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Proposition 1:  In the exploding offer treatment, when firms and applicants are all risk 

neutral, there is a perfect Bayesian equilibrium with efficient late matching. At this 

equilibrium, in period 7 firm j makes an exploding offer to the applicant of quality j+1, 

who accepts that offer.  

 

Proposition 2:  In the Open offer condition, there is a perfect Bayesian equilibrium with 

efficient late matching in which firm j matches to the applicant of quality j+1. 

   

Proposition 3:  In the Renege condition, there is a perfect Bayesian equilibrium with 

efficient late matching. At this equilibrium, in period 9, firm j makes an exploding offer 

to the applicant of quality j+1, who accepts that offer.  

 
Proofs of Propositions: 
 
To facilitate the presentation of the equilibrium strategies, we first introduce some 

notation. 

 Let σ be a permutation on (1,2,3,4,5,6), with ))6(),..,2(),1(( σσσσ = , where 

)(iσ  is the quality of applicant i, and let S be the set of all such permutations σ .  

 Let ]1,0[: →Sp s.t. ∑ =
σ

σ 1)(p  be a probability distribution over all possible 

outcomes, and let P be the set of all such probability distributions.  

                                                           
1 Muriel Niederle: Department of Economics, Stanford University, http://www-
econ.stanford.edu/~niederle, and Alvin E. Roth:  Department of Economics, Harvard University, and 
Harvard Business School, http://www.economics.harvard.edu/~aroth/alroth.html. 
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At any period 1≤t≤6 let is be the sum of all signals that applicant i has received so 

far, is− the unknown signals the other applicants received, and let r be the remaining 

signal vector all applicants receive by period 7, so s+r is the sum of the signals, which 

determines relative quality. 

 If at period t applicant i already has signals is , the probability distributions on 

quality that are still feasible are Pp is ∈  such that 0)( >σisp  if and only if there exist is− , 

r such that jjkk rsrsjkjk +≥+⇒>≤≤∀ )()(:6,1 σσ . Let isP be the set of all such 

feasible probability distributions over outcomes isp . Let isPq∈  be the applicants’ 

subjective belief about the distribution over outcomes. 

For each player i let ∑
=

=
xi

x pip
)(:

)()(
σσ

σ be the probability that applicant i has 

quality x and let and  ∑
=

=
xi

x qiq
)(:

)()(
σσ

σ be applicant i’s beliefs about these probabilities. 

Let MF be the set of firms that are already matched and let )( jm be the quality of 

the applicant matched to firm j. 

 
 

Proof of Proposition 1 (late equilibrium in the exploding offer condition): 

To specify the equilibrium we need to specify not only the strategies of the 

players, but also their beliefs at all information sets. 

Firms and applicants believe that all unobserved offers are exploding offers, that 

is, they believe that no applicant holds an offer, and that all unmatched firms are able to 

make an offer.  

At all information sets before period 7 in which no firm is matched, and at all 

nodes in period 7-9, the strategies of firms and applicants call for them to behave as 

follows: 

In period t<7, no firm j makes an offer. 

In periods 7, 8 and 9 the k-highest unmatched firm makes an exploding offer to 

the k-highest unmatched applicant.  

The applicant holds the highest of all open offers he receives, and, in case he did 

not accept an exploding offer before, accepts the highest available offer in period 9. 
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In period 7 and 8, the (unmatched) applicant of the k-highest quality among all 

unmatched applicants, accepts any exploding offer from a firm whose quality is equal to 

or higher than the k-highest unmatched firm, and in case of receiving multiple offers 

accepts the highest one as long as he does not hold an open offer from a higher quality 

firm. 

In periods t<7, suppose applicant i has received signals is  so far and receives an 

exploding offer from firm j. The applicant believes that he is the only applicant to receive 

an offer, and that rejecting the offer has no impact on other applicants’ behavior, as 

rejected offers are private information. The applicant forms as “favorable” beliefs as 

possible over the probability distribution of future qualities, and hence his expected 

payoff from rejecting the offer, that are consistent with receiving an offer from firm j. If 

there is no chance that firm j can do better by matching to applicant i than to wait for 

period 7 and match to the applicant of quality j+1, that is if 

φσσ
σ

=
⎭
⎬
⎫

⎩
⎨
⎧

+>∈ ∑ )1()()(: 1 jjjipandPpp s  then the applicant forms beliefs 

⎭
⎬
⎫

⎩
⎨
⎧

∈−−= ∑ ii s

p

s Ppjiipq |)1)()(()(maxarg
σ

σσσ , which maximize the difference 

between the expected profit of waiting and receiving in period 7 an assortative match, 

