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A formal proof of the equivalence theorem is given which reveals its more precise
meaning: the renormalized theories are equivalent. The same approach is used to
prove the gauge invariance of renormalizable gauge theories which admit a gauge-
invariant regularization: the massless Yang-Mills field and the Yang-Mills field
with spontaneous symmetry breakdown. In these models the dependence of the
Green’s functions and of the renormalization constants on the gauge condition is
investigated and it is proved that the physical masses, the renormalized coupling
constants and the physical, renormalized S-matrix do not depend on the selection

of gauge.

1. INTRODUCTION

In this paper we investigate the equivalence theorem
and the gauge invariance in Lagrangmn field theories.
These questions have a long h1story , but in spite of
this have not been solved until now. A rlgorous result,
namely the Borchers theorem, has so far found no ap-
plicability in the framework of Lagrangian field theory.

The basic defects of the known formal ‘‘proofs’’ of
the equivalence theorem are that in all of them one
compares and asserts the equivalence of unrenormal-
ized quantities, whereas one should compare renormal-
ized quantities. In addition to the physical considera-
tions there are also mathematical reasons for requir-
ing this; owing to the divergences in the Lagrangian
field theory the unrenormalized quantities simply do
not exist.

The same objections are applicable to the proofs of
gauge invariance of models of gauge vector fields! ] in
particular, of quantum electrodynamics. Of partlcular
importance is the problem of proving gauge invariance
in connection with the construction of renormalizable
models of massive vector particles[3], in which the
mass of the vector particles appears as a result of
spontaneous breakdown of gauge invariance of models
of the Yang-Mills type.

Such models have more chances to be physical than
models which describe massless particles, and for
these models one should give as rigorous as possible
proofs of the gauge invariance.

The apparently most correct proof of the gauge in-
variance of quantum eiectrodynamlcs Y jg contained in
the paper of Bialynicki- -Birula'* , where it is shown that
the renormalized scattering matrix elements do not
depend on the gauge. We would like to note that in that
paper it is in fact assumed without verification that the
physical mass of the electron is gauge-independent.

In the case of a neutral gauge vector meson with
spontaneous symmetry breakdown, where it is neces-
sary to verify the gauge-independence of the masses of
all physical particles and of the renormalized coupling
constants, the proof (which is of course applicable to
ordinary quantum electrodynamws) is given in the paper
of Fradkin and Tyutm

In the present paper we propose a method of proof
of the equivalence theorem (and of gauge invariance as
a special case of that theorem), which will allow us to
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verify the equality of all the physical quantities (masses.

renormalized coupling constants, matrix elements).
Essential use is made of the hypothesis that the struc-
ture of the Green’s function in a theory is determined
by the diagram series of perturbation theory.

As an illustration of the method, Section 2 considers
the proof of the independence of physical quantities on
the selection of the field variables ¢ or ¥, related by
¢ = F(9), in a theory of a scalar field described by an
arbitrary Lagrangian L(8p¢, ¢). The proof is formal
in the sense that it is carried through in the unregular-
ized theory for fixed unrenormalized constants. Never-
theless the discussion allows to demonstrate clearly
(with the exception of the scheme of the proof) that only
renormalized theories can be equivalent, and that.the
proof will be rigorous if in both formulations the theory
will not contain any divergences.

The last condition is satisfied for model gauge
theories when they are formulated in different (at least
covariant) gauges. The regularization procedure pro-
posed by Slavnov'® is gauge-invariant and gauge-inde-
pendent. This allows one to compare the formulations
of the theory in various gauges, before removing the
regularization.

In Sec. 3 we discuss the theory of a massless Yang-
Mills field for a class of gauges which comprises all
the known ones. It is shown that the mass of physical
states (defined in that section) does not depend on the
gauge and vanishes, and that the scattering matrix ele-
ments of the renormalized theory do not depend on the
gauge. We also prove that the renormalized coupling
constants may be considered independent of the gauge,
so that the theory remains gauge-independent even
after removing the regularization. We also derive a
useful relation between the renormalization constants
of the fermion and meson fields. In all the discussions
we ignored the difficulties related to infrared diverg-
ences, assuming that these will be overcome in the
future.

A completely analogous discussion is carried
through in Sec. 4 for the case of the model of a Yan%
Mills field with spontaneous symmetry breakdown!
covariant gauges. The gauge-independence of the
masses of physical states, of renormalized coupling
constants and of the renormalized physical S-matrix
are verified.

In carrying out the proof in Secs. 3 and 4 we have
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omly used the property of gauge invariance of the
Lagrangian of the theory. Therefore we have not
written out explicitly the part of the Lagrangian which
eorresponds to the regularization. The regularization
scheme as well as the construction of the generating
fanctional by means of the canonical quantization pro-
cedure in the presence of regularization are given in

Appendix 2.

Finally, we note that the considerations of Secs. 3
and 4 show directly that the parameters of unphysical
states (e.g., their masses) depend explicitly on the
gAuge.

