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A formal proof of the equivalence theorem is given which reveals its more precise
meaning: the renormalized theories are equivalent. The same approach is used to
prove the gauge iavariance of renormalizable gauge theories which admit a gauge-

invariant regularization: the massless Yang-Mills field and the Yang-Mills field
with spontaneous symmetry breakdown. In these models the dependence of the

Green,s functions and of the renormalization constants on the gauge condition is
investigated and it is proved that the physical masses, the renormalized coupling
constants and the physical, renormalized S-matrix do not depend on the selection
of gauge.

1. INTRODUCT!ON

In this paper we investigate the equivalence theorem
and the gauge invariance in Lagrangian field theories.
These questions have a long historyt", but in spite of
this have not been solved until now. A rigorous result,
namely the Borchers theorem, has so far found no ap-
plicability in the framework of Lagrangian field theory.

The basic defects of the known formal "proofs" of
the equivalence theorem are that in aII of them one

compares and asserts the equivalence of unrenormal-
ized quantities, whereas one should compare renormal-
ized quantities. In addition to the physical considera-
tions there are also mathematical reasons for requir-
ing this; owing to the divergences in the Lagrangian
field theory the unrenormalized quantities simply do

not exist.

The same objections are applicable to the proofs of
gauge invariance of models of gauge vector fieldsL", in
particular, of quantum electrodynamics. Of particular
importance is the problem of proving gauge invariance
in connection with the construction of renormalizable
models of massive vector particlest'1, in which the
mass of the vector particles appears as a result of
spontaneous breakdown of gauge invariance of models
of the Yang-MiIIs type.

Such models have more chances to be physical than
models which describe massless particles, and for
these models one should give as rigorous as possible
proofs of the gauge invariance.

correct proof of the gauge in-
ctrodynamicsr) is contained in
Birulat4J, where it is shown that

the renormalized scattering matrix elements do not
depend on the gauge. We would Iike to note that in that
paper it is in fact assumed without verification that the
physical mass of the electron is gauge-independent.

In the case of a neutral gauge vector meson with
spontaneous symmetry breakdown, where it is neces-
sary to verify the gauge-independence of the masses of
all physical particles and of the renormalized coupling
constants, the proof (which is of course applicable to
ordinary quantum electrodynamics) is given in the paper
ot fradkin and Tyutint5l.

In the present paper we propose a method of proof
of the equivalence theorem (and of gauge invariance as

a special case of that theorem), which will allow us to
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verify the equality of all the physical quantities (mas

renormalized coupling constants, matrix elements)'
Essential use is made of the hypothesis that the struc-
ture of the Green's function in a theory is determined
by the diagram series of perturbation theory.

As an illustration of the method, Section 2 considers
the proof of the independence of physical quantities on

the selection of the field variables E ot 1l), related by
q =F(4t), in a theory of a scalar field described by an

arbitrary Lagrangian L(a[9,9). The proof is formal
in the sense that it is carried through in the unregular-
ized theory for fixed unrenormalized constants. Never-
theless the discussion allows to demonstrate clearly
(with the exception of the scheme of the proof) that only
renormalized theories can be equivalent, and that'the
proof will be rigorous if in both formulations the theory
wiII not contain anY divergences.

The last condition is satisfied for model gauge

theories when they are formulated in different (at teast

covariant) gauges.- The regularization procedure pro-
posed by Slavnovtul is gauge-invariant and gauge-inde-
pendent. This allows one to compare the formulations
of the theory in various gauges, before removing the
regularization.

In Sec. 3 we discuss the theory of a massless Yang-
Mills field for a class of gauges which comprises all
the known ones. It is shown that the mass of physical
states (defined in that section) does not depend on the
gauge and vanishes, and that the scattering matrix ele-
ments of the renormalized theory do not depend on the
gauge. We also prove that the renormalized coupling
constants may be considered independent of the gauge,

so that the theory remains gauge-independent even
after removing the regularization. We also derive a
useful relation between the renormalization constants
of the fermion and meson fields. In aII the discussions
we ignored the difficulties related to infrared diverg-
ences, assuming that these will be overcome in the
future.

A completely analogous discussion is carried
through in Sec. 4 for the case of the model of a Yang-
Mills field with spontaneous symmetry breakdownlsl in
covariant gauges. The gauge-independence of the

masses of physical states, of renormalized coupling
constants and of the renormalized physical S-matrix
are verified.

In carrying out the proof in Secs. 3 and 4 we have
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e have

wly used the property of gauge invariance of the
[rgrangian of the theory. Therefore we have not
uritten out explicitly the part of the Lagrangian which
eorresponds to the regularization. The regularization
rheme as well as the construction of the generating
ftmctional by means of the canonical quantization pro-
eedure in the presence of regularization are given in
.Appendix 2.

FinaIIy, we note that the considerations of Secs. 3
ed 4 show directly that the parameters of unphysical
rates (e.g., their masses) depend explicitly on the
Fuge.

Z THE EOUIVALENCE THEOREM

This section contains a formal proof of the equiva-
hnce theorem, the content of which, as is well-known,
consists in asserting that a theory does not change
uder a substitution g - F(9) of the fields. This ex-
emple will demonstrate the basic idea of the proof,
rhich will be used in the two following sections. In ad-
dition it will be seen that quantum field theory leads
m.turally to the equivalence of renormalized models2).

