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Figure: Time evolution of particle kinetic energy in a decaying, homogeneous isotropic
turbulence laden with Kolmogorov-scale particles showing the effect of grid-based and
particle size-based interpolation kernels together with and without self-disturbance correction.
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ARTICLE INFO ABSTRACT

Keywords: The predictive capability of two way-coupled point-particle Euler-Lagrange model in accurately capturing
Particle-laden flows particle-flow interactions under grid refinement, wherein the particle size can be comparable to the grid size,
Point-particle model is systematically evaluated. Two situations are considered, (i) uniform flow over a stationary particle, and (ii)

Computational methods

. . decaying isotropic turbulence laden with Kolmogorov-scale particles. Particle-fluid interactions are modeled
Self-disturbance correction

using only the standard drag law, typical of large density-ratio systems. A zonal, advection—diffusion-reaction
(Zonal-ADR) model is used to obtain the undisturbed fluid velocity needed in the drag closure. Two main types
of interpolation kernels, grid-based and particle size-based, are employed. The effect of interpolation kernels on
capturing the particle-fluid interactions, kinetic energy, dissipation rate, and particle acceleration statistics are
evaluated in detail. It is shown that the interpolation kernels whose width scales with the particle size perform
significantly better under grid refinement than kernels whose width scales with the grid size. Convergence with
respect to spatial resolution is obtained with the particle size-based kernels with and without correcting for the
self-disturbance effect. While the use of particle size-based interpolation kernels provide spatial convergence
and perform better than kernels that scale based on grid size, small differences can still be seen in the converged
results with and without correcting for the particle self-disturbance. Such differences indicate the need for
self-disturbance correction to obtain the best results, especially when the particles are larger than the grid

size.

1. Introduction interpolated at the particle location is used in the force closure models,
and a reaction force from the particles is added to the fluid momentum

Many engineering, biological, and environmental applications in- equation (the energy interactions are also represented in a similar way
volve disperse particle-laden flows, wherein small size solid particles, for compressible flows with heat transfer). Many important studies
liquid droplets, or gaseous bubbles are dispersed in a fluid flow, such have used this point-particle model to investigate particle-turbulence
as sediment transport, fluidized beds, spray injectors in gas-turbine interactions (Squires and Eaton, 1990; Elghobashi, 1991; Elghobashi
combustion chambers, cavitation, among others. When the number of and Truesdell, 1993; Boivin et al., 1998; Ferrante and Elghobashi,

dispersed particles is very large, on the order of (9(10%)-((10°), the
point-particle (PP) approach (Maxey and Riley, 1983) is commonly
employed owing to its simplicity and affordability.

In standard point-particle models, the particles are assumed to be
spherical, significantly smaller than the grid size or the length scale
of the smallest resolved flow features, have low volume loading, and
be modeled as point sources of mass, momentum, and energy. Particle
dynamics are modeled by solving the Maxey-Riley equations with force
closures for drag, lift, added mass, pressure, history forces, among
others (Maxey, 1987; Gatignol, 1983). In order to couple the particle
and fluid phases in a two-way coupled framework, the fluid velocity

2003). The particle force closures are typically based on the relative
slip velocity at the particle location, which involves the difference
between the undisturbed fluid velocity seen by the particle and the
particle velocity, especially for low-volume loadings. The undisturbed
fluid velocity seen by the pth particle is defined as what the flow
velocity would be in the absence of the pth particle, but with all other
particles present. The undisturbed fluid velocity associated with each
particle is not readily available. It is a standard practice to simply
use the two way-coupled fluid velocity for computing particle force
closures (Apte et al., 2003).
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When particles are very small compared to the grid size (D,/4 <
1), where D, is the particle diameter and 4 is the grid size, the
above approximation (using two-way coupled fluid velocity) does not
result in significant error, as this is closer to the original assumptions
of a point-particle model. However, when the particle size becomes
comparable to the grid size (D,/4 ~ 1), using the two way-coupled
disturbed flow field in the force closure models can lead to significant
errors in particle and fluid statistics, especially at low particle Reynolds
numbers. Burton and Eaton (2005) conducted particle-resolved direct
numerical simulations of a single, fixed particle of size D, ~ 27
in decaying isotropic turbulence, where 5 is the Kolmogorov length
scale. They found that the instantaneous error in modeled particle
force varied between 15%-30% with standard point-particle model
without correction for the particle self-disturbance. Hwang and Eaton
(2006) in a study on homogeneous, isotropic turbulence modulation
by small, heavy particles concluded that the extra dissipation caused
by particles of size comparable to the Kolmogorov scale was grossly
underestimated by the point-particle model that do not correct for
the self-disturbance created by the particle. In addition, these errors
typically increase with decrease in grid size, resulting in different
particle—fluid interactions under grid convergence (Horwitz and Mani,
2020). In a direct or large-eddy simulation of particle-laden flows, the
particle size can be comparable to or even larger than the local grid
resolution. For example, in wall-bounded flows fine grids are needed
in the wall-normal direction for these computations. The particle size
can be several times larger than the finest wall-normal grid resolution,
and neglecting the effect of particle self-disturbance in closure models
can lead to large errors. Similarly, in simulations of spray injectors,
the droplet sizes can be much larger than the grid resolution near the
injector (Moin and Apte, 2006).

Several recent studies have been devoted to quantifying the effect
of self-disturbance when the particle becomes comparable to the grid
size (Gualtieri et al., 2015; Horwitz and Mani, 2016, 2018; Esmaily and
Horwitz, 2018; Fukada et al., 2018; Liu et al., 2019; Pakseresht et al.,
2020; Pakseresht and Apte, 2021; Horwitz et al., 2022; Balachandar
and Liu, 2023; Apte, 2022). In addition to obtaining the undisturbed
fluid velocity, the closure models for point-particle dynamics require
an interpolation kernel that interpolates the fluid properties from the
surrounding control volumes to the Lagrangian point-particle location,
for example, to calculate the slip-velocity used in the force closures
for the equations of particle motion. Similarly, in two-way coupled
simulations, an interpolation kernel is used to distribute the particle
forces back to the background Eulerian grid. Several different inter-
polation kernels have been used for the Eulerian-grid-to-Lagrangian-
particle-location (E2L) and Lagrangian-particle-to-Eulerian-grid (L2E)
interpolations. In general, these interpolation kernels can be classified
into two categories based on the kernel width used: (i) grid-based
kernels, wherein the kernel width is based on local grid size and is
independent of the particle size, and (ii) particle size-based kernel,
wherein the kernel width scales with the particle size. Typically the
E2L and L2E interpolation functions are identical, following the kinetic
energy conservation principles identified by Sundaram and Collins
(1996). However, the majority of their analysis involved cases with
particle size much smaller than the grid, D,/4 < 1.

The grid-based interpolation kernels have been commonly used
because of their ease of implementation on complex anisotropic or un-
structured grids in three dimensions. These include trilinear (Ferrante
and Elghobashi, 2005), cubic splines (Horwitz and Mani, 2020), clipped
Gaussian kernel (Apte et al., 2003, 2009), and fourth or sixth order
Lagrange polynomials, among others. A Delta-function-based interpola-
tion kernel with compact support (Roma et al., 1999) has been widely
used in immersed boundary-based methods. The main advantage of
grid-based interpolations is that their compact support requires only
the nearest neighbors of the control volume within which the particle

center is located, making it attractive for complex grids. However, for
anisotropic and unstructured grids, the grid-based interpolations can
lead to asymmetric interpolation weights and potentially impact the
accuracy of the simulations, though these effects are not significant if
the particle size is much smaller than the grid size.