2 THE EQUIVALENCE THEOREM

This section contains a formal proof of the equiva-
ience theorem, the content of which, as is well-known
consists in asserting that a theory does not change
mnder a substitution ¢ — F(¢) of the fields. This ex-
ample will demonstrate the basic idea of the proof,
which will be used in the two following sections. In ad-
dition it will be seen that quantum field theory leads
maturally to the equivalence of renormalized models®

J

We consider a model described by the Lagrangian
Z
“ 2 g 1)
L{ 5 (0.9)", Z rp}-

The constant Z is chosen in such a manner that the
propagator of the ¢-field has a residue of one at its
pole. Thus, ¢ is a renormalized field. We construct in
the usual manner the Hamiltonian

=

1= Gy ] S oy =gy )
—L(z,y), —0)", :

H=np— L. (3)

We assume that the theory has the usual structure in
the sense that the asymptotic fields are described by
the free Lagrangian or Hamiltonian of the usual form

L.=_1.a“q)(°'auq)(°)_12cp(0)2 H‘):Ln(n)z _(a (P(O)) + (P(o)z
2 2 ’ 2 2

: ()
where m is the physical mass of the ¢-field. We
transform to the interaction picture

H.-,,'(:I'IZ("), (P(n)) = H.(n(o)' q)(n)) —Hn(n“’), q)(o)); (5)
in (5) H(7'?, ¢'?) depends functionally on 7‘® and ¢'®
in the same manner as the Hamiltonian in (3) depends
on m, ¢. We further determine the expression® for the
generatmg functional W of the Green’s functions:

W= <O T» exp{— i J‘dz(H,-,.‘—tp‘")J) }I 0>

= exp{—i_[ dﬁHﬁm{%q%}}<0 Ty exp{i jd.t(n‘“‘& + @) } l 0> I

_e"p{_‘jd’;ﬂ‘"‘{ 708’ zaJ}}jd“’d“ex‘p{ Jastae - Halo, ) 7%

+ol) } | = J"dn Foo {i { dz(np - Hx, q))-l-q)l)}. (6)

The transition from the second row to the third one in
Eq. (6) is easily verified by direct calculation. We
would also like to point out that in the present paper we
consider the functional expression for W as an ab-
breviation of the results obtained in perturbation
theory. The validity of all the transformations carried
out below on the functional expression can be justified
in perturbation theory. It is however important that the
use of the functional expression allows one to trivialize
clumsy and often obscure algebraic manipulations
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which one would have to perform directly on the dia-
grams of the perturbation series.

We perform in (6) the substitution
Zho g, (7)
Here 7' and ¢’ are the unrenormalized canonical mo-
mentum and field, H(7', ¢’) is the unrenormalized
Hamiltonian, constructed from the unrenormalized
Lagrangian, and the expression for the generating func-
tional goes over into the expression constructed for the
unrenormalized theory, but with the source introduced
for the renormalized field. It will be convenient, al-
though not required as a matter of principle, to work
with just such an expression for the generating func-
tional:

Z-n >

W= J.dn d(p.exp{i J‘dz(n({;*H(ﬂ, ‘P)+Z_V’(PJ)'} 5 (8)

where in (8) and everywhere below we shall not indicate
explicitly that the Hamiltonian (or Lagrangian) is con-
structed in the framework of the unrenormalized theory.

We now consider the model described by the
Lagrangian

Li(:0,08,0, ) = L{/:3.9 (%) 0.5 (), @ () }. 9)

The Lagrangian L, is obtained from L by means of
the substitution

e=0(p) = +7(p), (10)

where the expansion of the function f starts with its
quadratic term. The corresponding generating func-
tional has the form

W= [anyapexp{tf de(up— minow)+2" o}, (A1)

where the renormalization constant of the wave function,
Z,, is in general different from the renormalization
constant Z.

We carry out in (6) the change of integration vari-
ables
ap

[i2nd ﬂ(ﬂ‘y, ‘p)= Ty ——

" (12)

Eq. (12) is a canonical transformation from the theory
(1) (with ZY%¢ — @) to the theory (9). Under this
transformation H(w, ¢) = (nw, ¥) the Jacobian equals
one, and, as is easily verified, n¢ = 771/)4’ Thus,

W= fanaexp{i [ dz(oip - (s, w2z}, (13)

P = o(¥),

We see that (13) differs from (11) only in the source
term. The functional derivatives of (13) with respect
to J are, as before, the Green’s functions of the
theory (1).

We consider the structure of the propagator of the
field ¢, which is a consequence of {13):

Cp(x)o(y)> = P ()b () >+ <F (W (2) )b ()
FP () F (P () + F (@) Flp ()

{...) denotes the vacuum expectation value of the T-
product of the corresponding operators; the index 1 in
the right-hand side of (14) denotes that the correspond-
ing quantities are computed within the framework of
the theory (9).

(14)

The right-hand side of (14) can be represented in the
form of the following diagrams (i.e., in the form of an
expansion with respect to the propagators and vertex
functions of the y-fields):

R. E. Kallosh and I. V. Tyutin 99



(15)

; + &0 - 5
%+@

It can be seen that the right-hand side of (14) has only
a first-order pole, for which the position coincides with
the position of the pole of the propagator Dy of the ¢-
field. This implies that the position of the pole of the
propagator D¢ of the ¢-field (the left-hand side of (14))
coincides with the position of the pole of Dy. Indeed, if
the positions of the poles of D¢y and Dw would not coin-
cide, an infinite series of multiple poles would appear
in the right-hand side of (14), but this does not happen,
as we saw. This important result means that the mass
of the field does not change under the substitution (10),
but was obtained with fixed bare constants, i.e., without
taking into account the need to regularize the theory.

The renormalization constants of the two theories
are related by the following equation

Z=Z,(1+T)?, (16)

where I'is the value of the vertex function

<O i
on the mass shell of the ¥-field. ’

We consider the scattering matrix elements ob-
tained from the Green’s functions

Gy (21 v i) = Spl@)...qlza)? (18)

by multiplication (in momentum space) by (p; — m®)...
(pp - m°) and taking the limit p; ~ m® — 0; pj is the
momentum corresponding to the i-th field operator, m
is the physical mass of the field ¢ (and also of ¥).
Eq. (13) yields an expression of G{}; in terms of the
Green’s functions of the field ¥ in the following form:

Gy (21, 20) = <@ (9 (2)) ... @ (P (2) ). (19)

The right-hand side of Eq. (19) has the following dia-
grammatic structure:

S R oA O = O R
N 1

In Eq. (20) we have explicitly drawn only those lines
which are connected to the field @(¥(x;)). M represents
the n-point Green’s function of the ¥-fields without ex-
ternal lines (the amputated Green’s function). It is
clear that one-particle singularities are possible only
for diagrams of the first and second types in (20). The
diagram of the third type does not exhibit one-particle
poles (in the momentum pi). Thus, on the mass shell
the Green’s function (18) [=(19)] can be replaced by
the following:

Gl (Zye e @) lwo =1+ D) (@), P (22) > =4+ D)"Gy (7, ..., To).

