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Abstract

The XOR-satisfiability (XORSAT) problem requires finding an assignment of n Boolean
variables that satisfy m exclusive OR (XOR) clauses, whereby each clause constrains a subset
of the variables. We consider random XORSAT instances, drawn uniformly at random from
the ensemble of formulae containing n variables and m clauses of size k. This model presents
several structural similarities to other ensembles of constraint satisfaction problems, such as k-
satisfiability (k-SAT), hypergraph bicoloring, and graph coloring. For many of these ensembles,
as the number of constraints per variable grows, the set of solutions shatters into an exponential
number of well-separated components. This phenomenon appears to be related to the difficulty
of solving random instances of such problems.

We prove a complete characterization of this clustering phase transition for random k-
XORSAT. In particular we prove that the clustering threshold is sharp and determine its exact
location. We prove that the set of solutions has large conductance below this threshold and that
each of the clusters has large conductance above the same threshold.

Our proof constructs a very sparse basis for the set of solutions (or the subset within a
cluster). This construction is intimately tied to the construction of specific subgraphs of the
hypergraph associated with an instance of k-XORSAT. In order to study such subgraphs, we
establish novel local weak convergence results for them.
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1 Introduction

An instance of XOR-satisfiability (XORSAT) is specified by an integer n (the number of variables)

and by a set of m clauses of the form z; (1) ® -+ ® 7, () = ba for a € [m] = {1,--- ,;m}. Here @
denotes modulo-2 sum, b = (by,...,b,,) is a Boolean vector, b, € {0, 1}, specified by the problem
instances, and x = (x1,...,x,) is a vector of Boolean variables x; € {0, 1} that must be chosen to

satisfy the clauses.

Standard linear algebra methods allow us to determine whether a given XORSAT instance
admits a solution, to find a solution, and even to count the number of solutions, all in polynomial
time. In this paper we shall be interested in the structural properties of the set of solutions
S C {0,1}"™ of a random k-XORSAT formula. More explicitly, we consider a random XORSAT
instance Z that is drawn uniformly at random within the set G(n, k, m) of instances with m clauses
over n variables, whereby each clause involves exactly k variables. The set of solutions S = S(7)
is then defined as the set of binary vectors z that satisfy all m clauses.

Since Z is a random formula, S is a random subset of the Hamming hypercube. The structural
properties of S are of interest for several reasons. First of all, linear systems over finite fields are
combinatorial objects that emerge naturally in a number of fields. Dietzfelbinger and collaborators
[DGM*10] use a mapping between XORSAT and the matching problem to establish tight thresholds
for the performances of Cuckoo Hashing, an archetypal load balancing scheme. Such thresholds
are computed by determining thresholds above which the set of solutions S of a random XORSAT
formula becomes empty. The existence of solutions is in turn related to the existence of an even-
degree subgraph in a random hypergraph. Random sparse linear systems over finite fields are used
to construct capacity achieving error correcting codes [RUOS]. The decodability
of such codes is related to the emergence of a non-trivial 2-core in the same random hypergraph —
a phenomenon that will play a crucial role in the following. Finally, structured linear systems over
finite fields are generated by popular factoring algorithms [KAFT10].

In the present paper we are also motivated by the close analogy between random k-XORSAT
and other random ensembles of constraint satisfaction problems (CSPs). The prototypical example
of this family is random k-satisfiability (k-SAT). The random k-SAT ensemble can be described in
complete analogy to random k-XORSAT with the modification of replacing exclusive OR clauses
by OR clauses among variables or their negations. Namely, in k-SAT each clause takes the form
(x;a(l) IVERRRY/ x;a(k ), whereby x;a(g) = T4, (¢) OF x;a(g) = T;,(¢)- An extensive literature [MZK™T99
MPZ03|, [ANP05, IMMO09], [ACO08|] provides strong support for the existence of two
sharp thresholds in random k-SAT, as the number of clauses per variable « = m/n grows. First,
as « crosses a ‘satisfiability threshold’ ag(k), random k-SAT formulae pass from being with high
probability (w.h.p., i.e. with probability converging to 1 as n — oo) satisfiable (for o < ag(k))
to being w.h.p. unsatisfiable (for o > ag(k)). For any a < as(k) the set of solutions is therefore
non-empty. However, it undergoes a dramatic structural change as « crosses a second threshold
aq(k) < ag(k). While for @ < aq(k), S is w.h.p. ‘well connected’ (more precise definitions will
be given below), for a € (aq(k),as(k)) it shatters into an exponential number of clusters. It
has been argued that such a ‘clustered’ structure of the space of solutions can have an intimate
relation with the failure of standard polynomial time algorithms when applied to random formulae
in this regime. The same scenario is thought to hold for a number of random constraint satisfaction
problems (including for instance, proper coloring of random graphs, bicoloring random hypergraphs,
Not All Equal-SAT, etc.).

Unfortunately this fascinating picture is so far only conjectural. Even the best understood
element, namely the existence of a satisfiability threshold ag(k) has not been established (with



the exception of the special case k = 2). In an early breakthrough, Friedgut [EFri99] used Fourier-
analytic methods to prove the existence of a —possibly n-dependent— sequence of thresholds
as(k;n). Proving that in fact this sequence can be taken to be n-independent is one of the most
challenging open problems in probabilistic combinatorics and random graph theory. Understanding
the precise connection between clustering of the space of solutions and computational complexity
is an even more daunting task.

Given such outstanding challenges, a fruitful line of research has pursued the analysis of some-
what simpler models. A very interesting possibility is to study k-SAT formulae for large but still
bounded values of k. As explained in [ACOQ8], each SAT clause eliminates only one binary as-
signment of its k variables, out of 2¥ possible assignments of the same variables. Hence, for k
large, a single clause has a small effect on the set of solutions, and most binary vectors are sat-
isfying unless the formula includes about 2% clauses per variable. This results in an ‘averaging’
effect and suitable moment methods provide asymptotically sharp results for large k. In particular,
Achlioptas and Peres proved upper and lower bounds on «g(k) that become asymptoti-
cally equivalent (i.e. whose ratio converges to 1) as k gets large. Achlioptas and Coja-Oghlan
[ACO08] [ACORTTI], proved that clustering indeed takes place in an interval of values of o below
the satisfiability threshold and obtained upper and lower bounds on the corresponding threshold
aq(k) that are asymptotically equivalent for large k. Finally, Coja-Oghlan [COI0] proved that
solutions can be found w.h.p. in polynomial time for any a < adalg(k‘), whereby o a1g (k) is asymp-
totically equivalent to aq(k) for large k. Intriguingly, no algorithm is known that can provably find
solutions in polynomial time for o € ((1 + d)aq(k), as(k)), for any 6 > 0, and all k& > 3.

XORSAT is a very different example on which rigorous mathematical analysis proved possible,
thus providing precious complementary insights. The key simplification is that the set of solutions
S is, in this case, an affine subspace of the Hamming hypercube {0,1}" (viewed as a vector space
over GF[2]). This implies a high degree of symmetry that can be exploited to obtain very sharp
characterizations for large n, and any k (we assume throughout that k& > 3, since 2-XORSAT is
significantly simpler).

It was proved in [DMO02] that, for k& = 3, there exists an n-independent threshold ag(k) such
that a random k-XORSAT instance is w.h.p. satisfiable if & < as(k) and unsatisfiable if a > as(k).
The proof constructs a subformula, by considering the 2-core of the hypergraph associated with
the XORSAT instance. One can then prove that the original formula is satisfiable if and only if
the 2-core subformula is. The threshold for the latter can be determined exactly using the second
moment method. The proof was extended to all £ > 4 in [DGM™10].

The existence of a 2-core in a random XORSAT formula has a sharp threshold when the number
of clauses per variable « crosses a value acore(k). This was argued to be intimately related to the
appearance of clusters. In particular, [MRTZ03|, give an argumen showing that, above
acore(k), the space of solutions shatters into exponentially many clusters. In other words, acore (k)
is an upper bound on the clustering threshold. [MRTZ03|] further shows that, for o < acore(k), a
particular coordinate of a solution can be changed by changing O(1) other variables on average,
without leaving the space of solutions. If this argument is pushed a step further, one can show
that, w.h.p., any coordinate can be changed by flipping at most O(logn) other coordinates. This
suggests that it may be possible to concatenate a sequence of such flips to connect any two solutions
via a path through the solution space, with O(logn) steps. However, the analysis [MRTZ03] does
not imply that this is the case, as it does not address the main challenge, namely to construct
a path from any solution to any other solution. In this work we solve this problem, and provide
the first proof of a lower bound of aeere(k) on the clustering threshold agq, thus establishing that

!The argument of [MRTZ03, [CDMMO3] is essentially rigorous, but does not deal with several technical steps.



indeed aq(k) = acore(k). For o > aq(k) we prove a sharp characterization of the decomposition
into clusters.

As mentioned above, random k-XORSAT formulae can be solved in polynomial time using linear
algebra methods, and this appears to be insensitive to the clustering threshold. Nevertheless, an
intriguing algorithmic phase transition might take place exactly at the clustering threshold aq(k).
For any o < aq(k) solutions can be found in time linear in the number of variables (the algorithm
is in fact an important component of our proof). On the other hand, no algorithm is known that
finds a solution in linear time for a € (aq(k), as(k)). We think that our proof sheds some light on
this phenomenon.

1.1 Main result

In this paper we obtain two sharp results characterizing the clustering phase transition for random
k-XORSAT:

(1) We exactly determine the clustering threshold aq(k), proving that the space of solutions is

w.h.p. well connected for o < aq(k), and instead shatters into exponentially many clusters
for v € (aq(k), as(k)).

(7i) We determine the exponential growth rate of the number of clusters, i.e. we show that this is
w.h.p. exp{nX(a; k) +o(n)} where X(«; k) is a non-random function which is explicitly given.
We prove that each of the clusters is itself ‘well connected’.

This is therefore the first random CSP ensemble for which a sharp threshold for clustering is
proved.

Earlier literature fell short of establishing (¢) since it did not provide any argument for con-
nectedness below aq(k). Also, informal calculations only suggested a lower bound on the number
of clusters, but did not establish (ii) since they did not prove connectedness of each cluster by
itself. The situation is akin to the analysis of Markov Chain Monte Carlo methods: It is often
significantly more challenging to prove rapid mixing (connectedness of the space of configurations)
than the opposite (i.e. to find bottlenecks).

One important novelty is that the notion of connectedness used here is very strong and goes
beyond path connectivity, which was used earlier for k-SAT [ACO08, [ACORTTI]. We use a properly
defined notion of conductance which we think can be applied to a broader set of CSP’s, and has the
advantage of being closely related to important algorithmic notions (fast mixing for MCMC and
expansion). Given a subset of the hypercube S C {0,1}", and a positive integer ¢, we define the
conductance of S as follows. Construct the graph G(S,¢) with vertex set S and an edge connecting
z,2' € S if and only if d(z,2") < ¢ (here and below, d( -, -) denotes the Hamming distance). Then
we define the £-th conductance of S as the graph conductance of G(S,¢), namely

cutg(s,n(A4, S\ A)

(S0 = win AL IS\ A )

where |B| denotes the cardinality of the set B. Notice that we measure the volume of a set by the
number of its vertices instead of the sum of its degreesﬁ.

>This difference is irrelevant for a < aq(k) since in this case S will be taken to be an affine subspace of {0,1}", and
hence G(S,¥) will be a regular graph. For a € (aq(k), as(k)), S will be constructed as the union of a ‘small’ number
of affine spaces, and hence G(S, ¢) should be approximately regular. We keep the definition () since it simplifies our
statements.



We define the distance between two subsets of the hypercube 81,8, C {0,1}" as
d(81,8) = min d(z,2).

2€851,2' €S2

Theorem 1. Let S be the set of solutions of a random k-XORSAT formula with n variables and
m = na clauses. For any k > 3, let aq(k) be defined as

aq(k) =sup{aec(0,1] :2>1— ek vy e (0,1)}. (2)
1. If a < aq(k), there exists C = C(a, k) < oo such that, w.h.p., ®(S; (logn)®) > 1/2.
2. If o € (aq(k),as(k)), then there exists € = e(k; ) > 0 such that, w.h.p., ®(S;ne) = 0.

3. If a € (aq(k),as(k)), and 6 > 0 is arbitrary, then there exist constants C = C(a, k) < o0,
e =¢e(a, k) >0, 3 =3(a,k) >0, and a partition of the set of solutions S = S; U---U Sp,
such that, w.h.p., the following properties hold:

(a) For each a € [N], we have ®(S,; (logn)®) > 1/2.
(b) For each a # b € [N], we have d(Sy,Sp) > ne.

(c) exp{n(X —6)} < N < exp{n(X+9)}. Further, letting Q be the largest positive solution
of @ =1 —exp{—kaQ" '} and Q = Q* 1, we have X(a, k) = Q — kaQ + (k — 1)aQQ.

1.2 Conductance and sparse basis

We will prove Theorem [I] by obtaining a fairly complete description of the set S both above and
below aq(k). In a nutshell, for @ < aq(k), S admits a sparse basis, while for a > aq(k) each
of the clusters Sip,..., Sy admits a sparse basis but their union does not. This is particularly
suggestive of the connection between the clustering phase transitions and algorithm performance.
Below aq(k) the space of solutions admits a succinct explicit representation (in O(n(logn)®) bits).
Above aq(k), we can produce a representation that is succinct but implicit (as solutions of a given
formula), or explicit but prolix (no basis is known that can be encoded in o(n?) bits).

Given a linear subspace S C {0,1}", we say that it admits a s-sparse basis if there exist vectors
z) € Sfor I € {1,...,D} such that d(z,0) < s and (z)2, form a basis for S. The latter
means that the vectors are linearly independent and S = {ZID: LazW o (a)P, € {0,1}P }.

We say that an affine space S C {0,1}" admits an s-sparse basis if, for 2z € S, the linear
subspace S — z(©) admits an s-sparse basis. The property of having a sparse basis indeed implies
large conductance. The proof is immediate.

Lemma 1.1. If the affine subspace S C {0,1}" admits a s-sparse basis, then ®(S;s) > 1/2.
Vice versa, assume that ®(S;s) = 0. Then S does not admit a s-sparse basis.

Proof of Lemma L1l We can assume, without loss of generality, that S is a linear space. Let d be
its dimension. Further, given a graph G, let, with a slight abuse of notation

- cutg(A,S\ A)
®(G) = min AT IS\ A 3)

so that ®(S;¢) = ®(G(S;¥)).

Assume that S admits a s-sparse basis. This immediately implies the graph G(S, s) contains
a spanning subgraph that is isomorphic to the d-dimensional hypercube Hy. Further G — ®(G)
is monotone increasing in the edge set of G. Therefore ®(S;s) > ®(Hy) > 1/2 where the last
inequality follows from the standard isoperimetric inequality on the hypercube [HLWO06]. O



The characterization of the solution space in terms of sparsity of its basis is given below.

Theorem 2. Let S be the set of solutions of a random k-XORSAT formula with n variables and
m = na clauses. For any k > 3, let ag(k) be defined as per Eq. (3). Then the followings hold:

1. If a < ag(k), there exists C = C(a, k) < oo such that, w.h.p., S admits a (logn)®-sparse
basis.

2. If a € (aq(k),as(k)), and 6 > 0 is arbitrary, then there exist constants C = C(a, k) < oo,
e =¢ela, k) >0, 3 =3(a, k) >0, and a partition of the set of solutions S = S; U---U Sy,
such that, w.h.p., the following properties hold:

(a) For each a € [N], S, admits a (logn)®-sparse basis.
(b) For each a # b € [N] we have d(S,, Sp) > ne.

(c) exp{n(X—9)} < N <exp{n(X+9)}. Further, ¥ is given by the same expression given
in Theorem [

Clearly, this theorem immediately implies Theorem [l by applying Lemma [[-1l The rest of this
paper is devoted to the proof of Theorem 2

1.3 Further technical contributions

To a given a XORSAT instance Z, we can associate a bipartite graph (‘factor graph’) with vertex
sets F' (factor or check nodes) corresponding to equations, and V' (variable nodes) variables. The
edge set E includes those pairs (a,i) € F x V such that variable x; participates in the a-th
equation. The construction of the sparse basis in Theorem [2] relies heavily on a characterization
of the random factor graph associated to a random XORSAT instance. This could be gleaned
from the proof of that construct the 2-core of GG. In order to prove Theorem
we characterize a larger subgraph that we refer to as the backbone of G. This subgraph has the
following interpretation: if two solutions x and z’ coincide on the core, then they coincide on every
vertex of the backbone.

The 2-core of the random graph G was studied in a number of papers Mol05l,
[DMOS]. The key tool in these works is the analysis of an iterative procedure that constructs the
2-core in O(n) iterations. This procedure has an important properties: (2) At each step, the
resulting graph remains uniformly random, given a small number of parameters (essentially, its
degree distribution). Thanks to this property, the analysis of [PSW96], [LMSS98| Mol05, [DMO0S] is
reduced to the study of a Markov chain in Z2. This is done by showing that sample paths of this
chain are shown to concentrate around solutions of a certain ordinary differential equation.

Our analysis of the backbone has a similar starting point, namely the study of an iterative
procedure that constructs the backbone (indeed we define formally the backbone as the fixed
point of this procedure). Unfortunately, the graphs generated by this procedure are not uniformly
random, conditional on a small number of parameters. Hence the techniques [PSW96], [LMSS98,
Mol05l, do not apply. We overcome this difficulty by characterizing the large-n limit of its
fixed point using the theory of local weak convergence. This is in turn challenging because the fixed
point is not, a priori, a local function of G.

We consider this characterization of the backbone, and its proof, to be a contribution of inde-
pendent interest.

For describing the iterative procedure, we use the language of message passing algorithms,
and will refer to it as to ‘belief propagation’ (BP), as the same algorithm is also of interest in



iterative coding, see [RUO0S, [MMO09]. Given a factor graph G = (F,V, E), the algorithm updates
2|E| messages indexed by directed edges in G. In other words, for each (v,a) € E, v € V and
a € F, and any iteration number ¢ € N, we have two messages v} _,,, and 7' _, . taking values in
{0,}. For t > 1, messages are computed following the update rules

g { x if D7} =« for all b € Ov\a, ()
vra 0 otherwise,

and
St 0 ifvl_,=0forall ue da\v, (5)
=Y | % otherwise.

