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On the Optimality of Symbol-by-Symbol
Filtering and Denoising
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Abstract—We consider the problem of optimally recovering
a finite-alphabet discrete-time stochastic process {X,} from its
noise-corrupted observation process { Z; }. In general, the optimal
estimate of X, will depend on all the components of {Z;} on
which it can be based. We characterize nontrivial situations (i.e.,
beyond the case where (X, Z;) are independent) for which
optimum performance is attained using ‘“symbol-by-symbol”
operations (a.k.a. “singlet decoding’’), meaning that the optimum
estimate of X; depends solely on Z;. For the case where { X;} is
a stationary binary Markov process corrupted by a memoryless
channel, we characterize the necessary and sufficient condition for
optimality of symbol-by-symbol operations, both for the filtering
problem (where the estimate of X, is allowed to depend only
on {Z; }+ <) and the denoising problem (where the estimate of
X, is allowed dependence on the entire noisy process). It is then
illustrated how our approach, which consists of characterizing the
support of the conditional distribution of the noise-free symbol
given the observations, can be used for characterizing the entropy
rate of the binary Markov process corrupted by the binary-sym-
metric channel (BSC) in various asymptotic regimes. For general
noise-free processes (not necessarily Markov), general noise
processes (not necessarily memoryless), and general index sets
(random fields) we obtain an easily verifiable sufficient condition
for the optimality of symbol-by-symbol operations and illustrate
its use in a few special cases. For example, for binary processes
corrupted by a BSC, we establish, under mild conditions, the
existence of a 6* > O such that the “say-what-you-see” scheme
is optimal provided the channel crossover probability is less than
6*. Finally, we show how for the case of a memoryless channel the
large deviations (LD) performance of a symbol-by-symbol filter is
easy to obtain, thus characterizing the LD behavior of the optimal
schemes when these are singlet decoders (and constituting the only
known cases where such explicit characterization is available).

Index Terms—Asymptotic entropy, denoising, discrete memory-
less channels (DMCs), entropy rate, estimation, filtering, hidden
Markov processes (HMP), large deviations performance, noisy
channels, singlet decoding, smoothing, symbol-by-symbol schemes.

1. INTRODUCTION

ET {X:}icz be a discrete-time stochastic process and
{Z:}1ez be its noisy observation signal. The denoising
problem is that of estimating {X;} from its noisy observations
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{Z.}. Since perfect recovery is seldom possible, a loss function
measuring the goodness of the reconstruction is given, and the
goal is to estimate each X so as to minimize the expected loss.
The filtering problem is the denoising problem restricted to
causality, namely, when the estimate of X is allowed to depend
on the noisy observation signal only through {Z; }4/ <.

When {X;} is a memoryless signal corrupted by a memo-
ryless channel, the optimal denoiser (and, a fortiori, the op-
timal filter) has the property that, for each ¢, the estimate of
X, depends on the noisy observation signal only through Z;.
A scheme with this property will be referred to as a symbol-by-
symbol scheme or as a singlet decoder [12]. When { X} is not
memoryless, on the other hand, the optimal estimate of each X,
will, in general, depend on all the observations available to it in
anontrivial way. This is the case even when the noise-free signal
is of limited memory (e.g., a first-order Markov process) and the
noise is memoryless. Accordingly, much of nonlinear filtering
theory is devoted to the study of optimal estimation schemes for
these problems (cf., e.g., [3], [5], [24], [26], [14], and the many
references therein), and basic questions such as the closed-form
characterization of optimum performance (beyond the cases we
characterize in this work where singlet decoding is optimum)
remain open.

One pleasing feature of a singlet decoder is that its perfor-
mance is amenable to analysis since its expected loss in esti-
mating X; depends only on the joint distribution of the pair
(X¢, Z¢) (rather than in a complicated way on the distribution of
the process pair ({X;},{Z:})). Another of the obvious merits
of a singlet decoder is the simplicity with which it can be im-
plemented, which requires no memory and no delay. It is thus
of practical value to be able to identify situations where no such
memory and delay are required to perform optimally. Further-
more, it will be seen that in many cases of interest, where sin-
glet decoding is optimal, it is the same scheme which is op-
timal across a wide range of sources and noise distributions. For
example, for a binary source corrupted by a binary-symmetric
channel (BSC) we shall establish, under mild conditions, the ex-
istence of a 6* > 0, such that the “say-what-you-see” scheme is
optimal, provided the channel crossover probability is less than
6*. This implies, in particular, the universality of this simple
scheme with respect to the family of sources sharing this prop-
erty, as well as with respect to all noise levels <6*. Thus, the
identification of situations where singlet decoding attains op-
timum performance is of interest from both the theoretical and
the practical viewpoints, and is the motivation for our work.