(1)
It follows from (21) that if we are interested in the ex-
pression (13) only as a generating functional for Green’s
functions on the mass shell in all external lines, the
source term may be replaced by

—ipy

Z-qp ()T ~ Z- (1 + T)pJ = Z; " . (22)

Then (13) becomes exactly (11), which is the generating
functional for the Green’s functions of the field .

Thus, we obtain that the scattering matrix elements
of the renormalized fields in both theories, i.e., (1) and
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9), coincide, and this is the content of the equivalence
theorem.

We note that the proof given above for the equiva-
lence theorem generalizes to the case of arbitrary
canonical transformations of the fields ¢ and 7. We
indicate the conditions under which this proof would be
rigorous, rather than only formal. Consider a theory
describing a set of fields ¢j. Some components ¢j have
indefinite metric (regulators), so that the theory is free
of divergences. Assume that transformations of the type
(10) do not violate this property of the theory, i.e., that
the theory written in terms of the fields ¥; also does
not contain any divergences. Then as long as the regu-
larization is not removed, the proof given above has a
more than formal meaning. The removal of the regu-
larization must be carried out for fixed renormalized
charges and physical masses. It remains to be proved
that the renormalized charges in both theories may be
considered equal (for the masses we have proved it
already).

Such conditions are realized in the theory of gauge
fields, theory which will be considered in the following
two sections.

3. THE GAUGE INVARIANCE OF A MASSLESS
YANG-MILLS FIELD

Consider the theory of a massless Yang-Mills field,
described by the Lagrangian

L=—".6,G,, + reg. (23)
Guv =347 — 8,4, + Af A A (24

where fabc are the structure constants of the group G,
the transformation group with coordinate-dependent
parameters which leaves the Lagrangian (23) invariant.
The infinitesimal form of such transformations is

A (z) > A (@)= AL (@) + V() B(2), (25)
where Vﬁb is the covariant derivative:
vV (z)= 670, + LA, (z) . (26)

The generating functional for the theory of a mass-
less Yang-Mills field is constructed according to the
rules described int?!

W= jdA;‘exp{ijdx (L+%?ﬂtﬂ+A;‘J‘:)+splnD—l}
= [ ay, dlpfexp{ijdz(L+%t"t“+wl+aDa_bl ¢f+A,‘fi;‘)}. @7

In (27) ¥, is a scalar fermion field (fictitious particle),
t® is the function characterizing the supplementary
condition, which is necessary in gauge-invariant
theories for the construction of a quantum theory, the
function D is related in a certain way to 1212 we
consider the following class of supplementary conditions:

toy = BOLAL+ yndinAS,  nt= =, (28

where ny is a numerical vector. In this case the D-
function is defined as follows:

Dol = (B3, + yrmunads) V. (29}
The class of gauges (28) contains all important cases:
for ¥y =0 we obtain a generalized Feynman gauge; for
B=10 ny = Opa, ¥ —= one obtains the axial gauge A%‘
=0;for B=-y =1, ny = Byo, @ —= one obtains the
Coulomb gauge axAk = 0. J is a source only for the
physical components of A2 | which will be defined be-
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M

low. We prove that in the space of physical states the
S-matrix does not depend on a, B, y (and consequently
20t on the vector ny).

We consider the structure of the Green’s function of
the field A% :
8D, (z — y) = <As () A: (y), (30)

The tensor structure of Dy, must be composed of the
Hllowing quantities:

8w, Oy, 1.

#e separate from Dy y a part corresponding to the
‘Ensor Quy:

Dy (2)= Qud(z)+ Dy, (z), (31)
qu = Buv als (E‘ nt— 52) i (nuﬁ,é s 6,,71,,5— Rulty a— aﬂa""’z) Y (32)
9= . (33)

The kinematic structure of D;_W is constructed only
rom ny and 0y . The tensor Qup has the following
zroperties:

anuv = auouv =10} QunQur = Qm- (34)

Thaus,

QuwDoi(z) = Qud(z). (35)

= order to prove the gauge invariance of the S-matrix
%e carry out the following change of integration vari-

islies in the generatmg funct1onal W (in the first line

3% the expression (27))!%

AL (2)—~ AL (@)= 45 (2) + V) (2) B (2)

=41 @)+ [ dy W @D @) A ), (36)

Aﬂ(y)=[(ia-“ﬁwﬁ)aﬁ%%‘—nﬁ]/ﬁ(y). 37)

Without loss of generality we set in the sequel y =1.)