Recently, Horwitz and Mani (2020) conducted a detailed evaluation
of the numerical methods and the effect of grid size, relative to particle
size on fluid-particle interactions predicted by point-particle models.
They used grid-based interpolation kernels, with and without correcting
for the particle self-disturbance field, in homogeneous isotropic turbu-
lence. For a particle size to a Kolmogorov-scale ratio (D,/n) of 0.25,
the grid size (D,/4) was varied over the range of 0.25-1, and statistics
of fluid kinetic energy, dissipation rate, particle kinetic energy, and
particle acceleration were evaluated. Different grid-based interpolation
kernels, e.g., trilinear, fourth-order Lagrange, and cubic splines, for
E2L and L2E interpolation were used. All these interpolation kernels
have grid-based interpolation stencils, thus as the grid is refined and
the particle-to-grid size ratio (D,/4) increases, the interpolation stencil
becomes narrower, localizing the effect of the particle on the fluid and
vice versa. It was shown that, in the absence of any correction model
for self-disturbance, the fluid and particle statistics do not converge as
the grid was refined, an important point first put forth by Boivin et al.
(1998) and Gualtieri et al. (2013). The fluid-particle interactions were
better predicted when the grid is coarser (smaller D,/4), and hence ne-
glecting the self-disturbance effect resulted in a smaller error on coarser
grids. As the grid is refined, the self-disturbance field becomes stronger,
because the particle reaction force is distributed over a smaller region
due to localized interpolation kernels, resulting in a larger error. In
contrast, when a correction model was used to obtain an estimate of
the undisturbed fluid velocity, consistent results were obtained for all
kernels as the grid was refined, emphasizing the importance of self-
disturbance correction, especially when the particle size is comparable
to the grid size and grid-based interpolation kernels are used.

Particle size-based interpolation kernels, wherein the kernel width
is proportional to the particle size, have also been used with Gaussian
function (Lomholt et al., 2002; Link et al., 2005; Deen et al., 2009;
Gualtieri et al., 2015; Finn et al., 2016; Vreman, 2016; Fukada et al.,
2018; Pakseresht and Apte, 2019). These are commonly employed in
dense particle-laden flows, wherein the volumetric displacement by the
presence of the particles is typically accounted for by using volume-
filtered Navier-Stokes equations (Apte et al., 2008; Capecelatro and
Desjardins, 2013; Finn et al., 2016) to obtain a void fraction field
smaller than unity. Vreman (2016) investigated particle-turbulence in-
teractions of 64 fixed particles in a statistically stationary homogeneous
isotropic turbulence using fully resolved direct numerical simulations,
and used the data to compare predictions from point-particle models
without any correction for the self-disturbance. The particle size was
twice as large as the grid size. A simple top-hat interpolation kernel
was used to distribute the force to the grid cells and varied the kernel
width over %Dp, 2D,, and 4D,. The kernel width proportional to 4D,
was shown to be able to capture the point-particle model predictions
on turbulence attenuation well in comparison to the fully resolved
data. On the other hand, when the kernel width was smaller, the
point-particle model underpredicted the turbulence attenuation. With-
out correcting for the self-disturbance, a kernel-width much larger
than the particle size was able to sample the fluid velocity from the
undisturbed region, resulting in better predictions. This study shows the
effect of the particle size-based kernel widths in point-particle models,
however, their impact in obtaining grid-convergent results has not been
fully investigated. The top-hat kernel results in sudden changes in
interpolation weights and is not appropriate for moving particles. The
main advantage of the particle size-based kernels is that irrespective of
the grid, the region of influence of the particle on the fluid remains
the same. However, if the particle is comparable to the local grid
size a kernel width larger than the particle size may require several
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neighbors of the control volume containing the particle, and hence
such an interpolation kernel is computationally expensive, especially
for complex, unstructured grids.

In the present work, evaluation of the point-particle models with
and without self-disturbance correction is conducted under grid refine-
ment, wherein the particle size becomes larger than the grid size. The
self-disturbance correction is obtained by using an advection-diffusion—
reaction (ADR) model equation for the disturbance field created by a
particle and solved using the Zonal-ADR approach developed by Apte
(2022). The rest of the paper is arranged as follows. The hypotheses and
main goals of the present work are first described in Section 2. A brief
description of the mathematical formulation for the disturbance field
and its zonal implementation for each particle is given in Section 3.
Results for flow over a stationary particle are given in Section 4.1,
followed by particle-laden decaying isotropic turbulence corresponding
to the particle-resolved direct numerical simulation (PR-DNS) study
of Mehrabadi et al. (2018), at low Reynolds numbers and few particles,
summarized in Section 4.2.1. The examination of particle-laden decay-
ing isotropic turbulence is extended to a higher Reynolds number and
a larger number of particles in Section 4.2.2. Lastly, conclusions are
given in Section 5.

2. Hypotheses and goals

The main goal of the present work is to evaluate the accuracy and
predictive capability of grid-based and particle size-based interpolation
kernels for point-particle models with varying grid refinement, with
and without accounting for the self-disturbance created by the particle.
The present work focuses on two main hypotheses when particle sizes
are comparable to the grid size (D, ~ 4).

Hypothesis 1. The kernel width used in E2L and L2E interpolations
should scale with the particle size and should be independent of the
grid resolution. This keeps the region of influence of the particle the
same, irrespective of the grid size.

Hypothesis 2. Using a kernel width much larger than the particle
size for E2L interpolation will sample the fluid velocity from a region
with reduced influence from the self-disturbance field, thus improving
the estimate of the fluid velocity at the particle location even without
any correction model. However, a localized kernel for L2E with width
about the size of the particle may be able to capture the reaction of the
particle on the fluid more accurately.

The first hypothesis stems from the basic idea that the region of
influence of the particle on the fluid flow should remain the same
irrespective of the grid resolution employed. The second hypothesis
suggests to use different kernel widths for the E2L and L2E interpo-
lations. For E2L, if the kernel width is much larger than the particle
size, the interpolation kernel will sample fluid velocities from a region
that is not disturbed by the particle. On the other hand, if the particle
force is distributed over the same large region, the local effect of the
particle on the fluid may not be well captured. Hence, a localized kernel
for L2E with width about the size of the particle may provide a better
representation of the effect of the particle on the fluid flow.

To test these hypotheses, a detailed evaluation is conducted of
the grid-based and particle size-based interpolation kernels and their
widths with varying grid refinement. Two canonical test cases, that
of flow over a stationary particle, and particle-turbulence interaction
in decaying, homogeneous isotropic turbulence at low volume load-
ings are studied. Different interpolation kernels are used to quantify
their effects on the predictive capability of the point-particle model
with varying grid refinement, with and without the correction for
self-disturbance. A grid resolution-based, compact, three-point Roma-
deltafunction in one dimension is given as

G (xey — X,)

$5 =3I = V=30 = )2+ D),
1
= 2130+ V=324,

0, otherwise.

05 <[rl <15, r=1x, —x,|/4

7| <0.5

@

where x,, and x, correspond to the x-coordinate of the control volume
center and the particle position, respectively. This kernel is second-
order, smoother than trilinear interpolation, and commonly used in
immersed-boundary methods (Roma et al., 1999). The second kernel is
based on the particle size and is defined as a clipped Gaussian function,

r<3c, r=|x, —x,|

exp|- (222 )],

o
0, otherwise,

§'

g;(xcu - Xp) =

(2)

which provides smoother interpolations. The Gaussian kernel width
depends on a chosen standard deviation, o, which scales with the
particle diameter, i.e. o = ¢D, where ¢ = O(1). The three-dimensional
interpolation function is obtained by multiplying the one-dimensional
kernels in each direction as

gg(xcv - Xp) = gi(xcu - xp)gj(yw - yp)QZ(ZCU - Zp)~ (3)

It is important to note that Gaussian functions are non-compact,
and have long tails. In practice, however, the function is clipped once
the weights become small, as in Eq. (2), and then the weights are
normalized to enforce the conservation condition, fv ¢°dV = 1.In a
Gaussian kernel, 99.7% of the interpolation weights are within +30,
thus choosing this as a cutoff point for the tails retains the majority
of the kernel and ensures that the weights are very small at the filter
cutoff, resulting in a smoother transition. Cutting off the filter tails too
short would result in bigger discontinuities in interpolation weights at
the cutoff point, possibly affecting the smoothness of particle and flow
statistics.

Two different kernel widths are used for this particle size-based ker-
nel, corresponding to Gauss1(c = ¢D, = y/2/zD,) and Gauss2(c =
¢D, = 1.5D,). The Gausslkernel is commonly used in force-coupling
methods (Lomholt et al., 2002), wherein ¢ is chosen such that the
fluid velocity at the particle location matches the rigid-body motion
of the particle, approximately enforcing a boundary condition at the
particle location (Gualtieri et al., 2015; Maxey and Patel, 2001). The
Gauss2kernel gives a width similar to the clipped fourth-order poly-
nomial function used by Deen et al. (2009).