We consider a model described by the Lagrangian

tlf,o.or, z'nw|. (1)

The constant Z is chosen in such a manner that the
propagator of the g-field has a residue of one at its
pole. Thus, g is a renormalized field. We construct in
ttre usual manner the Hamiltonian

.a zn:zqlr,@,y1, ,:|{a41", u:z'hq, Q)

E:np_ L. (3)

We assume that the theory has the usual structure in
ttre sense that the asymptotic fields are described by
the free Lagrangian or Hamiltonian of the usual form
I-- 1- 6n*,0,6**, - 4 r*,", Ho:1-n*o a J-(arq\o\, + Lq(,,,,

' (4)
where m is the physical mass of the g-field. We
transform to the interaction picture

If,*,(l(o),p(0))://(rI(0),q(0)) -l7o(rr(o,9(0))' (5)

in (5) H( fi(ot, q(ot) depends functionally on fi(o) and g(o)
in the same manner as the Hamiltonian in (S) depends
on fi, q. We further determine the expressions) for the
generating functional W of the Green,s functions:

* : (o 
l 
r" *r{- t ! a,1u,.,-,pto,, 

} I 
o)

-- *p {-, J * "" {*, *}}( o 
I 
r" *r {i J 

ar1n.';E + qt"'r 
} | 

o ) |,_.

- "u{ -i J 
* 

",{ *, *}}J ae a" "u{ i ! a, {ne- rr" (r, p) + nE

+a4 )1,_; t dna,o"*t{tl a*6ip- n1r,q)+@}. (6)

The transition from the second row to the third one in
Eq. (6) is easily verified by direct calculation. We
would also Iike to point out that in the present paper we
consider the functional expression for W as an ab-
breviation of the results obtained in perturbation
theory. The validity of alt the transformations carried
out below on the functional expression can be justified
in perturbation theory. It is however important that the
use of the functional expression allows one to triyialize
clumsy and often obscure algebraic manipulations
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which one would have to perform directly on the dia-
grams of the perturbation series.

We perform in (6) the suhstitution

z-'Ln-nr, z'Lp*g,. (?)

Here r' arrd <p' are the unrenormalized canonical mo-
mentum and field, H(n', g') is the unrenormalized
Hamiltonian, constructed from the unrenormalized
Lagrangian, and the expression for the generating func-
tional goes over into the expression constructed for the
unrenormalized theory, but with the source iatroduced
for the renormalized field. It wiII be convenient, al-
though not required as a matter of principle, to work
with just such an expression for the generating func-
tional:

w: tana,pr*pltlar6*-a1n,<p)+z-t.tpl[, (8)

where in (8) and everywhere below we shall not indicate
explicitly that the Hamiltonian (or Lagrangian) is con-
structed in the framework of the unrenormalized theory.

We now consider the model described by the
Lagrangian

L,(/,ANA,\p,rp) -I{'/.r,p(rD)a,A({,)'A({,)}. (9)

The Lagrangian Lr is obtained from L by means of
the substitution

q:p(t):{,+l(A), (10)

where the expansion of the function f starts with its
quadratic term. The corresponding generating func-
tional has the form

w, : t an* &p e*p{ i J ar1r,*$ - fl, (,r*, {,) + z;'r .1,4 }, (1 1 )

where the renormalization constant of the wave function,
Zr, is in general different from the renormalization
constant Z.

We carry out in (6) the change of integrdtion vari-
ables

q * q(,0), n * n(ni, rp): rn$. 0Z)
dQ

Eq. (12) is a canonical transformation from the theory
(1) (with Z'/'q - 9) to the theory (9). Under this
transformation H( r, 9) = H1(nq, i/) the Jacobian equals
one, and, as is easily verified, t<it -- nptl . Thts,

w: tana,p"*p{; j a"r",i, - H1\n,fi)*z-',qt,p)4}. (18)

We see that (13) differs from (11) only in the source
term. The functional derivatives of (13) with respect
to J are, as before, the Green's functions of the
theory (1).

We consider the structure of the propagator of the
field g, which is a consequence of (13):

(p (z)p (y) ) : (rI (z) r|l (y) ), + (l (r|l (r) ) rt (y) ),
+(A (z)l(Q (y) ) ), + U(rD (u ))l(rI (y) )),.

(14)

( , . . ) denotes the vacuum expectation value of the T-
product of the corresponding operators; the index 1 in
the right-hand side of (14) denotes that the correspond-
ing quantities are computed within the framework of
the theory (9).

The right-hand side of (14) can be represented in the
form of the following diagrams (i,e,, in the form of an
expansion with respect to the propagators and vertex
functions of the i/-fields):
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It can be seen that the right-hand side of (14) has only
a first-order pole, for which the position coincides with
the position of the pole of the propagator Drp of the p-
field. This implies that the position of the pole of the
propagator Dg of the <p-field (the left-hand side of (14))
coincides with the position of the pole of Dp. Indeed, if
the positions of the poles of Dg and D1p would not coin-
cide, an infinite series of multiple poles would appear
in the right-hand side of (14), but this does not happen,
as we saw. This important result means that the mass
of the field does not change under the substitution (10),
but was obtained with fixed bare constants, i.e., without
taking into account the need to regularize the theory.

The renormalization constants of the two theories
are related by the following equation

(9), coincide, and this is the content of the equivalence
theorem.

We note that the proof given above for the equiva-
lence theorem generalizes to the case of arbitrary
canonical transformations of the fields E and n. We
indicate the conditions under which this proof would be
rigorous, rather than only formal. Consider a theory
describing a set of fields Ei, Some components gi have
indefinite metric (regulators), so that the theory is free
of divergences. Assume that transformations of the type
(tO) Oo not violate this property of the theory, i.e., that
the theory written in terms of the fields {ti also does
not contain any divergences. Then as long as the regu-
larization is not removed, the proof given above has a
more than formal meaning. The removal of the regu-
Iarization must be carried out for fixed renormalized
charges and physical masses. It remains to be proved
that the renormalized charges in both theories may be
considered equal (for the masses we have proved it
already).