Making use of the Jacobi identity for 3PC e obtain
e following relation for the Jacobian of the transfor-
==z7ion (up to inessential numerical factors) to first
szder in 6 and 58

D4’ B . )
l'l'D((A) ~ —8SpInD; "'+ Splln Dyy'se — 1n D3 1. (38)

The first term in (38) is the variation of Tr In D™*

1=der the substitution (36). Since the transformation

IZ has the structure of a gauge transformation, L
T=mains invariant under such a substitution. In addition,

2det,3tg->73dxtﬂta, a=o+tba, [§=p-L63 (39)

-z final expression for the generating functional
‘zasforms to the following form:

W, s ESdA{iexp {iSdz(L+ - B BT Ju(Ap, Vﬁhgb)) o SplnD;} )
(40)
Coasidering J? in (40) to be arbitrary we obtain the
i2llowing transformation law for the Green’s functions
%=en the gauge is changed:
42(2) A2 (3))e, s = ARG >A“ W,z — i a2 (<08 + 14l @) 12)

41
X 7 (z) ‘Pl (2) A Ae y)>3,5 L ( )

(@, 1,z < b, v, y)}

== ’41) we have used the following relation for the
>rzen’s function of fictitious particles:
i (@) (Y)P(A)> = KD (2, ) P(A)>. (42)

% = introduce the notations:
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(43)
+h

<y g >=

Then the second term in (41) can be represented in
diagrammatic language as follows:

Agx\ﬁ*'ﬁﬂl_%m +dJ%\~ (44)
I Yy Y z y

The first two terms in (44) have one-particle singulari-
ties (poles) in the x coordinate; the last term has no
such singularities and can be written in the form

iSdz (T8 (2, 2) CA5.(2) A0 (9) >3, 5+ (@, a, 1 9,5, V)], (45)

where Fuu(X z) has no one-particle singularities.
From the structure of the expression (41) it follows that
the first two terms in (44) have a tensor structure com-
posed only of ny and 9. Therefore we get the follow-
ing relation (in momentum space):

Qudap (P) = Oud; 3 (p)(1 + 2T (p)), (46)
where I is the invariant function in the expansion

I =8 (Qul' + T,);

FLV has a tensor structure composed only of ny and
a,_L .

Since I'(p) has no one-particle poles, it follows from
(46) that the position of the pole in the invariant ampli-
tude dg g does not depend on & and 8. Indeed, if the
position of the pole in dg g3 would depend on the gauge
(i.e., on e, 8), then the left-hand side of (46) should
have a pole of order two. Since in covariant gauges
(a8* — o' = const., @p — 0, @ — 0)Dyp has only a pole
at the point p® = Ofa’g’m], we obtain the following im-
portant result: in an arbitrary gauge dy g has only one
pole at the point p® = 0. It is also clear from (46) that

the residues at these poles (wave function ‘‘renormali-
zation constants’’) in different gauges are related by

Z(p)s, s =(1+ 2U'(p) Z (v); 5, (47)
I(p) is the value of ['(p)at the point p® =0,

We define the following components of the field Aa
as physical components (cf. also Appendix 1):

Ay = Q4. (48)
then
(A (@) A% () ap = 6 Quuas (& — ), (49)

and the states described by the field Kﬁ are massless
particles analogous to photons. The states of the field
Kﬁ have two independent polarization vectors g‘h, i=1,
2, with the properties

BEEE -0y f8=-0.  (50)
These properties of 5;1,, allow one to rewrite the scat-
tering matrix element for physical particles (renormal-
ized with respect to the physical particles)
My (g, ) =(ZPZ(@..) @8 (). )Ta (pg..), (51)
pP=¢=...=0,

PEi=nt =0,

in the following way:
= EE. . T, (51a)
where I‘ﬁt;/-. -+ is the Green’s function of the appropriate
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number of A% fields without external lines, and
T (e )= EE)Z @) ) Qe - TN () (52)

We define jﬁ in the form (27) in such a way, as to ob-
tain the scattering matrix elements directly in the form
(51a):

Ti (2)=Z7"(0)Qudy (). (53)

We define two other polarization vectors ‘&L”i(p):
(54)

)1

8 (P = 0WE (B), Bi= Ot
where Q1) is a projection operator constructed ac-
cording to Eq. (32), but with a different vector ni!. It
is easy to check that the vectors f;if’l satisfy the rela-
{1

tion (50) with the vector n;

From the second equation (54) and from (51a)—(53)
it follows that in computing the scattering matrix ele-
ments (and also in the unitarity condition) one may use
as polarization vectors the vectors Eh corresponding to
an arbitrary vector ny, rather than to the one which
enters into the gauge condition. In particular, the most
convenient are the polarization vectors eb, of the
Coulomb gauge, corresponding to the vector ny = 04
and having a direct physical interpretation. This result
also shows that the physical states defined by us
represent indeed massless particles of helicities +1.

We consider in more detail the structure of the ex-
pression (40). An analysis completely analogous to the
discussion of (41) shows that if we restrict ourselves
to the calculation of the matrix elements for the scat-
tering of physical particles {but do not consider Green’s
functions), we can make the following substitution in
(40)

faari(al+ vy g)~ | deal (1+T @) (55)

and making use of (47) we obtain

Sdﬁg (4% + yE?) edeA{iZi""ﬁ (p) Q- (56)
The expression (58) represents a source term in the
generating functional for the scattering matrix elements

for (correctly normalized) physical particles in the
gauge o + da, 8 + 6B. Thus, it follows from (40) that the

renormalized® S-matrix in the subspace of physical
states does not depend on the gauge o, .

In the transition to the covariant gauge ap® —a'
= const., @ — 0, @B — 0 the scattering matrix element
(which does not depend on «, g) takes on the form

MP = 23 (. QuwelQur - ) i TLsan

where I'ﬁb, v . are calculated in the covariant
gauge a’, and th’e projection operators Quuy have sur-
vived, since they do not depend on a and 3. However,

the transversality properties of the vectors eh and of
the functions T3 .o/ ') it follows that in the ex-

pression (57) the tensors Q can be omitted, so that in
covariant gauges the matrix element has the usual

form

(57)

ME = Z e )T e (58)
The results obtained above reduce to the following:
in an arbitrary gauge (28) we have defined the physical
states (cf. also Appendix 1); for y # 0 an arbitrary
vector ny can be used for the construction of the
physical states; it was shown that the mass of the phys-
ical states does not depend on the gauge. In particular,
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the S-matrices in the Coulomb, the axial and the
generalized Feynman gauges all coincide.