We call this algorithm BPy when all messages are initialized to 0: 0, = 29, = 0 for all

(a,v) € E. It is not hard to see that BPy is monotone, in the sense that messages only change from
0 to *, and hence converges to a fixed point v;_,,.

It is easy to check (see Lemma[L3]below) that the core of G coincides with the subgraph induced
by the factor nodes that receive no * message at the fixed point of BPy . The backbone is instead
the subgraph induced by factor nodes that receive at most one * message at the fixed point.

Denote by [ the probability distribution on rooted factor graphs with marks on the edges
constructed as follows. Draw a graph uniformly at random from G(n,k, m). Choose a uniformly
random variable node i € V' as the root. Mark the edges (in each direction) with the messages
corresponding to the BP fixed point v/

v—a’

We next construct a random tree 7. (a, k) with marks on the directed edges as follows. Marks
take values in {0, *} and to each undirected edge we associate a mark for each of the two directions.
We will refer to the direction towards the root as to the ‘upwards’ direction, and to the opposite
one as to the ‘downwards’ direction. The marks correspond to fixed point BP messages, and we
will call them messages as well in what follows. First consider only edges directed upwards. This
is a multi-type Galton-Watson (GW) tree. At the root generate Poisson(ka) offsprings, and mark
each of the edges to 0 independently with probability Q, and to * otherwise. At a non-root variable
node, if the parent edge is marked 0, generate Poisson(ka(1 — Q)) descendant edges marked * and
Poissons1 (kaQ) descendant edges marked 0 (here Poissong()\) denotes a Poisson random variable
with parameter A conditional to E). If the parent edge is marked *, generate Poisson(ka(1 — Q))
descendant edges marked * and no descendant edges marked 0. At a factor node, if the parent edge
is marked 0, generate k — 1 descendant edges marked 0. If the parent node is marked *, generate
M ~ Binom<j_s(k — 1, Q) descendants marked 0, and k — 1 — M descendants marked .

For edges directed downwards, marks are generated recursively following the usual BP rules, cf.
Egs. @), (@), starting from the top to the bottom. It is easy to check that with this construction,

the marks in 7. («, k) correspond to a BP fixed point.

Definition 1.2. Let {G,}, G, = (Fp, Va, Ey) be a sequence of factor graphs. Let ug) denote the
probability distribution of Bg,, (v,t) when v € V,, is uniformly random. We say that {G,} converges
locally to the measure p on rooted graphs if, for any finite t, and any rooted graph Ty of depth at
most t, we have

lim p1P(To) = p9(To) (6)

holds almost surely with respect to the graph law. Here u®) denotes the marginal of p with respect
to a ball of radius t around the root.



As part of our proof of Theorem 2l we obtain the following result, which may be of independent
interest.

Theorem 3. The sequence {fi}}n>0 converges locally to the probability distribution of’7~;.

Theorem [3] is proved in Section [4l
Besides this, our proof uses several other ideas:

e We show that Theorem [3] can be used to extend the low weight core solutions to low weight
solutions of the whole XORSAT instance (see Section [§)).

e We show that the periphery (the complement of the core in G) is uniformly random with
a given degree sequence, conditioned on being ‘peelable’. We estimate precisely this degree
distribution, and show that the periphery is indeed peelable with positive probability for that
degree sequence (see Section [@]).

e In addition to the fixed point characterization, we obtain a precise characterization of the
convergence rate of BP( (see Section M), which allows us to bound the sparsity of the basis
constructed.

e For o > «ayq, convergence to the BP fixed point is geometric rather than quadratic. In this
regime we show that in fact there are ‘strings’ of degree 2 variable nodes that slow down
convergence but do not prevent the construction of a sparse basis. We bound the sparsity by
defining a certain ‘collapse’ operator on such strings (see Section [).

1.4 Outline of the paper

In Section 2] we define some basic concepts and notations. Section [3] describes the construction of
clusters and sparse bases, and uses this construction to prove Theorem Several basic lemmas
necessary for the proof are stated in this section.

Section Ml introduces a certain belief propagation (BP) algorithm and a technical tool called
density evolution, that play a key role in our analysis: The BP algorithm naturally decomposes the
linear system into a ‘backbone’ (consisting roughly of the 2-core and the variables implied by it)
and a ‘periphery’. Density evolution allows us to track the progress of BP, eventually facilitating a
tight characterization of basic parameters (like number of nodes) of the backbone and periphery.

Section Bl bounds the number of iterations of a ‘peeling’ algorithm (related to BP) that plays
a key role in our construction of a sparse basis. Section [0l proves a sharp characterization of the
periphery. Together, this yields the first (large) set of basis vectors.

Section [1 shows the 2-core has very few sparse solutions, leading to well separated, small, ‘core-
clusters’. Section [§] shows how to produce a sparse solution of the linear system corresponding to
each sparse solution of the 2-core subsystem. This yields the second (small) set of basis vectors in
our construction.

Several technical lemmas are deferred to the appendices.

A short version of this paper was presented at the ACM-SIAM Symposium on Discrete Algo-
rithms SODA 2012.

2 Random k-XORSAT': Definitions and notations

As described in the introduction, each k-XORSAT clause is actually a linear equation over GF[2]:
T, (1)@ By, () = ba, for a € [m] ={1,--- ;m}. Introducing a vector h, € {0,1}", with non-zero



entries only at positions i;(a),...,ix(a), this can be written as hlz = b,. Hence an instance is
completely specified by the pair (H,b) where H € {0,1}™*™ is a matrix with rows h?,... ,hl and
b= (b,...,bpn)" € {0,1}™. The space of solutions is therefore S = {z € {0,1}" : Hz = b mod 2}.
If S has at least one element z(¥, then S @ 2(©) is just the set of solutions of the homogeneous
linear system corresponding to b = 0 (the kernel of H). In the following we shall always assume
a < ag(k), so that S is non-empty w.h.p. ﬂm Since we are only interested in properties of
the set of solutions that are invariant under translation, we will assume hereafter that b = 0.

An XORSAT instance is therefore completely specified by a binary matrix H, or equivalently
by the corresponding factor graph G = (F,V, E). This is a bipartite graph with two sets of nodes:
F' (factor or check nodes) corresponding to rows of H, and V' (wariable nodes) corresponding to
columns of H. The edge set E includes those pairs (a,i), a € F, i € V such that H,; = 1. We
denote by G(n, k, m) the set of all graphs with n labeled variable nodes and m labeled check nodes,
each having degree exactly k (with no double edges). Note that |G(n, k,m)| = (})". With a slight
abuse of notation, we will denote by G(n,k,m) also the uniform distribution over this set, and
write G ~ G(n, k, m) for a uniformly random such graph.

For v € V or v € F, we denote by degs(v), the degree of node v in graph G (omitting the
subscript when clear from the context) and we let Ov denote the set of neighbors of v. We define
the distance with respect to G between two variable nodes i, j € V, denoted by dg(i,7) as the
length of the shortest path from i to j in G, whereby the length of a path is the number of check
nodes encountered along the path. Given a vector x, we denote by x4 = (x;);c4 its restriction to
A. The cardinality of set A is denoted by |A]|.

We only consider the ‘interesting’ case k > 3, and the asymptotics m,n — oo with m/n — «
and « € [0,a5(k)), where as(k) is the satisfiability threshold. Hence H has w.h.p. maximum rank,
i.e. rank(H) =m

Definition 2.1. Let Fy C F. The subgraph induced by Fy is defined as (Fy, Vo, Eg) where Vy =
{ieV:0inFy # 0} and Ey = {(a,i) € E: a € Fy,i € Vp}. A check-induced subgraph is the
subgraph (Fy, Vo, Ep) induced by some Fy C F. Similarly, we can define the subgraph induced by
Vo €V, and variable-induced subgraphs.

Let Fy C F, Vo C V. The subgraph induced by (Fy,Vy) is defined as (Fy, Vo, Ey) where
Ey={(a,i) € E: a € Fy,i € Vp}.

Definition 2.2. A stopping set is a check-induced subgraph with the property that every variable
node has degree larger than one with respect to the subgraph. The 2-core of G is its maximal
stopping set.

Notice that the maximal stopping set of GG is uniquely defined because the union of two stopping
sets is a stopping set

A key fact to be used in the following is that a giant 2-core appears abruptly at aq(k). Forms
of the following statement appear in Mol05, DMOS].

Theorem 4 ([LMSS98| Mol05, [DM0S]). Assume o < aq(k). Then, w.h.p., a graph G ~ G(n, k,m)
does not contain any stopping set.

Vice versa, assume o > aq(k). Then there exists C(k) > 0 such that, w.h.p., a graph G drawn
uniformly at random from G(n,k,m) contains a 2-core of size larger than C(k)n.

Finally, we will often refer to the depth-t neighborhood of a node v in G.

Definition 2.3. Given a node v € V' and an integert, let V' = {u:u € V,dg(u,v) < t}. Then the
ball of radius ¢ around node v is defined as the (variable-induced) subgraph B (v,t) induced by V.



SYNCHRONOUS PEELING (Graph G = (F,V, E))
F' « F
Vi<V
E' + F
Jo+ (F,V,E), t=0
While J; has a variable node of degree < 1 do
t+1t+1
Vi = {ve V' :degg,  (v) <1}
F,+ {a€ F':(v,a) € E for some v € V; }
E, «+ {(v,a) € E' :a€ F,veV'}
F' «+ F'\F,
V'« V'\V,
E' + E'\E,
Jy«— (F', V' E")
End While
Toc +t
Gc — G’
Return (G, To, (F)iSy, (Va)i2r s (Jo)ith)

Table 1: Synchronous peeling algorithm

With an abuse of notation, we will use the same notation for the set of variable nodes in Bg(v,t).
Lastly, we define |Bg(v,t)| to be the number of variable nodes in the subgraph Bg(v,t).

3 Proof of Theorem

In this section we describe the construction of clusters and sparse bases within the clusters (or for
the whole space of solutions for a € [0, aq(k)) ). The analysis of this construction is given in Section
B3l in terms of a few technical lemmas. Finally, the formal proof of Theorem [ is given in Section

B.4

3.1 Construction of the sparse basis

The construction of a sparse basis, which is at the heart of Theorem [ is based on the following
algorithm, formally stated in Table[ll The algorithm constructs a sequence of residual factor graphs
(Jt)1>0, starting with the instance under consideration Jy = G. At each step, the new graph is
constructed by removing all variable nodes of degree one or zero, their adjacent factor nodes, and
all the edges adjacent to these factor nodes. We refer to the algorithm as synchronous peeling or
simply peeling.

We denote the sets of nodes and edges removed at step (or round) ¢ > 1 by (Fy, Vi, Et), so that
Ji—1 = (Fy, Vi, Ey) U Jp. Notice that, at each step, the residual graph J; is check-induced. The
algorithm halts when the residual graph does not contain any variable node of degree smaller than
two. We let the total number of iterations be T¢(G), where we will drop the explicit dependence
on G when it is clear from context. The final residual graph is then Jr, = G¢. The following
elementary fact is used in several papers on this topic Mol05, [DMOS].

Remark 3.1. The residual graph G¢ resulting at the end of synchronous peeling is the 2-core of G.
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It is convenient to reorder the factors (from 1 to m) and variables (from 1 to n) as follows.
We index the factors in increasing order according to Fi, Fy, ..., Fr,, choosing an arbitrary order
within each F}; for 1 <t < Tg.

For the variable nodes, we first index nodes in V7, then nodes in V5 and so on. Within each set
V4, the ordering is chosen in such a way that nodes that have degree 0 in J;_1 have lower index
than those with degree 1 (notice that, by definition, for any v € V;, deg;, ,(v) < 1). Finally, for
variable nodes in V; that have degree 1 in .J;_1, we use the following ordering. Each such node
v € V; is connected to a unique factor node in F;. Call this the associated factor, and denote it by
Jv. We order the nodes deg;, ,(v) = 1 according to the order of their associated factor, choosing
an arbitrary internal order for variable nodes with the same associated factor.

For AC F, B CV, we denote by H4 g the submatrix of H consisting of rows with index a € A
and columns i € B. The following structural lemma is immediate, and we omit its proof.

Lemma 3.2. Let G be any factor graph (not necessarily in G(n,k,m)) with no 2-core. With the
order of factors and variable nodes defined through synchronous peeling, the matrixz H is partitioned
in Te x Tg blocks {HFp, v, }1<s<Ts,1<t<T, With the following structure:

1. For any s > t, Hp, y, = 0.

2. The diagonal blocks Hp, v,, have a staircase structure, namely for each such block the columns
can be partitioned into consecutive groups (Cl)fzo, for £ = |F|, such that columns in Cy are
equal to 0, columns in C1 have only the first entry equal to 1, columns in Cy have only the
second entry equal to 1, etc. See below for an example.

An example of a staircase matrix.

001 100O0O0O0
000 O01O0O0TO
0000O0OT1T1PO0 (7)
00 0O0O0O0TO0?1

Note that V; is not empty and F; is not empty for all ¢ < T¢. On the other hand, Fr, may be
empty, in which case, we adopt the convention that all columns corresponding to Vr, are included
in CO.

The above ordering reduces H to an essentially upper triangular matrix. It is then immediate
to construct a basis for its kernel. We will do this by partitioning the set of variable nodes as the
disjoint union V' = U U W in such a way that U € {0,1}™*™ and Hy is square with full rank, and
w e {o, 1}"”("_’”). We then treat zy, as independent variables and z;; as dependent ones. The
partition is then constructed by letting W =W, U---UWrg, and U = Uy U - - - U Uy, whereby for
each t € {1,...,Tc}, Wi C V} is chosen by considering the staircase structure of block Hp, y, and
the corresponding partition over columns V; = CoUC1U---UCp. We let Wy = CoUC{U- - -UC, where
C! includes all the elements of C; except the first (and is empty if |C;| = 1). Finally U, = V; \ W;.
With these definitions, Hp is an m X m binary matrix with full rank. In addition, it is upper
triangular with diagonal blocks Hp, ¢, = I, for t = 1,...,T¢, where I, is the 7 x 7 identity matrix.

In order to construct a sparse basis for the clusters when o > a4 (k) (and hence prove Theorem
2 point 2.(a)), we will have to consider matrices H (without a 2-core) that contain rows with
exactly 2 non-zero entries (i.e., check nodes of degree 2). Whenever this happens, the construction
must be modified, by introducing the notion of collapsed graph. The basic idea is that a factor
node of degree 2 constrains the adjacent variables to be identical and hence we can replace all of
them by a single variable.

11



Definition 3.3. The collapsed graph G. = (F, Vi, E.) of a graph G = (F,V, E) is the graph of
connected components in the subgraph induced by factor nodes of degree 2. Formally,

F. = {feF:|0f] >3},
Vi = {SCVidgel(i,j) <oo,V¥i,je S},
E., = {(S,a): acF,,|{ieS st (i,a) € E}| is odd },

where G2 s the subgraph of G induced by factor nodes of degree 2. We let n, = [Vil, my = |Fy|.
An element of V, is referred to as a super-node.

Note that for a graph G with no 2-core, the collapsed graph G, also has no 2-core. We let Q
denote the corresponding adjacency matrix of G.. Finally, we construct a binary matrix L with
rows indexed by V, and columns indexed by V., and such that L;, = 1 if and only if ¢ belongs
to connected component v. We apply peeling to G, thus obtaining the decomposition of V, into
U, U W, as described for the original graph G above.

The following is the key deterministic lemma on the construction of the basis. We denote the size
of the component of v € V, in G by S(v), and for v € Vi, t > 0 we let S(v,t) = > weBg, () S(W)
be the sum of sizes of vertices within distance ¢ from v. )

Lemma 3.4. Assume that G4 has no 2-core, then the columns of

L[ @ru)" Qe w,
[(n*—m*) X (s —ms)

form an s-sparse basis of the kernel of H, with s = max,, ey, S(vs,Tc(Gy)). Here we have ordered
the super-nodes v, € Vi as U, followed by W, and the matriz inverse is taken over GF[2].

The proof of Lemma [3.4] is presented in Appendix [Al

3.2 Construction of the cluster decomposition

When G does not contain a 2-core (which happens w.h.p.for a < «a4(k)) the above lemma is
sufficient to characterize the space of solutions S. When G contains a 2-core (w.h.p. for a > a4(k))
we need to construct the partition of the space of solutions S; U --- U Sy.

We let G¢ = (Fg, Ve, E¢) denote the 2-core of G, and Pg : {0,1}Y — {0,1}"¢ be the projector
that maps a vector z to its restriction zy,. Next, we let H¢ = Hp, v, be the restriction of H to the
2-core, and denote its kernel by S¢. Obviously, for any z € S, we have Pgx € Sc. Further

S =UgescSlac), Slzeg)={z€S: Pox=uc}. (8)

with {S(z¢)}z.es. forming a partition of S.

It is easy to check Hp\ g, y\1; has full row rank. For instance, this follows from the fact that
the subgraph induced by (F\F¢, V'\Ve) is annihilated by peeling (c.f. Remark B.]). Thus, S(z) is
nonempty for all z, € S¢, and the sets S(x) are simply translations of each other.

It turns out that {S(z¢)}s.es. is not exactly the partition of S that we seek. In our next
lemma, we show that the set of solutions of the core S¢ can be partitioned in well-separated core-
clusters. Moreover, the core-clusters are small and have a high conductance. We will form sets in
our partition of S by taking the union of S(z,) over z; that lie in a particular core-cluster.
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We write 2’ < z for binary vectors 2/, z if 2, < x; for all i. We write 2’ < z if 2’ < z and 2/ # .
We need the following definition:

Lco(0)={z:z € S(G),d(z,0) <t Bz’ € Sc(G)\{0} s.t. 2’ <z} 9)

The set L¢(¢) consists of minimal nonzero solutions of the 2-core having weight at most ¢. (Here
the support of a binary vector z is the subset of its coordinates that are non-zero, and the weight
of z is the size of its support.)

Lemma 3.5. For any a € (aq(k),as(k)), there exists ¢ = e(a,k) > 0 such that the following
holds. Take any sequence (sp)p>1 such that lim,_ . S, = 0o and s, < en. Let G ~ G(n,k,an).
Then, w.h.p., we have: (i) Lc(en) = Le(spn); (i) [Le(en)| < sp; (i4i) For any z,2' € Le(en), we
have z A ' =0, where A\ denotes bitwise AND. In other words, different elements of Lc(en) have
disjoint supports.

