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a b s t r a c t 

Two-phase flows involving heat/mass transfer are widespread in industrial and environmental applica- 

tions such as chemical reactors, bubbly flows, combustion, boiling, carbon sequestration, and ocean- 

atmosphere exchanges. It is therefore important to accurately predict the rate of heat/mass transfer across 

capillary interfaces via numerical simulations. Due to the absence of a well-defined interface, modeling 

interfacial transfer between two phases is particularly challenging for phase field (diffuse interface) mod- 

els. In the context of second-order conservative phase field models, by assuming a microstructure that is 

consistent with the interfacial profile, we use perturbation theory and asymptotic analysis to derive inter- 

facial heat/mass exchange terms that are consistent extensions of the underlying phase field equations. 

The developed two-scalar model is conservative, preserves positivity of total scalar concentration, and 

correctly predicts the transient and equilibrium solutions in all limits of diffusivity ratio. Additionally, we 

demonstrate that by assuming thermodynamic equilibrium in the microstructure, a more reduced model 

in the form of a one-scalar equation is derived. Several canonical and realistic simulations are presented 

to assess the consistency, accuracy, and convergence of the models. Crucially, while the one-scalar and 

two-scalar models both perform well when the two phases have comparable diffusivities, the two-scalar 

model is found to be much more accurate for realistic problems with large diffusivity ratios as it prevents 

unphysical leakage of heat/mass. 

© 2022 Elsevier Ltd. All rights reserved. 
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. Introduction 

Two-phase flow problems involving interfacial transfer of heat 

nd mass are ubiquitous. Accurate prediction of interfacial heat 

ransfer is critical in many industrial settings, including direct- 

ontact heat exchangers [1] , distillation processes [2] , combus- 

ion [3] , atomization of sprays [4] and all problems that involve 

vaporation and boiling. Industrial applications where interfacial 

ass transfer plays an important role include bubble column re- 

ctors [5] , oxygenation of aqueous systems [6] , metal refining, gas 

crubbing and waste water treatments in bioreactors [7] . Interfacial 

ass and heat transfer is also of significant interest in many nat- 

ral phenomena, including rain formation and atmosphere-ocean 

eat/mass exchange [e.g., oceanic carbon sequestration [8] ]. 

To numerically predict the evolution of heat and mass in the 

bove applications, it is critical to accurately compute (1) the evo- 

ution of the interface between two phases, (2) the transport—

.e., diffusion and advection—of heat/mass within the bulk of each 
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hase, and (3) their transfer across the interface. There are plenty 

f effective and accurate numerical methods for capturing the in- 

erfaces in two-phase flows [9] . While sharp interface methods 

uch as level-set (LS) and volume-of-fluid (VOF) methods have tra- 

itionally received the most attention, diffuse interface methods, 

lso known as phase field methods, have recently become popu- 

ar for simulating two-phase flows. This rise in popularity is due 

o their simplicity in implementation, parallel scalability and the 

ossibility of using more standard spatial discretization schemes 

ecause of the diffuse interfaces that result in smooth fields [9,10] . 

here has been a fair amount of previous work on computational 

odels for transport and interfacial transfer of heat/mass in two- 

hase systems. These developments have been mostly for sharp in- 

erface methods. As we will show, there is an equivalence between 

he problems of heat transfer and mass transfer, and a numerical 

odel designed for one can be reformulated for the other. 

Broadly, the proposed models in the literature for either heat 

ransfer problems or mass transfer problems can be classified into 

ne-scalar models and two-scalar models. The former is based on 

he assumption of thermal equilibrium for heat and chemical equi- 

ibrium for mass at the interface—continuity of temperature for 

eat and Henry’s law for mass. Examples of one-scalar models 

https://doi.org/10.1016/j.ijheatmasstransfer.2022.123326
http://www.ScienceDirect.com
http://www.elsevier.com/locate/hmt
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Nomenclature 

Latin letters 
¯̃
 c i mean local scalar concentration in phase i 

˜ c i 
′ local concentration perturbation in phase i 

K eq concentration ratio across interface at equilibrium 

c i amount of scalar in phase i per total volume 

h thickness of each layer in microstructure 

Sc Schmidt number 

˜ c i local scalar concentration in phase i 

D i diffusivity of scalar in phase i 

A free parameter representing an inverse time scale to 

thermodynamic equilibrium 

D m 

mixed diffusivity 

k i heat conductivity in phase i 

C p,i specific heat capacity of phase i 

H Henry coefficient 

J inter-phase transfer terms 

g gravitational constant 

t time 

�
 u velocity 

�
 n normal vector 

˜ q i local heat content in phase i 

Greek letters 

ρi density of phase i 

μi viscosity of phase i 

ν kinematic viscosity 

φ phase field variable 

ε free parameter in phase field equation controlling 

interface thickness 

γ free parameter in phase field equation controlling 

strength of right hand side terms 

Acronyms 

VOF Volume of fluid 

LS Level set 

CDI Conservative diffuse interface 

CPF Conservative phase field 

RHS right hand side 

PDE partial differential equation 

LHS left hand side 

LS Level set 

Subscripts 

eff effective 

max maximum 

os one-scalar 

an be found in [11–13] for VOF methods; [14–16] for LS meth- 

ds; and [17] for phase field methods. In these methods, a single 

quation is solved to compute the evolution of heat/mass within 

he two phases. The main drawback of one-scalar models is un- 

hysical leakage of heat/mass in situations where the resistance 

diffusivity) ratio between the two phases is large. Such situations 

re common in many practical gas-liquid two-phase flows. This has 

otivated researchers to develop two-scalar models that can pre- 

ent leakage and yield more accurate transient solutions, as they 

o not enforce thermodynamic equilibrium at the interface but 

ather ensure that the steady solution to the model achieves ther- 

odynamic equilibrium. Such models solve one equation for the 

eat/mass stored within each phase, resulting in two-scalar equa- 

ions for two-phase flows. Notable examples of such models can 

e found in [18–22] ; all of these models are designed for VOF in-

erface capturing schemes and most of them can also be adapted 

o other sharp interface schemes, i.e., LS methods. 
2 
The diffusivity ratio between the two phases is very large in 

any two-phase systems for heat and/or mass transport. As a re- 

ult, in such systems the heat/mass is effectively confined to one of 

he phases. Some researchers have therefore developed transport 

odels that do not account for interfacial transfer [23,24] . In par- 

icular, [24] derived one such model for second-order phase field 

ethods that prevents leakage across the interfaces, preserves the 

ositivity of the scalar (heat/mass), and achieves an equilibrium 

rofile for the scalar that is consistent with the phase field solution 

rofile. In this work, we extend the work of [24] by analytically 

eriving the interfacial transfer terms to obtain models that ac- 

ount for conjugate transfer of heat/mass. In particular, by assum- 

ng a geometrical microstructure for the interface, we use pertur- 

ation analysis to obtain transfer terms for the two-scalar model 

hat are consistent with the phase field model. The derived two- 

calar model can be applied to problems with arbitrary diffusivity 

atios between the two phases. Specifically, in the limit of zero dif- 

usivity ratios, the derived model reduces to that of [24] . Addition- 

lly, by assuming thermodynamic equilibrium at the interface, we 

lso derive a consistent one-scalar model that performs well when 

he two phases have comparable diffusivity for heat/mass but suf- 

ers from unphysical leakage when the diffusivity ratio is large. 