Such conditions are realized in the theory of gauge
fields, theory which will be considered in the following
two sections.

3. THE GAUGE INVARIANCE OF A MASSLESS
YANG.MILLS FIELD

Consider the theory of a massless Yang-Mills field,
described by the Lagrangian

L : -'/ .GLGX" + reg ,

G;": aA: - aa;+ xy.'",titJ,

(16 )

(17)

where fabc are the structure constants of the group G,
the transformation group with coordinate-dependent
parameters which leaves the Lagrangian (23) invariant.
The infinitesimal form of such transformations is

(2s)

(24i

(25)

(26)

.ti 14 - ai' 61 : Ai @) + vi' (") Eo ("),

where vftb is the covariant derivative:

v;'("): 6d0,, * l',4n'(c)l'&'

z:2,(l+t),,
where F is the value of rtex functionthe ve

@
on the mass shell of the r/-field.

We consider the scattering matrix elements ob-
tained from the Green's functions

(18 )

by multiplication (in momentum space)fV (p? - m').. .

(pfi - *') and taking the Iimit pi'- *'- 0; pi is the
momentum corresponding to the i-th field operator, m
is the physical mass of the field I (and also of rp).

Eq. (13) yields an expression of Gp in terms of the
Green's functions of the field p in the following form:

Gi @,,..., o") : (q (r! (r,) )... q(,1, (e") ) ),. (1e )

The right-hand side of Eq. (19) has the following dia-
grammatic structure:

"fl."@€. ,f, (20)

In Eq. (20) we have explicitly drawn only those lines
which are connected to the field g(p(xi)). M represents
the n-point Green's function of the p-fields without ex-
ternal Iines (the amputated Green's function). It is
clear that one-particle singularities are possible only
for diagrams of the first and second types in (20). The
diagram of the third type does not exhibit one-particle
poles (in the momentum pi). Thus, on the mass shell
the Green's function (18) [ = (19)] can be replaced by
the following:
G; (i,,, .,, r") l, " 

: (t + f) "(qr (r,). . .,1, (".) ), : (1 + f) "c; (r,, ..., q).

(21 )

It follows from (21) that if we are interested in the ex-
pression (rr)oniy as a generating functionar ior-&."^'. :ht]: ",-, 

is a numerica-I vector' In this case the D-

functions on the mass shell in aII external lines, the function is defined as follows:

source term may be replaced by [DF,];':(04*+ynuz,d,)Vo'0. (29)

Z-'hp(V)t+T-'t(l-tt:1,pt-Zr't'pt. (22) The class of gauges (28) contains aII important cases:

Then (13) becomes exactly (11), wtrictr is the generating
functional for the Green's functions of the field {,

Thus, we obtain that the scattering matrix elements
of the renormalized fields in both theories, i.e., (1) and

The generating functional for the theory of a mass-
Iess Yang-MiIIs field is constructed according to the
rules described int2j

w : Jaatr",plt J 
a. P.*fi*+ e",n)+ srr,r-')

: 
J 

aal ap,a,p,...,{,J a,(t + }rc +,}l'r;' al+.4;fi )} . tzr,

In (2?) {1 is a scalar fermion field (fictitious particle),
ta is the function characterizing the supplementary
condition, which is necessary in gauge-invariant
theories for the construction of a quantum thqory, the
function D is related in a certain way to tat'1. We
consider the following class of supplementary conditions:

t?\: pa,A;+ yn,,0,n,,A1,, nz : t\, (28r
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(42)
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iow. We prove that in the space of physical states the
S-matrix does not depend ot a, P,7 (and consequently
:ot on the vector np).

We consider the structure of the Green,s function of
:re field Afi:

6"bD-, (r - y): <Ai (r) Ai e)> (30)

lhe tensor structure of Dp, must be composed of the
:rllowing quantities:

Eu,, 0s nu.

i'e separate from Dpu a part corresponding to the
:ensor Qp y :

D,.,(r): Q,d.(t)+ D'-lx), (31)

Qn,:g,,* (trn'z b'1-'6,a,6+ 0,n,6-nun'o 0,0'n"), (32)
6- nuo,. (33)

Ihe kinematic structure of. Dp,v is constructed only

=cm np and 0p. The tensor Qpry has the following
;roperties:

nuQ,, : )uQu": 0, Q^Q"' : 0o. (f +;

lhus,

Qu,D"^(z) : Q*d(r) (35)

-- order to prove the gauge invariance of the S-matrix
1-e carry out the following change of integration vari-
;-:ies in the generating f_unctional W (in the first Iine
:: :he expression (2?))t'l:

Al k) - t'n" @): tlu (e) + vi' (r) Eu (')

-A:(r)+[ayv""'t,loi"(r,y).\'(y). (36)

^'tu):[(+To-oo)a,+]9 
n,6fai1v1. (37)

a'ithout Ioss of generality we set in the sequel y =1.)
\taking use of the Jacobi identity for fabc we obtain

::e following relation for the Jacobian of the transfor-
-arion (up to inessential numerical factors) to first
::ler in 6o and 6p:

. DU'\lt-7fii - -6 sp ln Dp-' + splln ri',p - ln D.' l. (38)

l"-= first term in (38)is the variation of Tr In D-l
:r jer the substitution (36). Since the transformation
l: has the structure of a gauge transformation, L

::=ains invariant under such a substitution. In addition,

<oi o!, >= 'Y.*
<vi sio>:

Then the second term in (+t) can be represented in
diagrammatic language as follows:

(43 )

-L."-e.Arlrgt-y
(44)

The first two terms in (44) have one-particle singulari-
ties (poles) in the x coordinate; the last term has no
such singuLarities and can be written in the form

i 
J 

az 1r;i 1,, z) (. Ai. (z\.ag (y) );, a { (2, a, p .- y, D, v)1, (45 )

wnere frtfr(x, z) has no one-particle singularities.
From the structure of the expression (41) it follows that
the first two terms in (44)have a tensor structure com-
posed only of np and 0p. Therefore we get the follow-
ing relation (in momentum space):

Qr,d.p (p) - Qu,d;. u 
(r) (1 + 2r (p)), (46 )

where f is the invariant function in the expansion

r# :-0,, (g*"r + r,l,) ;

liry tras a tensor structure composed only of np and
ap.