Lemma 3.5 is proved in Section [7

Remark 3.6. Let E be the event that points (i), (ii) and (iii) in Lemmal33 hold. Assume E and
s2 < en. Let Sc,1 be the set of core solutions with weight less than en. Then Sc1 forms a linear
space over GF(2) of dimension |Lc(en)|, with Lc(en) being a sp-sparse basis for Sci. Moreover,
every element of Sc1 is s2-sparse.

Let
g= 9lLe(en)| (10)

We partition the set S¢ of core solutions in disjoint core-clusters, as follows. For z, 2’ € S¢, we write
z e~z if x®a’ € span(Lc(en)). Tt is immediate to see that ~ is an equivalence relation. We define
the core-clusters to be the equivalence classes of ~. Obviously the core clusters are affine spaces
that differ by a translation, each containing g < 2% solutions. Their number is to be denoted by
N. Denote the core-clusters by Sc1, Sc2, ..., Sc,v. Note that for any z,2’ € Sc belonging to
different core-clusters, we have d(z,z') > ne, i.e., the core-clusters are well separated. We use the
following partition of the solution space (including non-core variables) S into clusters, based on the
core-clusters defined above:

N
S=Js, Si={zeS: PozeS}. (11)

A version of Lemma B was claimed in [MRTZ03, [CDMMO03], [MMOQ09]. These papers capture

the essence of the proof but miss some technical details, and make the erroneous claim that, w.h.p.
, each pair of core solutions is separated by Hamming distance (n).

We next want to study the internal structure of clusters. By linearity, it is sufficient to consider
only one of them, say S, which we can take to contain the origin 0. For any z € &j, we have
Pgz € Sc1 = span(L¢(en)), and L¢(en) forms a s,-sparse basis for S¢ 1, which coincides with the
projection of §; onto the core. Consider the subset of solutions z € S, such that Pz = z for
some z, € S¢ 1. The set of variables that take the same value for all solutions in this set is strictly
larger than the 2-core. In order to capture this remark, we define the backbone (variables that are
uniquely determined by the core assignment) and periphery (other variables) of a graph G.
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Definition 3.7. Define the backbone augmentation procedure on G with the initial check induced

subgraph G](DO) as follows. Start with G](DO). For any t > 0 pick all check nodes which are not in G](Dt)

)

and have at most one neighbor outside Gt()t)' Build Gg“ by adding all these check nodes and their

incident edges and neighbors to Gg). If no such check nodes exist, terminate and output Gy, = G](Dt).
The backbone Gy = (Fp, Vg, Eg) of a graph G = (F,V, E) is the output of backbone augmentation
procedure on G with the initial subgraph Gg, the 2-core of the graph G.
The periphery Gp of a graph G = (F,V, E) is the subgraph induced by the factor nodes Fp =
F'\ Fg and variable nodes Vo = V' \ Vg that are not in the backbone

We can now define our basis for §;. This is formed by two sets of vectors. The first set has
a vector corresponding to each element of L¢(en). For each z, € L¢(en), we construct a sparse
solution z € S; such that Pgx = z; (Lemma B8] below guarantees the existence of such a vector,
and bounds its sparsity). This set of vectors forms a basis for the projection of S; onto the backbone.

For the second set of vectors, let Hp = Hp, 1, be the matrix corresponding to the periphery
graph. We construct a sparse basis for the kernel of the matrix Hp, following the general procedure
described in Section 3.l Namely, we first collapse the graph and then peel it to order the nodes.
Note that this second set of basis vectors vanishes on the backbone variables. Lemma B4 is used
to bound its sparsity.

The first set of vectors is characterized as below (see Section [§ for a proof).

Lemma 3.8. Consider any o € (aq(k),as(k)). Let G be drawn uniformly from G(n,k,m). Take
e(a, k) > 0 from LemmalZA, and consider any sequence (cn)n>1 such that lim, o ¢, = 00. Then,
with high probability, the following is true. For every xo € Lc(en), there exists c,-sparse x € S
such that Pox = x;.

3.3 Analysis of the construction

The main challenge in proving Theorem [2is bounding the sparsity of the bases constructed (either
for the full set of solutions, when G does not have a core, or for the cluster S;, when G has a core).
This involves two type of estimates: the first one uses Lemma B4l while the second is stated as
Lemma[3.8 In the first estimate, we need to bound all the quantities involved in the sparsity upper
bound: the number of iterations 7" after which peeling (on the collapsed graph G,) halts, and the
maximum size maxyey, S(v,T) of any ball of radius 7" in the collapsed graph. In particular we will
show that, w.h.p., we have T'= O(loglogn), and that max,cy, S(v,T) < (logn)® w.h.p., which
gives sparsity s < (logn)°.

Proving these bounds turns out to be a relatively simpler task when G does not have a 2-
core, partly because the graph in question has no factor nodes of degree 2, and thus the collapse
procedure is not needed. A second reason is that when G has a 2-core, we need to apply Lemma [3.4]
to the periphery subgraph as discussed above. Remarkably, the periphery graph admits a relatively
explicit probabilistic characterization. We say that a graph is peelable if its core is empty, and hence
the peeling procedure halts with the empty graph. It turns out that, conditional on the degree
distribution, the periphery is uniformly random among all peelable graphs.

Such an explicit characterization is not available, however, when we consider the subgraph
obtained by removing the core (the periphery is obtained by removing the entire backbone). Nev-
ertheless, the proof of Lemma [B.8 requires the study of this more complex subgraph. We overcome
this problem by using tools from the theory of local weak convergence [AS03], [ALO07].

3Notice that there may be a few variables (w.h.p. at most a constant number) in the periphery that also are
uniquely determined by the core assignment.
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Given a graph G = (F,V, E), its check-node degree profile R = (R;)en is a probability distri-
bution such that, for any I € N, mR; is the number of check nodes of degree I. A degree profile R
can conveniently be represented by its generating polynomial R(z) = )+, R;z'. The derivative of
this polynomial is denoted by R’(z). In particular R'(1) = 3,5, R is the average degree.

Given integers m, n, and a probability distribution R = (R;);<x over {0,1,...,k}, we denote
by D(n, R,m) the set of check-node-degree-constrained graphs, i.e., the set of bipartite graph with
m labeled check nodes, n labeled variable nodes and check node degree profile R. As for the model
G(n, k,m) we will write G ~ D(n, R,m) to denote a graph drawn uniformly at random from this
set. Note that we have restricted the checks to have degree no more than k. Further, we will only
be interested in cases with Ry = Ry = 0.

Lemma 3.9. Let G = (F,V,E) ~ G(m,n, k) and let Gp be its periphery. Suppose that with positive
probability, Gp has n, variable nodes, m,, check nodes, and check degree profile RP. Then, condi-
tioned on Gp € D(np, RP, my,), the periphery Gp is distributed uniformly over the set D(np, RP, mp)N
P, where P is the set of peelable graphs.

There is a small technical issue here in that if G’ € D(np, RP,m;,), then variable nodes in G’
have labels from 1 to ny,, whereas Gp has variable node labels that form a subset of {1,2,...,n},
and similarly for check nodes. We adopt the convention that the variable and check nodes in
Gp are relabeled sequentially, respecting the original order, before comparing with elements of
D(np, RP,mp).

The above lemma establishes that the periphery is roughly uniform, conditional on being pee-
lable. Its proof is in Section

Conceptually, we will bound the sparsity, as estimated in Lemma [B.4] by proceeding in three
steps: (1) Bound the estimated basis sparsity max, S(v,T") for check node degree constrained graphs
D(n, R,m), in terms of the degree distribution; (2) Estimate the ‘typical’ degree distribution for
the periphery, and prove concentration around this estimate; (3) Prove that, if R close to the
typical degree distribution, then G ~ D(n, R, m) is peelable with uniformly positive probability.
The latter allows to transfer the sparsity estimates from the uniform model D(n, R, m) to the actual
distribution of the periphery.

Lemma [BTT] below accomplishes steps (1) and (3), while Lemma [B12] takes care of step (2). In
order to state these lemmas, it is convenient to introduce density evolution (the terminology comes

from the analysis of sparse graph codes [LMSS98, [LMSS01l [RU0S].)

Definition 3.10. Given o > 0, a degree profile R, and an initial condition zy € [0,1], we define
the density evolution sequence {2 };>0 by letting for any t > 1,

z=1-— exp{ — aR'(zt_l)} . (12)

Whenever not specified, the initial condition will be assumed to be zg = 1. The one-dimensional
recursion (12) will be also called density evolution recursion.

We say the pair (o, R) is peelable at rate n for n > 0 if 2z < (1 —n)t/n for all t > 0. We say
that the pair (o, R) is exponentially peelable (for short peelable) if there exists n > 0 such that it
is peelable at rate 0.

The density evolution recursion ([I2]) describes the large graph asymptotics of a certain belief
propagation algorithm that captures the peeling process, and will be described Section Ml
The next lemma is proved in Section [Bl
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Lemma 3.11. Consider the set D(n, R,an), where R = (R;)<i is a check degree profile such
that Ry = Ry = 0. Assume that the pair (o, R) is peelable at rate n. Then there exist constants
No = No(n, k) < o0, 6 = d(n, k) > 0, C1 = Ci(n,k) < oo, Cy = Ca(n, k) < oo such that the
following hold, for G a random graph drawn from D(n, R, m) with n > Ny:

(i) The graph G is peelable with probability at least 6. Further, if Ro =0, one can take § arbitrary
close to 1 (in other words G is peelable w.h.p. ).

(ii) Conditional on G being peelable, peeling on the collapsed graph G, terminates after T <
C loglogn iterations, with probability at least 1 — n~Y/2.

(7i7) Lez}tmg T, = |C1loglogn|, we have max,ey, S(v, Ty,) < (logn)®2, with probability at least
1—n"1/2

Our final lemma is proved in Section and establishes the peelability condition for the pe-
riphery.

Lemma 3.12. For any o > aq there exist constants 1 = n(k,a) > 0, v« = v«(k,a) > 0 such that
the following holds. Let G = (F,V, E) be a graph drawn uniformly at random from the ensemble
G(n,k,m), m = na, and let Gp = (Fp,Vp, Ep) be its periphery. Let mp = |Fp|, np = |Vp|,
ap = mp/np and denote by R® the random check degree profile of Gp. Then, for any e > 0, w.h.p.
we have: (i) The pair (ap, R¥) is peelable at rate n; (ii) n(y. —e) < np < n(yx +¢).

3.4 Putting everything together

At this point we can formally summarize the proof of our main result, Theorem [2 that builds on
the construction and analysis provided so far.

Proof (Theorem[3). 1. For a < aq(k), w.h.p., the graph G does not contain a 2-core (cf. Theorem
M), hence peeling returns an empty graph. Using the construction in Lemma [3:4] we obtain an s-
sparse basis, with s = max,cy |B(v, Tc)| (notice that in this case there is no factor node of degree 2
and hence the collapsed graph coincides with the original graph). The number of peeling iterations
Tc is bounded by Lemma B.IT1(éi), using the fact that, by definition of aq(k) the pair (o, R), with
Ry, =1 is peelable at rate n = n(a, k) > 0 for a < aq(k). Hence Ty < Cyloglogn w.h.p., for some
Cy = C1(a, k) < co. Finally, by applying Lemma [B.I1l(i74) we obtain the thesis.

Next consider point 2. The partition into clusters is constructed as per Eq. (1), and in partic-
ular the number of clusters IV is equal to the number of solutions of the core linear system He¢x = 0
divided by ¢ given by Eq. (I0). Let us consider the various claims concerning this partition:

2.(a) By construction, it is sufficient to construct a basis of the cluster S; containing the origin,
cf. Section The basis has two sets of vectors.

The first set of vectors is given by Lemma [3.8l Their projection onto the core spans the core
solutions in S¢ 1. Since variables in the backbone are uniquely determined by those on the core,
their projection onto the backbone spans the backbone projection of S;. By Lemma B8 these
vectors are, w.h.p., c¢,-sparse for any ¢, — oco. Lemma B.4] provides the second set of vectors.
These span the kernel of the adjacency matrix of the periphery, Hj, and vanish identically in the
backbone. In particular, they are independent from the first set. It is easy to check that the two
sets of vectors together form a basis for the cluster S;.

We are left with the task of proving that the second set of basis vectors is sparse. The con-
struction in Lemma [B4] proceeds by collapsing the periphery graph Gp, and applying peeling. We
thus need to bound the sparsity s = max,cy S(v,Tc). Define the event

E1 = {(ap, R") is peclable at rate 7 > 0 and np > n7y,/2} .
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By Lemma[B.12] we know that E; holds with high probability for suitable choices of n = n(k,a) > 0
and v, = . (a, k) > 0. Further Rf = RY = 0 with probability 1.

From Lemma B9 we know that Gp is drawn uniformly from the set D(np, R¥,mp) NP. Let
G’ drawn uniformly from D(np, R®, mp), with (np, R®, mp) distributed as for Gp, conditional on
(ap, RP) € E;. We can then apply Lemma BTl to G'. From point (7), it follows that G’ is peelable
with probability at least 6 = §(a, k) > 0. Let G, be the result of collapsing G’. From points (i7)
and (4ii) it follows that, with probability at least 1 — np %% > 1 — (n7,/2)7%% — 1 as n — oo, we
have max,ey: Ser (v, Tc) < maxyeys Sar (v, Typ) < (logn)© | for some C = C(a, k) < oo. (We use
the subscript on S to indicate the graph under consideration.)

Since Eq holds for Gp w.h.p., and since G’ is peelable with probability uniformly bounded away
from zero, it follows that the same bound on the sparsity holds for Gp as well. In other words,
w.h.p., we have that

max Sg, (v, Tc) = (logn)© .

vEWP «
Here, V5 « is the set of super-nodes resulting from the collapse of Gp. Finally, using Lemma [B.4]
we deduce that the second set of basis vectors obtained from this construction is s-sparse for
s = (logn)®.

2.(b) By Lemma B3] w.h.p., for any two core solutions z; € Sc1, 2’ € Scp, b # 1 we have
d(z¢,zo') > ne. This immediately implies d(z, ') > ne, for any two solutions z € S1, 2/ € S\ S;.
By linearity, we conclude d(S,,Sy) > ne for all a, b.

2.(c) Let N¢ be the number of solutions of the core linear system Hcz = 0. This was proved
to concentrate on the exponential scale in [DM02, DGM™10], with n(X — ¢) < log N¢ < n(X + ¢)
with high probability, and X given as in the statement (cf. also [MMOQ9]). The number of clusters
is N = Ng/g for g = 25¢(") ¢f. Eq. ([[@). Using the bound |L¢(en)| < s, from Lemma B (i4)
and choosing s,, to diverge sufficiently slowly with n, we deduce that N also concentrates on the
exponential scale with the same exponent as Ng. O

4 A belief propagation algorithm and density evolution

A useful analysis tool is provided by a belief propagation algorithm (cf. Eqs. @) and (B))) that
refines the peeling algorithm introduced in Section Bl The same algorithm is also of interest in

iterative coding, see [RUO0S|, MMO09].

We restate the BP update rules for the convenience of the reader.

SR if 1=} = x for all b € Ov\a,
vra 0 otherwise,

and

a—v

s _ [0 if v!_,, =0 for all u € da\v,
* otherwise.

The initialization at ¢ = 0 depends on the context, but it is convenient to single out two special
cases. In the first case, all messages are initialized to 0: v0_,, =70, = 0 for all (a,v) € E. In the
second, they are all initialized to *: v0_, =70, = for all (a,v) € E. We will refer to these two
cases (respectively) as BPg and BP, . We let v! = (V! _,,)(4.0)er and D' = (0! _,,)(4.0)cp denote the

vector of messages.
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We mention here that BP, on the a graph G € G(n, k, m) turns out to be trivial (all messages
remain *). However, we find it useful to run BP, on the subgraph induced by variable and check
nodes outside the core. We describe this in detail in Section

The belief propagation algorithm introduced here enjoys an important monotonicity property.
More precisely, define a partial ordering between message vectors by letting 0 = x and v = v/ if
Uy—sa = Vi a0d Ugyy = Uy for all (a,v) € E.

Lemma 4.1 ([RU08, MM09]). Given two states v = v} we have vt = vt and D! = 0% at all
t>t.

As a consequence, the iteration BP( is monotone decreasing (i.e. vt < gt) and BP, is
monotone increasing (i.e. V' = v). In particular, both converge to a fived point in at most |E)|
iterations.

It is not hard to check by induction over ¢ that BPy corresponds closely to the peeling process.

Lemma 4.2. A variable node v is eliminated in round t of peeling, i.e., v € Vi , if there is at most
one incoming 0 message to v in iteration t — 1 of BPg but this was not true in previous rounds. A
factor node a is eliminated in round t of peeling (i.e., a € Fy), along with all its incident edges, if
it receives a x message for the first time in iteration t of BPq .

Further, the fixed point of BPy captures the decomposition of G into core, backbone and
periphery as follows.

Lemma 4.3. Let (v*°, U°°) denote the fized point of BPy . For v € V, we have
e v € Ve if and only if v receives two or more incoming 0 messages under U°°,
e v € VB\V; if and only if v receives exactly one incoming 0 message under v>°,
e v € Vp if and only if v receives no incoming 0 messages under U°°.
For a € F', we have
e a € It if and only if a receives no incoming * message under v>°,
e a € Fg\Fe if and only if a receives one incoming * message under v°°,
e a € Fp if and only if a receives two or more incoming * messages under v°°.
Finally, G is the subgraph induced by (Fg, Vi) and similarly for Gg and Gop.

The proofs of the last two lemmas are based on a straightforward case-by-case analysis, and we
omit them. (In fact, this correspondence is well known in iterative coding, albeit in a somewhat

different language [RUOQS].)

4.1 Density evolution

It turns out that distribution of BP messages is closely tracked by density evolution, in the large
graph limit. Before stating this fact formally, it is useful to introduce a different ensemble C(n, R, m)
that will be used in some of the proofs. A graph G in C(n, R, m) is constructed as follows. We
label variable nodes 1 through n and check nodes 1 through m. We choose an arbitrary partition
of the m check nodes into k& + 1 sets with the lth set consisting of mR; check nodes with degree [
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each, for [ = 0,1,...,k. For each check node of degree | we draw [ half-edges distinct from each
other. Each of these half-edges is connected to an arbitrary variable node.