In Section 2 , we present the governing equations, explain- 

ng how the problems of heat and mass transport in two-phase 

ows are equivalent, even discretely. The model requirements are 

nlisted in Section 3 , and the microstructure is introduced in 

ection 4 . Using this microscopic model for the diffuse inter- 

ace, we derive the models for interfacial transfer of heat/mass in 

ection 5 . After describing the computational approach and the 

ositivity properties of the models, we present several numerical 

ests of the models for validation in Section 6 . Finally, we summa- 

ize our findings in Section 7 . 

. Governing equations 

Capillary interfaces are O (1 nm ) in subcritical conditions and 

re thus assumed sharp on continuum scale. The governing equa- 

ions for the evolution of heat/mass in a two-phase system consist 

f transport equations that hold within the bulk of each phase, in 

ddition to boundary conditions at the interface, connecting the 

ulks lying on either side. The transport equation for dilute chem- 

cal species in the bulk fluids is an advection-diffusion equation. 

or mass transport, within the bulk of phase i we have 

∂ ̃  c i 
∂t 

+ ∇ · ( � u ̃

 c i ) = ∇ · (D i ∇ ̃

 c i ) , (1) 

here i = 1 , 2 represents the phase index, the diffusivity in each 

hase is denoted by D i , and ˜ c i is the local species concentration in 

hase i defined as amount of the species per unit volume of phase 

 . At the interface, mass balance implies continuity of the fluxes 

ormal to the interface, 

 1 ∇ n ̃  c 1 = D 2 ∇ n ̃  c 2 . (2) 

he second-order partial differential equation (PDE) given in 

q. (1) requires one more boundary condition, which comes from 

hemical equilibrium at the interface, modeled by Henry’s law, 

˜ c 1 
˜ c 2 

= H, (3) 

here H is the Henry coefficient, assumed to be a constant. 

The equations for heat transport can be formulated in an equiv- 

lent way if we write them in terms of local heat content, ˜ q = 

C p T , where ρ , C p , and T are the density, specific heat capacity,

nd temperature, respectively. With this, heat transport in the bulk 

f phase i is given by 

∂ ̃  q i 
∂t 

+ ∇ · ( � u ̃

 q i ) = ∇ ·
(

k i 
ρi C p,i 

∇ ̃

 q i 

)
, (4) 
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here k is the heat conductivity. Heat balance at the interface 

ives 

k 1 
ρ1 C p, 1 

∇ n ̃  q 1 = 

k 2 
ρ2 C p, 2 

∇ n ̃  q 2 , (5) 

nd thermal equilibrium can be written as 

˜ q 1 
˜ q 2 

= 

ρ1 C p, 1 

ρ2 C p, 2 

. (6) 

he one-to-one correspondence between Eqs. (1) –(3) for mass and 

qs. (4) –(6) for heat is clear. As such, we utilize these forms of

he equations to derive a generalized model that can apply to both 

ass and heat, and we use the term scalar to refer to both species

oncentration and heat content. It is worth remarking that the 

forementioned formulation is based on the conserved variable. An 

qually valid approach would be to solve for the variable that is 

ontinuous across the interface, i.e., chemical potential for mass 

nd temperature for heat. However, this approach is not preferred 

ince it loses the discrete conservation property inherent in the 

ormer approach. For more details on the governing equations in 

ontinuum modeling of mass transfer of a dilute species and heat 

ransfer in a two-phase system refer to [11,25,26] . 

In this work, we neglect change in volume due to mass trans- 

er. This is justified when the solute is in the dilute limit. Addi- 

ionally, while the models we develop herein allow for simula- 

ion of problems in which heat and mass transfer mechanisms are 

oupled—e.g., Henry’s constant or mass diffusivity depending on 

emperature—studying such problems is beyond the scope of the 

resent work. Finally, phase change is not considered; thus, the 

calar evolution equation for heat or mass is one-way coupled to 

he phase field and momentum transport equations. We concern 

urselves with incompressible two-phase flows and second-order 

hase field models that result in hyperbolic tangent interfacial pro- 

les at equilibrium. These models include phase field models that 

re based on the Allen-Cahn equations [27] , such as [28,29] , the 

onservative phase field (CDI/CPF) model developed by [30,31] , and 

he accurate conservative phase field model by [32] . In this work, 

he CDI model by [30,31] is used, which can be written as 

∂φ

∂t 
+ ∇ · ( � u φ) = ∇ ·

[
γ

(
ε∇φ − φ( 1 − φ) 

∇φ

| ∇φ| 
)]

. (7) 

n Eq. (7) , ε is the parameter that controls the diffuse interface 

hickness while γ is the other free parameter of the model which 

etermines the strength of the right hand side terms, and φ is the 

hase field variable which is a smoothly varying function that can 

e interpreted as volume fraction of phase 1—fluid of pure phase 1 

as φ = 1 , while fluid of pure phase 2 has φ = 0 . The main advan-

age of this equation is that it allows accurate and robust predic- 

ion of the interface position during advection, while maintaining 

ts interfacial thickness because of the presence of the non-linear 

harpening term [33] . Moreover, compared to phase field models 

ased on the Cahn-Hilliard equation, which are also in conservative 

orm, CDI models based on Eq. (7) boast noteworthy advantages 

33] . First, because of its boundedness property and conservation, 

DI does not suffer from the artificial shrinkage of drops/bubble 

bserved in solutions to the Cahn-Hiliard equation [34] . Second, as 

pposed to the Cahn-Hilliard equation, CDI does not result in artifi- 

ial coarsening of drops/bubbles. Lastly, solving a second-order PDE 

s numerically convenient compared to solving the fourth order 

DE in Cahn-Hilliard models. Note that the models derived in this 

ork can also be applied to second-order diffuse interface methods 

n compressible flows which attain hyperbolic tangent equilibrium 

rofiles (see for instance [35] and references therein). This is be- 

ause the transport of scalars is independent of whether the flow 

s compressible or incompressible. 
3

. Model requirements 

Eqs. 1 –6 can be readily applied to sharp interface methods. 

owever, the concepts of bulk fluids and interfaces are not as well 

efined in phase field methods. Since in phase field models any 

oint in space and time is a mixture of two immiscible phases, 

he governing equations introduced above do not directly apply. 

ather, a model must be derived. In this work, we seek a model 

hat satisfies the following requirements: 

• Conservation: scalar must be locally and globally conserved in 

a continuous and discrete sense. 
• Generalizability: the model must apply to all second-order 

phase field methods with hyperbolic tangent equilibrium pro- 

files and be usable for both heat and mass transfer. 
• Consistency: the model should 

1. Reduce to the model presented in [24] when scalar diffusiv- 

ity is zero in one of the phases. 

2. Asymptote to bulk equations given in Eqs. (1) and (4) away 

from the interfaces ( φ tending to 0 or 1). 