A singlet decoder will be optimal if the value of the optimal
estimate conditioned on all available observations coincides
with the value of the optimal estimate conditioned on the
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present noisy observation for almost all realizations of the
noisy observations. This does not mean that the distribution
of the clean symbol conditioned on all available observations
coincides with its distribution conditioned on the present noisy
observation (that would be the case if the underlying source was
memoryless), but only that the corresponding optimal estimates
do. This translates into a condition on the support of the distri-
bution of the unobserved clean symbol given the observations (a
measure-valued random variable measurable with respect to the
observations). Indeed, for the Markov process corrupted by a
memoryless channel this will lead to a necessary and sufficient
condition for the optimality of singlet decoding in terms of the
support of that distribution. In general, however, the support of
this distribution (and, a fortiori, the distribution itself) is not
explicitly characterizable, and, in turn, neither is the condition
for optimality of singlet decoding. The support, however, can
be bounded, leading to explicit sufficient conditions for this
optimality. This will be our approach to obtaining sufficient
conditions for the optimality of singlet decoding, which will
be seen to lead to a complete characterization for the case of
the corrupted binary Markov chain (where the upper and lower
endpoints of the support can be obtained in closed form).

Characterization of cases where singlet decoding is optimal
both for the filtering and the denoising problems was consid-
ered in [12] (cf. also [13], [33]) for the binary Markov source
corrupted by a BSC. The closely related problem of singlet
decoding optimality under the “word”-error probability crite-
rion has been treated in [32] for a BSC-corrupted binary-sym-
metric Markov source and in [1] for the more general case of an
asymmetric binary Markov chain corrupted by a binary Markov
channel.

Our interest in the problem was triggered by the recently dis-
covered discrete universal denoiser (DUDE) [39]. Experimenta-
tion has shown cases where the scheme applied to binary sources
corrupted by a BSC of sufficiently small crossover probability
remained idle (i.e., gave the noisy observation signal as its re-
construction). A similar phenomenon was observed with the
extension of this denoiser to the finite-input continuous-output
channel [10] where, for example, in denoising a binary Markov
chain with a strong enough bias toward the 0 state, corrupted
by additive white Laplacian noise, the reconstruction was the
“all-zeros” sequence. As we shall see in this work, these phe-
nomena are accounted for by the fact that the optimum distribu-
tion-dependent scheme in these cases is a singlet decoder (which
the universal schemes identify and imitate).

An outline of the remainder of this work is as follows. In Sec-
tion II, we introduce some notation and conventions that will be
assumed throughout. Section III is dedicated to the case of a
Markov chain corrupted by a memoryless channel. To fix no-
tation and for completeness, we start in Section III-A by re-
viewing classical results concerning the evolution of conditional
distributions of the clean symbol given past and \or future ob-
servations. We then apply these results in Section III-B to ob-
tain necessary and sufficient conditions for the optimality of sin-
glet decoding in both the filtering and the denoising problems.
These conditions are not completely explicit in that they involve
the support of a measure satisfying an integral equation whose
closed-form solution is unknown.
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In Section IV (subsections A and B), we show that, when the
noise-free process is a binary Markov chain and corrupted by a
memoryless channel, enough information about the support of
that measure can be extracted for characterizing the optimality
conditions for singlet decoding in closed form. Furthermore, the
conditions both for the filtering and for the denoising problem
are seen to depend on the statistics of the noise only through the
support of the likelihood ratio between the channel output distri-
butions associated with the two possible inputs. In Section [V-C,
we further specialize the results to the BSC, characterizing all
situations where singlet decoding is optimal (and thereby red-
eriving the results of [12] in a more explicit form). In Section
IV-D, we point out a few immediate consequences of our anal-
ysis such as the fact that singlet decoding for the binary-input
Laplace-output channel can only be optimal when the observa-
tions are useless, and that singlet decoding is never optimal for
the binary-input Gaussian-output channel.

In Section V, we digress from the denoising problem and il-
lustrate how the results of Section IV can be used for obtaining
new bounds on the entropy rate of a hidden Markov process
(HMP) (the closed form of which is still open, see [14], [22], and
references therein). In particular, these bounds lead to a charac-
terization of the behavior of the entropy rate of the BSC-cor-
rupted binary Markov process in various asymptotic regimes
(e.g., “rare-spikes,” “rare-bursts,” high “SNR,” low “SNR,” “al-
most memoryless”). The bounds also establish “graceful” de-
pendence of the entropy rate on the parameters of the problem.
Our results will imply continuity, differentiability, and in cer-
tain cases, higher order smoothness of the entropy rate in the
process parameters. These results are new, even in view of exis-
tent results on analyticity of Lyapunov exponents in the entries
of the random matrices [2], [31] and the connection between
Lyapunov exponents and entropy rate [22], [23]. The reason is
that, in the entropy rate, perturbations of the parameters affect
both the matrices (corresponding to the associated Lyapunov ex-
ponent problem) and the distribution of the source generating
them.