Since I(p) has no one-particle poles, it follows from
(+O)ttrat the position of the pole in the invariant ampli-
tude da,p does not depend on o and p. Indeed, if the
position of the pole in dap would depend on the gauge
(i.e., on o, B), then the left-hand side of (46) should
have a pole of order two. Since in covariant gauges
(qP" -al = corst.r ag - 0, a - O)Dpyhas only a pole
at the point p2 = 918's'tol, we obtain the following im-
portant result: in an arbitrary gauge dtr,B has only one
pole at the point p' = 0. It is also clear fiom (46) that
the residues at these poles (wave function "renormali-
zation constants") in different gauges are related by

z (P)'.' : (1 i 2t (P)) z (P)',,

f(p) is the value of f(p) at the point p2 = 0.

(47)

We define the following components of the field Aft
as physical components (cf. also Appendix 1):

i\a,tgt"r-!\a,t;t;, a:o*6o, p-p+op. (39) then

Ai- Q,"A:.

<A: (d Ai (y) )",u : 6.nQu"d,p(x - y),

(48 )

(+s;l!= final expression for the generating functional
:---sforms to the following form:

l- =!aafi"*p{,j*(. +} tt,: .rirag-o;,s,,) sorna;,} .

(40 )

-:-idering Ja in (40)to be arbitrary we obtain the
::"ru'ing transformation Iaw for the Green,s functions
n:En the gauge is changed:

t-l 4 Al 1y15,,, - < Aft (4 Al @)>., u - ; j a, 1<1au6"" + r.4$ (r) l.d") /al )
x ,pi (r) rlir (r) t:rr 121 t!1y1:.r,V* (a, pr, r * b, v, y)). \rr /

:: t41) we have used the following relation for the
l-::en's function of fictitious particles:

<,pi (r),1,,*' (y)p(D> - r(D"b(t,y)p(A))

E : introduce the notations:

and the States described by the field ffi are massless
particles analogous to photons. The stites of thg field
S trave two independent polarization vectors lLU, i = l,
2, with the properties

gifu)9,1(p) -6,r p,E,i:r,E,l:0, ciel :-eu,. (50)

These properties of {fr allow one to rewrite the scat-
tering matrix element for physi,cal particles (renormal-
ized with respect to the physical particles)

uii.l tp, q,. . .) - (z (p) z (q). . .l - 
^ 

(El,<pl 
el, tp). . .) r",'; . (p, q ...), (51 )

p':q':...:0,
in the following way:

ffI1.:c;Ei...L',1 , (51a)

wte"e fftbz..., is the Green's function of the appropriate



number of AA fietds without external lines, and

F,l,l.. (p, q, . . .) - (z (p) z (q)" ) -''' (Q*'8'"" ") r;:; ;' (p' q' "')' (52 )

we define Jf, in ttre form (2?)in such a way, as to ob-

tain the scatfering matrix elements directly in the form
(ota):

the S-matrices in the Coulomb, the axial and the

generalized Feynman gauges all coincide'

for the Lorentz gauge, but valid in any gauge for a
renormalizable theory. We restrict our attention to

covariat't gauges F = l, y = 0 and give no details of the

calculations.

We add to L in (23)a term describing the iermions'

o (ir, (0"'a, - ,!.:'a;) - -0"),0' (5e )

and introduce into the generating functional a fermion

source term

w": 
J 

a.r[aeaf".p{,J a,(r+}ra;.f)' (60)

+ ArluL,Un' qtl't+ Sn fnO' )'
The D-function is given by (29) with p = l,v = 0'

In order to exhibit the dependence on the gauge of the

rl-field propagator and of the vertex functions we change

the integration variables in (60):

,l,f* l',":A[+V;ug,',,1,"*r]":$"*i)'g"tiorp', (61)

fr" - fi," :iD, - i)"g"qo-u;,

E,("):# "'l'D'o(''z)d'A'(z\' (62)

with the result

w"- ldAiarpagexp{iJ 
a,(r+i-ta,,a,')' ' ru'('4*'+ vd r', 

(ur)

+ [" (.t " +,). E'r:' $') + (0' - i).E"fr''l." I n") + sn r" o-']'

ProPagator of

#;;",t".lT"'-
an equation

analogous to (+?):

2,r,": z*,;(l * 26or,!), (64 )

where I,t, stems from the diagram (without the right-
hand feri.,ion line, which is denoted by two parallel

Iines )

F,-
T

(65)

ii @)- z-1,(p)Q,"tl (r).