3. Be equivalent to a single phase flow when the two phases 

have equal diffusivities (and other relevant material proper- 

ties). 

4. Predict long-time equilibrium profiles correctly (e.g., lin- 

ear/flat in 1D) 

5. Prevent unphysical leakage in the practical limit of large dif- 

fusivity ratios (e.g., O(10 4 ) for carbon dioxide transport in a 

water-air system). 
• Convergence: as the mesh is refined and the interfacial region 

is made thinner, the model should converge to the true sharp 

interface solution. 
• Positivity: physical constraints such as positivity of chemical 

species concentration must hold discretely. 

To obtain a set of equations that result in a consistent and 

obust model for phase field methods, we assume an interfacial 

icrostructure compatible with a diffuse interface and apply the 

bove equations to control volumes containing sharp interfaces in 

he microstructure to derive the upscaled equations. 

. Microscopic model 

In diffuse interface methods, a sharp interface is artificially 

hickened to the order of the grid size for numerical purposes. 

owever, Eqs. (1) - (6) cannot be directly applied to diffuse inter- 

aces as they require presence of sharply defined phase boundaries. 

n order to eliminate the ambiguity in the governing equations for 

 diffuse interface between two immiscible phases, one can as- 

ume that the diffuse interface region has a microstructure con- 

isting of well-defined sharp interfaces. In particular, in this work, 

n order to guide our intuition in the model derivation process, 

e offer a geometrical microstructure that would allow quantita- 

ive interpretation of a diffuse interface. This geometric microstruc- 

ure makes the model derivation amenable to pen and paper anal- 

sis. Consideration of sharp interfaces for the microstructure can 

lso be justified given that all diffuse interface models define the 

hase field variable to represent the volume fraction, as opposed 

o mass fraction. This definition suggests that for any differen- 

ial element of the domain a portion of the volume is occupied 

y fluid 1 and a portion is occupied by fluid 2. This mindset, in- 

vitably requires an assumed microstructure with sharp interfaces, 

hose homogenized representation is capture by the diffuse inter- 

ace model. It should be remarked that analogous to the diffuse 

nterface equations, this microstructure is not physical. Moreover, 

xistence of a microstructure is not necessary for derivation of in- 

erfacial transfer models. Nevertheless, we take advantage of the 

ssumed microstructure as an intermediate step in our derivation 
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Fig. 1. Schematic depiction of (a) a 1D diffuse interface, (b) the microstructure when one zooms in on a narrow window on the diffuse interface and (c) a close-up view of 

the microstructure, schematically showing that the fingers are assumed to be thin structures. 
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K  
o enforce the conditions enlisted in Section 3 . The assumed mi- 

rostucture is shown schematically in Fig. 1 . This figure displays a 

ne-dimensional diffuse interface with various levels of zoom-in. 

ig. 1 (a) shows the smooth transition from one phase to the other. 

y zooming in onto the thin box with width O(ε) within the tran- 

ition zone of this figure, we can see the assumed microstructure. 

his microstructure, shown schematically in Fig. 1 (b), consists of 

ngers of one pure phase extending into the other. It is worth em- 

hasizing that the interfaces shown in Fig. 1 (b) are sharp interfaces 

hat separate pure phases from one another. As such, Eqs. 1 –6 can 

e applied at this level. In accordance with the phase field models 

f interest, the fingers are assumed to have hyperbolic tangent pro- 

les, consistent with the equilibrium solution to Eq. (7) . We also 

ntentionally assume that the thickness of the fingers is very small 

ompared to the thickness of the diffuse interface (transition zone). 

n other words, Fig. 1 (b) is highly stretched in the y direction. 

ooming in on the box shown in Fig. 1 (b), a more accurate picture

f the local microstructure can be obtained, shown schematically 

n Fig. 1 (c). This figure demonstrates that the microstructure con- 

ists of long and thin structures with thickness h , where h � ε. We

oint that the microstructure matching the phase field function is 

ot unique. It might be possible to assume other structures, e.g., 

nvolving bubbles of one fluid into the other fluid, with bubble size 

nd numbers diminishing as one moves away from the interface. 

owever, we identified the proposed microstructure most suitable 

or analytical derivations. 

. Model derivation 

Two-scalar models are necessary for capturing species concen- 

ration or heat content when the interface is not at thermody- 

amic equilibrium and/or the diffusivity (resistance) ratio is large. 

n this section, we derive a two-scalar model for a one-dimensional 

nterface using a two-dimensional microstructure ( Fig. 1 ). Similar 

o the model of [24] , the model solves for the amount of scalar

n phase i per total volume, denoted c i (x ) for i = 1 , 2 . The to-

al amount of scalar per total volume, c 1 (x ) + c 2 (x ) , is conserved.

ince the diffuse interface is not in thermodynamic equilibrium, 

he local concentration values, denoted by ˜ c i (x, y ) for i = 1 , 2 , are

unctions of both x and y in Fig. 1 . The y -averaged mean concentra-

ion values within each finger are then denoted 

¯̃
 c 1 (x ) = c 1 (x ) / φ(x )

nd 

¯̃
 c (x ) = c (x ) / (1 − φ(x )) . 
2 2 

4 
It is useful to illustrate that the model of [24] for a confined 

calar (no interfacial transfer) is not only compatible with the pro- 

osed microstructure, but can be also derived from this approach. 

o show this, imagine that a scalar is confined to phase 1 in 

ig. 1 , or in other words, D 2 = 0 . Then, the equation governing the

mount of scalar per total volume, c 1 (x ) , is given by 

∂c 1 
∂t 

+ 

∂ 

∂x 
( � u c 1 ) = 

∂ 

∂x 

(
D 1 φ

∂ ¯̃ c 1 
∂x 

)
. (8) 

hile the left hand side (LHS) terms represent the temporal and 

onvective terms, the diffusive flux on the right hand side (RHS) of 

he first equality can be explained by considering the microstruc- 

ure. Since there is no interfacial transfer across the sharp inter- 

aces, the local concentration is only a function of x and the lo- 

al diffusive flux is given by D 1 (∂ ̄̃  c 1 /∂x ) . This flux has to then be

eighted by the volume fraction of phase 1, φ(x ) , which results in

he RHS term in Eq. (8) . Due to the hyperbolic tangent profile of 

he diffuse interface at phase equilibrium, the relation 

φ = 

φ(1 − φ) 

ε
�
 n (9) 

olds, where � n = ∇ φ/ |∇ φ| is the normal vector. Using this rela-

ion, and 

¯̃
 c 1 (x ) = c 1 (x ) / φ(x ) , we can write the RHS in terms of

nown, resolved variables. 

∂c 1 
∂t 

+ 

∂ 

∂x 
( � u c 1 ) = 

∂ 

∂x 

(
D 1 φ

∂ ¯̃ c 1 
∂x 

)
= 

∂ 

∂x 

[
D 1 

(
∂c 1 
∂x 

− 1 − φ

ε
�
 n c 1 

)]
. 