Fig. 1 shows the comparison of weights under grid refinement for
these three interpolation kernels, where each line marker represents
the center of a control volume. In Figs. 1(a—c), the x-axis is normalized
by the grid size, 4, whereas in Figs. 1(d-f), the x-axis is normalized
by the particle size, D,. It is useful to understand the extent of the
interpolation kernel and its smoothness under grid refinement for a
particle of a fixed size. As seen from Fig. 1(a), under grid refinement (4
is decreased), the Roma-deltafunction has the same weights for the
nearest neighbors of the control volume containing the particle. Since
the grid is refined, this kernel distributes the weights in a narrower
region, independent of the particle size to grid ratio. The particle size-
based Gaussland Gauss2kernels, on the other hand, change the
shape and weights under grid refinement as seen in Figs. 1(b, ¢). How-
ever, the extent of the distribution of the weights is unchanged with
varying grid refinement, as the particle size is fixed. Thus, for the finest
grid, the kernel becomes smoother and distributes weights to several
control volumes on either side of the particle. The weights under grid
refinement and normalized by the fixed particle size are also informa-
tive. As the grid is refined, the Roma—-deltakernel becomes narrower
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Fig. 1.

Interpolation weight distribution with grid refinement keeping the particle size unchanged: (a, d) Roma, (b, ) Gauss1, and (c, f) Gauss2. The x-axis is normalized with

respect to grid size (top panel, a—c) and particle size (bottom panel, (d—f)). Different colors/symbols represent different grid resolutions: (e) D, /4 = 0.5 (coarse), (a) D, /4=1.0
(medium), and (%) D,/A =266 (fine). Each marker represents the center of a control volume.

as shown in Fig. 1(d), thus changing the region of influence of the parti-
cle under grid refinement. Whereas, the particle size-based Gaussland
Gauss2kernels become smoother, and distribute the weights over the
same region dictated by the kernel width, and keeping the region of
influence of the particle the same.

It is thus clear that, for a grid-based kernel, the two-way coupling
force distribution (L2E) and interpolation of the fluid velocity at the
particle location (E2L) become highly localized as the grid is refined.
This is true for any grid-based kernel, although the Roma-delta kernel
is shown and used in this work. Such a kernel is sufficient when the
particle is much smaller than the grid size (D,/4 < 1); however, it
can give rise to a large disturbance field for D, ~ 4, as the reaction
force from the particle is distributed in a very narrow region. On
the other hand, for particle-size based Gaussland Gauss2kernels,
the local weights become smaller under grid refinement, whereas the
kernel distributes the reaction force over a region that scales with the
particle size. Thus, for D, ~ 4, the particle size-based kernel will
distribute weights to several neighbors on each side of the particle,
which can be computationally expensive for parallel implementations
as well as for complex, unstructured grids, wherein a linked list of sev-
eral neighboring cells needs to be carried. However, when the particle
becomes much smaller than the grid size (D,/4 < 1, not shown),
the particle-size-based kernel will produce a sharp delta function at
the particle location, resulting in zero or very small weights at the
neighboring grid control volumes. This, however, is consistent with
the fundamental assumptions employed in a point-particle approach.
The effect of these kernels on the flow-particle interactions is clearly
illustrated on a simple test case of uniform flow over a stationary
particle in Section 4.1.

3. Mathematical formulation

The mathematical formulation for the self-disturbance correction
in the point-particle model for low-volume loadings is discussed in

brief. The formulation is based on the incompressible Navier-Stokes
equations,

J
R
o) ) 4
Qu M\ __op O —Zg x (5)
Pe\"ar T ox, ) T Tox, o X |

S;
where p, is the density of the fluid, y is the dynamic viscosity, p is
the pressure, and u; is the two-way coupled fluid velocity that includes
the disturbances created by all N, particles through the net interphase
source term (S[) based on all forces (Fiq), except the gravity, acting on
the particle located at x, and projected onto the Eulerian grid control
volumes located at x,,, using the interpolation kernel ¢°, with ¢ being
the kernel width. The projection function satisfies the conservation
condition, /v G°dV = 1, where the integration is over the whole fluid
volume (V).

For the point-particle model, the Lagrangian equations for the mo-
tion of the pth particle are

dx,-,p du,-yp .
i S Mg, P(l'p_,,)g’ fir ©

where x; , and u; , are the particle position and velocity, respectively;

m, is the mass of the particle, and F’ represents forces acting on

the particle including the drag, lift, added mass, pressure, and history,
among others. In the present work, only the non-linear drag force is
used. The standard drag force on the particle p can be modeled as,

oy
drag i,@x), i.p 1P
Fip =m,——, 1, ==
: T, 718

f=1+ 0.16Re2'687, @)
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u,p
i,@xp
particle p and interpolated to the particle location (x,), D, is the
particle diameter, 7, is the particle relaxation time, and f is the Schiller
and Naumann nonlinear correction for drag coefficient based on the
particle Reynolds number, Re, = p, Dplu:."’gxp —u;, |/

The undisturbed flow field seen by a particle p [denoted by super-
script (-)*P] can be obtained by excluding the reaction force from the
pth particle (Apte, 2022),

where u represents the undisturbed fluid velocity seen by the

du ;P
LA} (€)]
ox;
N
ou P ou; “"’uj wp aptr 0% u';’p ? .
pg< ) =t u— = ) T —x)F,
ot 0x; ox; ax/' s
)

Subtracting Egs. (4)-(5) from the corresponding Egs. (8)-(9), the self-
disturbance field [denoted by superscript (-)%”] created by the particle
p is given as

udr
J
=0, 10
" (10)
d.p d,p d.p up 2 d.p
ou ou;u; ou;"u opd-p 0%u;
Ji J i /4 - !
— |=- + +G°(x,, — X, )F; ,
Pg ot ax/_ ax/_ ax[ H ax? g ( cv q) ip
an
where
dp _ up _ dp _ up _ 12
wn =u —u, ptP=p p- 12)

Note that in the self-disturbance equation, only the interaction force
from the particle p is needed. There is also nonlinear interaction
between the disturbance field for particle p and the two-way-coupled
velocity (;) as well as the undisturbed velocity (u’,.‘”’ ).

Pakseresht and Apte (2021) derived similar equations for a single
particle system and showed accurate reconstruction of the undisturbed
flow field. Solving the above set of equations for each particle in a
multi-particle system, although possible, is expensive, as it requires the
solution of a Poisson system for the pressure disturbance. Pakseresht
and Apte (2021) first suggested approximating the pressure and viscous
terms in the disturbance equation as a diffusion term with effective
viscosity K, u. The idea for such approximation stems from the fact that
in the Stokes flow limit, the pressure contribution to the drag force on
a spherical particle is exactly half of the viscous contribution and has
the same form as the viscous force. Hence, to match the drag force in
the Stokes limit, K, = 1.5 was used. In general, K, will vary based
on the Reynolds number. Recent PR-DNS studies by Ganguli and Lele
(2019) showed that the ratio of pressure to viscous contribution to
drag remains roughly the same up to a particle Reynolds number of
10. Hence, K, = 1.5 is used for all cases considered in this work, and
good predictions up to Re, = 100, suggest that the assumption is rea-
sonable even for large Reynolds numbers. The approximate disturbance
equations for the particle p then become
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The above nonlinear, unsteady advection—-diffusion-reaction (ADR)
equations are solved in addition to Egs. (4)—(5), to obtain the undis-
turbed velocity from Eq. (12). The ADR model does not directly enforce
divergence-free condition on the disturbance field. Pakseresht and Apte
(2021) thoroughly tested and investigated the effect of this by directly
solving the pressure-Poisson equation for the disturbance field and
enforcing divergence-free constraint. For several different test cases,
over a wide range of Reynolds numbers (0.1-100), the effect of not
strictly enforcing this constraint was minimal. This was true even in
the case of wall-bounded flows. It should be noted that, the pressure
gradient term in the disturbance equation is accurately represented for
very low Reynolds numbers (as in Stokes flow), and thus there is still
an indirect effect of the pressure disturbance that is included.