that is receiving )1)()(()( −∑
σ

σσσ iip  and accepting firm j’s offer and receiving 

∑
σ

σσ jip )()( . If φσσ
σ

≠
⎭
⎬
⎫

⎩
⎨
⎧

+>∈ ∑ )1()()(: 1 jjjipandPpp s  the applicant forms 

beliefs 
⎭
⎬
⎫

⎩
⎨
⎧

+>∈−−= ∑∑ )1()()(|)1)()(()(maxarg jjjipandPpjiipq ii s

p

s

σσ

σσσσσ . The 

applicant accepts the offer when ∑ ∑ −>
σ σ

σσσσσ )1)()(()()()( iiqjiq ii ss , otherwise he 

rejects the offer. 

Suppose there is a match in period t<7. We assume that all unmatched firms and 

applicants believe that there are no outstanding open offers they are not aware of. The 

game consisting of the remaining firms and applicants starting from their current 
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information2 has at least one perfect Bayesian equilibrium, and we assume that players 

use the strategies of one of these for every such continuation game. We do not need to 

specify these strategies exactly (beyond that they are equilibrium strategies), because 

these strategies do not affect the payoffs of the firms and applicants who have deviated 

by matching, and hence do not affect whether they find it profitable or not to deviate. 

 We now verify that these strategies form a perfect Bayesian equilibrium.  

Along the equilibrium path, all firms j make an offer in period 7 to the respective 

applicant of quality j+1. A firm j cannot profitably deviate by making an offer to j+2, or j, 

and applicant i of quality j+1 cannot profitably deviate by rejecting firm j’s offer. 

Along the equilibrium path: Assume all firms are still unmatched, and workers 

and firms believe that no applicant holds an open offer from a firm. Can firm j profit from 

deviating, by making an early exploding offer in period t<7 to applicant i who has 

probabilities )(ipx  to be of quality x? This is profitable for firm j only if 

)1()(
6,..,1

+>⋅∑
=

jjipj
x

x . 

To verify that applicant i’s best response is to reject such an offer (and hence 

assure that in equilibrium no firm finds it profitable to deviate and make an early offer), 

we need to find beliefs )(iqx  for applicant i such that he prefers to reject the offer and 

wait, i.e. ∑∑ ⋅−<⋅
x

x
x

x iqxxiqj )()1()( , subject to )1()(
6,..,1

+>⋅∑
=

jjiqj
x

x  (that is the 

applicant believes that firm j has not made a mistake by making an early exploding offer) 

and isPq∈ , that is beliefs q are feasible given applicant i’s signal is .  

We will show that such beliefs exist by showing at the same time that this perfect 

Bayesian equilibrium does not hinge on the applicants not knowing the true probabilities 

of being of various types, that is not observing the vector of signals s. Specifically, we 

show that, along the equilibrium path, when all firms jk ≠ play according to their 

strategies, there is no nontrivial probability distribution over applicants’ qualities (i.e. 
                                                           
2 To be precise, the information sets starting at period t+1 are not singletons, so the continuation of the 
game is not a subgame.  But consider an auxiliary game G(t), derived from the path of play in the original 
game in which there is a match at period t<7.  The players in the auxiliary game G(t) are all those players 
who are not yet matched by period t.  The game G(t) begins at period t, and for that period only, firms may 
only make open offers.  From period t+1 onward, the rules of the auxiliary game are those of the original 
game (i.e. both open and exploding offers may be made).  Then the continuation strategies of the remaining 
(not yet matched) players in the original game are precisely equal to the strategies of players in the 
auxiliary game holding the same open offers. 



 4

such that 1)(0 << ipx  for some 61 ≤≤x ), such that it is profitable for both the firm and 

applicant to deviate, that is the firm to make an early offer and the applicant to accept it. 

► For a risk neutral firm j it is profitable to make an early offer (that is accepted) to 

applicant i of probabilities )(ipp xx =  to be of quality x whenever: 

)1(65432 654321 +≥+++++ jjjpjpjpjpjpjp               (F) 

The (risk neutral) applicant i with probabilities )(ipp xx =  to be of quality x, prefers to 

accept firm j’s offer whenever 

.65432
56453423120

654321

654321

jpjpjpjpjpjp
pppppp

+++++
≤⋅+⋅+⋅+⋅+⋅+

                      (A) 

 

We now show, for each firm j that (F) and (A) can only be fulfilled if 1)(1 =+ ip j , as long 

as no applicant is yet matched. 

It is clear that when j  = 5, (F) cannot be fulfilled unless 6p =1.  