(10) 

.1. Scalar transfer model derivation 

So far we have presented the derivation of the transport equa- 

ion for a scalar confined to phase 1. A similar PDE can be de- 

ived for c 2 (x ) . In the general case when neither of the diffusiv-

ties are zero (finite D 1 /D 2 ) the scalar is transferred between the 

hases. Here, we aim to derive the interfacial transfer terms that 

ugment these PDEs to extend the work of [24] to arbitrary dif- 

usivity ratios, D 1 /D 2 , and arbitrary jumps in equilibrium scalar 

oncentrations across the interface, denoted K eq . For heat transfer, 

 eq = (ρ1 C p, 1 ) / (ρ2 C p, 2 ) , while K eq = H, for mass transfer. We seek
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he transfer terms denoted by J(x ) for 

∂c 1 
∂t 

+ 

∂ 

∂x 
( � u c 1 ) = 

∂ 

∂x 

[
D 1 

(
∂c 1 
∂x 

− 1 − φ

ε
�
 n c 1 

)]
+ J(x ) , (11) 

∂c 2 
∂t 

+ 

∂ 

∂x 
( � u c 2 ) = 

∂ 

∂x 

[
D 2 

(
∂c 2 
∂x 

+ 

φ

ε
�
 n c 2 

)]
− J(x ) . (12) 

n order to close the model, J(x ) is to be determined in terms of

nown variables, as follows. The local concentration can be de- 

omposed into a mean component and a perturbation, denoted by 

˜  i 
′ (x, y ) for i = 1 , 2 , 

˜ 
 i (x, y ) = 

¯̃
 c i (x ) + 

˜ c i 
′ (x, y ) . (13) 

ecause of the assumed thin structure of the fingers in the mi- 

rostructure, h � ε, there is a quasi-steady balance between diffu- 

ion in x and y , yielding 

∂ 2 ˜ c i 
′ 

∂y 2 
= −∂ 2 ¯̃ c i 

∂x 2 
, (14) 

or i = 1 , 2 . The thin structures are repeated periodically in the y

irection with a period of 2 h . Let us focus on a half-period with

hickness h , as shown in Fig. 1 (c). Consider a coordinate system on

he lower dashed line, then symmetry boundary conditions hold 

or phase 1 at y = 0 and for phase 2 at y = h . Additionally, the per-

urbations have zero mean, i.e., 

 φh 

0 

˜ c 1 
′ (x, y ) dy = 

∫ h 

φh 

˜ c 2 
′ (x, y ) dy = 0 . (15) 

ntegrating Eq. (14) twice in y and using the symmetry boundary 

onditions in addition to Eq. (15) , we can determine the perturba- 

ions in terms of the mean concentrations to be given by 

˜ 
 1 
′ (x, y ) = −1 

2 

(
∂ 2 ¯̃ c 1 
∂x 2 

)[
y 2 − (φh ) 2 

3 

]
, (16) 

˜ 
 2 
′ (x, y ) = −1 

2 

(
∂ 2 ¯̃ c 2 
∂x 2 

){
(h − y ) 2 − [(1 − φ) h ] 2 

3 

}
. (17) 

Two other conditions must be satisfied at the sharp interface 

ocated at y = φh . First, thermodynamic equilibrium must be en- 

orced, ˜ c 1 (x, y = φh ) = K eq ̃  c 2 (x, y = φh ) , which from Eqs. (16) and

17) results in 

2 

(
∂ 2 ¯̃ c 1 
∂x 2 

)
− K eq (1 − φ) 2 

(
∂ 2 ¯̃ c 2 
∂x 2 

)
= 

3 

h 

2 
( ̄̃  c 1 − K eq 

¯̃
 c 2 ) . (18) 

econd, after plugging in Eqs. (16) and (17) to find the dif- 

usive fluxes in the y direction, continuity of diffusive fluxes 

ormal to the interface, −D 1 ( ∂ ¯̃
 c 1 / ∂x )( ∂( φh ) / ∂x ) − D 1 ∂ ˜ c 1 

′ 
/ ∂y = 

D 2 ( ∂ ¯̃
 c 2 / ∂x )( ∂( φh ) / ∂x ) − D 2 ∂ ˜ c 2 

′ 
/ ∂y , results in 

 1 φ

(
∂ 2 ¯̃ c 1 
∂x 2 

)
+ D 2 (1 − φ) 

(
∂ 2 ¯̃ c 2 
∂x 2 

)
= −D 1 

∂ ¯̃ c 1 
∂x 

∂φ

∂x 
+ D 2 

∂ ¯̃ c 2 
∂x 

∂φ

∂x 
. 

(19) 

he interfacial transfer terms in Eqs. (11) and (12) are given by 

(x ) = 

1 

h 

D 1 

(
∂ ˜ c 1 

′ 

∂y 

)
y = φh 

− D 1 
∂ ¯̃ c 1 
∂x 

∂φ

∂x 
. (20) 

he first term on the RHS of Eq. (20) can be written in terms

f ∂ 2 ¯̃ c 1 / ∂x 2 using Eq. (16) . Invoking the sharp interface boundary 

onditions given by Eqs. (18) and (19) , we can then find ∂ 2 ¯̃ c / ∂x 2 
1 

5 
nd ∂ 2 ¯̃ c 2 / ∂x 2 in terms of lower-order derivatives. This results in 

(x ) = 

1 

h 

2 

3 D 1 D 2 

K eq D 1 (1 − φ) + D 2 φ
( K eq 

¯̃
 c 2 − ¯̃

 c 1 ) 

− K eq D 1 (1 − φ) 
∂φ

∂x 

−D 1 
∂ ̄̃  c 1 
∂x 

+ D 2 
∂ ̄̃  c 2 
∂x 

K eq D 1 (1 − φ) + D 2 φ
− D 1 

∂ ¯̃ c 1 
∂x 

∂φ

∂x 
. (21) 

he first term on the RHS of Eq. (21) originates from the diffu- 

ive flux in the y direction and has a very large O(1 /h 2 ) prefac-

or. This term is indeed responsible for equilibrating the interface 

oward 

¯̃
 c 1 (x ) = K eq 

¯̃
 c 2 (x ) . The timescale for this equilibrium is pro-

ortional to h 2 . Since h is an artificial free parameter in the as- 

umed microscopic model that is chosen to be very small, we have 

reedom in the exact form of the first term in Eq. (21) . The other

erms on the RHS of this equation, however, are responsible for 

he correct prediction of long-time equilibrium solutions. As such, 

f we utilize ¯̃
 c 1 (x ) = K eq 

¯̃
 c 2 (x ) and the definitions of the mean con-

entration values, we can make the substitutions ¯̃
 c 1 = c 1 + K eq c 2 

nd 

¯̃
 c 2 = c 1 /K eq + c 2 for these terms. After these substitutions and

ome algebraic simplifications, the final form of the transfer terms 

or a one-dimensional interface is 

(x ) = AD m 

[ K eq c 2 φ − c 1 (1 − φ)] − D m 

∂φ

∂x 

∂(c 1 + K eq c 2 ) 