In Section VI, we derive a general and easily verifiable suffi-
cient condition for the optimality of symbol-by-symbol schemes
in both the filtering and the denoising problems. The condition
(Theorem 8) is derived in a general setting, encompassing arbi-
trarily distributed processes (or fields) corrupted by arbitrarily
distributed noise, and involves conditional probabilities asso-
ciated with the channel, and the underlying noiseless process,
that are usually easy to obtain (or bound) for a given process
and noise specification. The remainder of that section details
the application of the general condition to a few concrete sce-
narios. In Section VI-A, we look at the memoryless symmetric
channel (with the same input and output alphabet) under Ham-
ming loss. Our finding is that, under mild conditions on the
noise-free source, there exists a positive threshold such that the
“say-what-you-see” scheme is optimal whenever the level of
the noise is below the threshold. Section VI-B shows that this
continues to be the case for channels with memory, such as the
Gilbert-Elliot channel (where this time it is the noise level as-
sociated with the “bad” state that need be below that threshold).

In Section VII, we obtain the exponent associated with the
large deviations (LD) performance of a singlet decoder, thus
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characterizing the LD behavior of the optimal schemes when
these are singlet decoders (and constituting the only cases where
the LD performance of the optimal filter is known). Finally, in
Section VIII, we summarize the paper and discuss a few direc-
tions for future research.

II. NOTATION, CONVENTIONS, AND PRELIMINARIES

In general, we will assume a source X (T") = {X; }+er, where
T is a countable index set. The components X; will be assumed
to take values in the finite alphabet A’. The noisy observation
process, jointly distributed with X (T"), and having components
taking values in Z, will be denoted by Z(T'). Formally, we
define a denoiser to be a collection of measurable functions
{Xt}teT, where X; : 27 — X and X; = Xt(Z(T)) is the
denoiser’s estimate of X;.

We assume a given loss function (fidelity criterion) A : X2 —
[0, 00), represented by the matrix A = {A(i, j)}; jex, where
A(1, 7) denotes the loss incurred by estimating the symbol 7 with
the symbol j. Thus, the expected loss of a denoiser in estimating
Xy is EA(Xy, X:(Z(T))). A denoiser will be said to be optimal
if, for each ¢, it attains the minimum of EA(Xy, X¢(Z(T)))
among all denoisers.

In the case where T' = Z, we shall use X, {X; }+ez or X2
interchangeably with X (7). We shall also let X* = { Xy }4 <.
In this setting, we define a filter analogously as a denoiser, only
now X, is a function only of Z! __, rather than of the whole
noisy signal Z. The notion of an optimal filter is also extended
from that of an optimal denoiser in an obvious way.

If {R;}icr is any collection of random variables we let
F({R;}icr) denote the associated sigma algebra. For any finite
set S, M(S) will denote the simplex of all |S|-dimensional
probability column vectors. For v € M(S), v(s) will denote
the component of v corresponding to the symbol s according to
some ordering of the elements of S.

For ¢ € M(X),let U(q) denote the Bayes envelope (cf., e.g.,
[21], [34], [27]) associated with the loss function A, defined by

. . . T
Ulg) = gggaal\(aw)q(a) = mind;q

where A; denotes the column of the loss matrix associated with

the reconstruction z.

We will generically use P to denote probability, and condi-
tional probability: P(X; = a|Z%_), for example, should be
understood as the (random) probability of X; = a under a ver-
sion of the conditional distribution of X; given F(Z% ). For
a fixed individual 2 __, P(X; = a| 2" ) will denote that ver-
sion of the conditional distribution evaluated for Z% __ = 2* __.
Throughout the paper, statements involving random variables
should be understood, when not explicitly indicated, in the al-
most sure sense.