3.1. The Zonal-ADR method

The ADR equations for each particle p only need the net force
acting on the particle F/ and can be solved separately. In addition,
the undisturbed fluid vel(;city is only needed at the particle location to
compute the particle forces. These two aspects are exploited by solving
the ADR equations in a small zone surrounding the particle in the
Zonal-ADR approach. Details of the approach, numerical implementa-
tion, verification, and validation studies can be found in Apte (2022)
and only a brief summary is given here.

A Cartesian, collocated grid-based, second-order, fractional time-
stepping solver has been developed (Finn et al., 2016) and used in
the present work. An overset-grid algorithm is devised for the zonal
solution and details of this numerical implementation can be found
in Apte (2022). In the present case, the overset grid and the flow-solver
grids are exactly aligned, and only the control volumes surrounding
the particle location where the ADR equations need to be solved are
tagged for each particle. As the particle moves, this region where the
disturbance equation is solved is updated. A zone containing +cni, +cnj,
+cnk control volumes is used, where cni, cnj, and cnk correspond to the
extent of the number of overset-grid points around the particle in x, y,
and z directions, respectively. Typically, the values of cni, cnj, and cnk
depend on the particle size as well as the local grid resolution.

The viscous and the other advection terms are approximated using
the second-order Crank-Nicholson scheme and using the same spatial
discretization algorithm as the baseline flow solver. The third term
in the ADR Eq. (13) represents the advection of the disturbance by
the undisturbed flow velocity (u’i"‘" ). This nonlinear term is treated
explicitly by using the undisturbed flow velocity from the previous
time-step. The initial disturbance field is assumed zero for all particles.
The disturbance field is generated by the particle reaction force and
in the absence of any advection, it is simply diffused away from the
particle. The disturbance field diminishes to zero far away from the
particle. If there are walls present in the domain, the disturbance
velocity field at the wall also goes to zero due to no-slip condition.
Choosing a sufficiently large domain for the overset mesh around the
particle, a no flux condition is applied on the boundaries other than
physical boundaries, such as walls. In the presence of advection out
of the domain, a convective outflow boundary condition is applied to
boundaries of the overset grid that has outflux due to the two way-
coupled velocity field, whereas no new disturbance is introduced at
the influx boundaries. For all cases studied in this work, a domain
of +6-8 grid cells surrounding the particle center in all directions is
found to have minimal impact on the solution due to imposed boundary
conditions.

As the particle moves (typically about one grid cell, based on
CFL<1), the particle is relocated and assigned to a new control volume.
The overset grid for Zonal-ADR is also moved by centering around
the new control volume the particle belongs to. In the present work,
the control volumes for the overset mesh and the background mesh
overlap exactly and thus no interpolation is necessary upon updating
the particle location. If the particle crosses an interprocessor boundary,
the particle is transferred to the appropriate processor. Multiple ghost
cells, dictated by the size of the overset grid, are used to update the
velocity fields needed from other processors.

The Zonal-ADR approach requires the storage of the two-way cou-
pled velocity field on the overset grid for each particle. Using only a
few grid cells around the particle, the solution of the ADR equations
is reasonably fast and its overhead is insignificant (around 20%), with
proper particle-load balancing. The ADR equation for each particle is
independent of other particles, and thus the method is suitable for
massive parallelization using the graphics processing unit (GPU)-based
acceleration.
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Table 1

Effect of grid refinement on undisturbed fluid velocity, magnitude of particle drag force, and the disturbed
fluid velocity at the particle location for different interpolation kernels.

D,/A Interpolation No correction Zonal-ADR
% Relative error e [y % Relative error e [y
Ug, I1E, 1 U, (A
0.5 Roma 16.3 17.56 0.84 1.24 1.36 0.798
0.5 Gauss1 16.3 17.5 0.837 0.83 1.35 0.882
0.5 Gauss2 10.4 11.2 0.897 0.35 0.9 0.87
0.5 Roma-Gauss2 13.0 13.78 0.872 0.59 0.63 0.81
1 Roma 33.7 35.8 0.66 0.87 0.9 0.47
1 Gauss1 22.5 24.6 0.76 0.6 0.67 0.7
1 Gauss?2 11.5 12.5 0.88 0.35 0.38 0.87
1 Roma-Gauss?2 16.5 17.7 0.84 0.59 0.63 0.81
2 Roma 53.4 55.9 0.47 5.4 5.8 -0.16
2 Gauss1 23.1 24.6 0.77 0.1 0.1 0.3
2 Gauss2 13.8 14.9 0.86 0.9 0.98 0.83
2 Roma-Gauss2 19.6 21.3 0.8 0.13 0.16 0.25
2.66 Roma 60.9 63.32 0.39 7.1 7.6 —0.558
2.66 Gauss1 16.3 17.5 0.837 1.47 1.6 0.625
2.66 Gauss2 10.3 11.2 0.897 0.97 1.05 0.82
2.66 Roma-Gauss?2 12.8 13.7 0.872 1.4 1.3 0.724

4. Results

To test Hypothesis 1 given in Section 1, and to understand the
effect of different kernels and kernel widths for E2L and L2E interpo-
lations, a simple test case of a stationary particle in a uniform flow
is investigated at parameters (Reynolds number, ratio of D, to 4)
representative of those in the subsequent isotropic turbulence cases.
The stationary particle test case is investigated with and without the
Zonal-ADR correction, to quantify the effect of the kernels and kernel
widths under grid refinement. Next, particle-turbulence interactions are
investigated at low volume loadings in decaying isotropic turbulence
laden with monodispersed, Kolmogorov-scale, spherical particles at low
initial Reynolds number, Re;, = 27. The parameters are chosen cor-
responding to the particle-resolved DNS (PR-DNS) study by Mehrabadi
et al. (2018) and the effect of different kernels and kernel widths under
grid refinement is evaluated.

For most of these cases, the E2L and L2E interpolation functions
are identical. To test Hypothesis 2, different E2L and L2E interpolation
kernels with a narrower kernel of Roma-deltafunction for L2E and a
wider kernel of Gauss2for E2L are used (denoted as Roma-Gauss2).
The effect of these non-symmetric interpolation kernels is again evalu-
ated for the stationary particle case, as well as the decaying isotropic
case.

Finally, taking the results from the lower Reynolds number case
as validation and motivation for choice in interpolation kernels, the
decaying isotropic turbulence cases are extended to a higher Reynolds
number case with Kolmogorov-scale particles, with an order of magni-
tude more particles, two different Stokes numbers, and a range of grid
sizes.

4.1. Flow over a stationary sphere

In this section, flow over a stationary particle is investigated at a
particle Reynolds number (Re,) of 1, which is representative of the
Reynolds numbers obtained in the isotropic turbulence case discussed
later in Section 4.2.1. A particle of size D, = 2xz/96 is placed at the
center of a cubic domain of length 2z. A grid size of 4 = D, = 27/96
is used for baseline computations. A systematic grid refinement study,
keeping the particle parameters the same, is carried out with grid sizes
of 27 /48, 27 /96, 2x /192, and 2z /256. The main goal of this study is
to quantify the effect of grid refinement on predicting the drag force
on the particle using different interpolation kernels, namely, (i) Roma,
(ii) Gauss1, (iii) Gauss2, and (iv) Roma—-Gauss2. The E2L and L2E
interpolation functions are the same for the first three cases, whereas

the Roma-Gauss2uses the Romafunction for L2E and Gauss2for E2L
interpolations.