∂x 
, (22) 

here D m 

is the mixed diffusivity, given by 

 m 

= 

D 1 D 2 

K eq D 1 (1 − φ) + D 2 φ
. (23) 

ote that a new free parameter, A , is introduced in Eq. (22) in

ieu of the prefactors in the first term on the RHS of Eq. (21) . This

ree parameter represents the inverse time scale to thermodynamic 

quilibrium, typically chosen to be a large constant, without im- 

osing additional time-step restrictions. Moreover, taking advan- 

age of the aforementioned freedom in the form of the term re- 

ponsible for equilibriating the interface, the first term on the RHS 

f Eq. (21) has been multiplied by φ(1 − φ) , a kernel that is active

n the interfacial region, such that it is in terms of the known vari- 

bles, c 1 and c 2 . This is also advantageous from a numerical per- 

pective, as we avoid dealing with division by zero when evaluat- 

ng ¯̃
 c i away from the interface. The final form of J(x ) in Eq. (22) is

hus in terms of the known, conserved variables. The model was 

erived for a one-dimensional interface. The general model is then 

∂c 1 
∂t 

+ ∇ · ( � u c 1 ) = ∇ ·
[

D 1 

(
∇c 1 − 1 − φ

ε
�
 n c 1 

)]

+ AD m 

[ K eq c 2 φ − c 1 (1 − φ)] − D m 

∇φ · ∇(c 1 + K eq c 2 ) , (24)

∂c 2 
∂t 

+ ∇ · ( � u c 2 ) = ∇ ·
[

D 2 

(
∇c 2 + 

φ

ε
�
 n c 2 

)]

+ AD m 

[ c 1 (1 − φ) − K eq c 2 φ] + D m 

∇φ · ∇(c 1 + K eq c 2 ) . (25)

 quick inspection of Eqs. 24 and 25 reveals satisfaction of some 

f the important model requirements enlisted in Section 3 . Firstly, 

y summing the two equations, it becomes clear that the trans- 

er terms cancel out resulting in a conservative transport equa- 

ion for c 1 + c 2 , and therefore, c 1 + c 2 is a conserved scalar. We 

ave already explained generalizability of the model in terms of 

pplication to various diffuse interface methods and the capabil- 

ty of predicting both heat and mass transport. In terms of consis- 

ency, item (1) is satisfied because D m 

= 0 if one of the diffusivi-

ies is zero (see Eq. 23 ), resulting in zero interfacial transfer and 

eduction of the model to Eq. 10 . Item (2) of the consistency re- 

uirements can also be observed from either of Eqs. 24 and 25 . 

et us consider Eq. 24 and the bulk of phase 1, i.e., φ tending 
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Fig. 2. A block diagram summarizing the computational steps involved in the fully 

coupled solver. 

f

s

c

g

T

t

T

e

a

s

o 1. In this region of the domain, 1 − φ, c 2 and ∇φ all tend to

ero, resulting in vanishing interfacial transfer, in addition to the 

iffusive flux reducing to ∇ · (D 1 ∇c 1 ) , which matches the bulk 

quations presented in Section 2 . In Section 6.1 , by using canon- 

cal one-dimensional numerical tests, we demonstrate that the 

erived two-scalar model satisfies the remaining consistency re- 

uirements enlisted in Section 3 . Afterwards, more practical multi- 

imensional numerical simulations are presented in Section 6.2 , 

here the scalar transport equation is coupled to the phase field 

nd momentum transport equations, confirming accuracy, conver- 

ence, and positivity of the two-scalar model. 

.2. One-scalar model 

Using the assumed microstructure and by assuming thermody- 

amic equilibrium at the interface, we can also derive a consistent 

ne-scalar model for total species concentration/heat content per 

otal volume. The interfacial transfer between the two phases need 

ot be considered in the derivation of this model. By considering 

he contribution of each phase to the diffusive fluxes in a man- 

er similar to the derivation of (10) , and by invoking the thermo- 

ynamic equilibrium conditions, ¯̃
 c 1 (x ) = K eq 

¯̃
 c 2 (x ) , the derived one-

calar model for c = c 1 + c 2 is given by 

∂c 

∂t 
+ ∇ · ( � u c) = ∇ ·

[ 
D eff∇ 

(
c 

K eff

)] 
, (26) 

here 

 eff = D 1 K eq φ + D 2 (1 − φ) , (27) 

nd 

 eff = K eq φ + (1 − φ) , (28) 

re the effective mixture diffusivity and equilibrium concentration 

atio across interface, respectively. This model is introduced here 

s an alternative approach for modeling scalar transport, against 

hich we compare the two-scalar model. For the sake of clarity, 

t is worth highlighting that for the case of heat transfer, solving 

qs (26) - (28) to find the heat content is equivalent to solving 

∂(ρC p ) effT 

∂t 
+ ∇ · [ � u (ρC p ) effT ] = ∇ · (k eff∇T ) (29) 

o compute temperature, where 

ρC p ) eff = ρ1 C p, 1 φ + ρ2 C p, 2 (1 − φ) , (30) 

nd 

 eff = k 1 φ + k 2 (1 − φ) , (31) 

re the effective mixture heat capacity and conductivity, respec- 

ively. Note that this one-scalar model is different from the one- 

calar heat transfer model proposed by [17] in that it is in conser- 

ative form and in the way effective material properties are com- 

uted. 

.3. Computational approach 

Numerically, we use a fourth-order Runge-Kutta (RK4) explicit 

cheme to time integrate Eqs. (24) and (25) coupled to Eq. (7) . If

olving for the flow field, we also couple these equations to the 

onsistent momentum transport equations introduced in [33] . We 

se a second order central finite difference spatial discretization 

n a standard staggered Cartesian grid where velocity vectors and 

ll fluxes, including the scalar fluxes, are stored on their respec- 

ive faces, while pressure, density, viscosity, scalar concentrations 

nd the phase field variable are stored on cell centers. If solving 
6 
or momentum, we compute density and viscosity linearly with re- 

pect to the phase field variable, while surface tension forces are 

omputed via the continuum surface force method. A block dia- 

ram summarizing the computational method is provided in Fig. 2 . 

he interested reader can refer to [33] for a more detailed descrip- 

ion of the computational algorithm (without scalar transport). 

he scalar transport step for the one-scalar and two-scalar mod- 

ls is straight-forward as it entails explicit time-advancement of 

n advection-diffusion-reaction equation spatially discretized with 

econd order central differences. 
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Fig. 3. Evolution of c 1 + c 2 from the two-scalar, two-phase model plotted on top of the solutions from a single-phase calculation at the same time instants. The drop, for 

the two-phase calculation, is denoted using the phase field profile. 
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.4. Note on positivity 

The scalar transport model in Eq. (10) with no interfacial trans- 

er is guaranteed to maintain the positivity of scalar concentration, 

rovided the constraint on grid cell size, �x , given by 

x ≤ 2 D 1 

| � u | max 
(32) 

s satisfied [24] in addition to the Courant-Friedrichs-Lewy crite- 

ion for temporal stability [ �t ≤ �x 2 / (2 D f D 1 ) , where D f is the

umber of spatial dimensions, and �t is the time step size]. This 

s sufficient to argue that the conserved quantity c 1 + c 2 in the 

wo-scalar model remains positive with interfacial transfer. Note 

hat, the transfer terms in Eqs. (24) and (25) cancel out iden- 

ically. Therefore, as long as both c 1 and c 2 maintain positivity 

n the absence of transfer terms, i.e., �x ≤ 2 min (D 1 , D 2 ) / | � u | max , 

he conserved quantity c 1 + c 2 is guaranteed to maintain positivity, 

ven in the presence of transfer terms. Similarly, for the one-scalar 

odel in Eq. (26) , following the proof in [24] it can be shown

hat the positivity of the scalar concentration is guaranteed, pro- 

ided the constraints �x ≤ 2 min (D 1 K eq , D 2 ) / [ | � u | max max (1 , K eq )] 

nd �t ≤ �x 2 min (1 , K eq ) / [2 D f max (D 1 K eq , D 2 )] are satisfied. 