 For j = 4:  

Inequality (A)  is  
.46454443424

5645342312

654321

65432

⋅+⋅+⋅+⋅+⋅+
≤⋅+⋅+⋅+⋅+⋅
pppppp

ppppp
 

         ⇔    .44664 64321 ppppp +−−−≥  

Inequality (F) is  202420161284 654321 ≥+++++ pppppp      

We use that ∑ =
i

ip 1 and obtain 64321 234 ppppp +−−−≤ . 

Combining (A) and (F) implies: 05343 6432 ≤+−−− pppp  

Which implies that 0551015 6432 <+−−− pppp  if 0>ip  for at least one i of {2,3,4}. 

The last strict inequality, with (F) delivers that 020 1 <p : contradiction. 

If 0=ip  for  i =2,3,4, then the combination of (A) and (F) imply that 06 =p , which 

using (F) implies that 01 =p  that means .15 =p  

 For j = 3:   

Inequality (A)  is 
.181512963

5645342312

654321

65432

pppppp
ppppp

+++++
≤⋅+⋅+⋅+⋅+⋅

 

         ⇔    .125343 65321 ppppp ++−−≥  
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Inequality (F) is 12181512963 654321 ≥+++++ pppppp      

We use that ∑ =
i

ip 1 and obtain 65321 223 ppppp ++−−≤ . 

Combining (A) and (F) implies: 052 6532 ≤++−− pppp  

Which implies that 022 6532 <++−− pppp  if 0>ip  for at least one i of {2,5,6}. The 

last strict inequality, with (F) delivers that 03 1 <p : contradiction. 

If 0=ip  for  i =2,5,6, then (F) implies that 13 0 pp == , which means .14 =p  

For j = 2:  

Inequality (A)  is  
.12108642

5645342312

654321

65432

pppppp
ppppp

+++++
≤⋅+⋅+⋅+⋅+⋅

 

         ⇔    .1810422 65421 ppppp +++−≥  

Inequality (F)  is  612108642 654321 ≥+++++ pppppp      

We use that ∑ =
i

ip 1 and obtain 65421 322 ppppp +++−≤ . 

Combining (A) and (F) implies: 01583 6542 ≤+++− pppp  

Which implies that 032 6542 <+++− pppp  if 0>ip  for at least one i of {4,5,6}. The 

last strict inequality, with (F) delivers that 02 1 <p : contradiction. 

If 0=ip  for  i =4,5,6, then (F) implies that 12 0 pp == , which means .13 =p  

For j = 1:  

Inequality (A)  is  
.65432

5645342312

654321

65432

pppppp
ppppp

+++++
≤⋅+⋅+⋅+⋅+⋅

 

         ⇔    .241583 65431 ppppp +++≥  

Inequality (F)  is  265432 654321 ≥+++++ pppppp      

We use that ∑ =
i

ip 1 and obtain 65431 432 ppppp +++≤ . 

Combining (A) and (F) implies: 0201262 6543 ≤+++ pppp  

Which implies that 0=ip  for  i =3,4,5,6, then (F) implies that 01 =p , which means 

.12 =p  ◄         
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Proof of Proposition 2 (late equilibrium in the Open offer only condition): 

 The strategies and beliefs are as follows: 

In period 7, 8 and 9, firm j, the k-highest unmatched firm makes an offer to the k-

highest unmatched applicant. Firms believe that no other firm makes or made an open 

offer to that applicant. 

• In periods t<9 applicants hold the best offer they receive and in period 9 

accept the best available offer.  (Applicants can accept the offer of the 

highest remaining firm as soon as they receive it, specifically, they can 

accept the offer of firm 5, the highest quality firm, in period t<9.)  

Since offers are private, holding the best offer is always (weakly) better than 

accepting or rejecting it.  

No firm has an incentive to make an early offer, as an applicant will simply hold any 

early offer, and accept it only if she didn’t receive a better offer. This means, the firm will 

be matched with the applicant only if the applicant is of the quality the firm would make 

an offer to in period 7 anyway, or, of worse quality, in which case the firm is strictly 

worse off. 

Firm j, the j-highest remaining firm in period 7, cannot gain by making an offer in 

period 7 to an applicant who is of a quality higher than the j+1 remaining applicant, as the 

applicant will receive a better offer in period 7. ◊ 

 
 

Proof of Proposition 3 (late equilibrium in the Renege condition): 

We introduce a bit more notation for the equilibrium strategies of proposition 3, to 

define to which applicant each unmatched firm should make an offer at every information 

set in period 9. Each unmatched firm should make an offer to the correspondingly ranked 

unmatched applicant, or the highest ranked matched worker who would renege on his 

previous acceptance and accept the firm’s offer (given the other offers made 

simultaneously). 

