
Stat 316 - Stochastic Processes on Graphs

This course is oriented towards research in applied probability, and requires active participation from
all students attending it. Students are asked to get involved in a (small) research project by:

1. Forming a small team (ideally 2-3 students).

2. Reviewing the relevant literature on a research problem chosen from a list proposed by us, and
presenting a short overview of this material in class. These presentations, to which lectures of 4/19
and 4/21 are assigned, though only 20min long, should be pedagogical and emphasize what is of
interest to the whole class.

3. Thinking (!) independently to the problem. By ‘think’ we mean try a few approaches to solving,
or make progress on the problem. Some of these will be suggested by us, and some (hopefully) will
come from you.

The conclusions will be presented at the end of the course: you are encouraged to report both negative
(‘we tried this and did not work’) and positive ones (‘we solved the problem’).

Here is a list of eight possible topics. More details are available from us:

Pure state decomposition in the Ising model. The positively conditioned Ising measure on the
graph Gn = ([n], V ) is the following probability distribution over x ∈ {+1,−1}n:

µn(x) =
1

Z+(β)
exp

{

β
∑

(i,j)∈E

xixj

}

I(
∑

i∈V

xi ≥ 0) ,

where β ≥ 0 is a parameter. It was shown in [1] that for sequences of fraphs converging locally to regular
trees of degree k ≥ 3, the measures µn converge locally to the plus-boundary condition Gibbs measure on
the infinite k-regular tree.

We propose students to generalize this result to a broader class of locally tree-like graphs, e.g. to the
graph sequences treated in [2].

[1] A. Montanari, E. Mossel, A. Sly “The weak limit of Ising models on locally tree-like graphs”, arXiv:0912.0719
[2] A. Dembo and A. Montanari “Ising models on locally tree-like graphs”, 20, (2010), 565-592

Decay of correlation for Ising models on trees. Let T be a conditionally indepedendent random
tree with maximum degree k rooted at vertex ø (see [2] or lecture notes for a definition). Denote by
T(`) = (V`, E`) the subtree formed by the first ` generations of T and consider the Ising model on this tree

µ`(x) =
1

Z(β)
exp

{

β
∑

(i,j)∈V`

xixj +B
∑

i∈E`

xi

}

∏

i∈∂T(`)

ψ(xi) .

Here ∂T(`) denotes the vertices at the boundary of the tree T(`) and ψ sets the boundary condition,
namely ψ(xi) = I(xi = +1) for + boundary condition, and ψ(xi = +1) = ψ(xi = −1) = 1 for free
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boundary condition. Denote by 〈 · 〉`+ and 〈 · 〉`0 expectation with respect to these boundary conditions. It
is known [2] that for any B > 0 there exists constants A = A(T, B, β), b = b(T, B, β) > 0 such that

|〈xø〉+ − 〈xø〉0| ≤ Ae−b ` . (1)

We propose to try to get good estimates for A, b (in particular the latter).

1. As a warm up, we suggest to consider the case of k-regular trees T.

2. Turning to general trees, a first objective is to show that b ≥ C1(k)B
2/3 for a universal constant

C1(k).

3. A more ambitious goal would be to prove or disprove a bound of the type b ≥ C0(β,T) +C1(k)B
2/3

with C0(β,T) positive as long as β is different from a ‘critical tempreature’ value.

Non-reversible Glauber-like dynamics. Given a graph G = (V = [n], E), consider the following
irreducible Markov chain on {+1,−1}V . Given the current configuration x, the Markov chain generates a
new configuration as follows. Pick a uniformly random vertex i ∈ [n], and flip xi to the value taken by the
majority of its neighbors with probability (1 − ε) and to the opposite value with probability ε. In case of
tie, flip xi to a uniformly random value in {+1,−1}. We assume ε ∈ [0, 1/2]

To be concrete, consider a sequence of random regular graphs Gn, with degree k. The objective of this
project is to prove that

1. If ε ∈ [0, ε1(k)) the mixing time is with high probability polynomial in n,

2. If ε ∈ (ε2(k), 1/2] the mixing time is with high probability exponential in n,

with ε1(k) as large as possible, and ε2(k) as small as possible. A natural conjecture, which is more difficult
to verify, is that it is possible to do so for ε1(k) = ε2(k).

Spin glasses with correlated couplings. A generic spin glass model is given by the (random)
Boltzmann distribution

µ(x) =
1

Zn(β, h)
exp

{

β
∑

(i,j)

Jijxixj + h
n

∑

i=1

xi

}

. (2)

over x ∈ {+1,−1}n, where the Jij are random variables and Zn(β, h) is a normalization constant. Of
interest is the free entropy density

φ(β, h) ≡ lim
n→∞

1

n
logZn(β, h) . (3)

Mathematically rigorous studies have been confined mostly to the case of iid couplings Jij . On the other
hand, physicists have considered various cases of correlated couplings. We propose to apply mathematical
techniques to examples of this type. In particular we are interested in the case J = ODOT for D diagonal
of i.i.d. entries, taking the values ±1 with equal probability and O a random orthogonal matrix distributed
according to the Haar measure.