. Numerical tests 

In this section, we first present numerical simulation results 

hat confirm the satisfaction of all the consistency requirements 

nlisted in Section 3 by the two-scalar model. While we explained 

n Section 5 that some of the requirements can be checked by in- 

pecting the model, in Section 6.1 we use 1D tests to numerically 

emonstrate that the consistency requirements (3)-(5) presented 

n Section 3 are met. More complex, multidimensional cases where 
7 
he scalar transport is solved in conjunction with the Navier-Stokes 

quation are presented in Section 6.2 . All numerical tests are per- 

ormed in dimensionless form unless physical units are specified. 

.1. One-dimensional tests 

All the simulations presented in this section are one dimen- 

ional in nature and static. For all the simulations, the domain is 

hosen to be [ −1 , 1] , the grid cell size is �x = 0 . 01 , and the pa-

ameters are taken to be ε = 0 . 01 , γ = 1 , and A = 10 0 0 . Note that ε
nd γ are chosen based on the boundedness criterion established 

n [31] , while A , representing the inverse time scale to thermody- 

amic equiibrium is chosen to be a large constant while not reduc- 

ng the time-step requirements. 

.1.1. Equivalence to single phase when D 1 = D 2 , K eq = 1 

If the diffusivities on the two sides of the interface are equal, 

hen the presence of the interface should have no effect on the 

ransport of the scalar throughout the domain, thereby effec- 

ively reducing the problem setup to a pseudo-single-phase prob- 

em [consistency item (3) in Section 3 ]. Here, we numerically 

erify this consistency for the two-scalar model. In particular, 

e set D 1 = D 2 = K eq = 1 and use periodic boundary conditions

o study the evolution of the system starting from c 1 (x, t = 0) =
 exp (−4 x 2 ) φ, c 2 (x, t = 0) = 5 exp (−4 x 2 )(1 − φ) , while the artifi-

ial drop has a diameter of 1 and is placed in the center of the

omain. Fig. 3 shows that as the scalar diffuses towards a flat so- 

ution, the solutions predicted by the two-scalar, two-phase model 

atch very well with the numerical solutions from a single-phase 

alculation with the same resolution and discretization. 
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Fig. 4. The evolution of (a) c 1 and c 2 plotted on top of the drop profile given by φ and (b) c 1 + K eq c 2 plotted for simulations performed with D 1 = D 2 = K eq = 1 . 
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.1.2. Flat equilibrium solutions 

A one-dimensional drop of phase 1 with diameter 1 is placed 

n the middle of the domain. The initial conditions are c 1 (x, t =
) = 2 φ(x, t = 0) and c 2 (x, t = 0) = 0 and we use periodic bound-

ry conditions. The equilibrium solution is expected to be flat pro- 

les within the drop and outside it with a jump based on the value

f K eq . In particular, c 1 + K eq c 2 should be a flat profile at equilib-

ium. 

In Fig. 4 (a), the evolution of c 1 and c 2 are plotted on top of the

rop profile for a simulation performed using D 1 = D 2 = K eq = 1 . In

ig. 4 (b), at the same time instants, values of c 1 + K eq c 2 = c 1 + c 2 
re plotted, showing the correct flat profile at equilibrium. 

In Fig. 5 , for the same initial conditions and boundary con- 

itions, simulation results for K eq = 1 / 3 are illustrated. Fig. 5 (a,b) 

emonstrate how c 1 , c 2 and c 1 + K eq c 2 evolve in time for D 1 = D 2 =
 . Exploring the effect of the diffusivity ratio, Fig. 5 (c,d) demon- 

trate the evolution of c 1 , c 2 and c 1 + K eq c 2 for D 1 = 10 , D 2 = 1 . Fi-

ally, Fig. 5 (d,e) serve the same purpose for D 1 = 1 , D 2 = 10 . It is

lear from comparing Fig. 5 (c) and (e) that the scalar diffuses much 

aster in the phase with the higher diffusivity, resulting in flat pro- 

les within phase 1 and 2 in Fig. 5 (c) and (e), respectively. 

.1.3. Linear equilibrium solutions 

A one-dimensional drop of phase 1 with radius 1 is placed 

n the right half of the domain. The initial conditions are again 

 1 (x, t = 0) = 2 φ(x, t = 0) and c 2 (x, t = 0) = 0 and we use Dirich-

et boundary conditions given by c 1 (x = −1 , t) = c 2 (x = −1 , t) = 0

nd c 1 (x = 1 , t) = 2 , c 2 (x = 1 , t) = 0 . The equilibrium solutions are

xpected to be linear profiles within the drop and outside it, with 

lopes that are inversely proportionate to the diffusivity in each 

hase and a jump in accordance with the value of K eq . In this case,

 1 + K eq c 2 should consist of two lines with no jump across the in-

erface at equilibrium. 

In Fig. 6 (a), the evolution of c 1 and c 2 are plotted on top of the

rop profile for a simulation performed using D 1 = D 2 = K eq = 1 . In

ig. 6 (b), c 1 + K eq c 2 = c 1 + c 2 is plotted at the same time instants, 

howing the correct linear profile at equilibrium. We vary the dif- 

usivity ratio, D 1 = 10 , D 2 = 1 , in the next simulation, shown in

ig. 6 (c,d). For this case, the behavior of the solution is not mono- 

onic with time in the phase with higher diffusivity. Finally, going 

ack to D 1 = D 2 = 1 , we test the effect of varying the interfacial

ump, K eq = 1 / 3 , as depicted in Fig. 6 (e,f). 

It must be emphasized that while the tests presented in this 

ection might seem to have trivial solutions, the correct prediction 

f these solutions depends on the details of the two-scalar model 
8 
resented in Eqs. (24) and (25) . In particular, if the last transfer 

erm in these equations were to be excluded or altered, the equi- 

ibrium solutions would be grossly mispredicted. 