The proof proposed above was in fact obtained for
a fixed bare charge A. Since, however, the theory in-
volves charge divergences, it is necessary to keep the
renormalized charge AR constant. We prove that the
renormalized charge can be considered gauge-independ-
ent. In addition, we obtain a relation analogous to the
one derived by Taylorm between the renormalization
constants of the fermion and the vector particle only
for the Lorentz gauge, but valid in any gauge for a
renormalizable theory. We restrict our attention to
covariant gauges B =1,y =0 and give no details of the
calculations.

We add to L in (23) a term describing the fermions,
(59)

ab e

_ A

P (iy,, (6"”0.‘* iTTc A,,) — mé"") P?
and introduce into the generating functional a fermion
source term

Wa:jd/l,j'dxpdfpej(plij. dz<L+2i(0,.A,,“)2‘ (60)

+ A0, )+ Smef".

The D-function is given by (29) with g =1,y =0.

In order to exhibit the dependence on the gauge of the
y-field propagator and of the vertex functions we change
the integration variables in (60):

Auu_’ A:,ﬂ= Aua+ V:" gb’ P~ ,‘b/a =y + iM;CTI:b ¢b7 (61)
T =T — BT
(D) = o WD (2,2 040), (62)
a

with the result

W= [dasdydp exp{ij' dz(L+Z;(0uA:)2 FINANE VT e @

eyt IR )+ ([ — AR )n“) el D—'} .

In complete analogy to the case of the propagator of
the vector particle we find from (63) that the renormal-
ized fermion mass is gauge-independent and that the
renormalization constants are related by an equation
analogous to (47):

Zy,a =2y (1 4 28aTy), (64)
where T’y stems from the diagram (without the right-
hand fermion line, which is denoted by two parallel
lines)

r, < fg 5:/:_ (65)
A ¥

The relation (4'7) can also be rewritten (in the class of
gauges under consideration) in the form

Zaa=2, (14 200T,). (66)

Considering the expressions for the three-point func-
tions ( AAA) and ( Ay ) which follow from (63), and
normalizing the corresponding renormalized vertex
functions (with all external lines on the mass -shell) in
the same manner in all gauges, we obtain

78 = 23 (1 + 36aT4), (67)
ZA% — ZAW(1 + 8aTa) (1 + 28aTy). (68)

1t follows from (64)—(68) that
102
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z3, Za,a Yr 4 L 360T4
= = y A -
b= { TeE 7{ 1 4 26al4 } 7= rao  (69)
Za a Z;w@ % = Z;;N‘;
A =2 (70)

va

78 Zu. 72 Z

Z3uation (70) signifies that the ratio in it does not de-
»end on the gauge. Taylor 1 has proved that in the
Tansverse gauge it equals one. Therefore in an arbi-
ITary gauge

Za,a _ Zya

7l Ady
Zy z4

(1)

Ezuation (69) signifies that the renormalized coupling
=zastant corresponding to the 3A vertex does not depend
1z the gauge (if all renormalized vertex functions are
wrmalized in the same way). Similarly, one could
#erify that the renormalized coupling constants corre-
soonding to all other vertices do not depend on the
roge. We shall not do thlS explicitly, since the results
1 Slavnov!® and Taylor 8] as well as (71) imply that
irey are all equal to AR.

Iz conclusion of this section we wish to note that the
application of this method, or a simple consideration of
‘e free propagators, shows that the position of the
2 .es of the Green’s functions of the unphysical com-
moents of the field A and of the fictitious particles
mpend, generally speaking, on the gauge.

& THE GAUGE INVARIANCE OF A THEORY OF
A YANG-MILLS FIELD WITH SPONTANEOUS
SYMMETRY BREAKDOWN

We shall consider a gauge invariant model of a Yang-
WETls field, interacting with a scalar isospinor field @i
- smch a manner that as a result of the spontaneous
sTmmetry breakdown b¥ the scalar field, the vector
i=3d acquires a mass The model is descrlbed by

e Iollowing Lagrangian (for the SU(2) group):

. i a a e A c hi . A e’
l=— —GnGat (a,.o"+i—A,.r’:) q:f( 30" — i— AL ri'v) 9
4 2 2
2
—gz((pa+tpi—a2—) +reg., (72)

am? tte field ¢ suffers spontaneous symmetry break-
are

Ofploy =50, (73)
Wmmouat loss of generality the constant b can be chosen
e acd having only a nonzero upper (isospin) compon-
= We rewrite the field ¢ in the form
_ (bto+iB, _1 ud_ (74)
o= ( e ) ~, o+b=g,
&2 “2at the vacuum expectation values of the fields ¢
amt B; vanish
<0]6]0> = <0|B.|0y = 0. (75)

¥« 30 not write the expression of the Lagrangian (72)
o zrms of the fields ¢ and By. The corresponding
#Rpression, as well as the scheme of perturbation
#ecr7 are given in!®!

¥or us it is important only that the Lagrangian (72)
4% avariant with respect to the following gauge trans-
Iearion:
A ATHT2E, G- B,
A A (76)
B, > B, +— 08" — —e”8'B,;
- B, + 3 (23 ) e**<E*B,;
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here €2PC ig the com letely antisymmetric tensor of
p

rank three, which also represents the structure con-
stants of the group SU(2). The transformations (76) for
o and By follow from the isospin transformation
properties of ¢j.

The generating functional of the model can be con-
structed according to the rules given inf?

w=| dA,.dodB,,exp{i j'da:(L+;—t“t“+J:A,,cn + e“B,) 4 SplnD“}.

(T7)
We restrict our attention to covariant gauges

1= 0,45+ BB.. (78)
The corresponding D-function is
[De)' =0,V + B (M.m,,p F % a) Gt % B, (79)

In the sequel the indices a and 8 will indicate that the
corresponding quantities are taken or are calculated in
the «, B-gauge. Here Mo;a,3 = (X/2)bg, 3 is the bare
mass of the vector field.