Table 1 shows the relative error in computing the undisturbed fluid
velocity at the particle location (“g’p) with and without the Zonal-
ADR correction, compared to the true value [corresponding to the inlet
velocity () of 1], the relative error in the particle drag force F,, and
the actual disturbed two way-coupled velocity at the particle location
normalized by the inlet velocity (ué}’; /u;n). Without the Zonal-ADR cor-
rection, the errors in particle force and the undisturbed fluid velocity at
the particle location are large (10%-60%) and the errors get worse with
grid refinement, especially when the grid-based Roma-deltafunction
is used. This result is consistent with the main conclusions of Horwitz
and Mani (2020), who used trilinear interpolation for particle-laden
isotropic turbulence and observed that coarser meshes resulted in
better predictions and the prediction errors became worse with grid
refinement. As the grid is refined, the Romakernel becomes narrower
and distributes the particle reaction force to the nearest neighbors of
the control volume containing the particle (see also Figs. 1[a, d]).
This creates a strong disturbance field and, without any correction,
results in a large error. With the Zonal-ADR correction, even for a
grid-based Romainterpolation kernel, particle force, and undisturbed
fluid velocity errors are significantly smaller for all grid refinements.
However, when the grid resolution is much finer than the particle
size (D,/A = 2.66), a negative two-way fluid velocity at the particle
location is observed, which is unphysical based on the flow around
a particle obtained from particle-resolved simulations. This suggests
that, with a very narrow interpolation kernel, a large particle reaction
force creates an extremely strong disturbance resulting in negative fluid
velocity at the particle location. With correction, the reaction force,
F,, is larger compared to without correction, as the correction scheme
provides the undisturbed fluid velocity at the particle location reliably.
Even though the Zonal-ADR correction scheme reduces the error in the
undisturbed fluid velocity, the two-way coupled velocity field at the
particle location goes in the reverse direction, for particles much larger
than the grid. Without correction, however, for these large particles,
the two-way coupled velocity at the particle location is in the main
flow direction, because the reaction force is underpredicted. Overall,
this suggests that the two-way coupled velocity will be incorrect or
unphysical both with and without correction when using a Romakernel
and when the particle size is larger than the grid size. This suggests that
the grid-based kernel should not be used when the particle size is larger
than the grid size.

On the other hand, when the interpolation kernel width is based on
the particle size (Gaussland Gauss2), the errors are reduced even
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Table 2

Initial flow and particle parameters corresponding to the different decaying isotropic turbulence

cases.

Validation case

Higher Reynolds number case

N3 96°, 1443, 1923, 256°

L 2r

u 0.02058

Koaxtlo 3.14, 4.7, 6.28, 8.36

kro 1.0045, 1.0335, 1.0335, 1.0335
€10 0.4169, 0.46086, 0.46659, 0.42697
¢ 0.415

¢ 0.4

Re;, 27

D,/A 1, 1.5, 2, 2.66

St,0 100

p,,/pf 1800

N, 1689

¢ 0.001

D,/ny 1.0

b, 1.8

1283, 1923, 256%, 3843, 5123

2

0.005245

1.5, 2.25, 3.0, 4.5, 6

1.0008

0.4463, 0.4564, 0.4618, 0.4651, 0.4665
1.212, 1.213, 1.832, 1.686, 1.772
0.419, 0.417, 0.420, 0.420, 0.420
53.4, 52.8, 52.5, 52.3, 52.2
0.477, 0.716, 0.955, 1.432, 1.91
10, 100

180, 1800

36796

0.001

1.0

0.18, 1.8

when no correction is used and they remain small with varying grid
refinement. The present test case of a stationary particle is challenging
mainly because the particle never leaves its self-disturbance and hence
the errors are on the order of (11%-24%) without any correction.
It is still considerably smaller than grid-based kernels (17%-63%)
without any correction. With the Zonal-ADR correction, the errors are
significantly lower (<1.5%) compared to the Romainterpolation, and
the two-way fluid velocity at the particle location remains physical and
does not become negative. Interestingly, even the Roma—-Gauss2(L2E-
E2L) interpolation results in small errors compared to the Roma(L2E-
E2L) kernel, even without the Zonal-ADR correction, and the errors are
comparable to the Gausslor GaussZ2kernels for L2E-E2L interpola-
tion without correction. This suggests that, without correction, using a
larger kernel width based on particle size for E2L, thus sampling the
flow from a region less affected by the self-disturbance of the parti-
cle, and a narrower kernel for L2E distribution provides a reasonable
approximation, as hypothesized in Hypothesis 2.

Numerical errors produced by not using the same interpolation
stencils for L2E and E2L (Sundaram and Collins, 1996) are compensated
by better prediction of the undisturbed fluid velocity using particle-
based kernels, as postulated in Hypothesis 2. However, symmetric
(E2L-L2E) kernels, such as Gaussland Gauss2, generally give smaller
errors. With correction, the non-symmetric or symmetric particle-based
kernels provide similar results, and the errors are still much lower than
without correction.

4.2. Decaying isotropic turbulence

In this section, decaying isotropic turbulence laden with Kolmo-
gorov-scale particles is investigated with and without the self-distur-
bance correction under systematic grid refinement for the different
interpolation kernels. First, a low Reynolds number study is performed
corresponding to the particle-resolved DNS of Mehrabadi et al. (2018)
for validation, followed by a higher Reynolds number case with a large
number of particles.

4.2.1. Lower Reynolds number validation case

Particle-laden, decaying, isotropic turbulence corresponding to the
particle-resolved data by Mehrabadi et al. (2018), at Taylor microscale
Reynolds number of Re; ~ 27, is investigated. The computational
domain is a triply periodic cubic box of side length 2z. The initial
Kolmogorov length scale, 7, is set to 27/96. The initial condition for
each case is the divergence-free random field sampled from Pope’s
model energy spectrum (Pope, 2000),

E(x) = Ce**k8 f1 (kL) £, (k). a4

where C = 1.5 is a model constant, « is the wavenumber, ¢ is the
dissipation rate, and L and # are large eddy and Kolmogorov length

scales, respectively. The functions f; and f, determine the shape of
energy-containing and dissipative range of the energy spectrum and are
defined as,

5/34+po
_ kL
JED = G+ q]lﬂ] (s
fo(kn) = exp [—ﬂ ([(Kﬂ)4 + 03]1/4 - Cn)] . (16)

The model constants p, = 2.0 and § = 5.2 are the same as suggested
by Pope (2000), while ¢; and c, are positive constants determined by
the Levenberg—Marquardt (damped least-squares) method to match the
energy and dissipation rate from the spectrum required for the chosen
Re, and D, = n,. These constants change for different grid resolutions
and grid arrangements (collocated used in the present study). Apart
from ¢,, s K105 and 5 1,05 all other parameters for the model spectrum
are similar to those used by Mehrabadi et al. (2018).

A summary of the simulation parameters in this section is given in
Table 2. For the baseline case, the grid size (4) is selected to be the same
as the initial Kolmogorov scale, which is equal to the particle size (D, =
1p)- The particle-to-fluid density ratio is p,/p, = 1800, and the volume
and mass loading are ¢ = 0.001 and ¢,, = 1.8, respectively, giving
a total of N, = 1689 particles in the domain. This results in a large
particle Stokes number, St,, = (1/18)(pp/pf)(Dp/l10)2 = 100. Particle
dynamics is based only on the drag force modeled using the standard
Schiller-Naumann drag correlation. Keeping all the above parameters
the same, the grid is systematically refined (4 = 2z /96, 27 /144, 27 /192,
and 27z /256), and simulations are carried out for the four different inter-
polation kernels described before. Thus, D,/4 ranges between 1-2.66
from the coarsest to the finest resolution. Following Mehrabadi et al.
(2018), particles are injected at random positions with the initialization
of the flow field using the Pope spectrum, and the particle velocity
is set equal to the fluid velocity interpolated to the particle location
using trilinear interpolation. For all cases, the magnitude of the velocity
derivative skewness of these cases rapidly approaches a value of around
0.5 in about 0.1 turnover times.

Fig. 2(a, b) shows the temporal evolution of particle kinetic energy
normalized by the initial fluid phase kinetic energy obtained using the
grid-based Romainterpolation kernel for four different grid sizes with
and without any self-disturbance correction. Here, and in all subsequent
figures, the superscripts (-)) and (-)® refer to fluid and particle phases,
respectively. Without any correction model, as the grid is refined,
the prediction of particle kinetic energy becomes more inaccurate, a
result consistent both with the stationary particle test case presented
in Section 4.1 and with the conclusions of Horwitz and Mani (2020).
As the grid is refined, the Romainterpolation kernel becomes narrow,
adding a large reaction force in the neighborhood of the particle and
creating a strong disturbance field. Since the fluid velocity is sampled
using the same interpolation kernel and without any correction, the
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Fig. 2. Temporal evolution of normalized particle kinetic energy with the grid-based Romakernel for (a) no model, and (b) Zonal-ADR, under grid refinement: (¢) D,/A = 1,
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(&) D,/A=15, (™) D,/A=2, and (¢) D,/A =2.66. The PR-DNS data from Mehrabadi et al. (2018) (V) is also shown for comparison.

