Most Common Mistakes in Solving Game Theory Problems

This short material illustrates a few typical mistakes that are made in solving Game Theory
problems. It is based on examples of simple problems and wrong answers to them.
If you find any mistakes in this material please inform me at andy@gsb.stanford.edu

MISTAKE 1: CONFUSING EQUILIBRIUM AND EQUILIBRIUM OUTCOME.
QUESTION: In the following game identify all pure strategy Nash Equilibria:

COLUMN PLAYER
L R
ROW U 55 2,10
PLAYER D 12,3 3.4

wrong answers:

1. The NE s (3,4)

2. The NE is the lower right cell.
3. The NE is in the shaded cell.

CORRECT ANSWER:
The NE is {D,R}.

Especially the first wrong answer is common: (3,4) is the equilibrium outcome not the
equilibrium.

MISTAKE 2: CONFUSING EQUILIBRIUM STRATEGIES AND ACTIONS
PLAYED ALONG THE EQUILIBRIUM PATH.

QUESTION: In the following game using backwards induction find all pure strategy Nash
Equilibria:




wrong answers:
1. The NE is that player A will play D and player B will play u.
2. The NEis (3,5).

CORRECT ANSWER:
THE NE IS: {A plays D; if A plays U - B plays |, if A plays D - B plays u}

The first wrong answer describes only what will happen, not the strategies that players have.
TO DESCRIBE AN EQUILIBRIUM YOU HAVE TO DESCRIBE ACTIONS PLAYERS WILL
TAKE IN EVERY DECISION NODE, REGARDLESS IF THAT NODE WILL BE REACHED IN
EQUILIBRIUM OR NOT.

The second wrong answer is another example of the first common mistake discussed above.

To write the whole equilibrium can be troublesome if the tree is more complicated. A good way
to make it easier is to order the decision nodes. For example in the game:

U 32,1

0,7,3

D

using backwards induction we can find the NE to be:
{A plays U; B plays u in the top decision mode and | in the bottom one; C plays D in the first
decision node, D in the second one and D in the third one}.



MISTAKE 3: INCORRECT REASONING WHY SOMETHING IS NOT A N.E.
QUESTION: In the following game explain why {U,L} is not a NE.

COLUMN PLAYER
L R

ROW U 1,4 2,10
PLAYER D 0,3 3,4

wrong answers:

1. {U,L}is not a NE because {D,R} is a NE

2. {U,L}is not a NE because both players could deviate to {D,R} (which is a NE) and have
higher payoffs.

3. {U,L}is not a NE because the row player could deviate to D knowing that then the column
player would choose R instead of L making player 1 better off.

CORRECT ANSWER:
{U,L} is not a NE because given the Row player plays U, strategy L is not Column player's
best response: he would benefit by choosing R instead of L.

This is a very important example as (unlike the mistakes above) it is caused by a mistake in
reasoning not by confusion of terms.

The first answer is incorrect because there can be more than one NE in the game.

The second and third answers are incorrect because to verify if some strategy profile is an
equilibrium we are supposed to look if any player has a profitable deviation acting on his own i.e.
keeping the strategies of all other players fixed.

MISTAKE 4: INCORRECT USAGE OF SYMMETRY ARGUMENT.

QUESTION: Consider a Cournot duopoly game in which there are two firms producing
homogenous goods and competing in quantities. The market demand is P=a-bQ, where Q is the
sum of outputs: Q=q; + g,. Both firms have marginal cost equal to ¢ and there are no fixed costs.
Find the quantities the firms will choose in a symmetric NE.

wrong answer:
Firm 1 is maximizing its profits:

75=(P-c)q.

As the equilibrium is symmetric both firms will produce q,=q,=Q/2.

So the firm solves the following problem:

MAX (a-c-bQ)Q/2

this leads to the FOC

(a-c)/2 - Q=0

so the equilibrium Q=(a-c)/2 so every firm produces (a-c)/4 in the equilibrium.



CORRECT ANSWER

Firm 1 is maximizing profits:
75=(P-c)d1=(a-c-b(q:1+d2)):-

The F.O.C. of profit maximization is:
a-c-bg,-2bq;=0

A similar condition holds for firm 2. To solve this system of equations for the equilibrium
guantities we use the symmetry of the equilibrium, which implies that q:*=q,*. Hence the
condition can be rewritten as:

a-c-b q;*-2b q,*=0

solving yields q;*=(a-c)/(3b).
So the equilibrium outputs are q:*=q,*= (a-c)/(3b).

