qt; and

dF
W(OJWU)

Proof. By triangular inequality, the left hand side of Eq. ((C28) can be upper bounded as Dy + D,
whereby

F(o2,0) = o2 +0(c*). (C.26)

o=0

Dq EE{ [77({ +Z1;a) — ? —n(Xoo—i-Zl;a) +Xoo] [n(ai—i-Zg;a) — i}},

Ot Ot—1



Here X and X, are coupled in such a way that X = 0 if and only if X, = 0 and the two variables
have the same sign in the other case. We focus on bounding D since Dy can be treated along the
same lines. Letting R(z;0) = n(z;0) — z, we have

D, = E{ [R(% n Zl;a> ~ R(Xuo + Zl;a)] [R(i + ZQ;a) + ZQ]} = Diq+ Duy,

Ot—1

= B{[R(% + 200) - ezl + 00))

Ot—1

Dy = QtIE{ [R’(% n Zl;a> — R/(Xo + Zl;oz)] } ,

where in the last line we used Stein’s lemma to integrate over Zs, and R’ denotes derivative with
respect to the first argument. Once again the two terms are treated along the same lines, and we
will only consider D; .. We have

Dya| < aﬂ«:{‘R(% +Z150) = R(Xoo + Z150) |}

< a5+E{‘R<& + Zl;oz> - R(+oo;a)‘} + as_E{‘R<& + Zl;oz) - R(—oo;a)‘} , (C.27)
Ot Ot
where X (resp. X_) is distributed as X conditioned on X > 0 (resp. X < 0). The function
T +— R(x;a) — R(co; ) is monotone decreasing, equal to 2« for z < —a and to 0 for # > . Hence
R(z) = Ez {|R(x + Z1;a) — R(400; )|} is monotone decreasing, takes values in (0,2«) and upper
bounded by Ce=%"/4 for z > 0. Denoting by F the distribution of X, we have

E{‘R<& + Zl;a) - R(—i—oo;a)‘} = ER(X, /o) = /000 |R'(z)| F(zoy)dz < B'o?.

Ot

The other term in Eq. (C2Z7) is bounded by the same argument. This concludes the proof of

Eq. (C20).
The proof of Eq. ([((26)) follows from Eq. (CC2H) if we notice that

o= P a{ i 2e) -]
dr (02; a0)
d(e2)

= E{[n(Xoo —|—Z;a) —Xoo]z}.

o=0

O

The last lemma has a useful consequence that we will exploit in the ensuing proof of Lemma

B (a3).

Corollary 18. Let F, (Q) be defined as per Eq. (CI11) and F(Q) defined as per Eq. (CI13) with
px, «, € satisfying the conditions of Lemma [@.(a3). Then there exists a constants B,B’',b > 0
depending on px such that

sup ft(Q) - ‘7:0175(@) < BU? < B/wbt/2.
Q€(0,1]

ol



Proof. The second inequality follows from the first one using Lemma Bl (al). Using Eq. (C28), we
have

2 2 2 2
O¢—1 Oy Ot_1 d b b

— . = 1+0(c/,0] 7.
afﬂ F(o? a0¢) F(o? |;a0i-1) Gg(oz)z{ (o7, 01 1}

The proof of the corollary is obtained by noting that oy = ©(0¢—1) and applying Eq. (C28) to the
expectation in Eq. (CId). O

Proof of Lemma[@.(a3). Define, as in the proof of part (a2), Q¢ = R¢t—1/(0t0¢—1), and recall that
Qi1 = F1(Q) .

By Corollary I8, and Lemma [T it follows that Q; > 1 — Aw@* for some constants A > 0, @ € (0,1).
Indeed

Qir1 > Far(Qr) — B'W?2 > 1 - B2 Fo (1)1 = Q).

and the claim follows by noting that 77, .(1) € (0,1) by Lemma
Next, consider a sequence of centered Gaussian random variables (Z;);>( with covariance E{Z;Zs} =
R; . By triangular inequality, we have, for any ¢ < s,

(2_201?088) /QZE{<%__S) }1/2 Z E{(Zk Zk—1)2}1/2: i (2 — 20012 < AT

Tk-1 k=t+1
(C.28)

Next consider the quantity in Eq. (E19). We have
sup P{|X + Zs| > cos; | X + Z;| < coy}
t,s>to

< SupIP’{|X+Zt| <cop; X #O} + sup IP’{|Z /as| >c; ‘Zt/0t| <c; X—O}
t>to

= sup]P’{\X/Ut—i-Zt\ <c; X 750} + sup ]P){|ZS‘ >
t>to t,s>to

Zil <c}, (C.29)

where (Z,, Z;) are Gaussian with E{Z2} = E{Z2} = 1, and E{Z,Z,} = Ry s/(0105). The first term
in Eq. (C29) vanishes as ty — oo since o, — 0 as t — oo, and the second vanishes by Eq. (C28). O

C.2 Proof of Lemma [6L(b): p > p.(6)

Proof of Lemma[@.(b1), (b2). First notice that, with the definitions given in the previous section

d 2 2 2
A Gy T o) = GE{(Z o))

_ %{(1 +a?)®(~a) — ag(a)} .

Notice that the right hand side is equal to 2/§ for & = 0, monotonically decreasing in «, and vanishing
as a — oo. Hence there exists amin(g,0) such that the right hand side is smaller than 1 if and only if
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Q@ > auin(e,8). Further, 02 — F(0?, a0) is concave with F(0,0) = 0 and first derivative larger than
1 at 02 = 0 (cf. Lemma ). It follows that for a > amin(c,d) there exists a unique o, (8, px) such
that F(0?,a0) > o? for all o € (0,0,) and F(0?, ac) < o2 for 0 € (04,0). It follows that o7 — o,
for any o3 # 0. This proves the first part of claim (b1).