Table 3

Normalized particle kinetic energy (k' / kf)’ ) at different times predicted with and without the Zonal-ADR model with different
interpolation kernels and compared against PR-DNS as well as PP-DNS by Mehrabadi et al. (2018). E&H represents the
implementation of the correction scheme by Esmaily and Horwitz (2018) in the present solver.

)
rey

g PR-DNS  PP-DNS E&H No correction Zonal-ADR
0 (Trilinear) ~ (Trilinear)
Roma Gauss1 Gauss?2 Roma Gauss1 Gauss2
Diﬂ =038 1.5 ni,, =028 1.5

0.54  0.9303 0.9267 0.9246 0.9645  0.9410 0.9351 0.9236  0.9283 0.9279
2.7 0.5172 0.4732 0.4701 0.7028 0.5562 0.5272 0.4693 0.4977 0.5010
4.87  0.2855 0.2423 0.2453 0.5141  0.3331 0.3004 0.2483  0.2670 0.2743
6.55 0.1821 - 0.1562 0.4081  0.2302 0.1999 0.1564 0.1714 0.1754

particle force is underpredicted, resulting in the slower decay of the
particle kinetic energy. With the Zonal-ADR correction, however, all
grid resolutions predict the temporal evolution of the particle kinetic
energy very similar to the PR-DNS data. Thus, even for this grid-
based, narrow interpolation kernel, the Zonal-ADR correction captures
the fluid-particle interactions fairly accurately. The small mismatch
compared to the PR-DNS data in Fig. 2(b) may be attributed to the
lack of knowledge of all the exact parameters for the initial spectrum
used in PR-DNS, and the use of a collocated grid-based solver in the
present work. Although the energetics of the particle—fluid interactions
are captured fairly well with the correction scheme, the grid-based
interpolation kernel can add large reaction force for particles larger
than the grid size (D,/4 > 1) and result in unphysical two-way coupled
velocity field (as was seen in the stationary particle simulation in
Section 4.1). This could adversely affect particle and fluid statistics,
e.g., see discussion on particle acceleration statistics in Section 4.2.2.

The effect of using interpolation kernel widths proportional to the
particle size is investigated next. Fig. 3(a) shows the temporal evolu-
tion of normalized particle kinetic energy using the four interpolation
kernels with and without the correction scheme on the 1923 grid. Even
without any correction, the kinetic energy decay rate is reasonably well
captured by the Gauss1, Gauss2, and Roma—-GaussZ2interpolation
kernels. The kinetic energy is slightly overpredicted without correction.
This is because the fluid velocity at the particle location contains the
self-disturbance and results in a smaller particle force, similar to the
stationary particle case. With correction, however, the results follow
the PR-DNS study reasonably well for all kernels, with Gauss2being
closest to the PR-DNS, whereas the grid-based Romakernel gives a
larger deviation. Table 3 documents the particle kinetic energy at
different times with and without the correction model for different
interpolation kernels compared to the PR-DNS study. Also shown is the
PP-DNS study conducted by Mehrabadi et al. (2018), using the correc-
tion scheme developed by Horwitz and Mani (2018), and predictions
from the E&H correction scheme (Esmaily and Horwitz, 2018) with
trilinear interpolation implemented in the present solver.

Fig. 3(b) shows the temporal evolution of the net dissipation rate
normalized by the initial dissipation rate for the various interpolation
kernels with and without correction. As shown by Sundaram and
Collins (1996) and Mehrabadi et al. (2018), the evolution equation for
the mixture kinetic energy of the system e,, = (1 — ¢)p k") + dp, k® is

d 1 | &
e, 2
i R Viu,dV+ = Y F -,
dt ( ¢)V4/Vlluf uf Vi=l i (up,l)
7 ———
—eh) 7o

N
1 14
—U-d)y ‘_:ZIE-(uf@,,J), 17

mw

where F, is the force acting on a particle, —e\/) is the kinetic energy
dissipation rate resolved on the grid, IT?® is the particle kinetic energy
dissipation rate, and IT"/) is the interphase kinetic energy transfer term
between the particle and fluid. Here, —e® = I® — ) represents
the additional dissipation near the particle surfaces (Sundaram and
Collins, 1996). In the present work, the net dissipation rate [¢(") =
-4 [P — [1(N] is computed from the rate of change of the fluid and
particle kinetic energy (left-hand side of Eq. [(17)]) for numerical ac-
curacy reasons. Without correction, the grid-based Romainterpolation
significantly underpredicts the net dissipation rate. However, parti-
cle size-based interpolation kernels capture the trends of the PR-DNS
data even without correction. The peak in the dissipation rate, cre-
ated mainly by the no-slip conditions and resultant flow disturbance
in PR-DNS, is also well captured by the point-particle model with
correction. The slight overprediction in peak compared to the PR-
DNS is attributed to not having the same exact initial conditions as
in the PR-DNS. This is also confirmed by implementing a different
correction scheme (Esmaily and Horwitz, 2018), which uses trilinear
interpolation, into the same flow solver which shows a similar peak in
dissipation rate with correction. Fig. 4 shows the contributions of the
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Fig. 3. Temporal evolution of (a) normalized particle kinetic energy and (b) net dissipation rate using the Zonal-ADR model (solid lines) and no model (dashed lines) with
different interpolation kernels on the 1923 grid: (o) Roma, (¢) Gauss1, (¢) Gauss2, and (m) Roma-Gauss2. The PR-DNS data of Mehrabadi et al. (2018) (¥) and predictions
using the Esmaily and Horwitz (2018) correction scheme with trilinear interpolation implemented in the present solver (4) is also shown for comparison. The Gaussland
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Fig. 4. Temporal evolution of the resolved fluid (-¢’), particle dissipation rates
(1), and interphase energy transfer (—IT") to the net normalized dissipation rate
(emen /eéf )) using the Zonal-ADR correction (solid lines) and no model (dashed lines)
with different interpolation kernels: (¢) Gaussland (m) Roma-Gauss2. The PR-DNS
data of Mehrabadi et al. (2018) (V) is also shown for comparison.

Normalized Dissipation Rate

resolved dissipation rate and interphase energy transfer [—¢'/) — 1],
the particle kinetic energy dissipation rate to the net dissipation rate
for two interpolation kernels (Gaussland Roma-Gauss2) with and
without correction. All parts of the dissipation rate are well captured
by the particle-based interpolation kernel, even with the asymmetric
Roma-GaussZ2interpolation. This suggests that sampling fluid velocity
from a region less perturbed by the self-disturbance of the particle
compensates for the errors introduced by nonsymmetric interpolation
in the kinetic energy conservation, especially when the particles are on
the order of the grid size.

4.2.2. Higher Reynolds number case

The prior cases allowed testing of Hypotheses 1 and 2 against a
simple, uniform flow over a stationary particle as well as decaying
isotropic turbulence laden with Kolmogorov-scale particles for which
PR-DNS data are available. However, due to the low Reynolds number
and maintaining of particle size equal to the Kolmogorov scale, those
results were obtained with a small number of particles. In this section,
Hypothesis 1 is tested for higher Reynolds number, Re,, ~ 52, two
different Stokes numbers, and a larger number of particles and yet

maintaining low volume loading. This Reynolds number is still some-
what limited by the desire to model Kolmogorov-scale particles and
maintain a reasonable number of grid points under grid refinement.
Test cases were designed to sufficiently resolve the small scales, en-
suring k,,,.n > 1, where k,,,, = 7/A (Balachandar and Maxey, 1989;
Yeung and Pope, 1988). In particular, the most restrictive, i.e. coarsest,
case has k,,,.n = 1.5. The higher Reynolds number allows many more
Kolmogorov-scale particles while maintaining low-volume loading. Un-
der grid refinement, a wide range of particle size to grid size (D,/4) is
studied to test Hypothesis 1.