.1.4. Large diffusivity ratios 

As mentioned in Section 2.2, a very important limit for which 

e need the solutions from our models to be accurate is at large 

iffusivity ratios.Jain and Mani [24] showed that the model pre- 

ented in Eq. (10) prevents leakage for a confined scalar (e.g., D 2 = 

 ), whereas the naive one-scalar model presented in Section 5.2 re- 

ults in significant leakage to the phase with zero diffusivity. As 

xplained in Section 5 , our two-scalar model [ Eq. (24) ] reduces 

o the confined scalar model in Eq. (10) when one of the diffu- 

ivities is zero, i.e., the scalar is confined (consistency item (1) in 

ection 3 ). However, an important limit we study numerically here 

s large but finite diffusivity ratios to show that the derived two- 

calar model satisfies consistency item (5) in Section 3 . Fig. 7 com- 

ares the performance of the two-scalar model against the one- 

calar model for D 1 = 1 , D 2 = 10 −4 , K eq = 1 . For the two-scalar

odel the initial conditions are c 1 (x, t = 0) = φ, c 2 (x, t = 0) = 0 ,

hereas for the one-scalar model the simulations are initialized 

ith c(x, t = 0) = φ. Fig. 7 compares the simulation results from 

he two-scalar model [ Fig. 7 (a)] against those from the one-scalar 

odel [ Fig. 7 (b)] for the same time instants from t = 0 to t = 1 .

or such a short time interval, since D 2 is so small, the scalar 

hould essentially all remain inside phase 1. The results from the 

wo-scalar model are in agreement with this expectation; whereas, 

he one-scalar model results suffer from significant artificial leak- 

ge into phase 2. 

.2. Multi-dimensional tests 

Using the preceding numerical tests, we numerically demon- 

trated that the two-scalar model satisfies the consistency require- 

ents (3)-(5) from Section 3 . In the following, we demonstrate the 

ccuracy and convergence properties of the developed two-scalar 

odel on a few more practical problems. In the following tests, 

imilar to the 1D tests in Section 6.1 , we use A = 10 0 0 , ε = �x ,

nd γ = | � u | max . 

.2.1. Bubble depletion 

We adopt a three-dimensional test from [18] , in which we are 

nterested in predicting dispersed-phase diffusion control from a 

ubble into its surrounding phase. This circumstance arises when 

 eq � 1 , corresponding to, for instance, heat transfer from a bubble 

ith much lower heat capacity than its background. Specifically, 
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Fig. 5. For jump conditions given by K eq = 1 / 3 , the evolution of (a) c 1 and c 2 plotted on top of the drop profile given by φ and (b) c 1 + K eq c 2 plotted for simulations 

performed with D 1 = D 2 = 1 , (c) c 1 and c 2 plotted on top of the drop profile given by φ and (d) c 1 + K eq c 2 plotted for simulations performed with D 1 = 10 , D 2 = 1 and (e) c 1 
and c 2 plotted on top of the drop profile given by φ and (f) c 1 + K eq c 2 plotted for simulations performed with D 1 = 1 , D 2 = 10 . 

w

a  

p  

2  

f

r

t  

m  

m

K

c

i

D

a

a

t

i

(

a  

t  
e are interested in predicting the evolution of the heat content in 

 two-phase system consisting of a bubble with radius R = 0 . 32 of

hase 1 in a 1 × 1 × 1 domain otherwise filled with fluid of phase

. We set D 1 = 3 . 62 × 10 −4 , D 2 = 3 . 62 × 10 −9 , K eq = 10 −5 , and per-

orm simulations with the two-scalar and one-scalar models. Pe- 

iodic boundary conditions are used and the heat content is ini- 

ialized to be q 1 ( � x , t = 0) = φ, q 2 ( � x , t = 0) = 0 for the two-scalar

odel and consistently, we set q os ( � x , t = 0) = φ for the one-scalar

odel, where subscript os stands for one scalar. Theoretically, since 

 eq is very small, q 1 ≈ 0 at the interface for t > 0 . As such, heat 
9 
ontinues to diffuse from inside of the bubble to its interface and 

s then transferred to the surrounding phase. Moreover, because 

 1 � D 2 , while heat is leaving the bubble, it is mostly accumulated 

round the interface in phase 2 because it diffuses to the regions 

way from the bubble with a much slower rate. Fig. 8 shows how 

he heat content in each phase evolves in time and space. Specif- 

cally, from a simulation with a 100 × 100 × 100 mesh, panels (a), 

b), and (c) show the heat content solutions from both models as 

 function of x with y = z = 0 . 5 for times of t = 13 . 33 , t = 40 , and

 = 80 , respectively. Panel (d) shows the long time state of the so-
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Fig. 6. The evolution of (a) c 1 and c 2 plotted on top of the drop profile given by φ and (b) c 1 + K eq c 2 plotted for simulations performed with D 1 = D 2 = K eq = 1 , (c) c 1 and 

c 2 plotted on top of the drop profile given by φ and (d) c 1 + K eq c 2 plotted for simulations performed with D 1 = 10 , D 2 = K eq = 1 and (e) c 1 and c 2 plotted on top of the drop 

profile given by φ and (f) c 1 + K eq c 2 plotted for simulations performed with D 1 = D 2 = 1 , K eq = 1 / 3 . 
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ution at t = 250 , when q 1 ≈ 0 everywhere, and all the heat has

een transferred from the bubble to the surrounding phase. Qual- 

tatively, by comparing the value of q 1 + q 2 from the two-scalar 

odel against q os from the one-scalar model, we can observe that 

he two-scalar model indeed allows for the heat to be transferred 

o the surrounding phase whereas the one-scalar model seems to 

etain the heat inside the bubble, which is unphysical. 

A more quantitative comparison is presented in Fig. 9 , where 

e plot the predicted heat content in the bubble as a function of 
10 
ime from the two-scalar model, Q = 

∫ 
q 1 dV , and the one-scalar 

odel, Q os = 

∫ 
q os K eq φ/ (1 − φ + K eq φ) dV , against the theoretical 

olution [18,36] . As the mesh is refined with ε = �x , it is clear

hat the two-scalar model converges to the exact solution. In con- 

rast, the one-scalar model seems to predict solutions that do not 

onverge to the exact solution and have errors that are more than 

n order of magnitude larger than the two-scalar model. For com- 

arison, we have included the predictions of the two-scalar sharp- 

nterface model of [18] using a 100 × 100 × 100 grid, showing that 
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Fig. 7. Evolution of the scalar field up to t = 1 plotted for D 1 = 1 , D 2 = 10 −4 , K eq = 1 using (a) the two-scalar model given in Eqs. (24) , (25) and (b) the one-scalar model 

given in Eq. (26) . 

Fig. 8. The predicted spatial distribution of heat content (in either phase and total) on the line of y = z = 0 . 5 from simulations on a 100 × 100 × 100 grid using the two-scalar 

model compared against the one scalar model at times (a) t = 13 . 33 , (b) t = 40 , (c) t = 80 , and (d) t = 250 . 

i

t

r

t

t

6

f

g

b  
ndeed our proposed two-scalar model is more accurate. Note here, 

he y-axis is plotted in log scale, which clearly differentiates the er- 

ors in the models. However, the results in the literature [18,37] are 

ypically plotted in linear scale, which makes it difficult to quantify 

he accuracy of such models. 
11 
.2.2. Rising bubble 

A two-dimensional test involving dilute mass transfer of oxygen 

rom a rising air bubble (phase 2) to an initially stationary back- 

round of liquid water (phase 1) is adopted from [21] . The air bub- 

le has a diameter of d = 1 mm, and rises due to buoyancy forces
B 
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Fig. 9. Predicted temporal evolution of heat content in the bubble of phase 1 from simulations at various resolutions using the one-scalar and two-scalar models shown in 

comparison to the analytical solution and results of [18] using a sharp-interface two-scalar model with �x = 1 / 100 . 

