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Motivation

▪ To a first approximation, the sound speed profile 

in the Earth is linearly varying with depth 

(theoretical seismology often uses this 

assumption).

▪ Linearly varying sound speed is used as a starting 

model for FWI at low frequencies, where there is 

no apriori information of the velocity.

▪ Waveform inversion like WRI (wavefield 

reconstruction inversion) with LSE.

▪ Previous work on LSE uses the constant 

background assumption.
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Use cases of our work

▪ Low frequency 3D FWI (<5 Hz)

- FWI with marine resonators like Wolfspar

- Sources generate data at a few discrete set 

of frequencies. 

- Our method will have an advantage over 

time domain methods.

Wolfspar Marine Seismic Source

Source: “Wolfspar®, an “FWI-friendly” ultra-low-frequency 

marine seismic source”, SEG 2016, Dellinger et.al.
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Use cases of our work

▪ Low frequency 3D FWI (<5 Hz)

- FWI with marine resonators like Wolfspar

- Sources generate data at a few discrete set 

of frequencies. 

- Our method will have an advantage over 

time domain methods.

▪ Low frequency time lapse FWI, because 

velocity changes are small with time.

▪ All at once waveform inversion using the LSE 

as the PDE constraint, instead of the 

Helmholtz.

Wolfspar Marine Seismic Source

Source: “Wolfspar®, an “FWI-friendly” ultra-low-frequency 

marine seismic source”, SEG 2016, Dellinger et.al.
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Prior work on LSE

▪ In seismic imaging, LSE intimately connected with forward and inverse scattering 

problems.

Prior work:

▪ How to overcome slow convergence (even divergence) of the associated Born 

scattering series, using renormalization and partial summation techniques.

- De-Wolfe series (Wu and Zheng, 2014; Jakobsen and Wu, 2015; Huang et al., 2019)

- Volterra renormalization (Lesage et al., 2014; Yao et al., 2015)

- Homotopy analysis method (Jakobsen et al., 2020)
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Prior work on LSE

▪ In seismic imaging, LSE intimately connected with forward and inverse scattering 

problems.

Prior work:

▪ How to overcome slow convergence (even divergence) of the associated Born 

scattering series, using renormalization and partial summation techniques.

- De-Wolfe series (Wu and Zheng, 2014; Jakobsen and Wu, 2015; Huang et al., 2019)

- Volterra renormalization (Lesage et al., 2014; Yao et al., 2015)

- Homotopy analysis method (Jakobsen et al., 2020)

▪ Inverse scattering (Weglein et al., 2001; Zhang and Weglein, 2009; Zou et al., 2019)

- Imaging and inversion using inverse scattering series

- Multiple removal
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Our contributions

▪ We developed a numerical scheme to solve the LSE for a linearly varying sound speed 

profile based on the truncated kernel method.

In this talk

▪ Briefly introduce the problem setup, and recap the LSE

▪ Brief description of the truncated kernel method (originally developed for the constant 

background LSE by Vico et al.) and how we adapt it to our problem.

▪ Complexity analysis of operator application cost

▪ Some numerical examples

▪ Extending the method to general v(z) case
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Hierarchy of difficulty

Green’s Function

Fourier Transform of 

Truncated Green’s 

Function

Green’s Function

Fourier Transform of 

Truncated Green’s 

Function

Green’s Function

Fourier Transform of 

Truncated Green’s 

Function

Difficulty

LSE With Linearly 

Increasing Velocity

LSE With 

v(z) Velocity

LSE With 

Constant Velocity

Analytical expressions available.

Analytical expressions not available. Needs to be computed.
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Helmholtz equation: Our setup

perturbation



The equivalent Lippmann-Schwinger equation
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Simplified domain reduction for computation

X

Z

X= -1/2 X= 1/2

Z= a

Z= b

Ω
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One can always reduce 

the LSE to be solved to 

this setting by an 

isotropic scaling of the 

coordinates, where 𝑎
and 𝑏 depend on the 

problem.



The LSE to discretize
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Evaluating the integral

Break up the X and Z integrals: first integrate in X and then integrate in Z
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Truncated kernel method

Fixed 𝑧 − 𝑧′ slice

X1

X2

𝑑

𝐾α 𝑥, 𝑧, 𝑧′ = 𝐺α 𝑥, 𝑧, 𝑧′

𝐾α 𝑥, 𝑧, 𝑧′ = 0

(0,0)

Truncated Green’s function = Original Green’s function

inside ball 𝐵(0, 𝑑)

Truncated Green’s function = 0

outside ball 𝐵(0, 𝑑)

𝑑 = 2 for 3D case
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Truncated kernel method
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Main result:



Truncated kernel method

This can be precomputed.
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Fast precomputation (Trick #1)
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Symmetries:
• Z-reciprocity:

• Radial symmetry:  𝐾α ξ, 𝑧, 𝑧′ = 𝐾α |ξ|, 𝑧, 𝑧′

ξ1

ξ2

Main Goals:

▪ Have a method that can be 

vectorized and parallelized.