A summary of the simulations in this section is given in Table 2.
The domain is once again a triply periodic cube of side length 2z, with
initial flow conditions for each case coming from a divergence-free ran-
dom field sampled from Pope’s model energy spectrum (Pope, 2000).
Five grid resolutions are chosen to span a range of particle-to-grid size
ratios. The particle size is chosen to equal the initial Kolmogorov scale
(D, = np), which is held constant across all five grid refinements (4 =
27 /128, 27 /192, 27 /256, 27 /384, and 27 /512), resulting in a particle-
to-grid size ratio (D,/4) which spans a range from 0.477-1.91. Two
different particle-to-fluid density ratios are tested (p,/p, = 180 and
1800) in order to achieve particle Stokes numbers of St,o = 10 and
100, respectively. In all cases, a volume fraction of ¢ = 0.001 is used,
resulting in mass loading of ¢,, = 0.18 and 1.8, respectively for the two
Stokes numbers, giving a total of N, = 36796 particles in the domain.
Again, particle dynamics is based only on the drag force modeled using
the standard Schiller-Naumann drag correlation.

In the lower Reynolds number cases, validating against the PR-
DNS of Mehrabadi et al. (2018), the Gaussland Roma-GaussZ2cases
provide similar results and both compare favorably to the PR-DNS
results when combined with the Zonal-ADR correction. The wider
GaussZ2kernel produced statistics slightly closer to the PR-DNS, es-
pecially in the uncorrected case due to its wide region of influence,
but differences in the corrected results are small. Due to its wider
stencil, the GaussZ2kernel requires more neighboring cells for larger
particles, increasing the computational cost. Thus, opting for both
consistency between E2L and L2E interpolation kernels (that results
in energy conservation) and for a balance between accuracy and com-
putational efficiency, the higher Reynolds number cases are only run
for the grid-based Romainterpolation kernel and the particle size-based
Gausslinterpolation kernel. Particles are initially injected at random
positions and the initial particle velocity is set equal to the fluid velocity
interpolated to the particle location using trilinear interpolation. Simi-
lar to the low Reynolds number cases, particles are injected at the start
of decay. The magnitude of the velocity derivative skewness of these
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cases rapidly approaches a value of around 0.5 in about 0.1 turnover
times.

The general results in the St = 10 follow those from the St = 100
case. In order to keep the same number of particles and volume loading
between cases, the mass loading decreases to 0.18 for the St = 10 case,
resulting in the particle phase having a much weaker overall effect
on the fluid phase. For this reason, some of the differences between
cases are smaller, however, the main patterns remain consistent with
the St = 100 case, and hence some of the results for the St = 10 case
have been omitted for brevity.

Fig. 5(a, b) shows the temporal evolution of fluid kinetic energy for
St = 100 normalized by its initial value for the corrected and uncor-
rected cases calculated using the (a) grid-based Romaand (b) particle
size-based Gausslinterpolation kernels for all five grid refinements.
The self-similar Kolmogorov decay rate, +~'%7, (Kolmogorov, 1941)
is shown as a reference against the corresponding decay rate of the
unladen case. The fluid kinetic energy calculated with the uncorrected,
grid-based Romainterpolation kernel diverges as the grid is refined,
with the rate of decay decreasing as the grid size is decreased. By
employing the Zonal-ADR correction scheme with Romainterpolation,
the fluid kinetic energy is much more grid-converged, with very slight
differences possibly due to slight differences in the initial fields for the
different grid resolutions. When the same flow realizations are instead
run with the particle size-based Gausslinterpolation kernel, even
the uncorrected cases exhibit grid convergence across all resolutions.
Again, there are slight variations at later times, but not as definitive
as in the corresponding grid-based Romainterpolation. In general, even
with the Gauss1linterpolation scheme, the uncorrected cases result in
slightly less fluid kinetic energy decay than their Zonal-ADR corrected
counterparts, although since the volume loading in these simulations
is fairly dilute, the differences in observed fluid kinetic energy are
small. The effect of correcting for the self-disturbance field created by
a particle is much more profound on particle statistics themselves and
could be expected to have more effect on fluid statistics in a heavier
volume loading than what is studied here.

Similarly, Fig. 6(a, b) shows the temporal evolution of the particle
kinetic energy for St = 100 normalized by its initial value for both
the Zonal-ADR corrected and uncorrected cases calculated using the
(a) grid-based Romaand (b) particle size-based Gausslinterpolation
kernels for different grid sizes. These results are consistent with the
lower Reynolds number cases in Section 4.2.1. As explained in the prior
section, in the absence of any self-disturbance correction, decreasing
grid size relative to particle size in conjunction with a compact, grid-
size-based interpolation kernel results in the underprediction of forces
due to the highly localized sampling of largely disturbed fluid velocity.
As the grid is refined, the interpolation kernel becomes even smaller

relative to the particle, hence this underprediction of the force is
magnified with each grid refinement, resulting in particle, and to a
lesser extent fluid, statistics that diverge with grid refinement. Adding
the Zonal-ADR correction to the grid-based interpolation kernel model
leads to grid-converged predictions of particle kinetic energy for all grid
resolutions. Small variations can still be seen in the corrected results
for some grid sizes, but these differences are small, especially consid-
ering they are seen on a semi-log scale. Comparing it to the particle
size-based Gauss1filter, grid-converged statistics for both the Zonal-
ADR corrected and the uncorrected cases are observed. However, even
though the uncorrected cases show grid convergence, the converged
value differs from the converged value obtained with the Zonal-ADR
correction scheme. Without any correction, there is still a slight under-
prediction of the force on the particles based on the undisturbed fluid
velocity which results in this difference. Such a difference is small and
only appears at later times.

The effect of the Zonal-ADR correction and choice of interpolation
kernel across grid refinement on the net dissipation rate is exam-
ined next. As previously discussed, due to the nature of point-particle
modeling, the net dissipation is not fully captured as resolved fluid
dissipation. Instead, as with the lower Reynolds number cases, the net
dissipation rate is calculated as the rate of change of the mixture kinetic
energy (left-hand side of Eq. [(17)]) (Mehrabadi et al., 2018; Horwitz
and Mani, 2020). Fig. 7(a, b) shows the net dissipation rate in the St =
100 cases normalized by its initial value for both Zonal-ADR corrected
and uncorrected runs calculated using the (a) grid-based Romaand (b)
particle size-based Gauss linterpolation kernels for different grid sizes.
Once again, results are diverging with grid refinement when using
an uncorrected model with the grid-based Romainterpolation kernel.
Here, increasing the resolution relative to the particle size results
in a lower net dissipation rate in the uncorrected Romacases, with
significant underpredictions at the higher grid resolutions. Sticking
with the Romainterpolation kernel, if the model employs the Zonal-
ADR correction, results are more grid converged than the uncorrected
cases, but now the two highest resolution cases seem to predict slightly
larger peak net dissipation than the other cases. As shown in the
stationary particle case, when the grid size is smaller than the particle
size and a grid-based Romakernel is used, the two-way-coupled velocity
field at the particle location can be unphysical, even with a correction
scheme. This may contribute to the larger peaks in the net dissipation
rate. Switching to the particle size-based Gausslinterpolation kernel,
however, with the Zonal-ADR correction, the two-way coupled velocity
field is more physical as also shown in the stationary sphere case.
This seems to eliminate this difference, and similar predictions are
seen across all grid resolutions, indicating that the corrected grid-based
Romamodel for the two highest-resolution cases was overpredicting net
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dissipation. Similar to the previous results, using the Gauss1lkernel
with no correction model also seems to produce grid converged predic-
tions of net dissipation rate, however, they are consistently and slightly
lower than the predicted net dissipation when using the Zonal-ADR
correction. Fig. 7(c, d) shows the same plots for the St = 10 case.
The main patterns remain consistent, but the differences are much
smaller due to the low mass loading in these cases. One feature that
is not present in this lower Stokes case is the deviation of the two
highest resolution cases in the Zonal-ADR corrected, Romainterpolation
kernel case (Fig. 7[c]). The poorer performance of the Romakernel

when particles are larger than the grid may have been mitigated due
to the smaller effect of particles in general for this case.