Letting 02 = 02(a), it is easy to check that o +— o2(a) is continuous for a € (@i, 00) with
limg—q, . 02(a) = +0o (the limit being taken from the left), and lim,_ 02(a) = +E{X?}/§ > 0.
As a consequence

lim P{|X +o0.Z| > aoc,} = 2®(—amin), (C.30)
QA—CQmin

lim P{|X +0.Z| > ao,} = 0. (C.31)

a—0o0

Notice that by the definition of ayin given above, we have
29 (—amin) — 20min{ #(Qmin) — Amin®(—min) } = 4.
Since ¢(z) > 2®(—z) for z > 0, it follows that lim, .4, P{|X + 0.Z| > ao,} > §. We define
ao(0,px) =sup {a > amin(e,8) : P{|X +0.Z|>ac,} >4 }. (C.32)

By the above ap € (@min, 00). Further, by continuity, for a = ag, P{|X + 0.Z| > ao,} = §. We thus
proved claim (b2).

In order to prove the second statement in (b1), we proceed analogously to part (a2), and define
Q¢ = Ry/(0t0¢—1). This sequence satisfies the recursion ((CI8) with F; defined as per Eq. (CI9).
As t — oo we have 0, — o, and hence F; converges uniformly to a limit that we denote by an abuse
of notation Fy s, , where

Fabpx (Q) = %E{ [n(? + Zua) - ?} [n(? + Zg;a> . ?” (C.33)

Proceeding as in the proof of Lemma [, we conclude that Q — F, 5, (Q) is increasing and convex
on [0,1]. Further (for Z ~ N(0,1))

1 X X2 1
Faspx(l) = —IE{ {77(— + Zl;a> - —} } == F(o2,a0,) =1. (C.34)
1) Ox O o2
Finally, for a > a(6, px),
d 1 X
¢z, :—IP{— Z }<1, C.35
and therefore 7y 5, (Q) > Q for all Q € [0,1). Hence, proceeding again as in the proof of part (a2)
we conclude that lim;_,o, Q; = 1 and therefore lim; .o Ri1—1 = Jf as claimed. O

Proof of Lemma [@.(b3). Throughout this proof we fix px = (1 —¢€)do + €7, 0 € (¢,0+(¢)). By part
(b1), we have lim;_, E{|n(X 4+ 0¢X; aoy)|} = E{|n(X +0.Z;a0.)|}. Tt is therefore sufficient to prove
that E{|n(X + 0.Z;a0.)|} < E{|X|}.
Consider the function & : (2,0) — E(0?,0) defined on R, x R,) by
2

1 1
E(0%,0) = —5(1 - 5)% +Eggﬂg{%(s X —0Z)?+ ysy} , (C.36)
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where expectation is taken with respect to X ~ px and Z ~ N(0,1). Notice that the minimum over
s € R is uniquely achieved at s = n(X + o Z;0). It is not hard to compute the partial derivatives

o0& B ) 2 9 9

55050 = —W{(l——P{\XmZ\ Z@})U +F(o ,e)}, (C.37)

o0& )

——(0%0) = 20{1 - —IP’{]X Yozl > 9}} (C.38)
where F(c2,0) is defined as per Eq. ([Cl). Using these expressions in Eq. ((C36) we conclude that

?;;( ,0) = gf (02,0) =0 = E(0%,0) = E{|n(X + 0Z;0)|} (C.39)

In particular, one can check from Egs. ((C37), (C37) that a stationary pointﬂ is given by setting
o = 0.(d,px) and 0 = 0,(6, px) = ao(d,px)o«(8, px).
Define E(0?) = (0%, ap(6, px)o). Using again Eqs. (C31), ([C3]) we get
dE . 6
3027 = Tag?
In particular, as a consequence of Lemma [l and of the analysis at point (b1), we have C%EQ < 0 for
2 €(0,02) ([C3D). Therefore, setting o = (8, px ), we have

E{|n(X + 0.Z;a0,)|} = E(c?) < lim E(a2)

{o? — F(0? apo)} . (C.40)

= — lim i0(1 —0)+ hm —E{[ <)0( + Z;a) — é - Z]2} +}_i£})E{]n(X+aZ;aa)|}

o—0 2¢

= tim - o? + B{|X|} = E{|X|} .

This concludes the proof. O

D Reference results

The following calculus fact is used in the main text.
Lemma 12. For all s,z > 0 we have z° < (g)sew.

Proof. Since f(x) = In(x) for > 0 is concave, when = > s then

In(z) — In(s) < fi(s) = 1 (D.1)

x—S S

This is equivalent to (z/s)® < e~ which proves the result. The case of < s is proved similarly. [
We also use an estimate on the minimum singular value of perturbed rectangular matrices, which

was proved in [BCT0, Theorem 1.1].

Theorem 10. For M,N € N, N < (1 —a)M, let B € R™*N ||B|s < 1/a be any deterministic
matriz and G € RM*N be o matriz with i.i.d. entries Gij ~ N(0,1/M). Then there exist constants
a1, az depending only on a and bounded for a > 0 such that, for all z < as,

]P’{UN(A—H/G) < Vz} < (ag 2)M=N*L (D.2)

“Indeed this is the unique saddle point of the function (7!, ¢?) — £(,0?) as it can be proved by the general

minimax theorem.
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