There is a close relationship between the sets D(n, R,m) and C(n, R, m). Any element of
D(n, R,m) corresponds to Hf:2(l!)le elements of C(n,R,m), with the ambiguity arising due
to the ordering of the neighborhood of a check node in C(n, R,m). Conversely, any element of
C(n,R,m) with no double edges (two or more edges between the same (variable, check) pair)
corresponds to a unique element of D(n, R, m). Moreover, the fraction of elements of C(n, R, m)
that have no double edges is uniformly bounded away from zero as n — oo [Bol80]. This leads to
Lemma (44 below.

Lemma 4.4. Let E be a graph property that does not depend on edge labels (for example, E(G) =
{G is a tree}). There exists C = C(k,max) < 00 such that the following is true for any a €
[0, max]. Suppose E holds with probability 1 —e for G drawn uniformly at random from C(n, R, an),
for some e € [0,1]. Then E holds with probability at least 1 — Ce for G’ drawn uniformly at random
from D(n, R,an).

An important tool in the following will be the notion of local (weak) convergence of graph
sequences [BS96]. We make this notion precise in Definition [[.2] following [DMT10].
We now return to the distribution of BP messages and density evolution.

Lemma 4.5. Let {z} be the density evolution sequence defined by (I32), for a given polynomial
R, with zo = 1, and define z; = R'(z)/R'(1). Assume G,, ~ D(n, R,m) or G, ~ C(n,R,m) with
m = nao.

Let Rl(é?l* be the fraction of check nodes receiving ly incoming 0 messages and l, incoming *

)

messages aftert iterations of BPg in G,,. Similarly, let Ll(é .. the fraction of variable nodes receiving
lp incoming 0 messages and l, incoming x messages after t iterations of BPq .
Then for any fixed t > 0, the following occurs almost surely:

lo + L,
Tim ng?l* = Riy4u. < 0;; >z§0(1 — z)" for lo,l, €{0,1,...,k}, (13)
Tim_ LY, =P{Xo =lp, X, = 1.} for all ly,1, €N, (14)

where X ~ Poisson(R/(1)aZ;), X, ~ Poisson(R'(1)a(l— 2;)) are two independent Poisson random
variables.

Proof. Notice that both D(n, R,m) and C(n, R,m), m = na converge locally to unimodular bi-
partite trees. More precisely, if rooted at random variable nodes, they converge to Galton-Watson
trees with root offspring distribution Poisson(R’(1)«) at variable nodes, and equal to the size-biased
version of R at check nodes (the proof is analogous to the one of [DMI0]). Further, messages are
local functions of the graph, hence their distribution converges to the one on the limit tree. In par-
ticular, incoming messages on the same node are asymptotically independent because they depend
on distinct subtrees. The message distribution can be computed through a standard tree recursion
(see [RUOS, MMO09]) that coincides with the density evolution recursion (I2)). O

Using the correspondence in Lemma between BPy and the peeling algorithm, we can use
density evolution to track the peeling algorithm.

Lemma 4.6. Given a factor graph H, let ni(H) denote the number of variable nodes of degree 1,
and noy (H) the number of variable nodes of degree 2 or larger in H. For | € N, let my(H) be the
number of factor nodes of degree | in H.
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Consider synchronous peeling for t > 1 rounds on a graph G ~ D(n, R,an) or G ~ C(n, R,an),
with Ry = Ry = 0, and let J; denote the residual graph after t iterations. Let w = aR/(1). Then
for any 6 > 0, there exists Ng = No(0, k,t,a) such that with probability at least 1 — 1/n?

mlf{]t) —aRyzj| <6 forle{2,3,....k}  (15)
mf{]t) —wip exp(—wi) (1 - exp(—w(Z1 — 4))) | <6, (16)
n2+T(Jt) —1+exp(—w2) (1+ws)| < 6. (17)

Proof. For the sake of simplicity let us consider ni(J;). By Lemma a node v has degree 1 in
the residual graph J; if and only if there is one incoming 0 message to v at time ¢, and there were
two or more incoming 0 messages to v at time t — 1. By Lemma 5] the number of incoming 0
messages to v at time ¢ converges in distribution to Z; ~ Poisson(wZ;). Using monotonicity of the
algorithm, and again Lemma 35 the number of incident edges such that the message incoming
to v at time ¢ — 1 is 0 but changes to * at time ¢, converges to Za ~ Poisson(w(Z—1 — 2¢)), and
is asymptotically independent of the number of 0 messages (converging to Z;). Therefore ny/n
converges as n — o0 to

P[Z1 = 1|P[Z; > 1] = wZ; exp(—w5;) (1 — exp(—w(Z—1 — ) -

This establishes that the estimate (I6]) holds with high probability. In order to obtain the
desired probability bound, one can use a standard concentration of measure argument [RUOS]
[DP09]. Namely, we first condition on the degrees of the check nodes. Since the unconditional
distributions D(n, R,m) and C(n, R, m) are recovered by a random relabeling of the check nodes,
such conditioning is irrelevant. We then regard ni(J;) as a function of the independent random
variables X1, ... X,, whereby X, is the neighborhood of the a-th check node. We denote by E the
event that all the balls Bg (v, 2t) of radius  in G have size smaller than (logn)®. We have

E{nl(Jt)]Xl, ‘o 7Xa—17 Xa; E} - E{nl(Jt)\Xl, N 7Xa—17 thz; E} < (log n)c .

The desired probability estimate then follows by applying Azuma’s inequality (in a form that allow
for exceptional events, see for instance Theorem 7.7]) and bounding P(E®) (see for instance
Section [(.2)). O

4.2 BP fixed points

For our purposes, it is important to characterize the fixed point of the BP( algorithm introduced
above. Indeed, the structure of this fixed point is directly related to the decomposition of G into
core, backbone and periphery (cf. Lemmald3]), which is in turn crucial for our definition of clusters.
Let us start from an easy remark on density evolution.

Lemma 4.7. Let {z }+>0 be the density evolution sequence defined by Eq. (I2) with initial condition
zo = 1. Then t — z is monotone decreasing, and hence has a limit QQ = limy_,o z; which is given

by

Q =sup{zst. z=1—exp{—aR/(2)}}. (18)
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Proof. Monotonicity follows from the fact that z — f(z) =1 —exp{—aR’'(z)} is monotone increas-
ing, and that z; = 1 — exp{—aR'(1)} < zp, whence 29 = f(21) < f(20) = 21, and so on. O

Notice that the definition of @) given in this lemma is consistent with the one in Theorem [I],
that corresponds to the special case of regular, degree-k check nodes, i.e. R(x) = xF. We further
let Q = R(Q)/R'(1).

We know that both BPy and density evolution converge to a fixed point. Since density evolu-
tion tracks BPq for any bounded number of iterations, it would be tempting to conclude that a
description of the BPg fixed point is obtained by replacing z; by Q and 2 by Q in Lemma[@5l This
is, of course, far from obvious because it requires an inversion of the limits n — oo and ¢t — oo.
Despite this caveat, this substitution is essentially correct.

Lemma 4.8. Assume G, ~ G(n,k, m) with m = nca, and o € [0, aq(k)) U (aq(k), 00).
Let Rl(oocl)i be the fraction of check nodes receiving ly incoming 0 messages and l, incoming %

messages at the fived point of BPy . Similarly, let Ll((?cl’i the fraction of variable nodes receiving ly

incoming 0 messages and I, incoming * messages at the fixed point of BPy .
The following occurs with probability 1:

JLH;ORl(gji = <l’Z> Q(1— Q) for loe{0,1... k}, l,=Fk—1ly (19)
Tim L) = P{Xo = lp, X, = 1.} for all ly,l, €N, (20)

where Xy ~ Poisson(kaQ), X, ~ Poisson(ka(l — Q)) are two independent Poisson random vari-
ables.

Given Lemma above, Lemma [4.§] says that the messages change very little beyond a large
constant number of iterations. A hint at the fact that Lemma [£§] is significantly more challenging
than Lemma is given by the assumption in the former that o # aq(k). In fact, this turns out
to be a necessary assumption, because it implies an important correlation decay property.

Molloy [Mol05] established the analog of Eq. (20) for 2602275*20 Ll((()),(l)i7 which corresponds to
the relative size of the core. We find that the complete theorem presents new challenges: keeping
track of the backbone turns out to be hard. One hurdle is that the ‘estimated backbone’ after ¢
iterations of BP( (i.e. the subset of variable nodes that receive exactly one 0 message) does not
evolve monotonically in ¢. In contrast, the ‘estimated core’ (i.e. the subset of variable nodes that
receive two or more 0 message) which can only shrink. Another hurdle is that, unlike the periphery
(cf. Section [Al), it turns out that the backbone is not uniformly random conditioned on the degree
sequence.

The proof of Lemma 8] is quite long and will be presented in Section 3l The basic idea is
to run BP starting from the initialization with 0 messages coming from vertices in the core and
messages everywhere else. This corresponds to BP, on the non-core Gy¢ (i.e., the subgraph induced
by (F\Fc, V\Vc)), since messages outside the non-core do not change: Messages within the core
and from core variables to non-core checks stay fixed to 0. Messages from non-core checks to core
variables stay fixed to *. We refer to this algorithm simply as BP, , with the understanding that
BP, is actually run on Gyc.

It is not hard to check by induction over ¢ that BP, corresponds to the backbone augmentation
procedure.

21



Lemma 4.9. Consider the backbone augmentation procedure with the initial subgraph Gg. A factor
node a is added to the backbone in round t of backbone augmentation, i.e., a € Glgt)\Gg_l), (cf.
Definition [3.7) if all but one incoming message to a in iteration t of BP, are 0, but this was not
the case in previous iterations.

A wariable node v is added to the backbone in round t, of backbone augmentation, i.e., v €
G](;)\Gg_l) if there is one incoming 0 message to v in iteration t of BP, but this was not true in
previous iterations.

It then follows immediately from Lemma that BPy and BP, converge to the same fixed
point. Denote the messages at this fixed point by V%

Denote by V;fia the messages produced in iteration t of BP* ) and Vv_m the messages produced
by BPy . Monotonicity of BP update 1mphes 1/8_m b I/U_m b I/U_m The proof consists in showing
that the fraction of 0 messages in {Vv_m} (aw)eE 18, for large fixed ¢, close to the fraction of 0

messages in {V:ia}(aw)e - The challenge is that no analog of Lemma (7] is available for BP,
Our final lemma is a straightforward consequence of Lemmas 5] and E.§ above.

Lemma 4.10. Consider any k > 3, any « € (0,aq) U (aq,as) and any 6 > 0. There exists T < 0o
such that the following occurs. Let G, ~ G(n,k,an). Then, eventually (in n) almost surely, the
fraction of (check-to-variable or variable-to-check) messages that change after iteration T of BPq
is smaller than §.

Proof. Let N'(n) be the fraction of variable-to-check messages that are equal to 0 after ¢ iterations
on Gy, (with t = oo corresponding to the fixed point). Then Eqgs. (I3]) and (I9) imply that

)
N ) =] <

N gl <

- 3k:

holds eventually almost surely. Using Lemma 7], there exists T' large enough so that, for ¢t > T,
|2t — Q] < §/(3k). By the triangle inequality, |N'(n) — N°°(n)| < 6/k. The thesis for variable-
to-check messages follows since, by monotonicity of BPy , Nf(n) — N*(n) is exactly equal to
the fraction of messages that change value from iteration ¢ to the fixed point. Each change in a
variable-to-check message can lead to a change in at most k — 1 check-to-variable messages. Thus,
the fraction of check-to-variable messages that change after iteration 7" is smaller than §. O

4.3 Proof of Lemma 4.8

Throughout this section, the notion of local convergence adopted is convergence locally (cf. Defini-
tion [L2]).

For n > 0, draw a graph G,, uniformly at random from G(n, k,an). Consider Eq. 20). Since
the total number of incoming messages is equal to the vertex degree, which is Poisson(ka), it is
sufficient to control the distribution of 0 incoming messages. In particular, we define

Lgi- - Z Z lo,l*

£+=01lp=¢C

that is the fraction of nodes that receive ¢ or more 0 incoming messages.

0}

We prove a series of lemmas, leading to the desired estimate for L, 3

(00)

An upper bound on L, is relatively easy to obtain.
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Lemma 4.11. With probability 1 with respect to the choice of (Gy)n>0, we have for alll > 0,
lim sup Lécf) < P{Poisson(kaQ) > ¢}
n—oo

Proof. Using Lemmal4.3] (and using the fact that L; < Cexp(—1/C) for all [ holds eventually almost
surely, for some C' < c0) we have,

lim Léz)_ = P{Poisson(kaz;) > (}.

n—o0

holds w.p. 1. From Lemma [£.1] it follows that Lﬁ is monotone decreasing. Thus, we have

lim sup Lgio) = P{Poisson(kaz;) > (} .
n—o0

w.p. 1.
Consider arbitrary ¢ > 0. But Lemma 7] implies that, for ¢ large enough,

[P{Poisson (kaz;) > (} — P{Poisson (kaQ) > 0} <6,

which implies
lim sup Lgio) < P{Poisson(kaQ) > £} + 6

n—oo

holds almost surely. Since § is arbitrary, we obtain the claimed result. O

(o0)

¢, cannot be obtained by the same approach. We go therefore through

The lower bound on L
a detour.

Let p, = wu(G,) be the measure on rooted factor graphs with marks (called ‘networks’ in
[ALQT]), constructed as follows: Choose a uniformly random variable node i € V,, as root. Mark
variable nodes with mark c if they are in the 2-core of G,,.

Lemma 4.12. The sequence {fin}n>0 converges locally to the measure on random rooted tree with
marks, Te(a, k), defined as follows. Construct a random bipartite Galton-Watson tree rooted at @
with offspring distribution Poisson(ka) at variable nodes and deterministic k — 1 at factor notes.
Let Vo (T:) be the mazimal subset of its vertices such that each variable node has degree at least 2
and each factor node has degree k in the induced subgraph. Mark with c all vertices in Vo(Tx).

Proof. It is immediate to see that the sequence {,},>0 is tight almost surely with respect to the
choice of (Gy)n>0, i.€., that for any € > 0 there exists a compact set K such that P{H.(n) € K} >
1—e. (For instance, take K to be the set of graphs that have maximum degree A, at distance ¢ for a
suitable sequence t — A;.) Therefore [ALQT], any subsequence of {u,, } admits a further subsequence
that converges locally weakly to a limiting measure on rooted networks. This subsequence can be
constructed through a diagonal argument: First construct a subsequence {,ung }s>0 such that the
depth-t subtree converges. Refine it to get a subsequence {f,,i+1}s>0 such that the depth-(¢ + 1)
subtree converges and so on. Finally extract the diagonal subséquence {#tns Fs>0.

We will prove the thesis by a standard weak convergence argument [Kal02]: We will show that
for any subsequence of {/,,)}n>0, there is a subsubsequence that converges locally weakly to the
measure on T, (o, k).

Consider indeed any subsubsequence that converges locally weakly to limiting random rooted
graph with marks, which we denote by O,. Define the unmarking operator U that maps a marked
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rooted graph to the corresponding unmarked rooted graph. We have that U(O,) 4 U(T:) (here

4 denotes equality in distribution) from local weak convergence of random graphs to Galton-
Watson trees (see, e.g. [AS03, [DMI0]). We will hereafter couple the two trees in such a way that
U(O,) = U(T5).

Recall that a stopping set is any subset of variable nodes of a factor graph, such that each
variable node has degree at least 2 in the induced subgraph. The 2-core of the factor graph is the
maximal stopping set and is a superset of any stopping set. These notions are well defined for
infinite graphs as well.

Now, the marks in 7, correspond to the core by definition. The marks in O, form a stopping
set, since the measure on O, is the local weak limit of u,,, and in any graph drawn from u,, w.p. 1 a
vertex is marked only if at least two of its neighboring checks have all marked neighboring variable
nodes. Moreover, one can show that both 7, and O, are unimodular. Indeed 7, is unimodular since
the unmarked tree is clearly unimodular, and the marking process does not make any reference to
the root. Unimodularity of O, is clear since it is the local weak limit of a marked random graph
[ALO7]. Thus, in order to prove our thesis it suffices to show that the density of marks is the same
in 7, and O,. (Because the subset of nodes that is marked in 7, contains the subset marked in O,
and the density of their difference is equal to the difference of the densities. Finally, for unimodular
network, if a mark type has density 0, then the set of marked nodes is empty by union bounds.)

Let

E= {nh_>n[01O [Ve(Gp)|/n = ]P’{Poisson(k:a@) > 2}}

where Q and @ are defined as at the beginning of Section @ It was proved in [Mol05] that
V(G| /n 22 P{Poisson(k:oz@) > 2}, i.e., the event E occurs with probability 1. Now let the set
of marked vertices in O, be denoted by 170((9*) It is easy to see that if E holds, the density of
marks in O, is given by

P{o € Ve(0,)} = P{Poisson(k:a@) >2}. (21)
Proceeding analogously to the proof of Proposition 1.2], we obtain
P{o € Vo(T:)} = P{Poisson(k:a@) >2}. (22)

The sketch of this step is the following. Let E; be the event that ¢ belongs to a ‘depth ¢ core’,
where the requirement of “degree at least 2 in the subgraph” applies only to variables up to depth
t — 1. The probability on the left had side is just P{E} for E = Nn;>1E;. Since E; is a decreasing
sequence P{E} = lim;_,oo P{E;}. On the other hand P{E;} can be computed explicitly through a
tree calculation and converges to P{Poisson(akQ) > 2} as t — oo yielding (22).

Finally, the thesis follows by comparing Eq. ([2I) and (22]), and recalling that P(E) = 1. O

We next construct a random tree 7~;(0z, k) with marks on the directed edges as follows. Marks
take values in {0, *} and to each undirected edge we associate a mark for each of the two directions.
We will refer to the direction towards the root as to the ‘upwards’ direction, and to the opposite
one as to the ‘downwards’ direction. The marks correspond to fixed point BP messages, and
we will call them messages as well in what follows. First consider only edges directed upwards.
This is a multi-type GW tree. At the root generate Poisson(ka) offsprings, and mark each of
the edges to 0 independently with probability Q, and to x otherwise. At a non-root variable

node, if the parent edge is marked 0, generate Poisson(ka(l — @))) descendant edges marked * and
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Poissons1 (kaQ) descendant edges marked 0 (here Poissong()\) denotes a Poisson random variable
with parameter A conditional to E). If the parent edge is marked x, generate Poisson(ka(1 — Q))
descendant edges marked * and no descendant edges marked 0. At a factor node, if the parent edge
is marked 0, generate k — 1 descendant edges marked 0. If the parent node is marked *, generate
M ~ Binom<j_s(k — 1, Q) descendants marked 0, and k — 1 — M descendants marked .