We define two other polarization vectors 6fj)I(n):

ia,7; 1a"* a y;'61 * ia,ai,z|,ti$) Qv"t?'
(56)

M?: .; - zJt'z(eiQv,r,e'"Q,,, . . .) f[.b,;.. ,",, (57 )

uii " : z;! '2 Gicl,. . .; rfit: .: 
' 
*' (58 )

states does not depend on the gauge a, B '

In the transition to the covariant gauge oB' * ar
= const.r d - 0, aB - O the scattering matrix element

(which does not depend on o, p) takes on the form

(53 )

8,"" (p): o,l.j'gl tpl, Ei:0,,E.1"' , (54)

where Ql,'1, is a proiection operator constructed ac-

.orJ*gTo"rq. (3i). Lut with a different vector n[)'.tt
is easito check that the vectors €fj)1 satisfy the rela-
tion (5b) with the vector nfj'

From the second equation (54) and trom (51a)-(53)

it follows that in computing the scattering matrix ele-

ments (and also in the unitarity condition) one may use

as polarization vectors the vectors |lp corresponding to

an arbitrary vector npL, rather than to the one which

enters into the gauge condition. In particular, the most

convenient """ 
ihe polarization vectors efr of the

Coulomb gauge, corresponding to the vector np = Oi.to-,

and havin[ a direct physical interpretation' This result
also shows that the physical states defined by us

represent indeed massless particles of helicities +1'

We consider in more detail the structure of the ex-

pression (40). An analysis completely analogous to the

iiscussion of (41) shows that if we restrict ourselves

to the calculation of the matrix elements for the scat-
tering of physical particles (fut do not consider Green's

functions), we can make the following substitution in
(40 )

Ja*i1ti+ v,l'E')*J drAi$+ r(p))ri (55)

and making use of (4?) we obtain

i

t
(

t

so
ana

We
inl
exF

the

ISt
forr

t
r
F

d

4

I
(

U
ir
sl
fi
tb

wi
re,
en

al
do

where ffi9;','. 
. .;o,are calculated in the covariant

gauge ol, and th'e projection operators Qpu have sur-
,iu"d, airra" they do not depend on o and B ' However'

the transversalily properties of the vectors er* and of

it" tur"tio"s f*v.'...- / [s'ro] it follows that in the ex-

pression (5?)ttrtiensbis Q can be omitted, so that in

covariant gauges the matrix element has the usual

form

The relation (4?) can also be rewritten (in the class of

gauges under consideration) in the form

eex
nd(
eco
aII in

the same manner in all gauges, we obtain

Za,,:Z-o.;(L * 26ola). (66)

z!-z!'(f36cr1),
Z:'t,t : Z:{e (l.f 6ola) (1 f 26nlq).

It follows from (64)-(68) that

B. E. Kallosh and I' V. TYutin

The results obtained above reduce to the following:

in an arbitrary gauge (28) we have defined the physical

states (cf. t Y*0 anarbitrarY
vector npL construction of the

physical st hat the mass of the phys-

ical states the gauge' In particular'

1O2 Sov. J. Nucl. Phys., Vol. 17, No' 1, July 1973

(67 )

(68 )
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(68 )

xo..:x4+ :^1"fu|, 1iff.^ :x., ;, (6s)

zo,, ztr6 _zo,a zlto
z!" Zo,, Zt' zo.a'

iiuation (?0) signifies that the ratio in it does not de-
-uerd on the gauge. Taylort"l has proved that in the

="nsverse gauge it equals one. Therefore in an arbi-
-.:?ry gauge

Ze," _ _Z!..
z!' za'!!

here <abc is the completely antisymmetric tensor of
rank three, which also represents the structure con-
stants of the group SU(2). The transformations (?6) for

(?0) o and Ba follow from the isospin transformation
properties of gi.

The generating functional of the model can be con-
structed according to the rules given in[2]:

w : I adi ao aa. *r{ i Ja, ( z, + L t" r + rI.ri on+ o"B" 
) 

+ sr rn D-, 
} 

.

(77)
We restrict our attention to covariant gauges

i: a4i+ pn".

The corresponding D-function is

(78 )

lDel"o': a,vn'o+ p (*",.r* *r) 6* + U 
"*ur.. 

(?9)

In the sequel the indices o and B will indicate that the
corresponding quantities are taken or are calculated in
the a, p -gauge. Here Mo;a,B = O] 2)b a,p is the bare
mass of the vector field.

The class (Zg) of gauges comprises several interest-
ing cases: for B = 0, o * o we obtain the transverse
gauge, for p = Td-t/',0,7 -€ we obtain the canonical
gauge Ba = 0; for o0 = -Mo we obtain a gauge in which
the bare propagator ( a[45 ) vanishes; if in addition
a = -1, the bare propagator of the vector field is
diagonal.

Let us find the connection between Green's functions
in different gauges. For this purpose we carry out in
the functional integral (??) the substitution (?6), where

g. (") : 
"[ 

d.zDio (r, z) t\b (z) , (80 )

(73 )

*at:1!!a,,e_'r,l+ (f 6" 
p +oo) a.1,y. (s1)

A direct calculation of the Jacobian of the transforma-
tion yields

, D (A' ,-B' , A'\

'" ffi:-6splnDa1*Sp[lnD61-ln'n1]' (82)

a:o*6a, p:p+6p.
As a result of this the expression for the generating
functional takes the form

w,,o-\at;anao 
"*n{i!a, (, - 1,;,; ri@i +vi,e,) r ol

+ sp hlDE1] (88 )

here Q is the source-term for the fields o and Ba.
(74) Since aII vacuum expectation values will be computed

by means of (83) in the gauge o-, p, we separate from
the field o the field for which the vacuum expectation
value vanishes in the gauge d, p (and we denote it again

(?5) by o). Then Q takes the form

o : n (4,t - b,. a i- " - tr, "r)
+ o" (r, + ryE * tr "r" - * u'"e' u").

Since Wa,p does not change when the integration vari-
ables are changed the Green's functions can be ex-
pressed in terms of (83) by means of the corresponding
numbei of functional derivatives with respect to the
sources, as well as in terms of (?7).

A.
o : 

o *,4 
r". u lrfi :r:eo: o 

: - ib,, o ! \ a, 6 
" 1r1,pi 1*1 rpf 

b 
1z;,L 

b 
1zi;- o.