Let }6,...,2,1{\: =→CFFof M  be the offer function defined by the following 

algorithm: 

 If firm MFF \5∈ let }}6,5,4,3,2,1{:max{6)5( =∈== Cccof and let 

}6{\4 CC = , if MF∈5 let )}5({\4 mCC = . 
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 In general, given kC , for the firm of quality k the algorithm is: If firm 
MFFk \∈ let }:max{)( kCcckof ∈= and let )}({\1 kofCC kk =− , if MFk ∈ let 

)}({\1 kmCC kk =− . 

 The algorithm stops at firm 1, and each firm in MFFf \∈ is assigned an 

applicant who is either unmatched or matched to a lower quality firm.  

Let 
MFg  be the generalized inverse offer function extended to matched as well as 

unmatched firms, that is }0{}6,...,2,1{: ∪→= FCg
MF  such that, given MF ,  

)()( 1 cofcg
MF −=  for )\( MFFofc∈ , fcg

MF =)(  if cfm =)( , )\( MFFofc∉ and 

MFf ∈ , and 0)( =cg
MF for ( ))()\( MM FmFFofc ∪∉ . 

 

The beliefs and strategies that constitute this equilibrium are as follows: 

Firms and applicants believe that all unobserved offers are exploding offers, that 

is, they believe that no applicant holds an offer, and that all unmatched firm are able to 

make an offer.  

In period 9, the unmatched firm j among all the unmatched firms MFF \  makes 

an exploding offer to the applicant of quality )( jof  as prescribed by the offer function of. 

In periods t<9 firms do not make offers. 

The applicant holds the highest of all open offers he receives, and, in case he did 

not accept an exploding offer before, accepts the highest available offer in period 9. 

In period 7 and 8, the applicant of quality c accepts any exploding offer from a 

firm whose quality is equal or higher than )(cg M  (whether he is already matched or not), 

in case of receiving multiple offers he accepts the highest one. 

In periods t<7, suppose the applicant has received signals is so far and receives an 

exploding offer from firm j. The applicant believes that he is the only applicant to receive 

an offer, and that rejecting the offer has no impact on other applicants’ behavior, as 

rejected offers are private information. Given the set of matched firms MF , the applicant 

forms beliefs ii ss Pq ∈ , so as to maximize the difference in expected payoff from 

accepting the offer and rejecting the offer, that is isq maximizes, subject to isPp∈ ,  
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⎥
⎦

⎤
⎢
⎣

⎡
−⎥

⎦

⎤
⎢
⎣

⎡
−= ∑∑ ∪ ))(()()())(/1))((,max()()( }{

σσ

σσσσσσσ igipiigjipQ
MM FjF . The 

applicant accepts the offer if 0≥Q and rejects it otherwise. 

 

 Given MF , s and hence p we show that firm j has no incentive to make an 

exploding (or open) offer to applicant i, which the applicant would accept. (The firm 

knows whether the applicant would accept, and there are no incentives to make offers 

that are rejected.) If firm j makes an early offer that is accepted, the expected payoff is 

∑
σ

σσ jIip )()( where 1=I  if ))}((,max{ }{ igjj jF M

σ∪= and 0 otherwise and where 

}{ jF M

g ∪ depends onσ . 

If firm j does not make an early exploding or open offer (and no other firm does), then 

the expected payoff is ∑ ⋅
σ

σ )()( jofjp , where of is the offer function, which depends 

on σ . 

 There are 3 possible outcomes: 

 1. )()( jofi =σ . Then firm j is simply indifferent between hiring early or late. 

 2. )()( jofi <σ . Then ))}((,max{ }{ igjj jF M

σ∪= and firm j remains matched to 

)(iσ  and is strictly worse off from making an early offer. 

 3. )()( jofi >σ . Then there exists a firm k such that )()( kofi =σ , firm k will 

make an offer to applicant i in period 9, the applicant will renege and firm j will be 

unmatched, so, firm j is strictly worse off from making an early offer. 

Therefore, firm j has no incentive to make an early offer. 

 Furthermore, in periods 7 or 8, firm j has no incentive to make an offer to an 

applicant of quality lower than )( jof , but also not to an applicant of quality higher than 

)( jof , as then in period 9 the firm expects the applicant to renege on the acceptance and 

hence to be strictly worse off. 

The strategies of the applicants are also a best response given their beliefs. ◊ 

 

 