The class (78) of gauges comprises several interest-
ing cases: for 8 =0, @ — *® we obtain the transverse
gauge, for = ya “? 0,y —= we obtain the canonical
gauge By = 0; for aB = —Mo we obtain a gauge in which
the bare propagator (A“Bb) vanishes; if in addition
a = -1, the bare propagator of the vector field is
diagonal.

Let us find the connection between Green’s functions
in different gauges. For this purpose we carry out in
the functional integral (77) the substitution (76), where

&)= [ daD}” (@,2) A% (2), (80)

N@ =52 040 9+ (5225 +0p) BuCo). (81)

A direct calculation of the Jacobian of the transforma-
tion yields
D4, B, &)
D(4, B, o)
a=a+da, P=2p+5B.

In =—28SpIn D" + Sp [In DF' — In Dy, (82)

As a result of this the expression for the generating
functional takes the form
Wa, o= S dAjdB,ds exp {ide (L + %t

BT V) 4 o)

+ Spin D;} ; (83)

here Q is the source-term for the fields ¢ and Bjy.
Since all vacuum expectation values will be computed
by means of (83) in the gauge a, 3, we separate from
the field ¢ the field for which the vacuum expectation
value vanishes in the gauge a, 8 (and we denote it again
by ¢). Then Q takes the form

Q:n(n-—ba..ﬁ—s—izmgﬂ)

a 73,8 ¢a }‘abcb A (84)
+6(B+ £+2§—7e535).

Since Wq g does not change when the integration vari-
ables are changed the Green’s functions can be ex-
pressed in terms of (83) by means of the corresponding
number of functional derivatives with respect to the
sources, as well as in terms of (77).

A,
8 - . e a +b b
0= 67](1) Wa, BlJ may __n; _”bl-.’3+Sd-‘ <Ba(1)¢1(ﬂ?)1|)1 (Z)A (Z)>E'—B_
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This relation shows that (0| ¢ |0 does depend on the
gauge.

B & o

¢ (@5 W)da s = @)W 5 + 1) 42 (<5 (@) ¥ () Ba )
XY @A @)z 5+ @ oy

We see that in the right-hand side of Eq. (85) there is
only the pole related to the g-particle. The poles re-
lated to ¥, By and 8, A% are absent, owing to the
structure of the internal space, We obtain that the right-
hand side of (85) has only one first-order pole and that
the mass of the g-particle is gauge-independent (since
there are no second order poles). In different gauges
the renormalization constants of the ¢g-field are related
by

(85)

Zoap = Za;;.gu + 2T), (86)

where Zo-a,_Bl"0 is the residue at the g-pole in the

second term of (85).

C.
(A @) A5 = <AL A )35 — 1 {8 (TE@ W (A @)

% AL W) yag 1 (@ a,p Y b, W) (87)

The second term of (87) has one-particle poles for Ai
and ¢%. It is easy to check that the pole for 42 appears
in the longitudinal part of the tensor structure and does
not occur in the transverse part. If we introduce the
expansion

6ubDrw;u,B E<AnAvb Vep = 'yb[Pl»‘vda.lﬂ r Luvdu,lﬂ]q (88)

Puw—=gp—00./0, Lou=00/5T;
we obtain the following relation (in momentum space)
dha(p) = d5 5 (P) (1 4 2Ta (D)), (89)

where T'A(p) has no poles. The structure of Ta(p)is
clear from (87).

Thus, we find that the mass of the transverse part of
the field A2 is gauge-independent and that the renormal-
ization constants of the transverse parts of the field Ai
in different gauges are related by

ZA;a‘ﬂ'__ZA;;,E(lA‘_ZFA)V (90)

where I'p is the value of Ta(p) at the pole of the
vector particle.

D. We have seen that the longitudinal part of the
right-hand side of (87) contains the poles of the longi-
tudinal parts of Aﬂ and zp?'. It follows from the Ward
identity®

alt2 (@) AL (1) dan HVY )9 (@) (2)das =0 (91)

that the poles of the longitudinal parts of Afl and ¥§
coincide. Thus, the longitudinal tensor structure of the
right-hand side of (87) has, in the general case, a pole
of higher order than the longitudinal tensor structure

of the left-hand side of (87); this means that the position
of the pole of the longitudinal component of the field

Ay (as well as of 2) depends on the gauge.

A similar consideration shows that the position of
the pole of the Ba-field also depends on the gauge.

These results are confirmed by a calculation in the
zeroth approximation of the positions of the poles for
the propagators of the longitudinal parts of the fields
Aﬁ, Bg and %, which are all situated at the point
BAbg, 3/2 and explicitly depend on the gauge (i.e.,on B),
since to lowest order by, g does not depend on @ or 3.

E. We make in the generating functional (77) and (83)
the substitution
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T 2O+ MY, (O MG =0t =0, (92)

n—ZZEm(@+ M), O+ Myn=0, (93)
0. (94)
Here Mg and Mp are the physical masses of the field
a

o and of the transverse part of Alu (which are gauge-
independent). Then Wa, 8 becomes the generating func-
tional of the renormalized matrix elements for the
scattering of transverse massive vector mesons and of
the field o.

A discussion analogous to that carried out in sub-
sections B and C shows that after the substitution (92)—
(94) the source-term in (83) becomes (taking into ac-
count (86) and (90))

(dz (220 (0 + T QO+ M2 45+ Zaids (4 T O+ MYysl
= (1238575 @+ MR A+ 230 O+ Mool (95)

Aja,8

Thus, the right-hand side of (83) becomes the generat-
ing functional of the renormalized matrix elements for
the scattering of the fields o and of the transverse part
of Aﬁ in the gauge o, B. This means that the renormal-
ized S-matrix does not depend on the gauge «, g in the
subspace of physical states of the massive vector field
and of the massive scalar particle. Since in the gauge
where By =0 (8 = a’* ®y; @ — 0, y —~ =) there are
only physical states present (at least, within the frame-
work of perturbation theory), and the S-matrix is uni-
tary, the results obtained show that the S-matrix is
unitary in the physical subspace in any gauge a, 8.