For edges directed downwards, marks are generated recursively following the usual BP rules, cf.
Eqgs. @), (@), starting from the top to the bottom. It is easy to check that with this construction,
the marks in ’7~;(a, k) correspond to a BP fixed point.

We extend the unmarking operator U by allowing it to act on graphs with marks on edges (and

removing the marks).

Lemma 4.13. U(7,) and U(T,) have the same distribution.

Proof. For this we construct U(7;) (which is 7, without the marks revealed) in a ‘breadth first’
manner as follows: First we draw a Poisson(ak) number of factor descendants for the root node.
Let a be a factor descendant of the root. Then a has k& — 1 variable node descendants. The message
Va—sg 18 O with probability Q It immediate to check from our construction and Q = Q"1 that:

Fact 1: Conditional on the degree of the root deg(¢) = dy, the dy(k — 1) upwards messages
incoming to the check nodes a € d¢ are independent, with P{v,_,, = 0} = Q.

Now, we draw the number of descendants for each neighbor of a. Using Fact 1, together with
the definition of 7~', one can check that:

Fact 2: Conditional on the degree of the root deg(s) = dy, the number of descendants of each of
the d; (k—1) variable nodes v at the first generation is an independent Poisson(ka) random variable.
Ifurther, the upwards messages towards these variable nodes are independent with P{z,_,, = 0} =
Q.

This argument (outlined for simplicity for the first generation), can be repeated almost verbatim
at any generation. Denote by 7~;,d the first d generations of 7~;7d (with variable nodes at the leaves).
One then proves by induction that at any d, conditional on U(’ﬁd), the number of descendants of
the variable nodes in the last generation are i.i.d. Poisson(k«), and given these, the corresponding
upwards messages are i.i.d. P{Dy_,, =0} = Q. This implies the thesis. O

Lemma 4.14. ’7; is unimodular.

Proof. We already established unimodularity of U(T;) (since U(7;) = U(75) is a unimodular Galton-
Watson tree). To establish the claim, let 7~;* be the random tree whose distribution has Radon-
Nykodym derivative deg(s)/E{deg(s)} with respect to that of 7,. We need to show that moving
the root to a uniformly random descendant variable node of the root (via one check) in 7., leaves
the distribution of 7,, unchanged (cf. [ALO7, Section 4]).

Draw T.. at random, weighted by the degree of the root ¢. In this argument, we make the
root explicit by denoting the tree by (7~;*, 2). Reveal the degree d; = deg(g) of the root. We have
dy > 0 almost surely. Take a uniformly random neighboring check a € 9, and a uniformly random
descendant ¢ of a (we know that a has k — 1 descendants). Reveal the number of descendants of
i. Let this number be dy — 1, so that ¢ has dy neighbors in total. Note that we do not reveal any
of the messages in Tor. At this point, consider the incoming messages to the variable nodes g and
i except for U,_4 and Dy, and the incoming messages to the check a except for v,_, and v;_,.
Call this vector of messages M. The messages in M are independent, with probability Q of for
each incoming message to variable nodes to be 0, and probability @) for incoming messages to a to
be (4. The messages Vg, Va—i, Vs—a and v;_,, are deterministic functions of M. Finally, notice

“The argument establishing this is essentially the one above, where we showed that U(T.) = U(7).
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that d; and dy are independent, and identically distributed as 1+ Poisson(ak). At this point, it is
clear that (7., 1) is distributed identically to (7.«, ), which establishes unimodularity. O

Lemma 4.15. Let F be a map from ‘trees with marked edges’ to ‘trees with marked variable nodes’
defined as follows: F(T) is obtained from T by putting a c mark on vertex i if and only if at least
two incoming edges have a 0 mark.

Then F(T:(a, k)) 4 Te(a, k).

Proof. 1t is easy to check that the subset of variable nodes in 7. that receive two or more incoming
0’s forms a stopping set (since the set of messages is at a BP fixed point). But the density of marked
nodes in F(7.) (i.e., the probability of the root being marked) is ]P’{Poisson(k:a@) > 2}, which is
exactly the same as the density of marked nodes in 7, (Recall that 7, is also unimodular, cf. proof
of Lemma [T2]). On the other hand, the set of marked nodes in 7 is the core by definition and

hence includes the marked nodes in F(7,). We deduce that the set of vertices that are marked in
7, but not in F(7;) has vanishing density and therefore F(7; (v, k)) 4 T (o, k). O

We let B be the subset of variable nodes v of ’7;(04, k) such that at least one message incoming
to v is equal to 0. Then this set has density

P{o € B} = ]P’{Poisson(k:a@) >1} = Q. (23)

In light of Lemma I5] we further denote the set of variable nodes in 7. having two or more
incoming 0 messages by Vc(7~;)
Consider running BP, on U(7) (this is BP starting with zeros from the variable nodes in V¢(7)
and x elsewhere). Let the trees with marks on edges obtained after ¢ iterations be denoted by 7~'f
Denote by jif, the measure on the rooted factor graph with marks on the edges constructed as
follows: Choose a uniformly random variable node i € V(G,,). Mark the edges (in each direction)

with the messages corresponding to BP, run for ¢ iterations.
Lemma 4.16. The measures (fi%,),>0 converge locally to the measure on 7:’5

Proof. This result is immediate from Lemmas [.12] and [£.15 O

The following is immediate from the construction of ’7~;

Remark 4.17. If 9 € B then there exists a subtree ofj; rooted at ¢ with the following properties:

(7) If 7 is a variable node in the subtree, either j € Vo(Tx) or at least one descendant factor node is
in the subtree; (ii) If a is a factor node in the subtree, all its descendants are also in the subtree.

We call the subtree just defined a witness for ¢ (there might be more than one in principle).

Notice that a priori a witness can be finite (if it ends up with nodes in (7)), or infinite.
Lemma 4.18. Almost surely any node i € B has a finite witness. Thus, lim;_ s 7~'f =T..

Proof. 1t is sufficient to prove that the following event has zero probability: ¢ € B and ¢ only
has infinite witnesses. Suppose ¢ € B. We will look for a minimal witness for ¢. If ¢ € VC(7~;),
then it is itself a witness and we are done. If not then there is exactly one incoming 0 message,
say from factor a. Then factor a has &k — 1 incoming 0 messages from descendants. The subtrees
corresponding to these descendants are independent. Consider a descendant ¢ of a. We have

P(i € B\Ve(T3)) = ]P’{Poissonzl(ak‘é)) =1}
= exp(—akQ)akQ/(1 — exp(—akQ))
= exp(—ak@)aka_2 )
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Conditioned on ¢ € B \Vc(’7~;), the node 7 has exactly k—1 descendant variable nodes (via one check
node). Thus, conditioned on ¢ € B, the minimal witness is a Galton Watson tree with offspring
distributed as Z, whereby Z = (k — 1) with probability exp(—akQ)awkQ¥~2, and Z = 0 otherwise.
The branching factor of this tree is exp(—akQ)ak(k — 1)Q¥ 2 < 1 (cf. Lemma below). The
lemma follows. U

Lemma 4.19. Consider the setting of Lemmal[].8 We have
lim nlgfc;o Lgof) > P{Poisson(kaQ) > 1},

almost surely with respect to the choice of G,.

Proof. Let By be the subset of variable nodes in 7~'f that receive at least one 0 message. Let y; be
the density of nodes in B;. From Lemma E.I8], we have immediately

tlim y, = P{Poisson(kaQ) > 1} . (24)
—00

Let Bi(n) C V(G,) be the subset of nodes having at least one incoming 0 after t iterations of
BP, . Let y(n) be the fraction of these nodes, i.e. y;(n) = |B(n)|/n. From Lemma .16l we have

Jim g, (n) =y - (25)

almost surely. By Eq. ), we have lim,_, y;(n) > P{Poisson(kaQ) > 1} — 4 for all t > T(¥).
By monotonicity of BP, , we have liminf,, Lgof) > limy, 00 ye(n) > P{Poisson(k:oz@) > 1} — 0,
which implies the thesis. O

Lemma 4.20. Consider the setting of Lemma[{.8 We have, for all ¢ > 2,

lim inf Lgio) > P{Poisson(kaQ) > (},

n— o0

almost surely with respect to the choice of Gy,.

Proof. The proof is very similar to that of the previous lemma. Let C(¢;n) C V be the subset of
variable nodes in (G, that are in the core and have at least ¢ neighboring check nodes in the core.
Then we have (by monotonicity of BP, )

C(4n)|

L&Y > | (26)

n

On the other hand, let y(¢) be the density of variable nodes in 7, that receive two or more 0
messages and have at least ¢ neighboring check nodes in the set

{a : For each i € da, node i receives two or more 0 messages } .

It follows from Lemma [4.12] and Lemma [£.15] that

lim inf ~|C(6:n)| = y(b). (27)

n—00 M,

On the other hand, it is easy to check that the construction of 7, implies that y(¢) coincides
with the density of nodes receiving ¢ or more 0 messages (here the assumption ¢ > 2 is crucial).

Hence y(¢) = P{Poisson(kaQ) > ¢}, which, together with Eq. 28], 7)) yields the thesis. O
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Proof of Lemma[{.8 Eq. @0) follows from Lemma I and Lemmas and Eq. (@)
follows from a completely analogous argument. O

Recall that jif, is the measure on the rooted factor graph with marks on the edges constructed as
follows: Choose a uniformly random variable node i € V(G,,). Mark the edges (in each direction)
with the messages corresponding to BP. run for ¢ iterations. Recall that fi) is defined similarly
with marks corresponding to the BP fixed point. Denote by ji%,(d), the measure obtained from fi,
by restricting the depth of the rooted graph to d.

Lemma 4.21. For any d > 0 and any 6 > 0, there exists t < oo such that almost surely,

lim sup ||fiy,(d) — fi7,(d)|lrv < 0

n— o0

Proof. Consider running BP, on G,. From Lemma I8, we know ji!, converges locally to the
measure on Tt From Lemma m we know limy_, o T(t = ’7'°° In particular, the fraction of 0
variable-to-check messages in 7; converges to @ (i.e., the fraction of 0 variable-to-check messages
in ’7;(00)). But from Lemma [4.8 the fraction of 0 variable-to-check messages in i) converges
eventually almost surely to the same value, and similarly for check-to-variable messages the fraction
of 0 messages converges to Q (using the fact that L; < C exp(—1/C) for all [ holds eventually almost
surely, for some C' < 00). Using monotonicity of BP, , we deduce that for any € > 0, there exists ¢
large enough such that,

lim sup {Number of message changes after iteration ¢t in G, }/n < ¢ (28)
n—o0

holds almost surely. Now, we can choose € small enough such that eventually (in n) almost surely,
for any set of en edges in G, the union of balls of radius d around these edges contains no more
than on nodes. Combining with Eq. 28], at least (1 — ) fraction of nodes have all messages in a
ball of radius d unchanged after iteration ¢, almost surely. This yields the result. O

Proof of Theorem[3 From LemmaLI6, we know fi fit, converges locally to the measure on Tt From
Lemma 18] we know limy_, o Tt T°° Combining with Lemma [21], we obtain that

lim sup |[|fi;,(d) = p(T(d)) || rv < 6 (29)

n—oo

almost surely. Since § is arbitrary, we obtain, for every d, that

lim sup |7z, (d) — w(T2(d))||rv = 0 (30)
n—o0
holds almost surely. The result follows. O

5 Proof of Lemma [3.11k Peelability implies a sparse basis

5.1 Proof of Lemma [B.17] (i) and (i)

Let us begin by describing the proof strategy.
Instead of analyzing peeling on the collapsed graph G, we analyze a different peeling process.
We first run synchronous peeling on G for a large constant 7 number of iterations. We then collapse
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the resulting graph, as discussed in Section [B.] i.e. coalescing variables connected to each other
via degree 2 factors (cf. Definition B3)). Finally, we run synchronous peeling on the collapsed
graph until it gets annihilated. We show that this process takes at least as many iterations as
synchronous peeling on G, (Lemma [ below). In order to bound the number of iterations under
this new two-stages process, we proceed as follows. We choose the constant 7 such that the residual
graph J; is subcritical and hence consists of trees and unicyclic components of size O(logn) w.h.p.
. As a consequence, the collapsed graph —to be denoted by T(J;)— contains only checks of degree
3 or more, and consists of trees and unicyclic components of size O(logn). It is not hard to show
that it takes only O(loglogn) additional rounds of peeling to annihilate T(.J;) under this condition
(see Lemma [5.4] below).

Several technical lemmas follow, which are proved in Appendix[Bl except Lemma [5.1], which we
prove below. At the end of the subsection, we provide a proof of Lemma B.IT] parts (i) and (7).

Consider the peeling algorithm and define J to be the peeling operator corresponding to one
round of synchronous peeling (cf. Table [Il). Thus, for a bipartite graph G, the residual graph
after ¢ rounds of peeling is J(G). Denote by J*(G) the graph produced by the peeling procedure
after it halts: this is the empty graph if G is peelable, and the core of G' otherwise. Recall that
Tc(G) denotes the number of rounds of peeling performed by J*°(G) before halting. Further, define
T to be the collapse operator as per Definition B3] For instance G, = T(G). The next lemma
bounds from above the number of rounds of peeling required to annihilate G, in terms of the
modified peeling process (consisting of 7 rounds of peeling, followed by collapse, and then peeling
until annihilation).

Lemma 5.1. For any constant T > 0 and any peelable bipartite graph G,
Te(T(G)) < Te(TUT(G))) + 7.
Peelability of a pair («, R) immediately implies some useful properties.
Lemma 5.2. For a factor degree profile (o, R) that is peelable at rate n > 0, we have:
(i) 2aRy <1 —n.
(ii) a < 1.

Notice that the factor graph induced by degree 2 check nodes is in natural correspondence with
an ordinary graph (replace every check node by an edge) which is uniformly random given the
number of edges. The average degree of this graph is 2aR,, and Lemma (1) implies that it is
subcritical, as we would expect for a peelable degree distribution.

Lemma [BIT] is stated for the ensemble D(n, R,m), m = na. However, in parts of the proof
of this lemma, we find it convenient to work instead with the ensemble C(n, R, m) introduced in
Section A.1]

We need to characterize the residual graph J; after ¢ rounds of peeling. Lemmas and
achieves this for G ~ C(n, R,m). Together, they show essentially that density evolution provides
an accurate characterization of J;. Using these Lemmas, we are able to deduce (see proof of Lemma
BI1] () and (4i) below) that J; consists of small trees and unicyclic components w.h.p., for large
enough 7. Finally, using Lemma [£.4] we apply the same results to G ~ D(n, R, m).

Recall that n1(G) denotes the number of variable nodes of degree 1 in G, and ns4(G) denotes
the number of variable nodes of degree 2 or more in G. Let

C(n, R,m;n},nb) ={G : G € C(n,R,m),n1(G) = nl, not (G) = nj}. (31)
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In the lemma below, we slightly modify the peeling process, choosing to retain all variable nodes
V in the residual graph (check nodes are eliminated as usual). With a slight abuse of notation,
we keep denoting by J; the residual graph, although this is obtained from .J; by adding a certain
number of isolated variable nodes.

Lemma 5.3. Consider a graph G drawn uniformly at random from C(n, R,m). For anyt € N,
consider synchronous peeling for t rounds on G, resulting in the residual graph Ji. Suppose that for
some (R,m,n1,72), we have J; € C(n, R,m;n1,n2) with positive probability. Then, conditioned on
Jy € C(n, R,m;ny,ng), the residual graph Jy is uniformly random within C(n, R,m;nq,n2).

Our final technical lemma bounds the number of peeling rounds needed to annihilate a tree or
unicyclic component.

Lemma 5.4. Consider a factor graph G = (F,V, E) with no check nodes of degree 1 or 2, that is
a tree or unicyclic. Then G is peelable and Tc(G) < 2[logy [V|].

Proof of Lemma 311l (i) and (ii). A standard calculation (see e.g. [DMOS], or Section [Z] which
carries through a similar calculation) shows that, for a uniformly random graph C(n, é, m;ny,n2),
with 11,9 > ne and with mR (1) > ny+2n2+ne for some € > 0, the asymptotic degree distribution
of variable nodes is

P{D =0} = qo,
]P’{D = 1} = q,
P{D =1/} = (1—qo— q1)P{Poisson>o(\) =¢}, foralll>2.

for suitable choices of ¢g, g1, A depending on the ensemble parameters. Further, by a standard
breadth-first search argument, the neighborhood of a vertex v is dominated stochastically by a
(bipartite) Galton-Watson tree, with offspring distribution equal to the size-biased version of R at
check nodes, and equal to of P{D = -} at variable nodes.

Consider G ~ C(n, R,m). Using Lemma and it is possible to estimate the degree distri-
bution, of J;. A lengthy but straightforward calculation shows that the corresponding branching
factor is 0(J;) = aR'(z). Now, notice that

k
R(z)=2Ry+ > 11— 1)2'"? < 2Ry + k(k — 1)2
=3

for z < 1. Choose 7 = 7(n, k) < oo such that z, < n/(3ak(k —1)). Then we have aR'(1)p'(z;) <
2aRy + 1/3. But Lemma 5.2 tells us that 2aRy < 1 — . It follows that aR'(z;) < 1 — 2n/3.