(71)

9i',ration (69) signifies that the renormalized coupling
:;rstant corresponding to the 3A vertex does not depend
:e. the gauge (if all renormalized vertex functions are
u:tmalized in the same way). Similarly, one could
wrliy that the renormalized coupling constants corre-
tg:nding to aII other vertices do not depend on the
{e.age. We-s_hall not do this explicitly, since the results
lt Slanovtel and Taylortsl as weII as (?1) imply that
:fuey are aII equal to I11.

I: conclusion of this section we wish to note that the
,4-olication of this method, or a simple consideration of
,.hc free propagators, shows that the position of the
uLes of the Green's functions of the unphysical com-
tnmnts of the field Apr and of the fictitious particles
@,_ccd. generally speaking, on the gauge.

{. T'HE GAUGE INVARIANCE OF A THEORY OF
A YANG.MILLS FIELD WITH SPONTANEOUS
SYn|ETRY BREAKDOWN

Se shall consider a gauge invariant model of a Yang-
IEJi; field, interacting with a scalar isospinor field gi
-n ::o8h a manner that as a result of the spontaneous
r-5t=etry breakdown by the scalar field, the vector
t*E acquires a -ass[']. The model is described by
:ihe i:llowing Lagrangian (for the SU(2) group):

t - -!elc,i,+ (a-ou+ tld;l:) d ( aN -iLej' ,it) o,

-*(oJv,-!)+r"g., (72)

ld:Le field r/ suffers spontaneous symmetry break-
trlfiixa

(0lel0):b+o
S:mn:n loss of generality the constant b can be chosen
irgt-.:rd having only a nonzero upper (isospin) compon-
clt E-e rewrite the field g in the form

rb*o*i.B.i 1,P: | -l:, o*D-d',\ iB,_B,t y2

rn :tel the vacuum expectation values of the fields o
rM tsa vanish

{0lol0): (0lB,l0):0.

Str 1ir: rot write the expression of the Lagrangian (?2)
u. i*:as of the fields o and Ba. The corresponding
.4rression, as well_as the scheme of perturbation
dhe::1 are given in['].

F:r us it is important only that the Lagrangian (72)
:u =rariant with respect to the following gauge trans-
hlr"rarion:

Au'* A[+Vu*go, 6 * u - ]Vr",
lr"B,+ B,+T6t_|e"",EoB";
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This relation shows that (Olql0) does depend onthe
gauge.
B, (6(r)o (y)),,8 : (o(r)o(y));,u 1,$!0,11o1")+i(u)8"(v) 

16s)
x 9i'1'; 't'o 1';;-, u t (z * u))'

We see that in the right-hand side of Eq. (85)there is
onlv the pole related to the o-particle. The poles re-
tated to ,i?, S" and apLAfl are absent, owing to the
structure of the internal'space, We obtain that the right-
hand side of (85) has only one first-order pole and that
the mass of the o-particle is gauge-independent (since

there are no second order poles). In different gauges

the renormalization constants of the o-fieId are related
by

7,.r",0 - Z 
";;,n 

(l + 2l 
"), (86 )

where Zo.fipls is the residue at the o-pole in the

second term of (85).
c.

(.4[ (,) Ai (v)),,s : Qqi, @) .s?,(v)\ 
^ -, i di t( v[" (r) ai(z; rpi' 1z; A' (z;

,'{l (v));.0 L (r, ,. [ * Y. b, v)]. (8? )

Ji- z;t:,BJi,L (- + M'A), Q i M'e) JflL -= ap"rfir - 0, (92 )

Here Mo, and M4 are t s of the field
o and of the transverse are gauge-

independent). Then Wo erating func-
tional of the renormali2 s for the

scattering of transverse massive vector mesons and of
the field o.

A discussion analogous to that carried out in sub-
sections B and C shows that after the substitution (92)-
(94) the source-term in (83) becomes (taking into ac-
count (86) and (90))

\a, 
pi!;,u(t + r^).rfir(- M'A) Ai" + z;::,p(L t rJ 

"r 
(f] + MZ)61

:\a,v)!1ut;'< t M'o) Al+ z":,;,bnlE + ru)ot' (95)

subspace of physical states of the massive vector IieId
and of the massive scalar particle. Since in the gauge

where 86 = O (p = o,-'/'y; a -.* 0.7.*') there are

only physical states present (at least, within the frame-
work of perturbation theory), and the S-matrix is uni-
tary, the results obtained show that the S-matrix is
unitary in the physical subspace in any gauge o, p '

F. The preceding discussion was in fact valid for
the case when at least one of the bare charges )' or g

was fixed (the zed bY three Parame-
ters; M4 and s two of these)'
Since the theo ences, we have to fix
the renormali w that the renormal-
ized charge ).R may be considered to be gauge-inde-
pendent. indeed, studying the relation between the

vertex functions in different gauges by means of (83),

we obtain

6'0D,,'.,p - (.4 n.4 I >,,u : t* lP u,d,'l + Lu' d,lu1,

P,, :8r, AP' / a, L"':0',0, / l;
we obtain the following relation (in momentum space)

d',.^1p1 - dl",: (p) (1 , 2Ir (p)),

Zd;o c:Z"t;,a(l*2Io)'

where fA is the value of 14( p) at the pole of the

vector particle.

a <ttr @),t i (y) ),,e +( v :d (yl,pl tvl't,,*' (z) )",p : 0 (s1)

,1-z;lt;,s1fi+ ltZ), (!'l M:)r :0,
0'* 0.

z!'^: z!'-$ + 3l A),

(e3)
(e4)

s
s

expanslon

where 14(p) has no poles. The structure 61 14(p) is
clear from (87).

he transverse Part of

th and that the renormal-
iz Parts of the field Aft

in

(88 )

(Be )

(e0 )

D. We have seen that the longitudinal part of the

rieht-hand side of (8?) coptains the poles of the longi-
tuiinal parts of Aft and rr?. tt fottows from the Ward

identity')

where the normalization of ff)^ is carried out on the

mass shell of the transverse part of Af, in all three
external Iines. It follows from (96) and (90) that

(e6)

(e7 )

that the poles of the longitudinal parts of Aft and rl|
coincide. Thus, the longitudinal tensor strdcture of the

right-hand side of (8?) has, in the general case, a pole

ofligher order than the longitudinal tensor structure
of the left-hand side of (8?); this means that the position
olthe pole of the longitudinal component of the field
A[ (as weII as of 0]) denends on the gauge.