F. The preceding discussion was in fact valid for
the case when at least one of the bare charges A or g
was fixed (the theory is characterized by three parame-
ters; MA and M, can be chosen as two of these).

Since the theory has charge divergences, we have to fix
the renormalized charges. We show that the renormal-
ized charge AR may be considered to be gauge-inde-
pendent. Indeed, studying the relation between the
vertex functions in different gauges by means of (83),
we obtain

Zi% = 255 (1 + 3T, (96)
where the normalization of I"Af,)\ is carried out on the

mass shell of the transverse part of Aﬁ in all three
external lines. It follows from (96) and (90) that

Z%. . v o (97)

One can also check that the constants gg and by
= ba,ﬁzg}‘{éﬁ do not depend on the gauge (and that br)
is finite, as was done in a paper by Fradkin and one of
the present authors'® for the case of a neutral gauge
field. However, this requires a study of the relations
between different renormalization constants and will
not be done here. In any case, we already have the
necessary number of finite parameters which com-
pletely characterize the theory and do not depend on
the gauge.

5. CONCLUSION

The proof of the equivalence theorem for non-Abelian
gauge theories is at the same time a proof of the uni-
tarity of the theory. In distinction from the Abelian
versions of gauge theorym, a direct proof of unitarity
in ‘‘renormalizable’’ gauges become difficult. The
Hamiltonian is non-Hermitian in all gauges, except the
Lorentz gauge. Therefore the use of the Cutkosky rule
in the proof of compensation of fictitious particles and
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unpl (ys1ca1 states of polarization of the vector parti-
cles!"® ! 5 justified only in the Lorentz gauge. But
even in this case the proof becomes cumbersome if the
number of intermediate states is larger than three.

When the present paper was finished, we became
aware of the paper where the eqmvalence theorem
is formulated, but not proved In particular no relation
is obtained there between the wave function renormali-
zation constants in different gauges, and no proof is
given of the gauge invariance of the masses of physical
particles and of the renormalized coupling constants.

The authors are grateful to V. Ya. Fainberg and
E. S. Fradkin for their interest in this work and fruit-
ful discussions.

After this paper was submitted, we have received
the preprint of *tHooft and Veltman[”‘ In that paper
the equivalence theorem for renormalizable Yang-Mills
theories was also proved.

APPENDIX 1

We carry out the quantization of the free electromag-
netic field Aj in the gauge (28). We shall see that the
definition of the physical components of the massless
vector field given in Sec. 3 (Eq. (48)), also follows from
the discussion of the free field.

The Lagrangian and the equations of motion of the
free field in the gauge (28) have the form

L= = Bt 150,44 S, (A1)

Awdy =0, (A.2)

Aw=0g,—0,0,(1 +af?) — annd® — afd(n,d,+ 1), (A.3)
det Ay, = a 0% (O + §%)2 (A.4)

It is clear from (A.4) that the Fourier transform

Ay (k) has support (is concentrated) at the points k* = 0
and gk® + k? = 0 and can be expanded in terms of 6(k?)
and 6(Bk® + k®) and their first derivatives.

We introduce four linearly independent polarization
vectors

T o B (), 1 =1,2, (A.5)
£ ()& (k)= — 84, REs (k) = m k5 (k) = 0. (A.6)

Writing down the most general form of the expansion of
A in terms of the polarization vectors and delta-func-
tions and their derivatives, and substituting this ex-
pansion into the equation of motion (A.2), we obtain®

d'k — q i
i) jWYZIkIB(k.,)e“""{E,,'(k)ak6(102)

s (EZ)}

(A7)

3) %)

1+ap*+ afr?
+ 0" 6 (%) + ke’ 5 (B + piilateaiafnr]

af?

_ 1~
+h.c., kz=kz+~ﬁ'—k“;

ak, a” and ai{"’ are arbitrary functions of the 3-momen-

tum k. In quantum theory one must, of course, consider
them as operators.

Comparing with the canonical commutation relations
which follow from (A.1), we have

lan,a;’ 1= 8:6(k —q). (A.8)

It is clear from (A.7) that it is natural to consider
as physical the states corresponding to al. and as un-
physical, the states corresponding to a;”, ai*. The
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r‘—;

spectrum of the latter depends on the gauge a{; is re-
lated to purely logitudinal states, and the presence of
5’ in front of a'® bears witness of the indefinite metric
(in fact one can show that [é(a’ a‘“”] = 0).

The gauge dependence of the states created by the
operators ak stems only from the dependence of the

polarization vectors &l (k) on the vector ny . From (54)
we obtain the following relation between the polariza-
tion vectors for two different vectors ny and n! 1’.

g&”(k = p (k) — & (A,9)

(l)gv( k).

Mk (l)

Thus, the difference between the two polarization
vectors for different n, is proportional to k; and, as
expected, such terms should not contribute to the phys-
ical quantities. This fact was proved in Section 3.

The free propagator D{/}, of the field A, (defined
as A"_L‘V) is

1 k 2
iDL ()= Q- — (mk, + ) _kBHn)

(kznz_'kz)‘z
1 L (B@rn) 1
+nn, — + ks —
Tl kznz_kz ﬂZ(I_CZ)Z( 2 kz a ) (A'lo)
_( (ke )k kukv(nn}z—ﬁw))i_ e g
w ﬁ];z ﬁz("cz)z 12 a ¥ g Bz(,—cz)z .