In particular, the branching factor § = 6(J;) associated with the random graph J, satisfies,
6 < 1—n/3, with probability at least 1 — 1/n%. Following a standard argument [Bol0I] where
we explore the neighborhood of v by breadth first search, we obtain that with probability at least
1-1 /nl'7 for n > Ni(n, k), the connected component containing v is a tree or unicyclic, with
size less than Cylogn, for some Cy = Cy(n, k) < oo. Applying a union bound we obtain that for
n > Ny = Na(n, k), with probability at least 1/n’", the event E occurs, where

E = {All connected components in .J; are trees or unicyclic and have size at most Cy logn. }
(32)

Then, from Lemma 4] we infer that E occurs with probability at least 1/n%6 for G ~ D(n, R, m)
provided n > N3, where N3 = N3(k) < co. We stick to G ~ D(n, R, m) for the rest of this proof.
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Let us consider first point (). Clearly, tree components are peelable. If Ry = 0, then there
are no factors of degree 2, and unicyclic components are also peelable (Lemma [B.4]). Thus, the
entire graph is annihilated by peeling w.h.p., as claimed. If Ry > 0, then the number of unicyclic
components of size smaller than M is asymptotically Poisson with parameter C5 < oo uniformly
bounded in M (this follows e.g. by [Wor81], see also [Wor99l [Bol01]). It follows that with probability
at least exp(—Cj5)/2 for n > Ny, there are no unicyclic components of size smaller than M. The
expected number of unicyclic components of size M or larger is upper bounded by Y_,< ,,0/(2¢) <
OM /(1 — 0), and for M large enough no unicyclic component of this sizes exists, with probability
at least 1 — exp(—Cj5)/4. Considering these two contributions, the graph contains no cycle with
probability at least exp(—C5)/4 for n > Ny, and hence it is peelable. This completes part (7).

For (i7), notice that in collapsing a connected component of .J;, the number of variable nodes
does not increase. Further, a tree component collapses to a tree and a unicyclic component collapses
either to a tree or a unicyclic components. Thus, we can use Lemma 4] with N < Cylogn to
obtain the a bound of C loglogn on the number of peeling rounds needed, with probability at least
1—1/n%C. Since the probability of peelability is uniformly bounded away from zero as n — oo, the
probability that the same bound on the number of peeling rounds holds conditioned on peelability
is at least (for some § > 0) 1 —1/(6n%%) > 1 —1/n%5 for n > N3, as required. O

5.2 Proof of Lemma [B.17] (i)

The following lemma bounds the size of a supercritical Galton-Watson tree, observed up to finite
depth. The proof is in Appendix Bl

Lemma 5.5. Consider a Galton-Watson branching process {Z}7°, with Zo = 1 and with offspring
distribution P{Z; = j} = b;, j > 0. Suppose b, < (1 —06)"/d for all v > 0, for some § > 0.
Also, assume that the branching factor satisfies 0 = Z;‘;l jb; = E[Z1] > 1. Then, there exists
C = C(0) > 0 such that the following happens.

For any 8>3 and T € N, we have

T

> 7> <50>T] < 2exp(~C(8/3)"). (33)

t=0

P

Proof of Lemma [3.11] (7i7). From Lemma (71), we know that o < 1. The following occurs in
the collapse process: Let G2 = (F (2),V,E(2)) be the subgraph of G induced by the degree 2
factor nodes (with isolated vertices retained). We have F, = F\F®). All variable nodes that
belong to a single connected component of G@ coalesce into a single super-node v/ € V; in Gy,
with a neighborhood that consists of the union of the individual neighborhoods restricted to Fi
(cf. Definition B3)). As mentioned above, G(?) is a random factor graph with aRyn factor nodes
of degree 2, and is in one-to-one correspondence with a uniformly random graph. For v' € V, we
denote by S(v’) the number of variable nodes in V' in the component v'. Lemma [5.2)(7) implies
that the branching factor of G® obeys 2aRy < 1 — 1, ie., G is subcritical. This leads to
the following claim, that follows immediately from a well known result on the size of the largest
connected component in a subcritical random graph [Bol01].
Claim 1: There exists Co = Cs(n) < 0o, Ny = N3(n) < oo such that the following occurs
for all n > Ny. No component v/ € V, is composed of more than Cylogn variable nodes, i.e.
max, ¢y, S(v') < Cylogn, with probability at least 1 — 1/n.

Let G2 = (F,,V,E\E®), i.e., G™? is the subgraph of G induced by factors of degree greater
than 2 (with isolated vertices retained).
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From Poisson estimates on the node degree distribution, we get the following.
Claim 2: There exists C3 = C5(n, k) < 0o, N3 = N3(n, k) < oo such that the following occurs. For
all n > N3, no variable node v € V has degree larger than C3logn in G2, i.e., degg~2(v) < Czlogn
for all v € V, with probability at least 1 — 1/n.

Note that we used a < 1 (from Lemma [5.2] (7)) to avoid dependence on « in the above claim.

Let

E={S(') < Cylogn for all v € Vi } N {degg~2(v) < Cslogn for allv e V}.

Claims 1 and 2 above imply that E holds with probability at least 1 — 2/n for n > Ny, for some
Ny = N4(7], k’) < oQ.

Clearly, G2 is independent of G@. In particular, for v € V that is part of supernode v’ € V,,
we know that |S(v')| is independent of G™~2. There is a slight dependence between the degree of
different variable nodes, but assuming E, the effect of this is small if we only condition on polylog(n)
nodes in G,. This enables our bound on the size of balls in GL.

Recall that the distribution of random variable X; is dominated by the distribution of Xs, if
there exists a coupling between X; and X, such that X; < X, with probability 1. In bounding
the size of a ball of radius Ty, we are justified in replacing degree distributions by dominating
distributions, and in assuming that there are no loops.

Fixing a vertex v € Vi, we construct the ball Bg, (v, Ty,) sequentially through a breadth-first
search. Choose e = 1/2. For n large enough, the distribution of |S(v")| is dominated by the distribu-
tion of the number of nodes in a Galton-Watson tree with offspring distribution Poisson(2aRs +¢).
The distribution of degg~2(v) is dominated by Poisson(a(zgl3 IR;) +¢). In particular, the degree
distribution of G, is dominated by a geometric distribution b, < (1—4)"/d for some 6 = §(n, k) > 0.
Assuming E, this also holds conditionally on the nodes revealed so far, as long as the number of
these is, say, polylog(n).

Thus, assuming E, the number of nodes in a ball of radius Ty, = C loglog n is dominated by the
number of nodes in a Galton-Watson tree of depth Ty, with offspring distribution (b,)§° satisfying
by < (1 —0)"/6 for some and 6 = >22, jb; < C5, for n > N5. We deduce from Lemma [5.5] that

P [ max |Bg, (v/, Tup)| < (log n)“
UIEV*

E] >1-1/n (34)

for some Cg = C(n, k) < 0o, where |Bg, (v/, Ty, )| denotes the number of super-nodes in B, (v/, Typ).
But given E, the size of components v' € V; is uniformly bounded by C5logn. Thus, conditioned
on E, we have max, ¢y, S(v/, Typ) < Co(logn)“s*! with probability at least 1 —1/n. At this point,
we recall that P[E] > 1 — 2/n, and the result follows. O

6 Characterizing the periphery

Consider a factor graph G when it has a non-trivial 2-core. Recall the definitions of the 2-core,
backbone and periphery of a graph from Section First, we note some of the properties of these
subgraphs that will be useful in the proof of the main lemmas of this section.

As a matter of notation, for a bipartite graph G chosen uniformly at random from the set
G(n, k,m) we denote by Gp the periphery of G and by G, (lower case subscript) a subgraph of G
that is a potential candidate for being the periphery of G. Similarly, we denote by Gp the backbone
of G and by G}, a subgraph of G that is a potential candidate for being the backbone of G.
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6.1 Proof of Lemma [3.9t Periphery is Conditionally a Uniform Random Graph

LemmaB.9 states that if we fix the number of nodes and the check degree profile of the periphery of
a graph G chosen uniformly at random from the set G(n, k, m) then the periphery, Gp, is distributed
uniformly at random conditioned on being peelable. Since the original graph G is chosen uniformly
at random, in order to prove this lemma it is enough to count, for each possible choice of the
periphery Gbp, the number of graphs G that have the periphery Gbp.

Before proving Lemma we first introduce the concept of a ‘rigid’ graph and establish a
monotonicity property for the backbone augmentation procedure which was defined in Section
We use the notation G C G’ if G is a subgraph of G’.

Lemma 6.1. Let G = (F,V, E) be a bipartite graph and let Gy be the subgraph of G induced by
some Fy; C F. Let F| and F, be subsets of F' such that Fy C F, and Iy C Fy. Let BI(O) be the
subgraph induced by F} (so Bl(o) C Gy) and let BL(IO) be the subgraph induced by F,. Denote by Bl(oo)
the output of the backbone augmentation process on Gg with the initial graph Bl(o) and by Bl(loo) the
output of the backbone augmentation process on G with the initial graph BS(O). Then, Bl(oo) - Bl(loo).

The proof of Lemma can be found in Appendix

Definition 6.2. Define a graph to be rigid if its backbone is the whole graph. We denote by
R(n,k,m) the class of rigid graphs with n variable nodes, and m check nodes each of degree k.

Lemma 6.3. Consider a bipartite graph G = (F,V, E) from the ensemble G(n,k,m). For some
set of check nodes Fy, C F denote by Gy, = (Fy,, Vi, Ey,) the subgraph induced by Fy,, and denote by
Gp = (Fp, Vp, Ep) the subgraph of G induced by the pair (F, = F\F,,V, = V\VW;,). Assume G}, and
G, satisfy the following conditions:

o G, is peelable,
o (3}, is rigid,
e [Ja| > 2, Ya € F},.
Then Gy, is the backbone of G (and Gy, is the periphery).

Proof. 1f Gy, is empty the lemma is trivially true. Assume G}, is nonempty. We prove this lemma
in two steps. In the first step we prove that G}, is a subgraph of Gg, the backbone of G. In the
second step we show that Gp cannot contain anything outside Gy,.

Since Gy, is rigid, it contains a non-empty 2-core (G4,)c and the output of the backbone augmen-
tation procedure with initial graph (Gy)c is Gy itself. Furthermore, (Gy,)c is part of Gg, the 2-core
of the original graph G, since by definition a 2-core is the maximal stopping set (cf. Definition 2.2])
and (Gp)c is a stopping set in G. Hence, the monotonicity of the backbone augmentation procedure
implies that Gy, C Gp.

In the second step, we prove that G cannot contain any node outside Gy,. First note that
G, cannot contain any check node from the 2-core of the original graph G. We prove this by
contradlctlon Suppose instead that F' is the nonempty set of all the check nodes from the 2-core
of G that are in G,. Let V be the set of neighbors of F' in Gp. The nodes in V are also part of the
2-core of G and have degree at least 2 in the 2-core of G. Furthermore there is no edge incident
from Fy, to V}, because, by definition, Gy, is check-induced. In particular, in the 2-core of G, there is
no other edge incident on variables in V beyond the ones coming from F. Hence, in the non-empty
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subgraph G C Gy, induced by the check nodes in F and all their neighbors every variable node has
degree at least 2. This subgraph is then, by definition, a stopping set in G},. But by assumption G|,
is peelable and cannot contain a stopping set. This is a contradiction that rules out the existence
of a nonempty set F. Hence, the 2-core of G is contained entirely in Gy, (recall that both Gy, and
the 2-core are check-induced).

Let B(Ge) and B(Gb) be the output of the backbone augmentation procedure on GG, once with
initial subgraph given by the 2-core of G and once with the initial subgraph given by Gj, (which
contains the 2-core of GG). By monotonicity, B(Ge) ¢ B(Gb) But the process with the initial
subgraph Gy, terminates immediately since, by assumption, all check node outside G}, have at lease
two neighbors in G},. Therefore, Gg = B (Ge) ¢ B(Gv) = @,. This finishes our proof. O

It is easy to see that the converse of Lemma [6.3]is also true, as stated below.

Remark 6.4. If Gy, = Gg is the backbone of G, then the subgraphs Gy, and G, = G\Gy, = Gp satisfy
the condition of Lemmal6.3. Here G\G), denotes the subgraph of G induced by (F\Fy, V\W).

Notice that the fact that the graph G\Gy, is peelable follows from the connection between the
peeling algorithm and BP( stated in Lemmas and 4.3l We stated that the messages coming out
of the backbone are always 0. From the check node update rule, an incoming 0 message to a check
node can be dropped without changing any of the outgoing messages as long as there is at least one
other incoming message. By definition there is no edge between variable nodes in the periphery
and check nodes in the backbone. Furthermore, all the check nodes in the periphery have at least
two neighbors in the periphery. Therefore, BPy on the periphery has the same messages as the
corresponding messages of BPy on the whole graph. In particular, the fixed point of BPy on the
periphery is all * messages which shows that the periphery subgraph is peelable. We now prove
Lemma [3.9

Proof of Lemma[3.9 Our goal is to characterize the probability of observing the periphery of G
to be G, = (Fp, Vp, Ep). We use the short hand notation G\G, to denote the subgraph of G
induced by the check-variable nodes pair (F\F,, V\V}). Let Gy, = (F\F,, V\V,, Ep) = G\G, and
Epp, ={(i;a)|i € V\V},a € F} be aset of edges that satisfy the condition degp, (a)+degp | (a) =k
for all a € F},. As before, we denote by Gg and Gp the actual periphery and backbone of the graph
G. Define the set of rigid graphs on np variable nodes, my, check nodes and check degree k,
R(ny, k, myp), as

R(ny, k,mp) = {Gy = (Fyv,, Vo, Ev) : |Fy| = mp, Vi, = ny, |0al = k Va € Fy, Gy, is rigid}  (35)
By Lemma [6.3]
{G € G(n,k,m) : Gp =Gy, Gg =Gp}
={G € G(n,k,m) : G, CG,G\Gp = Gy,,Gp € P,Gp, € R}, (36)
and in particular,
{GeG(n,k,m) : Go=Gp} ={G € G(n,k,m) : G, CG,G, € P,G\Gp € R}. (37)

From Eq. (B7), and counting all the choices for the subgraph G}, = G\Gp, and the edges that
connect G, and Gy,

HG € G(n,k,m) : Gp = Gp}|

=> Y GG, km): Gy CG,Gy€P,G\G, =G, Gy, € R, E\(E, UEp) = Epp}|. (38)
Gy Epp
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For fixed G}, and G}, we can count the number of ways these two subgraphs can be connected to
each other. Letting R be the degree profile of G,, we have

HG € G(n,k,m) : Gp = Gp}
k n— |V, |Fp| Ry
Y10 < S > I(G\G, € R)I(G, € P). (39)
G\Gp =2
We can rewrite this as,

HG € G(n,k,m) : Gp = Gp}|

k _ |Fp| Ry
ST ) 1R Wl IR, € P (10)
=2

It is clear that the cardinality of the set R(ny, k,my,) is a function of only ny, and my,. Hence,
|{G S G(TL, kvm) : GP = GPH = Z(np7 kpr7mp)H(Gp € P)v (41)

for some function Z(-,-,-,-). Since the graph G itself was chosen uniformly at random from the
set G(n,k,m), this shows that conditioned on (np, R?,m;), all graphs G, € P with n, variable
nodes, m, check nodes, and check degree profile RP are equally likely to be observed. ]

6.2 Proof of Lemma Periphery is Exponentially Peelable

Let G = (F,V, E) be a graph drawn uniformly at random from G(n, k, an), and let Gp = (Fp, Vp, Ep)
be its periphery. Recall the connection between BP( and the peeling algorithm from Section [l Let
Q be defined as in Theorem [ i.e., @Q is the largest positive solution of @ = 1 — exp{—kaQ"~1}.
In light of Lemma B8 we define the asymptotic degree profile pair of the periphery, (a, R(z)) as
follows (recall that, from Lemma [£3] the periphery does include check nodes receiving at most
k — 2 messages of type 0).

Definition 6.5.

R(m)zl_Qk_ (1 5T 2:() Q)\Q* !, (42)
a=a (1_Qk QQ* 1>_ (43)

Unlike the backbone where all check nodes are of degree k, the periphery can have check nodes
of degrees between 2 and k. Among these, check nodes of degree 2 are of importance to us since
they can potentially form long strings. Strings are particularly unfriendly structures for the peeling
algorithm; peeling takes linear time to peel such structures. In the next lemma, we define a
parameter # as a function of @, which is the estimated branching factor of the subgraph of the
periphery induced by check nodes of degree 2. Lemma proves that this branching factor is less
than one for all « € (aq(k), 1].

~

Lemma 6.6. Let 0 = ak(k — 1)(1 — Q)Q* 2 with Q as defined in Theorem[d. Then 6 < 1 for all
a € (aq(k),1].

Proof of this lemma can be found in the Appendix
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Lemma 6.7. Let Q be defined as in Theorem[. Then the pair (&, R) defined in Definition [6.3 is
peelable at rate ny for some n1 = m(a, k) > 0. In particular, 0 < f(z,a,R) < (1 —m)z for all
z € (0,1].

Proof. In view of the density evolution recursion (Definition [I2]), define

f(z) =1—exp(—aR/(z)).

We prove the lemma by showing that f/(0) = 6 < 1 and that f(z) < z strictly for z € (0, 1].
Using the definitions of @ and R(z), the function f(z) can be written as

f(z)=1-exp (—ak (Q+(1- Q)" = Q")) (44)
By a straightforward calculation, and using Lemma [6.6, we get
f'(0) = aR'(0) exp(—aR'(0)) = ak(k —1)(1-Q)Q*" 2 =0<1. (45)
Assume 0 < y < 1 to be fixed point of f, i.e.,
y=1-exp(—ak ((Q+1-Qu'" Q")) (46)
Using the identity Q = 1 — exp(—akQ*~!) and after some calculation, we get
Q+(1-Qy=1-exp(-ak(@+(1-Qu) ). (47)

Equation (1) shows that @ + (1 — @)y is a fixed point of the original density evolution recursion
@) with R(z) = z*. Since, by definition, @ is the largest fixed point of that recursion, y = 0 is
the only fixed point of f(z) = 1 — exp(—aR'(z)) in the interval [0,1]. Since f'(0) < 1, we have
f(z) < z for all z € (0,1], and therefore f(z)/z < 1 for all z € [0,1]. The claim follows by taking
n=1—sup.cq f(2)/z, with 1 > 0 by continuity of z — f(2)/z over the compact [0, 1]. O

We can now prove Lemma, [3.12]

Proof of Lemma[312. For any € > 0, by Lemmas F.3] and .8, we know that

‘Oép—d’ <eg,
R} — R)|<e  forle{2,...,k}, (48)

hold w.h.p.