▪ Compatible with numpy

vectorization requirements.



Fast precomputation (Trick #1)
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▪ Store only 𝑧 ≥ 𝑧′.

▪ Store only unique values of |ξ|.

❖ Assume spacing along ξ coordinates is Δξ.
❖ Then |ξ|𝑚𝑎𝑥 = 𝑘𝑚𝑎𝑥Δξ.
❖ ξ1, ξ2 = (𝑘1, 𝑘2)Δξ.

❖ For each 𝑘1, 𝑘2
- Evaluate 𝑘1

2 + 𝑘2
2 and keep unique values

- Sort by these values (optional)

▪ Only need to do the precomputation for these values of 𝑧, 𝑧′, |ξ|.

▪ Parallelize computation over (𝑧, 𝑧′) pairs or sorted axis of |ξ| values.

ξ1

ξ2



Fast precomputation (Trick #2)
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Need to compute the field:

Let’s look at the 3D case.

2D integral4D object but has symmetries
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Need to compute the field:

Let’s look at the 3D case.

Polar coordinate trick:

1D integral



Fast precomputation (Trick #2)
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Need to compute the field:

Let’s look at the 3D case.

Polar coordinate trick:

Riemann sum:

[0,1] discretized into M intervals 

which should be fine enough to 

sample the Bessel function

Zeroth order 

Bessel function

1D integral



Kernel application algorithm and complexity

𝑛: number of gridpoints in X direction

𝑛𝑧: number of gridpoints in Z direction

𝑁 = (𝑛 + 1)𝑑𝑛𝑧

Complexity of kernel application step:

𝑂(𝑁𝑛𝑧 +𝑁 log(𝑛))

Complexity of kernel application step 

for constant background LSE:

𝑂(𝑁log(𝑁))
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Numerical examples (3D): velocity perturbations

Gaussian anomaly Salt perturbation Random perturbation
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Background velocity



Numerical examples (3D): solutions

Gaussian anomaly Salt perturbation Random perturbation
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(Data modeled at 5 Hz)



Numerical examples (3D): overlay

Gaussian anomaly Salt perturbation Random perturbation
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(Data modeled at 5 Hz)



Generalization to arbitrary v(z) background

34

Green’s Function

Fourier Transform of 

Truncated Green’s 

Function

Green’s Function

Fourier Transform of 

Truncated Green’s 

Function

Green’s Function

Fourier Transform of 

Truncated Green’s 

Function

Difficulty

Analytical expressions available.

Analytical expressions not available. Needs to be computed.

We explained in this talk

Recall…
Main complication



Why computing Green’s functions expensive?
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𝑧′

Need to compute

Vary location of Dirac delta source(some 

approximation) at depth 𝑧′

❖ Solve 2D Helmholtz Equation with Dirac 

delta source as RHS to get the Green’s 

function approximately.

❖ This is even more expensive in 3D setting. 

However 3D problem reduces to a 2D 

problem by using horizontal symmetry.

Illustration of 2D Case

𝑵𝒛 = # depth slices

Need to solve Helmholtz equation 

for each depth slice and frequency.



How to make this more efficient?
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2D nature of problem + Sparse Linear Algebra

• Since this is a 2D problem, sparse matrix techniques can be used

• Specifically suppose you need to solve

𝐻𝐺(𝑥, 𝑧, 𝑧′) = 𝑓, 𝑤ℎ𝑒𝑟𝑒 𝐻 𝑖𝑠 𝐻𝑒𝑙𝑚ℎ𝑜𝑙𝑡𝑧 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟

• Then one can form LU factorization of 𝑯 = 𝑳𝑼
• The factors 𝑳,𝑼 do not have a lot of fill in 

(because of 2D nature of problem)

• For each RHS 𝑓, one obtains 𝐺(𝑥, 𝑧, 𝑧′) by one 

forward solve and backsolve (fast using sparse 

matrix techniques). 

Sparsity pattern of 
Helmholtz matrix



Final remarks and conclusions
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▪ We have developed a new numerical scheme to solve the LSE with a linearly 

varying background sound speed profile.

▪ The method solves the LSE using an iterative linear equation solver like GMRES 

which is a Krylov subspace method, and not by trying to sum a Born scattering 

series. Thus the method is guaranteed to converge to the correct answer 

irrespective of the strength of the perturbation.

▪ Iterative solver converges in fewer iterations at lower frequencies and also when 

the strength of the perturbation is small.

For questions: rsarkar@stanford.edu
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