APPENDIX 2

We consider here the canonical quantization of a
massless Yang-Mills theory with the regularization

of sl

1

L=—TG:VG,:, Vuva).V Gv}. (A-ll)

We show that the canonical quant1za,t10n of the theory
(A.11) in the axial gauge leads to Feynman rules corre-
sponding to

W= dA:é(A:)exp{iIdz(L+J:A:)}, (A.12)
i.e., the introduction of the regularization does not
change the form of the generating functional. The
Lagrangian (A.12) contains higher-order derivatives,
therefore the quantization is carried out by means of
the Ostrogradsky method.

In the axial gauge the Hamiltonian has the form

H(Psi, Qu; P, Quo; Pl Qi) = PQ5+ PiQiy + PaQi— L, (A.13)
where
o 0L oL oL 8L
Pi:‘—" Pa=—'1 Puiz—.-— —
2 oA 10 54 1 547 i GA:' N
Qu=4y, Qh=4;, Qi=4' 1=12. (A.14)

The generating functional of the canonical theory has
the form

W= [apag exp{ i o (PLQL + PRl + PaQs — H+ 13 05— J.f'o;‘.-)} .
(A.15)

In order to arrive at the form (A. 12) one must carry out
the integrations with respect to Pu, P%, P3, Q4:

Pﬁ—'—ATVD nu (A16)
A= AP+ VAL + b0,
where
by = pfete A7 Ay — Afe A5 GY,
a 1 8,20 B 08 aG
Py=— ; Goi"' Vst: Gou)
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1w vepqe o i e —2,pa a
= ——/_\-2- Vsb an Gy — Vs bpz,:, Ay =— A0, 2(P“,‘|‘ \2 bP:.-)+g,“,
(A.17)
0t = A< 85" (As 9:45),

a a 1 — a at [} al
H="PQu+ N0 (Pt VEPY)) +at (P VP

1 a a,®
= —21\Z (P3:)* + Pyibi + [(Quiy Qi Qo). (A.18)

In Eq. (A.15) the integration with respect to P?i yields
8(Qy — Qsi), i.e., one can do away with the integration
with respect to Q.

For the integration with respect to Pi, we effect the
shift

P;';=P1’:—V1MPZ. (A'lg)
The corresponding integral equals
fapliexp {i fda (’P(&‘ (Al — a“)+%A2P§: AT Pl +.. )}
=exp{ij.d:t(211\z [63(1ioa—a°)]2+...)}v. (AZO)

One may neglect Tr In (A® 83 ) in taking the integral in
(A.20), since there is no functional dependence on the
fields.

The last integration, with respect to P, yields

| ap. exp{ij dz (%AZ(P;)Z HOL— V0L b,.")p;‘,)}

=exp{—ij.dx%(éfx4V?boubu—b?)z}- (A.21)

Taking into account the results of the integrations in
(A.20) and (A.21), it is easy to check that the canonical
form of the generating functional (A.15) was reduced to
the form (A.12).

A completely analogous consideration is applicable
to a theory with spontaneous symmetry breakdown, tak-
ing into account the regularization.

In the case of a nonsingular gauge condition an im-
provement of the asymptotic behavior of the longitudinal
part of the propagator of the field A? jg'achieved by
means of the substitution @ — « (). Then the addition
to the Lagrangian should be interpreted in the following
manner:

—%jdwt“(x)t“(z)—r—;Idrt“(z)u(ﬂ)t“(z). (A.22)

The modification of all other equations of Secs. 3 and 4
reduces to the substitution & — « (o), 6a — da (0); the
final results remain, of course, unchanged.

APPENDIX 3

Here we derive the Ward identities for the theory
(72). We shall see that the Ward identities have, in fact,
the same form in the symmetric theory and in the
theory with spontaneous symmetry breakdown,”

We carry out in the functional integral (77) the sub-
stitution (76), (80), but with A%(x) an arbitrary function
of the coordinates. Then

D(A’,B’,¢’)

e e — D,
P EyT

% jdzt;‘t;‘—» % j‘dxt;t;-‘r a det;‘A“. (A.23)

Since the generating functional does not change un-
der a change of integration variables, we obtain the
Ward identities by setting equal to zero the first varia-
tion of Wo g with respect to A3(x):

{at+ a2 @ Ve (5) +o-(bas + () 8°(2)
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L @8+ @) Bue) |05 ()  Wep =0, (A.24)

where in {...} in (A.24) one must make the substitu-
tion 3 s s %

Au " — % ——

i8J° ion ' 60"

It is clear that in terms of the original field o =bg g
+ ¢ the Ward identities have the same form in the
symmetric theory (b g = 0) and in the theory with
spontaneous symmetry breakdown

The identity (91) is obtained by differentiating (A.24)
with respect to Jﬁ once and then taking the limit Jﬁ
=n=62=0.

DThe problem of the gauge-dependence of the Green’s functions has beea
considered for the case of quantum electrodynamics in the paper of
Fradkin (Trudy FIAN, 29, 7 (1965) and for the massless Yang-Mills
field in the paper by Faddeev and Popov [*].

Y ere one takes into account the fact that the renormalization of the
particle wave functions has been carried out.

I A similar expression for W for the construction of the correct Feynmaz
rules was first used by Fradkin [7].

“We have introduced explicitly only the physically necessary renormalizs
tion of the wave functions of real particles.

9Cf. Appendix 3.

&The function 8'(k2) has to be redefined (“‘regularized™). One can, e.g..
interpret it as

1 d
() = ———————— 8 (F%).

2 ko nok/B ko
We shall not discuss this question here.

DThe Ward identities for a symmetric theory of the Yang-Mills field witk=
out scalar particles were derived in [*°]. We give here the derivation of
the Ward identities simply because we have mentioned them in Sec. 4.
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