Using Rf = RY we obtain that the function f(z,a, R)/z is an analytic function over set [0, 1]
By Lemma 67 f(z,&, R)/z <1 —mn;. It follows that, for € small enough, f/(z,&, R) <1 — (91/2),
and hence the periphery is w.h.p. peelable at rate n = 11 /2. This proves part (i). Part (ii) follows
immediately from Lemma O

k+2

7 Proof of Lemma

We find it convenient to work within the configuration model: we assume here that G is drawn
uniformly at random from C(n, k,m). The following fact is an immediate consequence of Lemma

B3l
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Fact 7.1. Assume G is drawn uniformly at random from C(n,k,m), and denote by ng,mc the
number of variable and check nodes in the core of G. Suppose (n¢ = ne,me = me) occurs with
positive probability. Then conditioned on (ng = n., m¢ = mec), the core is drawn uniformly from
C(ne, kyme; 0,nc) (recall the definition of this ensemble in Eq. (31)).

In words, the core is drawn uniformly from C(nc, k, m¢) conditioned on all variable nodes having
degree 2 or more.
Now, it has been proved [DMOS] that, w.h.p.

|nc/n — (1 — exp(— akQ)(1 + akQ) )| = o(1) (49)
|me/n — aQ¥| = o(1) (50)

where (Q, @) is as defined in Theorem [I The above bounds also follow from Lemmas and

The kernel of the core system S¢ contains all vectors z with the following property. Let V(3 C V&
be the subset of variables taking value 1 in z (i.e. the support of ). Then the subgraph of G¢
induced by V(1) has no check node with odd degree.

We will refer to such subgraphs as to even subgraphs. Explicitly, even subgraphs are variable-
induced subgraphs such that no check node has odd degree. We want characterize the even sub-
graphs of G¢ having no more than ne variable nodes, in terms of their size and number. Lemma [T.4]
in subsection [Z.I] below allows us to do this provided certain conditions are met. Our next lemma
tells us that the core meets these conditions w.h.p..

Lemma 7.2. Fiz k and consider any o € (aq(k),as(k)). There exists § = 6(a, k) > 0 such that
the following happens. Let G be drawn uniformly from C(n,k,an). Let ng be the (random) number
of variable nodes in the core, meg be the number of check nodes in the core and ag = mg/nc. Let ne
be the unique positive solution of

nc(enC _ 1)

= ack 51
pr L (51)

and let Ooc = ne(k —1)/(e"™ — 1). For any &' > 0, we have, w.h.p. :
(i) foc < 1—0.

(71) ac € [2/k +9,1]. R R

(7i1) ng/n > (1 — exp(—akQ)(1 + akQ)) —

The discussion in subsection [[.T] throws light on the definitions of 7 and y¢ used.

Proof of Lemma[7.2 From Eqs. (9), (50), we deduce that ne = akQ + o(1) w.h.p., leading to
O = ak(k — 1)Q* (1= Q) +o(1) <1-4

for sufficiently small ¢, using Lemma Thus, we have established point (7).

Point (i7i) and the lower bound in point (i7) are easy consequences of Eqs. [@d), (B0). The
upper bound in point (i7), a¢ < 1 w.h.p., follows directly from the fact that for o < ag, the system
Hz = b has a solution for all b € {0,1}" w.h.p.. O

Proof of Lemma[323 Consider first G ~ C(n, k,m). Applying Fact [l and Lemma [[.2] we deduce
that, conditional on the number of nodes, the core is G¢ ~ C(nc, k,mc;0,n.) and satisfies the
conditions of Lemmal[l.dlproved below. By Lemmall 4] the elements of L¢(en) are in correspondence
with simple loops in the subgraph of G¢ induced by degree-2 variable nodes. The sparsity bounds
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follows from Lemma [7.4l The clam that they are, with high probability, disjoint, follows instead
from the fact that this random subgraph is subcritical (since 2aRs < 1) and hence decomposes in
trees and unicyclic components.

Using Lemma [£4] we deduce that the result holds also for the G ~ G(n, k,m) as required. [

7.1 Characterizing even subgraphs of the core

This section aims at characterizing the small even subgraphs of the core G¢. For the sake of
simplicity, we shall drop the subscript ¢ throughout the subsection.
Fix k. Consider some o > 2/k. Let 1, > 0 be defined implicitly by

N« (e’ — 1)

= ak 2

For a € (2/k, 00), we have n,(«) > 0 and 7, is an increasing function of « at fixed k& [DMOS].

Consider a graph G = (F,V, E) drawn uniformly at random from C(n,k,an;0,n). The ra-
tional for this definition of n, is that the asymptotic degree distribution of variable nodes in G
is Poisson(n,) conditioned on the outcome being greater than or equal to 2 (to be denoted below
Poisson>a(ny)).

We are interested in even subgraphs of G.

Consider the subgraph Gy = (F,V® E®) of G induced by variable nodes of degree 2 (with
all factor nodes retained). The asymptotic branching factor this subgraph turns out to be 0y =
n«(k —1)/(e" —1). We impose the condition 3 < 1 — ¢ for some & > 0 (since this is true of the
core). Note that 05 is a decreasing function of 7,, and hence a decreasing function of «, for fixed k.

First we state a technical lemma that we find useful.

Lemma 7.3. Consider any k, any o € (2/k,1] and e € (0,1]. Then there exists Ny = No(k,e) < 0o
and C = C(k) < oo such that the following occurs for all n > Ny. Consider a graph G = (F,V, E)
drawn uniformly at random from C(n,k,m;0,n), m = na. With probability at least 1 — 1/n, there
is no subset of variable nodes V' C V such that |V'| < en and the sum of the degrees of nodes in
V' exceeds Celog(1l/e)n.

Proof. Let deg(i) be the degree of variable node i € V. Let X; ~ Poissonsa(7ns) be iid. for
i € V. Then (deg(i))’, is distributed as (X;)!,, conditioned on > ! ; X; = mk. Consider
V' ={1,2,...,l}. We have

IP’{ El:deg(z') > vl} = IP’{ El:XZ- >l ‘ En:XZ- = mk:}
i=1 i=1 i=1

P{Y i Xi >}
P{ > Xi = mk}

Now, nE[X;] = nak = mk, by our choice of 1, in Eq. (B2). Since a < 1, we deduce that
ne < Cp = C1(k) < oco. Using a local central limit theorem (CLT) for lattice random variables
(Theorem 5.4 of [Hal82]) we obtain IP’{ X = mk:} > Cyn~ 2 for some Cy = Cy(k) > 0.
A standard Chernoff bound yields IP’{ 22:1 X; > 7[} < exp{ - 1703}, for some C5(k) € (0,1],
provided v > 2ak. Thus we obtain

<

l
]P’{ Z deg(i) > ’yl} < nl/? exp{ — l’ng}/Cg , (53)
i=1
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provided v > 2ak. We use v = C’'(1 + log(1/¢)) with C" = 2ak/C5. Take | = en. The number of
different subsets of variable nodes of size  is (7)) < (e/e)! for n > Ny for some Ny = Ny(g) < co. A
union bound gives the desired result. O

Lemma 7.4. Fiz k > 3, and § > 0 so that for any o € [2/k + 0,1], we have O3(a, k) < 1 — 0.
Then, for any & > 0, there exists € = €(6,k) >0, C = C (4,0, k) < oo and Ny = Ny(6,0', k) < oo
such that the following occurs for every n > Ny. Consider a graph G = (F,V, E) drawn uniformly
at random from C(n,k,an;0,n). With probability at least 1 — &', both the following hold:

(i) Consider minimal even subgraphs consisting of only degree 2 variable nodes. There are no more
than C such subgraphs. FEach of them is a simple cycle consisting of no more than C variable nodes.
(1i) Every even subgraph of G with less than en variable nodes contains only degree 2 variable nodes.

Proof. Part (i): Reveal the mk edges of G sequentially. The expected number of nodes in V@, con-
ditioned on the first ¢ edges revealed forms a martingale with differences bounded by 2. Then, from
Azuma-Hoeffding inequality [DP09], we deduce that |[V(?)| concentrates around its expectation:

P([IV@|—E[V@[)| = ¢Vr) < exp(—Ci¢?)

for all ( > 0, where 51 = él(kz) > 0. The expectation can be computed for instance using the
Poisson representation as in the proof of Lemmal[7.3] yielding BV | —nn2/(2(e™ —1—n,))| < n3/4,
for all & < 1, n > Ny(k). We deduce that for any §; = d1(d, k) > 0, we have

P([[V® /0 -2/ =1 =n))| = b ) < 1/n (54)

for all n > Nl, where ]Vl = ]Vl(d, k) < 0.
Now, condition on [V®)| =n) for some n? such that

n® /n—nZ/ 2" —1—-n.)| < ain. (55)

Note that by choosing d; small enough, we can ensure n(? = Q(n). We are now interested in
the check degree distribution R in Gy. Reveal the 2n(® edges of Gy sequentially. Consider
1 €{0,1,...,k}. The expected number of check nodes with degree [ in Go, conditioned on the edges
revealed thus far, forms a martingale with differences bounded by 2. Let Z ~ Binom(k, 2n() /(mk)).

We have IE[Rl(2)] =P(Z =1)+ O(1/n). Arguing as above for each | < k, we finally obtain,

k

IP’( S IRP -P(z=1)| > 51n> < 1/n (56)
=0

for all n > NQ, where ]\Afg = ]\Afg(d, k) < 0.
Now condition on both n(? satisfying Eq. (55) and R satisfying

k
STIRP —P(z=1)] <41
=0

Let ¢ be the branching factor of Go (i.e. of a graph that is uniformly random conditional on the
degree profile R?)). Under the above conditions on n(® and R®, a straightforward calculation
implies that ¢ is bounded above by 6y + 02, for some dy = d2(d1, k) such that do — 0 as 6; — 0.
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Thus, by selecting appropriately small d;, we can ensure that do < §/2, leading to a bound of
1 —§/2 on the branching factor for all n?, R within the range specified above.

Now we further condition on the degree sequence, i.e., the sequence of check node degrees in
G. The factor graph G9 can be naturally associated to a graph, by replacing each variable node
by an edge and each check node by a vertex. This graph is distributed according to the standard
(non-bipartite) configuration model. Using [Wor81l Theorem 4], we obtain that the number of
cycles of length [ € {1,2,...,ly} for a constant [y are asymptotically independent Poisson random
variables, with parameter

N=C@) for ¢ = [Z d(d — 1)R® (d)] /[Zk: dR<2>(d)} .
d=1

d=1
More precisely, for any constants ¢y, ca, ..., ¢, € N U{0}, we have

l

PIE()] = [ ] P(Poisson(\) = 1) +o(1),
=1

where E is the event that there are ¢; cycles of length [ for [ € {1,2,...,lp} with all cycles disjoint
from each other, and ¢ = (cl)ﬁozl. Choosing [y large enough, we have

SO PE()] = 1—exp (— Do N) —6/4=1- (-2 d/4,
=1

ceN

where N ={c:c#0, ¢ <lgforl e {1,2,...,lp}}, for n large enough.

On the other hand, we know that the probability of having no cycles in Gy is (1 —¢)~%2 +o(1)
under our assumption of ( < 1 —¢/2. The argument for this was already outlined in the proof
of Lemma BTl cf. Section I} the Poisson approximation of [Wor81] is used to estimate the
probability of having no cycles of length smaller than M, while a simple first moment bound is
sufficient for cycles of length M or larger. Thus, with probability at least 1 —¢’/3, we have no more
than 12 cycles, disjoint and each of length no more than ly. Choosing C' = I3, we obtain part (4)
with probability at least 1 — ¢’/2 for large enough n.

Part (i7): Let m = an. Let N(G;l,j) be the number of even subgraphs of G induced by I
variable nodes such that the sum of the degrees of the [ variable nodes is 2(I+ j). We are interested
in [ < en (we will choose ¢ later) and j > 0. In particular, we want to show that, for any ¢’ > 0,

£n mk/2

P{Z 3 N(GLj) >0} < §/2. (57)

=1 j=1

This immediately implies the desired result from linearity of expectation and Markov inequality.
From Lemma [.3] we deduce that

£n mk/2

]P’{Z 3 NG ) >o} < 1/n, (58)

=1 j=e'n

5The model in [Wor&T] is slightly different from the configuration model for its treatment of self loops and double
edges. However, the results and proof can be adapted to the configuration model.

40



for some ¢’'(e, k) with the property that ¢’ — 0 as € — 0. Thus, we only need to establish

en ¢e'n

E[N(G;1,5)] < &/3, (59)
> D El

=1 j=1

for all n large enough, since the claim then follows from Markov inequality.

A straightforward calculation [RU0S, MMOQ9] yields
() 71 T2 Ts

EN(G;1,5)] = T
2(1+5)

where
ﬂ:coeff—( —1-y); 2(“”)],

Ty = coeff _(ey _ 1= y)n—l; ymk—Q(lJ,_j)] ’

- k oNEN™ ,
T3 = coeff <(1+y) —;(1 y)> ;y2(1+g)]7

T4 = coeff _(ey—l—y)";ymk}.

It is useful to recall the following probabilistic representation of combinatorial coefficients.

Fact 7.5. For any n > 0, we have

N
coeff [ (e¥ — 1 — ) yM] = MEen -1 —n)NP[ZXZ- = M} (60)
i=1

where X; ~ Poisson>o(n) are i.i.d. forie {1,...,M}.

Consider 74. By definition, cf. Eq. (B2), 7. is such that for X; ~ Poisson>a(n.) we have
E[X;] = ak = mk/n. Moreover, a € [2/k + ¢,1] implies n, € [C,Cs] for some C; = C1(0,k) > 0
and Cy = Cs(k) < oo. From 7, < C3 and using a local CLT for lattice random variables [Hal82], it
follows that P[> """ | X; = mk] > C3//n for some C3 = C3(d, k) > 0. Thus, using Fact [[5, we have

Ta >0y — 1 —n)"Csn =12, (61)

Now, consider 75. Again use n = 7, in Fact From 7, > C; and again using a local CLT

for lattice r.v.’s [Hal82], we obtain P[>} X; = mk — 2(1 + 5)] < Ca/2vn — 1 < Cy/\/n for some
Cy = Cy(0,k) < 00, since | < en. Thus, Fact [CH yields

T, < —mk+2(l+])( M1 _ 77*)”_10471_1/2 ) (62)
Fact yields that 77 can be bounded above as
T < 2D (e — 1 — )t (63)

for any 1 > 0. We will choose a suitable 7 later.
Finally, for 73, similar to Fact [Z3], we can deduce that

< (LHO 0
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for all £ > 0. Now, it is easy to check that

190 -g" <o {(H)e}

by comparing coefficients in the series expansions of both sides. Choosing £ = /(I + j)/(m (g)),
we obtain
e\ i
em(y)

< | —% . 64
T < < ra ) (69)

Finally, we have

l _ 2(1+7)
<n> < i, < mk:. > > (mk —2(1+ 7)) . (65)
1) = 2(1 + j) 20 +4))!

Putting together Eqgs. (€1), (62)), (63]), ([64) and (G5]), we obtain

. (e" —1—n) p2(+9) e(k — 1)1+ C5((L+5)/m) ™ (20 +4))!
EW(G L] < Co - PUD (e =1 =)l < 2(l+j‘)k ) - Ualm

for some Cg = Cg(k, ) < oo. Now, N! > C7v/N(N/e)V for all N € N, for some C; > 0. Using this
with N =1+ j, we obtain

(+ )”j, UL ¢ STFT QUL  STET (D) G221+
I+ T O N+ TGl \(+H)) - 0

for some Cg < oco. Plugging back, we get

EN(G;1, )] < Co(T5)'(Ts)?

where
To = 292%(1 +Cs((U+ )/m)
2

Ak — 1)

Ts = mlin?

Without loss of generality, assume § < 0.1. Now, we choose ¢ = £(d,k) > 0 such that ¢ +
e/ < 6/(10C5). We choose n = n(k) > 0 such that (7 —1 —n)n~2 < (1 + §/10)/2 (note that
(" —1—-n)n~2 = 1/2 as n — 0). This leads to 75 < 1 —§/2 for all [ < en and j < &'n, when we
use O < 1—4. Also, Tg < Cyo/n for all I, j, for some C1g = Cp(k) < co. Thus,

E[N(G;1,§)] < Co(1 —5/2)’ (%O)

Summing over j and [, we obtain

!

En €mn C
> EW(GLI)) < = (66)
=1 j=1

for some C1; = C11(k,0) < oo. This implies Eq. (B9) for large enough n as required. O
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8 Proofof Lemmal3.8: A sparse basis for low-weight core solutions

For each z, € L¢(en), we need to find a sparse solution z € S that matches z, on the core. From
Lemma we know that w.h.p., z, consists of all zeros except for a small subset of variables.
Indeed we know from Lemma [[4] that these variables correspond to a cycle of degree-2 variable
nodes. Although this is not used in the following, we shall nevertheless refer to the set of variable
nodes corresponding to an element of L¢(en) as to cycle. Denote by L; the cycle corresponding to
Zc. Recall that the non-core Gyc = (Fyc, Vic, Exc) is the subgraph of G induced by Fyc = F\Fg
and Vyc = V\V¢. Suppose we set all non-core variables to 0. The set of violated checks consists of
those checks in Fyc that have an odd number of neighbors in L;. We show that w.h.p., each such
check can be satisfied by changing a small number of non-core variables in its neighborhood to 1.
To show that this is possible, we make use of the belief propagation algorithm described in Section
4

Our strategy is roughly the following. Consider a violated check a. We wish to set an odd
number of its non-core neighboring variables to 1. But then this may cause further checks to be
violated, and so on. A key fact comes to our rescue. If check node a receives an incoming * message
in round 7', then we can find a subset of non-core variable nodes in a T-neighborhood of a such
that if we set those variables to 1, check a will be satisfied (with an odd number of neighboring
ones in the non-core) without causing any new violations. We do this for each violated check. Now
w.h.p., for suitable 7', all violated checks will receive at least one incoming * by time 7" (note that
each non-core check receives an incoming * at the BP fixed point). Thus, we can satisfy them all
by setting a small number of non-core variables to 1.