The mistake in the incorrect answer is that it assumes that firm 1 making its decision thinks that
firm 2 will produce exactly the same output as firm 1 does, regardless of the strategy of firm 1.
When firm 1 solves for its best response, it takes the strategy of the other firm as given, so
assuming that firm 2 will react by matching the output is incorrect.

A mechanical rule of thumb to remember is to use any symmetry assumptions AFTER
DERIVING THE F.O.C. and never before.

MISTAKE 5: INCORRECT SOLUTION OF THE STACKELBERG MODEL
QUESTION: Consider a Stackelberg-leader duopoly model. There are two firms producing
homogenous goods and competing in quantities. Firm 1 moves first and firm 2 decides its
guantity after observing firm one's decision. The market demand is P=a-bQ, where Q is the sum
of outputs: Q=q; + d.. Both firms have marginal cost equal to ¢ and there are no fixed costs.
What output will firm 1 chose? Why?

wrong answer:
Firm 1 moves first so can disregard firm 2. This implies that firm 1 will act as a monopolist and
will produce to maximize:

(a-bg;-c)qs.

The F.O.C. of the profit-maximizing problem is:

a-2bq;-c=0

So the optimal g,*=(a-c)/2b.

CORRECT ANSWER:

Firm 1 will take into consideration the fact that firm 2 will react to its choice of output.
Given qg; the best response of firm 2 is to choose g, to maximize its profits:

(a-bq; -bgz-c)qs.

The F.O.C. of the profit-maximizing problem is:

a-bqi-2bg,-c=0

This implies best response g,=(a-c-bq,)/2b.

As we said above, firm 1 will take it into consideration and hence its profit-maximizing
problem is:

MAXq1 (a-bgs-(a-c-bq,)/2 - c)a,



This can be simplified to:
MAXq: [(a-bgs-c)/2]q,

The F.O.C. of this problem is:
(a-c)/2 -bqg;=0

so the optimal q,*=(a-c)/2b

NOTICE: Both the correct and incorrect answers provide the same formula for the optimal
(equilibrium) output of firm 1. Still the first method is completely incorrect. The formulas are the
same by total coincidence. If the firms have different marginal costs or if the demand function is
not linear, the formulas derived in the two ways will be different.

Remember: the whole idea behind the Stackelberg model is that the leader firm foresees the
reaction of the follower.

MISTAKE 6: FORGETTING THAT ALL RELEVANT INFORMATION IS
ALREADY INCLUDED IN THE PAYOFFS.

QUESTION: In the following game describe the best response of the ROW player to the
COLUMN player strategy R:

COLUMN PLAYER

L R
ROW U 14 7,10
PLAYER D 0,3 7,-10

wrong answer:
Given COLUMN player chooses R the best response of the ROW player is to play D. This
strategy provides him the same profits as strategy U but gives lower payoff to his competitor.

CORRECT ANSWER:
The best response to strategy R is both U and D. The ROW Player is indifferent between
these two strategies so they are BOTH best responses.

If we value imposing cost on our opponent, it is already included in the payoffs of the game (for
example, the payoffs from choosing D are 6 immediate payoff plus 1 the value of imposing a
loss on our opponent that corresponds to expected increase of our future profits by 1).

In this particular example few people would make this mistake. But if the names of the players
were changed, say to Microsoft and Netscape, the probability of mistake would go up.



MISTAKE 7: CALLING THE FIRST ORDER CONDITION TO BE BEST
RESPONSE FUNCTION OR MISSPECIFYING THE BEST RESPONSE
FUNCTION.

QUESTION: Consider a differentiated product model in which firms compete in quantities and
the demand functions are:

P,=a-bq, - dg,

sza'qu - dql

Find the best response function of firm 1.

wrong answers:
1. The profit maximizing problem of firm 1 is:

MAXq: [a-bg; - dg-C]a,
The F.O.C. is then:
a-c-dg,-2bq;=0.

This is the best response function.

2. Manipulating the F.O.C. above we get the best response to be q,=(a-c-2bq;)/d

CORRECT ANSWER:
Using the F.O.C. we get the best response function of firm 1 to be:
.= (a-c-dqg,)/2b

NOTICE:

Both the wrong answers can be used to find (correctly) the equilibrium strategies. Nevertheless,
Game Theory is a precise science and best response function of firm 1 is supposed to tell us
explicitly how the optimal strategy of firm 1 depends on the strategy of firm 2.
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