Fig. 10. Predicted concentration of dissolved oxygen in water ( c 1 ) for the rising bubble case using the two-scalar model on a 192 × 384 mesh at (a) t = 0 . 0209 s , t = 0 . 0628 s , 

and 0 . 104 s , plotted on top of the interface position given by the φ = 0 . 5 contour lines. 
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p

ith g = 9 . 8 m / s 2 . The Henry coefficient is K eq = 1 / 33 , correspond-

ng to oxygen diffusion in air/water systems at standard conditions. 

he material properties are ρ1 = 10 0 0 kg / m 

3 , ρ2 = 1 . 2 kg / m 

3 ,

1 = 1 × 10 −2 Pa s , μ2 = 1 . 8 × 10 −5 Pa s , D 1 = 10 −6 m 

2 / s , and

 2 = 5 × 10 −6 m 

2 / s . All material properties are realistic, except for 

iquid viscosity which is chosen to be higher than that of wa- 

er, corresponding to a Schmidt number of Sc = ν/D = 10 . This 

ncreases the thickness of the hydrodynamic boundary layer, al- 

owing for employment of relatively coarse grids. The domain is 

 mm × 16 mm , with slip boundary conditions on all walls and 

eumann boundary conditions for all scalars. The drop is initially 

laced at (4 mm , 3 mm ) , with c 1 ( � x , t = 0) = 0 , c 2 ( � x , t = 0) = 1 − φ
or the two-scalar model and consistently, we set c os ( � x , t = 0) =
 − φ for the one-scalar model. In Fig. 10 , we present the pre- 

icted dissolved oxygen concentration in water ( c 1 ) at times t = 

 . 0209 s , 0 . 0628 s , 0 . 104 s for two-scalar model simulations on a

92 × 384 mesh. 
u

12 
A more quantitative assessment of accuracy is provided in 

ig. 11 . We present the predicted normalized mass of oxygen in- 

ide the bubble as a function of dimensionless time, t/τ , where 

= d B /u rise = 0 . 013 s . Results from the two-scalar and one-scalar

odels are compared at three different resolutions against the 

igh resolution ( 512 × 1024 ), mesh-converged numerical results of 

he sharp-interface method of [21] . It is clear that while the two- 

calar model predictions are converging to the solutions of [21] , 

he one-scalar model sustains very large errors that can be espe- 

ially problematic for simulations of bubbly flows with many bub- 

les. 

.2.3. Gas transfer in breaking waves 

In this section, a two-dimensional simulation of gas transfer 

n a breaking wave is presented as a proof of concept of ap- 

licability of the proposed two-scalar model for realistic sim- 

lations. The parameters used in this simulation are: ρ = 1 , 
1 
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Fig. 11. Predicted temporal evolution of normalized oxygen mass in bubble of phase 2 from simulations at various resolutions using the one-scalar and two-scalar models 

shown in comparison to the high resolution ( 512 × 1024 ), mesh-converged numerical solutions of [21] . 

Fig. 12. Snapshots depicting a two-dimensional breaking wave with gas transfer across the interface at two time instances of t = 1.55 and t = 3.35. The colors show the 

dissolved scalar concentration ( c 2 ) as a function of space and time. 
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2 = 10 2 , μ1 = 4 × 10 −3 , μ2 = 10 −2 , D 1 = 4 × 10 −3 , D 2 = 10 −4 , and

 eq = 33 . 

The initial setup of the breaking wave corresponds to a Stokes 

ave from the work of [38] . The dissolved gas is initially as- 

umed to be uniformly distributed in phase 1, i.e., the initial 

alue of c 1 = φ and c 2 = 0 . A grid of 1024 × 1024 is used to com-

ute a highly resolved simulation. The snapshots from the simu- 

ation at two different time instances are shown in Fig. 12 show- 
13 
ng the dissolved gas concentration ( c 2 ). A grid convergence study 

s also presented using three grids of sizes 256 × 256 , 512 × 512 ,

nd 1024 × 1024 and the results in terms of total amount of 

calar dissolved in phase 2 as a function of time is shown in 

ig. 13 . It is clear from Figs. 12 and 13 that as the breaking

ave entrains bubbles, there is an increase in the amount of dis- 

olved scalar within the liquid phase. Moreover, Fig. 12 shows 

hat due to the relative small diffusivity of phase 2, most of 
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Fig. 13. The total amount of scalar dissolved in phase 2 as a function of time for three different grid resolution simulations of the two-dimensional breaking wave. 
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he dissolved gas remains close to the interfacial regions of 

he flow. 

. Conclusions 

Second-order conservative phase field (diffuse interface) mod- 

ls offer desirable advantages compared to sharp-interface models 

uch as VOF and LS, and avoid some of the PDE-level issues as- 

ociated with diffuse interface models based on the Cahn-Hilliard 

quation. In this work, we derived an interfacial scalar transfer 

odel that can be used to consistently model heat and mass trans- 

er between immiscible phases in conjunction with second order 

onservative phase field models. Specifically, by assuming an in- 

erface microstructure that is consistent with the interfacial pro- 

le of phase field methods, we anaytically applied the sharp in- 

erface equations within the microscopic structure to derive the 

pscaled equations governing conserved scalars such as heat con- 

ent or dilute species concentration for diffuse interfaces. The re- 

ulting two-scalar model for heat/mass transfer can be applied to 

rbitrary diffusivity ratios and jump conditions. Assuming thermo- 

ynamic equilibrium at the interface, we also derived a consistent 

ne-scalar model for conserved scalars which was primarily uti- 

ized here to demonstrate the advantages of using the two-scalar 

odel. Using theoretical arguments and one-dimensional tests we 

emonstrated that the two-scalar model satisfies important consis- 

ency properties in the sense of (1) reducing to the confined scalar 

odel [24] when diffusivity is zero in one of the phases, (2) reduc- 

ng to the bulk equations away from the interface, (3) converging 

o a single-phase calculation when the two phases are identical, 

4) predicting equilibrium profiles accurately in various limits, and 

5) preventing leakage in the practical limit of large diffusivity ra- 

ios. Additionally, we presented three practical problems in two- 

imensional and three-dimensional settings, involving heat trans- 

er from a stationary bubble, mass transfer from a rising bubble 

nd gas transfer in a breaking wave. We showed that for practical 

cenarios with large diffusivity ratios or large K eq (i.e., heat capac- 

ty ratio or Henry’s constant) values, the two-scalar model provides 

uch more accurate results compared to the alternative one-scalar 

odel, in addition to converging to the correct results at relatively 

ow resolutions. 
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