Lemma 8.1. Consider G drawn uniformly from G(n,k,m). Denote by FO C Fye the checks in
the non-core having degree | with respect to the non-core, for 1 € {1,2,... ,k}. Condition on the
core Gg, and FO forl e {1,2,... k}.

o Then E¢yc and Gye are independent of each other. Here E¢ yc denotes the edges between
core variables Vo and non-core checks Fyc.

o The edges in Ec yc are distributed as follows: For each a € Fyc, if a € F(l), 1ts neighborhood
i Ge is a uniformly random subset of Vo of size k — [, independent of the others.

o Clearly, (Ge,(FW)F_|) uniquely determine the parameters (nyc, R, myc) of the non-core.
The non-core Gy is drawn uniformly at random from D(nyc, R, myc) conditioned on being
peelable, i.e., Gyc is drawn uniformly at random from D(nyc, RN, myc) N P.

Proof. Each G € G(n,k,m) with the given (Gc, (F®)¥_,) has a Gy corresponding to a unique
element of D(nyc, RN, myc) NP and Eg yc corresponding to a subset of Vg of size k — [ for each
aeFO forlc {1,...,k}. The converse is also true. This yields the result. O

Proof of Lemma[3.8 Take any sequence (Sy),>1 such that lim,_, s, = oo and s, < en. If points
(4), (43) and (i7) in Lemma [3.5 hold, let Vi denote the union of the supports of the solutions in
Lc(sp). Let
Ei=EiaNEpNEi,
Ei o = {Points (i), (i) and (i74) in Lemma 3.5 hold }
Eip={ ]F(l)] >n/Cq foralll € {1,2,...,k}}

Eic = { No variable in Viyq. has degree exceeding log sy, } .
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We argue that E; holds w.h.p. for an appropriate choice of Cy = Cs(k, o) < 0o. Indeed, Lemma 3.5
implies that E; , holds w.h.p.. Lemma (.8 implies that E;; holds w.h.p. for sufficiently large Cs.
Finally, Lemma [8.]] and a subexponential tail bound on the Poisson distribution ensure E; . holds
w.h.p..

Assume that E; holds. Let sets of variable nodes on the disjoint cycles corresponding to elements
of L¢(en) be denoted by L; for i € {1,2,...,|Lc(en)|}. Consider a cycle L;. Denote by a;j,
je{1,2,...,Z;}, the checks in the non-core having an odd number of neighbors in L;. (Thus, Z;
is the number of such checks.). Call these marked checks. Given E;, we know that Z; < s, log sy,
and that there are no more than s log s,, marked checks in total:

|Lc(en)]
Z Z; < silogsn.
i=1

Define
E; = { No more than n/s> messages change after T}, iterations of BPy }.

By Lemma [AT10, the event Es holds w.h.p.provided lim,, .o T, = oo and s, grows sufficiently
slowly with n (for the given choice of (7},)n>1)-
Let

B;; = { Not all messages incoming to check a;; have converged to their fixed point value in 7}, iterations } .
We wish to show that
ﬁiJij (67)

holds w.h.p.. We have
P( Ui Bij) < B Foro) [ E []I[El, Ea] > 1(B;] ‘ Ge, EC,NCH + P[ES] + P[ES).
,J

Given Es, we know that the number of checks for which an incoming message changes after T,
is no more than n/s3. Suppose a;; € F () is a marked check. Then we have

n 1
E[HE,E HB-»‘G,E ]< < ,
[ 1 2] [ zy] C C,NC| > S%‘F(l)‘ =~ 028%

since all check nodes in F are equivalent with respect to the non-core, from Lemma We
already know that under Ej, the number of marked checks is bounded by s2 log s,,. This leads to
log s, n—co

.. .. < C C
P( Uy By) < G+ PIES] + PIES) =50,

implying Eq. (67) holds w.h.p..

Condition on G¢ and Eg¢ yc. This identifies the marked checks. Lemma guarantees us that
all checks in F) are equivalent with respect to Gyc. Suppose E; holds. Define a ball of radius
t around a check node as consisting of the neighboring variable nodes, and the balls of radius ¢
around each of those variables. Similar to the proof of Lemma [BIT] (ii7), we can show that

‘BGNc(aijan)‘ < an (68)
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holds with probability at least 1 — Cyexp(—2T»/Cy), for some C3 = C3(a, k) < co and Cy =
Cy(a, k) < oo, for all marked checks a;;. Thus, the probability that this bound on ball size holds
simultaneously for all marked checks, by union bound, is at least 1 —s2 log s,Cy exp(—2Tn/Cy) — 1
as n — 1 provided T, — oo and s,, grows sufficiently slowly with n.

Suppose Eq. (€7) and E; hold. Consider any marked check a;; adjacent to v € L; for any L;.
It receives at least one incoming * message at the BP( fixed point and since B;; = 0, this is also
true after T), iterations of BPy . Hence, there is a subset of variables V(7) C Bg,,(aij, Tp,), such
that setting variables in V7 to 1 satisfies a;; without violating any other checks. Define

v = {v : v occurs an odd number of times in the sets (V(ij))]-Zg'l}

It is not hard to verify that the vector z,, with variables in L; U V@ set to one and all other
variables set to zero, is a member of S;. If Eq. (G8) holds for all marked checks, then we deduce
that ]V(i)\ < C'g”sn log s, < ¢, for T, and s,, growing sufficiently slowly with n. Thus, z.; € &
is ¢,-sparse assuming these events, each of which occurs w.h.p.. We repeat this construction for
every L;. O
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A Proof of Lemma 3.4

Lemma A.1. Assume that G has no 2-core, and let

-1
K= [ HF,UHRW }
_[ )

(n—m)x (n—m)

where U and W are constructed as in Lemma[3.3, we order the variables as U followed by W, and
the matriz inverse is taken over GF[2]. Then the columns of K form a basis of the kernel of S,
which is also the kernel of H. In addition, if K; j =1, then dg(i,j) < Tt.

Proof. A standard linear algebra result shows that K is a basis for the kernel of H. The bottom
identity block of K corresponds to the (n —m) independent variables w € W, and in this block a
1 only occurs if the row and column correspond to the same variable, i.e. for 7,7 € W, K;; =1
implies ¢ = j, and thus dg(i,j) = 0. To prove the distance claim for the upper block of K, we
proceed by induction on 7. For a variable v € U that is peeled along with factor node a € F, we
will reference u via the factor node it was peeled with as wu,.

e Induction base: For T; = 1, Hpy = I, and thus

K = [ Hrw } :
I(n—m)x(n—m)
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Since Tz = 1, note that ever variable node must be connected to no more than 1 factor node.
Thus (Hpw)a: = 1 implies that factor node a was connected to independent variable node
i. Thus, variables i and u, are both adjacent to factor a, and consequently dg(ugq,7) = 1.

e Inductive step: Assume that Tc = T + 1 and consider the graph J(G) = (F), V), E))
(recall that J denoted the peeling operator). By construction T¢(J(G)) = T', and thus by the
inductive hypothesis the columns of

-1
HFJ,UJHFLWJ :|
)

J(G) =
) I(n—n1)—(m=m1))x ((n—=n1)—(m—m1)) T((n—n1)=(m=m1)) x((n=n1)—(m=m1))

form a basis for the kernel of H ), where F}, U;, and W) refer to the set of factor nodes of the

factor graph J(G), and their corresponding partition, respectively. In addition, (K J(G))aﬂ; =1
only if dj(y(ua,i) < T'. To extend this basis to a basis for the kernel of H, note that

- -1
< Hr o, Heo, > < Hr,w, Hrew, >
0 HFJvUJ 0 HFJ,WJ

i Tn—m)x (n—m)

I\Uﬂ _HF17U.:JLH;‘J1,UJ (HF1,W1 HFLWJ)
0 HFJyUJ 0 HFJ’WJ

o[ e |
1]

(n—m)x (n—m)

(n—m)x (n—m)

[ Hewy Hew, _‘:HFMUJK
0 K

[(n—m) X (n—m)

By construction if (Hpg, w,)q; = 1, then dg(us,i) = 1 < T. Consider the (a,i) entry of
the matrix B = Hp, w, + HFLUJK. A necessary condition for B,; = 1 is the existence of
an edge between check node a € F; and independent variable node i € W\ Wy = W) (i.e.
(Hp,,w,)a,i = 1), or the existence of both an edge between a € F; and dependent variable
node j € Uj that is in the basis for independent variable i (i.e. ((Hp, 17,)a; = 1, Kji = 1).
We note that if dyq(ua,7) < T, then dg(uq,i) < T also, since Ey C E. Thus, if (Hp, ),y =
1, KH =1, then dg(uq,7) < T+ 1. Similarly, if (Hp, w,)a; = 1, then dg(uq,i) = 1 as in the
base case. Thus, if K; ; = 1, then dg(i,5) <T + 1 = Tg.

O

A direct result of this is the sparsity bound given below.

Lemma A.2. For K constructed as in Lemma[A 1, the columns of K form an s-sparse basis for
the kernel of H, with
s <max |Ba(i, Tc)]
eV
Proof. By Lemma [A]] dg(a,i) < Tt is a necessary condition for K,; = 1. Thus, for all i € W,
the ith column of K can only contain 1’s on the entries that correspond to variables at distance at
most T¢ from i. The result follows by taking a union bound over all 7 € W. O

Proof of Lemma[3) Let
-1
R_L [ Qr.v.Qr.w. } 7

I(n—m) X (n—m)
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where the matrix inverse is taken over GIF[2]. If G, # G, then all degree 2 check nodes constrain
their adjacent variable nodes to the same value. Therefore, all variables in the same connected
component take on the same value in a satisfying solution, i.e. for all v, € Vi, if Hz = 0, then for
all i € vy, either x; = 0 or x; = 1. Consequently, Hx = 0 if and only if x = Lz, for some z, such
that Qz, = 0 Thus {z(I,..., 2} is a basis for the kernel of H if and only if z(?) = I[@)(f) and
{ES), e ,gka)} is a basis for the kernel of Q.

Finally notice that Lz, has |v.| non-zero entries for each v, € Vj such that Ly, # 0. Thus, the

sparsity bound follows as a direct extension of the bound from Lemma [A.2] and the columns of K
form an s-sparse basis for the kernel of H, with

s < max S(v., Te(Gy)).

V5 €V

B Proofs of technical lemmas in Section

Proof of Lemma[522. Let w = aR'(1). Define f(z) =1 — A1 — p(z)) =1 — exp(—aR/'(1)p(z)). We
obtain
f'(0) = 2aRy (69)

Now, we know that z; — 0 as t — oo, it follows that lim;_o 2¢41/2¢ — f/(0). We then deduce from
peelability at rate n that

f0)<1-n (70)

Combining Eqgs.(69]) and (70), we obtain the desired result (7).
In order to prove (i7) notice that, for the pair to be peelable, need z < 1 —exp(—aR/(z)) for all
z €[0,1], i.e.

R~ (z) <1—e for all 2 € [0, R'(1)], (71)
where R'~! is the inverse mapping of z — R/(z). We next integrate the above over [0, R'(1)], using
R'(1) 1
/ R~ (z)dx = / w R (w)dw = R'(1) — 1. (72)
0 0
R() | ,
/ (1—e ) de=R'(1) — (1 — e *FM)y, (73)
0 (0%
We thus obtain
1 /
1>=(1-e O 74
>—(1—e ) (74)
which yields o <1 — e (M) <1, U

Proof of Lemmal5.3. We use the notation m(G) = (m(G))F_, whereby m;(G) is the number of
check nodes of degree lin G. Let

nﬁ” =n1(Jy), nét) = na(Jy) , m® =m(J),

k k
o= (Sm)m, RO =m/(Soml)) forie {23, k}.
=2
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Note that R®) defined above is, in fact, the check degree profile of J;.
As above, let J(-) denote the operator corresponding to one round of synchronous peeling (so
that J; = J'(G)). Define the set

S(G; 1,y hg) = {G : i (G) = fy, na(G) = g, m(G) = 1, J(G) = G}.

We prove the result by induction. By definition, we know that Jy = G is drawn uniformly

n(t) n(t) the h J; is d ife 1
1 279 grap ¢t 1S drawn unirormily

from C(n, R(t), a(t)n). Let the probability of each possible J; (with parameters (m(t),ngt), ng))) be

denoted by q(m(t),ngt),ngt)). Consider a candidate graph G’ with parameters (m/, n},n}). We have

from the C(n,R,an). Suppose, conditioned on m®),

Pl =G = > Pl
Jud(J)=G"

= 2 >, Pl
M he Ji€S(G'5 i, ie)
= Z q(m7ﬁ17ﬁ2) |S(G/7 @,ﬁ17ﬁ2)|-
m, iy, R
A straightforward count yields

n—nj —nb

|S(G'; 11,701, 72)| = < ) - Al - coeff [(e* — 1)”,1(62)"/2;zA_ﬁ1] 1Ay = nf +nf,

nq
where A = Zle(ml —mj)l. Thus, P[Ji41 = G'] depends on G’ only through (m/, n/, n5). O
To simplify the proof of Lemma [54], we first prove a simple technical lemma.

Lemma B.1. Let G = (F,V, E) be a factor graph that is a tree with no check node of degree 1 or
2, rooted at a variable node v, with |V| > 1. Then |{u € V : deg(u) < 1,u # v}| > |V]/2, i.e. at
least half of all variable nodes are leafs. (Here a leaf is defined as a variable node that is distinct
from the root and has degree at most 1.)

Proof. We proceed by induction on the maximum depth ¢ of the tree G rooted at v.

e Induction base: For a tree of depth 1, let ¢ = deg(v) > 0. Since all check nodes have degree
3 or more, G has N1 > 2c¢ leafs and |V| = Ny + 1. Clearly, N; > |V]/2.

e Inductive step: Consider G having depth t+ 1 and perform 1 round of synchronous peeling,
resulting in J(G) = G’ = (F',V',E’). Let Ny be the number of leafs in V’. The inductive
hypothesis implies |V’/| < 2Nj, since G’ is also a tree. Since, by construction, every factor
node has degree at least 3 in G, every leaf in G’ must have at least 2 leafs in G as descendants,
i.e., 2N; < Ny, where N; is the number of leafs in G. Combining these two inequalities yields

V| =|V'|+ Ny <2N; + Ny < 2Nq,

as desired.
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Proof of Lemma[5.7) By Lemma[B.1] if G is a tree, at least one half of all variable nodes are leafs
at every stage of peeling. Thus, G is peelable and Tc(G) < [log, |V|]. (After [log, |[V|] — 1 rounds
of peeling, we have 2 or less variable nodes remaining, and hence no checks. At most one more
round of peeling leads to annihilation.)

Now suppose G is unicyclic. Each factor in the cycle has degree at least 3, hence it has a
neighbor outside the cycle and must eventually get peeled. Breaking ties arbitrary, let a be the
first factor in the cycle to be peeled, and let u € da be the variable node that ‘causes’ it to get peeled
(clearly w is not in the cycle). Let ¢, < Tc(G) be the peeling round in which v and a are peeled.
Consider the subtree G, = (Fy, Vi, E,) rooted at u defined as follows: G, is the maximal connected
subgraph of G that includes u, but not a. Using Lemma [B] on this sub-tree and reasoning as
above, we have t,, < [log, |[V,|] < [logs |V]].

As at least one factor node in the unicycle is peeled in round ¢,, we must have that J;, is a
tree or forest, which by Lemma [B.1] can be peeled in at most [log, |V|] additional iterations, since
the number of variable nodes in the J;, is at most |V|. Thus, Tt(G) < t, + [logy |V|]. Combining
these two inequalities yields

Te(G) < ty + [logy [V]] < 2[logy [V]].
O

Proof of Lemma 53 The lemma can be derived from known results (see, e.g., [AN72]), but we find
it easier to provide an independent proof.
We use a generating function approach to prove the bound

P [Zr > (89)] < 2exp(~C(8/2)7). (75)

Equation (B3] follows (eventually for a different constant C') via union bound.
Define f(s) = E[s%1] = >0 sbj. By assumption, it is clear that f(s) is finite for s €
(0,1/(1 = 6)). Define f®(s) = E[s%] for t > 1 (so that f(s) = f(V(s)). It is well known that
FOs) = F(F7(s)) (76)

for 7 > 2. It follows that f®)(s) is finite for s € (0,1/(1 — §)), and all 7 > 2.
By dominated convergence f is differentiable at 0 with f’(0) = 6. Hence there exists g > 0
such that, for all € € [0, gg]

f(l+¢e) <14 20¢ (77)

By applying the recursion (76) and the fact that f is monotone increasing, we obtain, for all
e € [0,e0] obtain

FfDA+e) <14 (20)7e. (78)

In particular setting e = £0/(26)7, we get fT)(14¢) <1+¢p < 2.
Finally, by Markov inequality,

P{Zr > (80)"} < (1+2)" " fD(1 + )

9 ¢~ (80)T /2

-_— )

which concludes the proof. O
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C Proof of Technical Lemmas of Section

Proof of Lemma[61l. We prove this lemma by induction. Let Bl(t) and Bl(lt) be the result of ¢ steps

of backbone augmentation on graphs Gy and G with initial graphs BI(O) and Bl(lo) respectively. By

assumption Bl(o) C Bl(lo). Now assume Bl(t) C Bl(lt). It is enough to show that if a € BI(HI)\Bl(t)
then a € Bl(fﬂ). Since a € Bl(tﬂ)\Bl(t), we know that a € G and has at most one neighbor outside
of Bl(t). By induction assumption Bl(t) - Bl(lt) and therefore a has at most one neighbor outside

Bl(t). Hence, either a € Bl(lt) or it is added to BL(IOO) at step t + 1. O

Proof of Lemma[G4. Define f(x) = 1 —exp{—kax*~1}. It follows immediately from the definition
of aq(k), that, for @ > aq(k) , @ > 0 for with f/(Q) < 1. Furthermore, a straightforward calculation
yields

£(Q) = k(k —1)aQ* 2 exp{—kaQ"'}. (79)

It is therefore sufficient to exclude the case f’(Q) = 1. Solving the equations f(Q) = @ and
11(Q) =1, we get the following equation for @

~ (- Qlog(1 - Q) = 4 (50)

which has a unique solution Q.(k) due to the concavity of the left hand side. We can then solve
for a yielding the unique value a@ = (k) such that f(Q) = @ and f'(Q) = 1 admits a solution.
On the other hand, these two equations are satisfied at aq(k) by a continuity argument. It follows
that aq(k) = a.(k) and hence f/(Q) < 1 for all @ > aq(k). O
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