A similar consideration shows that the position of
the pole of the Ba-field also depends on the gauge'

These results are confirmed by a calculation in the

E. We make in the generating functional (??) and (83)

the substitution

not be done here. In any case, we already have the

necessary number of finite parameters which com-
pletely characterize the theory and do not depend on

the gauge.

5. CONCLUSION

Hamiltonian is non-Hermitian in all gauges, except the

Lorentz gauge. Therefore the use of the Cutkosky rule

in the proof of compensation of fictitious particles and
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r _ 0, (92)

(e3)
(e4)

the field
I gauge-
ing func-
r the
ris and of

in sub-
ution (92)-
lnto ac -

6+,uilol
-M:)61.(95)
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.cult. The
es, excePt the
CutkoskY rule
particles and

unphysical states of polarization of the vector parti-

"1""1'lorrrJ 
is justified only in the Lorentz gauge. But

even in this case the proof becomes cumbersome if the
number of intermediate states is larger than three.

When the present paper was finished, we became
aware of the paperL'21, where the equivalence theorem
is formulated, but not proved. In particular no relation
is obtained there between the wave function renormali-
zation constants in different gauges, and no proof is
given of the gauge invariance of the masses of physical
particles and of the renormalized coupling constants.

The authors are grateful to V. Ya. Fainberg and
E. S. Fradkin for their interest in this work and fruit-
ful discussions.

After this paper was submitted, we have received
the preprint of 'tHooft and VeltmanIt']. In that paper
the equivalence theorem for renormalizable Yang-MiIIs
theories was also proved.

APPENDIX 1

We carry out the quantization of the free electromag-
netic field Art in ttre gauge (28). We shall see that the
definition of the physical components of the massless
vector field given in Sec. 3 (Eq. (48)), also follows from
the discussion of the free field.

The Lagrangian and the equations of motion of the
free field in the gauge (28) have the form

, : - i r, + |tF a *r, + 5 n*t,1,, (A.1)

A!!4":0, (A.2)
.ltu":i gu,- du|,(l * cp,) - a4n,& - op6(nnl,-|n"lu), (A.B)

det.A.n,:c tr' (P tr + a')'. (A.4)

It is clear from (A.4) that the Fourier transform
Ap(k) ^h*^pupp the points k2 = 0
and Bk' + k"^= 0 terms of 6(k'z)
and o(pk'z + f'z) es.

We introduce four lineaily independent polarization
vectors

nn, ku,E!,(h), i:t,2,

€,' (ft) E-' (/.) : - 6,1, ftugl (/r) : zpE; (/r) : 0.

spectrum of the latter depends on the gauge a{f) is re-
lated to purely logitudinal states, and the presence of
0' in front of alj' bears witness of the indefinite metric
(in fact one can'show that [a[), a[,- I = 0).

The gauge-dependence of the states created by the
operators af, stems only from the dependence of the
polarization vectors tlr(t<) on the vector np. From (b4)
we obtain the followingirelalion between the polariza-
tion vectors for two different vectors np and nfj):

€$)o(/,) : el trl - &- #p- ,!,)Ei (r).

Thus, the difference between the two polarization
vectors for different nl1 is proportional to kp and, as
expected, such terms should not contribute to the phys-
ical quantities. This fact was proved in Section B.

The free propagator Off) oi the field A1r (defined
as Ar'r) is

iDfrt (k):eu" 1 
-(o,k,+ /.,r,) - 

ilqal:l 
-kz F(k,n2-k)R,

+ n,n,--1-+ *,t , I 
lk'z(F 

* n')' ,- 1 t
" 'lrznz_ 7rz p,(8,). \ k2n,-k, -;) (A.10)

l- (k,n"lnuk,)i,kuk,(ni,-0,/c,)\ I 1._ |
-\"-- --lE,------tr(E,f )---ttJtaE\E*.

APPENDIX ?
We consider here the canonical quantization of a

massless Yang-MiIIs theory with the regularization
61[ oJ

, : - l rr r;" - #vno cl,vu"" G,i,.

(A.e)

(A.11)

(A.16)

Writing down the most general form of the expansion of
A in terms of the polarization vectors and delta-func-
tions and their derivatives, and substituting this ex-
pansion into the equation of motion (A.2), we obtaino)

" d'kA,@: l;hrzrr.ro1r,,y,-*.{El(})a;d(ft.) (A.?)

+ n'pl"' 6('E) + krl" o (E', * /r, 1 + 
" 
p;;"P 

o,"'o' iE'; )
+h.c..E':k'+Jirl,p

,'t, ,[t' and aLn) are arbitrary functions of the B-momen-
tum k. In quantum theory one must, of course, consider
them as operators,

Comparing with the canonical commutation relations
which follow from (A.1), we have

t"l^,olt l:696(k-q). (A.8)

We show that the canonical quantization of the theory
(A.11) in the axial gauge leads to Feynman rules corre-
sponding to

w : I adi a 1d!) 
"*p {t I 

a* g. + r:Ail}, (A.12)

i.e., the introduction of the regularization does not
change the form of the generating functional. The
Lagrangian (A. 1 2 ) contains highe r -order derivatives,
therefore the quantization is carried out by means of
the Ostrogradsky method.