As previously seen, the effect of correcting for particle self-
disturbance fields, especially at the volume loading studied here, is
more clearly evident in particle statistics than it is in fluid statistics
alone. To that end, another important particle statistic that can be
examined is particle acceleration, as that is directly related to the
particle force which is dependent on the force closures and hence the
undisturbed fluid velocity in the relative slip-velocity between that
particle and its surrounding fluid. Fig. 8(a, b) shows the particle Root
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mean square (rms) acceleration in the .St = 100 cases normalized by the
initial Kolmogorov acceleration of the corresponding unladen case for
both Zonal-ADR corrected and uncorrected runs calculated using the
(a) grid-based Romaand (b) particle size-based Gausslinterpolation
kernels for different grid sizes. These particle acceleration statistics
really highlight the effect of correction and interpolation kernel choice,
potentially because acceleration involves the rate of change of velocity,
whereas kinetic energy is more an integral quantity. A clear divergence
in particle rms acceleration with decreasing grid size is seen in the
uncorrected, grid-based Romainterpolation kernel results. Similar to
the net dissipation results, the two highest resolutions actually end
up overpredicting particle acceleration in the Zonal-ADR, grid-based
Romacase, while the other three resolutions produce near-identical
results. Notably, these two high resolutions which still deviate after
using the Zonal-ADR correction with the Romakernel are the two cases
in which the particles are strictly larger than the grid (D,/4 = 1.432
and 1.91). As mentioned earlier, this again can be attributed to the
overprediction of the force on the particle, just like in the stationary
particle case with Romakernel wherein the overprediction of the force
results in negative two way-coupled velocity at the particle location.
The middle case (D,/4 = 0.955) shows grid converged results
with the other two coarser grids. This is potentially indicating that
even with a correction scheme, using a compact, grid-based interpo-
lation kernel can introduce errors when the particle is larger than
the grid size. In contrast to this, when using the particle size-based
Gausslinterpolation kernel, the particle rms acceleration statistics

show excellent grid convergence across all grid sizes for both the
uncorrected and the Zonal-ADR corrected cases. This highlights the
importance of a particle size-based interpolation kernel when particles
are on the order of the grid size, and especially when larger than
the grid, even after correcting for the particle self-disturbances. The
impact of the Zonal-ADR correction over the uncorrected approach is
still highlighted very clearly here, with the uncorrected results showing
consistent underprediction in particle rms acceleration relative to the
Zonal-ADR corrected results. Fig. 8(c, d) show the same particle rms
acceleration plots for the St = 10 cases. Here, the general patterns
observed in the St = 100 case hold true. While the mass loading is much
lower, the effect of correction and interpolation kernel choice are still
highlighted very well in particle acceleration. The main difference here
is that the lower Stokes number is resulting in much larger accelerations
than in the St = 100 case, but this shows that the results observed are
consistent across both Stokes numbers.

Particle acceleration statistics are investigated further by examining
the distribution of individual particle acceleration events. Fig. 9(a—d)
shows the probability density functions (PDFs) of particle acceleration
magnitude for the Re;, ~ 52, St = 100 case for the (a) uncor-
rected model with Romainterpolation kernel, (b) uncorrected model
with Gauss1linterpolation kernel, (c) Zonal-ADR corrected model with
Romainterpolation kernel, and (d) Zonal-ADR corrected model with
Gausslinterpolation kernel. When the grid-based Romainterpolation
kernel is used in the absence of any correction, the PDF becomes
narrower with increased grid resolution. Thus, when particles increase
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in size relative to the grid size, there are fewer high acceleration events
and, as verified in particle rms acceleration, the peak acceleration
events are smaller. Using the particle size-based Gausslinterpolation
kernel with the uncorrected model results in grid-converged PDFs.
In the Zonal-ADR case with Romainterpolation kernel, the correction
results in grid converged PDFs for all cases except the most resolved
case. Here, this case results in more high acceleration events than
it should, which was also seen in the larger peak particle rms ac-
celeration for the same case. Combining the Zonal-ADR correction
with the particle size-based Gauss linterpolation kernel results in grid
converged results with a slightly wider tail than the converged PDFs
of the uncorrected Gausslcase, again indicating the importance of
the Zonal-ADR correction scheme in addition to the particle size-based
interpolation kernel.

5. Conclusions

In several particle-laden flow computations with direct or large-
eddy simulation of the fluid flow, particle sizes comparable to the grid
size or the smallest resolved flow scale are commonly encountered,
e.g., sprays and droplets near the injector nozzle (Moin and Apte, 2006;
Apte et al., 2009), wall-bounded particle-laden flows (Ferrante and

Elghobashi, 2005), or transport of suspended sediments (Finn et al.,
2016). Use of the point-particle approach under such situations, al-
though not originally developed to be used in this limit, is common as it
allows computation of large numbers of particle trajectories. However,
application of a point-particle approach under the situation of the
particle size being comparable to Kolmogorov scales needs additional
considerations. These considerations include correcting for the self-
disturbance field and carefully choosing the interpolation kernels for
interaction forces in the two way-coupling. This work thoroughly eval-
uates the effect of the aforementioned considerations on the accuracy
of the point-particle models in the limit of D,/4 ~ O(1).

It is shown that the grid-based interpolation kernels, which vary
based on the local grid resolution, irrespective of the particle size,
significantly underpredict the interaction force and hence the decay
rates of particle kinetic energy and magnitude of particle acceleration,
especially when no model is used for the self-disturbance correction.
Furthermore, as these grid-based kernels only depend on grid size, a
clear divergence in fluid and particle statistics is observed with grid
refinement in the absence of any particle self-disturbance correction.
Particle size-based kernels, wherein the kernel widths scale with the
particle size, can better capture these interactions even without any
correction model, producing grid-converged results. As the grid is
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refined and the particle size becomes larger than the grid size, a kernel
width proportional to particle size keeps the region of particle—fluid
interaction unchanged and allows sampling of the fluid parameters
from a region that is less affected by the self-disturbance field. While
convergent under grid refinement, the particle kinetic energy decay
rate, net dissipation rate, and magnitude of particle rms acceleration
are slightly under-predicted with no self-disturbance correction model.
With correction for self-disturbance, both the grid-based and the par-
ticle size-based kernels provides grid-convergent results. Therefore,
while the use of a particle size-based interpolation kernel may mitigate
some of the errors resulting from the use of the two way-coupled
disturbed fluid velocity in the force closures, there is still a need for
self-disturbance correction for particles comparable to the grid size.
However, when particles become larger than the grid size, the grid-
based kernels distribute the force computed based on the undisturbed
fluid velocity in a narrow region, resulting in a locally large value of the
force, even though the global value is conserved. This increased force
can result in an unphysical two-way-coupled velocity at the particle
location with the grid-based kernel. This is also clearly observed in
the stationary particle case with grid-based Romakernel for particles
larger than the grid and with correction for the self-disturbance. Such
an effect was shown to be absent with the particle-based kernel, even
for particles larger than the grid size.

These results suggest that the use of a particle size-based inter-
polation kernel in conjunction with a correction model for the self-
disturbance field is recommended to obtain the best results. With
particle size-based kernels, the predictions without self-disturbance
corrections are grid convergent, but the turbulent kinetic energy and
dissipation rate are slightly underpredicted. Implementing the particle
size-based interpolation kernel requires knowledge of several neigh-
boring control volumes, beyond the nearest neighbors surrounding the
particle, especially if the particle size is comparable to the grid size.
For complex unstructured grids and parallel computing, this can lead
to increased memory and computational time. In such cases, grid-
based kernels that depend only on nearest neighbors are a practical
option, provided a self-disturbance correction model is used to obtain
consistent and grid-converged results. This is especially important for
DNS or large-eddy simulation of particle-laden flows near boundaries,
as computational grids are refined in the wall-normal direction to
resolve the flow and thus particles can range from being subgrid to
larger than the grid size within the same domain.
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