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CHALLENGE

Neural network is highly non-convex so that it is hard
to analyze its landscape. Though, empirically SGD
“works well” for neural networks. Any explanations?

MODEL: TWO LAYERS NEURAL NETWORK

Let (X, Y) ∼ P, X ∈ Rd, Y ∈ R. Consider the two-layers
neural network with decision variable θ = (θi)

N
i=1 ∈ RN×D,

minimize
θ

RN(θ) = E
[
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N

N

∑
i=1

σ∗(X; θi)
]2(

+
λ

N
‖θ‖2

2

)
.

(1)
An example of σ∗ gives

σ∗(X; θi) = aiσ(〈X, wi〉+ bi) (2)

where θi = (ai, bi, wi) and σ( · ) is ReLU.

ALGORITHM: SGD AND NOISY SGD

Consider the SGD / noisy SGD algorithm minimizing risk RN,

θk+1
i = θk

i − 2Nsk∇θiR̂N(θ
k; (xk, yk)) +

√
2sk
β

gk
i .

In each iteration we get a fresh sample (xk, yk), and N
independent Gaussian random variable (gk

i )i∈[N]. Parameter sk
gives the step size, β the inverse temperature (could be infinity).

IDEA: MEAN FIELD REFORMULATION

Let ρ = (1/N)∑N
i=1 δ(θi) be the empirical distribution of the

neuron parameters. Then RN(θ) = R(ρ), with

R(ρ) = E
[(

Y−
∫

σ∗(X; θ)ρ(dθ)
)2]

+ λ
∫
‖θ‖2

2ρ(dθ)

=1 + 2
∫

V(θ)ρ(dθ) +
∫

U(θ, θ′)ρ(dθ)ρ(dθ′),

where
V(θ) =−E[Y σ∗(X; θ)] + λ‖θ‖2

2,
U(θ, θ′) =E[σ∗(X; θ)σ∗(X; θ′)].

R is convex in ρ. But since ρ is infinite dimensional, the convex
problem is still hard to solve.

IDEA: DISTRIBUTIONAL DYNAMICS (DD)

The noisy SGD dynamics can be well approximated by the PDE, in which
we call distributional dynamics (DD)

∂tρ(θ, t) = ∇θ · (∇θΨ(θ; ρ)ρ) +
1
β

∆θρ, (3)

where Ψ(θ; ρ) = V(θ) +
∫

U(θ, θ′)ρ(dθ′). The PDE can be interpreted
as the gradient flow of free energy Fβ(ρ) (PDE is minimizing Fβ)

Fβ(ρ) =
1
2

R(ρ) +
1
β

∫
ρ log ρdθ. (4)

DD is the mean field version of Fokker-Planck Eq. for Langevin dynamics

∂tρN(θ1, . . . , θN, t) = ∇θ1,...,θN · (N∇RN(θ)ρN) +
1
β

∆θ1,...,θNρN. (5)

DD reduced the dimension of Fokker-Planck Eq. using symmetry.

KEY THEOREM (INFORMAL)

At iteration k of noisy SGD giving the weights (θk
i )i∈[N], and time tk of

distributional dynamics PDE giving distribution ρ(θ, tk), we have

ρ(θ, tk) ≈ (1/N)∑i∈[N]
δ(θk

i ) (6)

The approximation is consistent as long as N ≥ Ω(D) and tk = O(1).

ILLUSTRATION: SGD VS DD

Evolution of the empirical distribution of ‖wi‖2 for “classifying two
Gaussians” example. Dimension d = 40, number of neurons N = 800.
Histograms are obtained from SGD experiments. Continuous lines
correspond to a numerical solution of the distributional dynamics PDE.

KEY MESSAGE

We can in turn to study the geometry of the free
energy Fβ(ρ) to analyze neural networks!

THEOREM: LANDSCAPE OF TWO LAYERS NN

For two layers neural network (1), Fβ(ρ) is strongly convex in ρ.
As t→ ∞, ρ(θ, t) following PDE (3) converges to the unique
minimizer of Fβ(ρ).

THEOREM: CONVERGENCE OF NOISY SGD

Take β = O(d). Suppose PDE (3) takes T = T(d, β) time to
converge to a distribution ρT with Fβ(ρT) ≤ infρ Fβ(ρ) + η/2.

Then as we take N ≥ CeCTd and run noisy SGD with stepsize
s = 1/(CeCTd), we have RN(θ

T/s) ≤ infθ RN(θ) + η.

REMARKS

I Amazingly, the convergence time for SGD on two-layers neural
network does not depend on the number of neurons N.
Overparameterization does not harm generalization!

I The time T = T(d, β) for PDE converging to global minimizer
of Fβ(ρ) requires a case by case study. Sometimes the time is
independent of d and β. Here is an example in the following.

EXAMPLE: CLASSIFYING TWO GAUSSIANS

Let the joint law of (X, Y) ∈ Rd×R to be:
With probability 1/2: Y = +1, X ∼ N (0, Id + (τ2

+− 1)PV).
With probability 1/2: Y = −1, X ∼ N (0, Id + (τ2

−− 1)PV).
Here τ± = (1± ∆) and PV is the projector onto V ⊆ Rd.
Activation σ∗(X; θi) = σ(〈X, θi〉) for σ to be truncated ReLU.

Then as long as N = Ω(d), we run k = Ω(d) number of SGD

iterations, we get θk such that RN(θ
k) ≤ infθ RN(θ) + η.