The objectives would be:
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1. Consider the case h = 0 and compute the expected partition function E{Zn(β, h)} to leading expo-
nential order.

2. Use the second moment method, plus the above calculation. Does this allow to compute φ(β, 0) for
β small enough?

3. Conjecture the value of φ(β, h) and investigate the possibility of proving interpolation formulae a la
Guerra.

[3] M. Talagrand, “ Spin Glasses, a Challenge to Mathematicians,” Springer, 2003
[4] R. Cherrier, D. S. Dean, A. Lefèvre, “The role of the interaction matrix in mean-field spin glasses”
Phys. Rev. E 67, 046112 (2003) arXiv:cond-mat/0211695

Spin glasses with correlated couplings: TAP equations. Within the context of the previous
project, can you conjecture some form of mean field (TAP) equations and maybe also prove them? (Assume,
for instance, concentration of the overlap.)

If this is too hard, consider the case of Jij = n−1/2Zij + n−1Y , with Zij and Y standard i.i.d. normal
variables.

[5] G. Parisi, M. Potters, “Mean-field equations for spin models with orthogonal interaction matrices”,
1995 J. Phys. A: Math. Gen. 28 5267

The Hopfield model. The Hopfield model is a simple model of associative memory, introduced by
John Hopfield in 1982. It stores patterns {ξ1, . . . , ξp}, where ξk = (ξk

1 , . . . , ξ
k
N ) ∈ {+1,−1}n is a vector, in

the matrix

Jij =
1√
pn

p
∑

k=1

ξk
i ξ

k
j . (4)

The idea is that patterns can be retrieved by looking for local minima of the energy function E(x) ≡ −xTJx,
ehre x ∈ {+1,−1}n. For instance if p = 1, E(x) = −(ξTx)2 has its unique minima at x = ±ξ.

In studyng the properties of this energy function, it is convenient to consider the Boltzmann measure
(2) with the Jij defined as above in terms of patterns. The case of iid patterns, whereby each entry ξk

i is
an independent Bernoulli(1/2) random variable has been intensively studied.

We propose students to check whether the interpolation method allows to bound the asymptotic free
entropy also in this case. As a first step one can try to prove that in the limit of a large number of patterns,
the Sherrington-Kirkpatrick (SK) free entropy is recovered. More precisely, we suggest to define λ = p/n
and consider the limit λ→∞ after n→∞. This limit can be studied by interpolation between Hopfield
and SK model.

[6] J. Hopfield, “Neural networks and physical systems with emergent collective computational properties”,
Proc. Natl. Acad. Sci. USA, 79 (1982) 2554
[7] M. Talagrand, “Exponential inequalities and convergence of moments in the replica-symmetric regime
of the Hopfield model,” Ann. Probab. 28 (2000), 1393-1469
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l-XORSAT: Structure of the space of solutions. The term XORSAT refers to the random linear
system

Hx = b , mod 2 , (5)

where H is an m × n binary matrix, b ∈ {0, 1}m is a binary vector and we define α ≡ m/n. We are
interested in the l-XORSAT ensemble whereby b is uniformly random and H is uniformly random subject
to having exactly l ≥ 3 ones per row. (Slight variants of this ensemble can also be considered to simplify
calculations.)

Let S ⊆ {0, 1}n denote the (random) set of solutions of this linear systems and consider the graph G
whose vertex set is S and under which two vertices x, x′ are connected by an edge if and only if their
Hamming distance is smaller than δ(n). It is known (cf. [8], Chapter 17, and references therein) that
there exists αd(l) such that for any α > αd(l) and any δ(n) = o(n), the graph G is with high probability
disconnected.

We propose to investigate whether αd(l) is indeed the threshold for connectedness of G:

1. As first step, try to prove that there exists α∗(l) > 0 such that, for any α < α∗(l), there exists
δ(n) = o(n) such that G is with high probability connected.

2. The final objective is to show that the above holds with α∗(l) = αd(l).

[8] M. Mézard and A. Montanari, Information, Physics, and Computation, Oxford University Press, 2009

XORSAT on irregular graphs. Consider again the l-XORSAT model, with l ≥ 3 and ask whether
the linear system (5) admits any solution. It has been proven that there exists αs(l) such that, for α < αs(l)
a solution exists with high probability, while, for α > αs(l), there is no solution with high probability.

The proof was done for l = 3 in Ref. [9], and generalized to l ≥ 4 in [10]. The objective of this project
is to further generalize this result. More precisely, we suggest to consider a model in which for each row of
H, we choose K ≥ 2 at random with distribution pk = P{K = k}. The row is then generated by placing
K ones uniformly at random in the row. For which distributions {pk} can you estabilish an analogous
threshold phenomenon?

[9] O. Dubois and J. Mandler, “The 3-XORSAT Threshold”, FOCS 2002
[10] M. Dietzfelbinger, A. Goerdt, M. Mitzenmacher, A. Montanari, R. Pagh, M. Rink, “Tight Thresholds
for Cuckoo Hashing via XORSAT”, preprint, 2010
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