In the axial gauge the Hamiltonian has the form

n 1e *, oi ; pi", Qi"; pi,, ei) : pibL + pi"q:, + pisi - r,, (A.1 J )

Dq 6, 6L ^6L

(A.14)

The generating functional of the canonical theory has
the form
w - I ae ap ea{tt a,e1qi,+ pi"b:"+ p"^qL-n+ r."A;-JiAi)}.

(A.15)
In order to arrive at the form (A.12) one must carry out
the integrations with respect to Prt, efi, eflo, qfi:

no_ I n*nt

.. 
'" : 

Tt 'o -ou

ii: -,t"p;+ v,*ll + ai.
where

u, - xf'.,qi li - xftu Abo Gi,,

r; - -{{v,* v"," G; + v."o voo" Go.,)

R. E. Kallosh and l. V. Tyutin

(A.5)

(A.6)

where

Ptt -
OZ

6rf

It is clear from (A.7) that it is natural to consider
as physical the states corresponding to af and as un-
physical, the states corresponding to al',,'af,). The
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: -+v."0 voo"6,! v,"op,l, i: : - Na;'e,o'+ y,'oPj;+r",
(A.17)

o" : xyt' 6 -t (Ai a 
'Ai) '

n : ni,O* + |n, i6,-' 1e,i + v,'o p,t) )' + a" (p :" + v,'u P:,)

- !.,t,p|)" + p;,ai+ l(Q,,,Q,,Q*). (A.18)2 -'

In Eq. (A.15)the integration with respect to Pft yields
O(Qri - Qzi), i.e., one can do away with the integration
with respect to Qzi.

For the integration with respect to Pro we effect the
shift

P,z:P:: _ vi pi. (A'le)

The corresponding integral equals

j arL *n {i I 
a, (ei: 1); - "1+ ] t'ri: a;'rl; +''')]

:",n{; I a,(fita"<i;-"rl'+"')]' (A'20)

One may neglect Tr tn (A'zar') in taking the integral in
(A.20), since there is no functional dependence on the

fields.

The last integration, with respect to Pzi, yields

J ar., or{ i J 
a, (} r e"^t'+ (ai - v," a,', r,,"lr;,) }

-"*nt- , Sa,{ror,- v"'o'-b:)'}. (A.21)

Taking into account the results of the integrations in
(A.20)and (A.21), it is easy to check that the canonical

form of the generating functional (A.15) was reduced to

the form (A.12).

A completely analogous consideration is applicable
to a theory with spontaneous symmetry breakdown, tak-
ing into account the regularization.

In the case of a nonsingular gauge condition an im-
provement of the asymptotic behavior of the Iongitudinal
part of the propagator of the field A[ is achieved by

means of the substitution o - CI (o).' Then the addition
to the Lagrangian should be interpreted in the following
manner:

I J 
r,*<a, <,1') !a,roa(tr) i'(z) ' (A.22)

The modification of aII other equations of Secs. 3 and 4
reduces to the substitution o * a (o), 0a - Oo (o); the

final results remain, of course, unchanged'

APPENDIX 3

Here we derive the Ward identities for the theory
(?2). We shall see that the Ward identities have, in fact,
the same form in the symmetric theory and in the
theory with spontan"orri "y*-"try 

breakdown.T)

We carry out in the functional integral (??) the sub-
stitution (?6), (80), but with A41x) an arbitrary function
of the coordinates. Then

,n 
D(A', B'. a'\ _ _ 6 So tn D"..

D (A, B, a)

I la*t;- | !an\;+ o [a"ti'lr' (A'23)

Since the generating functional does not change un-
der a change of integration variables, we obtain the

Ward identities by setting equal to zero the first varia-
tion of Wa,p with resPect to Aa(x):

{or(z) 
+ 

J 
o,lt: alv-" 1,; + }{a" o * o(z)) 0"(z)

106 Sov. J. Nucl. Phys., Vol. 17, No. 1, July 1973

- { r, trl u" + ebd"od (z) ) B o(z)1o;" a,'l} * ",, : o, (A'24)

where in t. . . ] i" (A.24) one must make the substitu-
tion ." 6 E 6A,*1U:.' o*,.6rt ' 8,*16f.

It is clear that in terms of the original field o --ba,P
+ o the Ward identities have the same form in the

symmetric theory (ba,F = 0) and in the theory with
spontaneous sYmmetrY breakdown

The identity (91) is obtained by differentiating (A'24)

*id';;;;;;i-tl Jft'o""" and then taking the timit Jft

= q = 0a --0.
l)The problem of the gauge-dependence of the Green's functions has betn

considered for the case of quantum electrodynamics in the paper of

Fradkin (Trualy FIAN, 29, 7 {1965) and for the massless Yang-Mills

held in the paper by Faddeev and Popov [2] '

')Here one takei into account the fact that the renormalization of the

particle wave functions has been carried out'
3)i similar expression for W for the construction of the correct Feynma-t

ru1es was first used bY Fradkin [71.
o)We have introduced explicitly only the physicaliy necessary

tion of the wave functions of real particles'
s)cf. Appendix 3' -6)The function 6'(['?) has to be redefined ("regularized") One can, e g'-

interpret it as

a, 6,1: 1--- : 
^ ' ,u (01

2 ks!nsk/fl 4ks

We shall not discuss this question here.
?)The Ward identities for a symmetric theory of the Yang-Mills field witt-

out scalar particles were derived in [8'e]. We give here the derivation ol
the Ward identities simply because we have mentioned them in Sec 4'
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