Since the optimal estimate of X is the reconstruction symbol
minimizing the expected loss given the observations, it follows
that for an optimal denoiser

EAN(X:, X(Z(T)) = BUP(X, = -| Z(T))) (1)

with P(X; = -|Z(T)) denoting the M(X)-valued random
variable whose ath component is P(X; = a | Z(T')). Similarly,
an optimal filter satisfies

BA (X0, % (782)) = BU (P (X, =-|7L.)) . @)

To unify and simplify statements of results, the following con-
ventions will also be assumed: 0/0 = 1,1/0 = co0,1/00 = 0,
log oo = 00,log0 = —00,e™ = 00,e”>° = 0,00 + ¢ = o0.
More generally, for a function f : R — R, f(oo) will stand
for lim, o f(z) where the limit is assumed to exist (in the
extended real line), and f(—o0) is defined similarly. For con-
creteness, logarithms are assumed throughout to be taken in the
natural base.

For positive-valued functions f and g, f(g) ~ g(e) will

stand for lim, g L; = 1, and f(e) < g(e) will stand for
limsup, o 28 < 1. Additionally, f(¢) = O(g(e)) will stand

e
g(e) =
for limsupaw% < oo, f(e) = Qg(e)) will stand for
liminf, o % > 0, and f(¢) < g(e) will stand for the state-
ment that both f(e) =0(g(¢)) and f(e) =Q(g(e)) hold.
Finally, when dealing with the M-ary alphabet

{0,1,..., M — 1}, & will denote modulo M addition.

III. FINITE-ALPHABET MARKOV CHAIN CORRUPTED BY A
MEMORYLESS CHANNEL

In this section, we assume {X;};cz to be a stationary er-
godic first-order Markov process with the finite alphabet X', and
{Z;}icz to be its noisy observation process when corrupted by a
memoryless channel. The process { Z; };cz is known as a hidden
Markov process (HMP). We therefore adopt notation which is
standard in the literature on HMPs, such as that employed in
[14]. Specifically, let K : X2 — [0,1] be the transition kernel
associated with {X; }iez

K(a,b):P(Xi+1:b|X7;:a) (3)
K., be the transition kernel of the time reversed process
Ki(a,b) = P(X; = b|Xiy1 = a)

and let 1 denote its marginal distribution

which is the unique probability measure satisfying

u) = 3 wa)K(a,b),

aceX

Vb e X.

We assume, without loss of generality, that

p(a) =Pr(X; =a) >0, Va € X. 4)

Throughout this section, we assume that {Z;} is the noisy
observation process of { X; } when corrupted by the memoryless
channel C. For simplicity, we shall confine attention to one of
two cases.
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1. Discrete channel output alphabet, in which case C(a, b)
denotes the probability of a channel output symbol b when
the channel input is a.

2. Continuous real-valued channel output alphabet, in
which case C(a,-) will denote the density with respect
to Lebesgue measure (assumed to exist) of the channel
output distribution when the input is a.

The more general case of arbitrary channel output distributions
can be handled by considering densities with respect to other
dominating measures and the subsequent derivations remain
valid up to obvious modifications. For concreteness in the
following derivations, the notation should be understood in
the sense of the first case whenever there is ambiguity. All the
derivations, however, are readily verified to remain valid for
the continuous-output channel with the obvious interpretations
(e.g., of C(a,-) as a density rather than a probability mass
function (PMF), and P(Z; = z | Z* ) as a conditional density
rather than a conditional probability).

A. Evolution of the Conditional Distributions

Let {0;},{~i}, denote the processes with M(X)-valued
components defined, respectively, by

Bi(a) =P (X; =al|Z.,) (5)
and
vi(a) = P(Xi=a|Z°). (6)

For a € X, standard use of Bayes rule and the defining proper-
ties of HMPs leads to the “forward recursion” [14]

C(a, Z)) (K™ Bi—1](a)
Ywex O, ZI)[KTBia](a))

where K7 denotes the transposed matrix representing the
Markov kernel of (3). In vector form, (7) becomes

Bi(a) = @)

1
17[ez, © [KTBi1]]

Bi = ¢z, O [K'Bi-1], )

where, forb € Z, ¢, denotes the column vector whose ath com-
ponent is C'(a, b) and ® denotes componentwise multiplication.
Thus, defining the mapping T : Z x M(X) — M(X) by

T(,8) = 7 e © [KTf] 9)

1
[ev © [KT ]
(8) assumes the form

Bi = T(Z;, Bi-1). (10)

An equivalent way of expressing (10) (which will be of con-
venience in the sequel) is in terms of the log likelihoods: for
a,be X

Bia) . C(a.Z) . [KTfii)(a)
o8 50 =8 0w, 2 T8 KTB1()
. C(a, Zy) Yoeer K(c,a)Bi1(c)
=8 G0 2 T T Ko i) Y
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By an analogous computation, we get
Vi1 =T (Zi—1,7v:)

with the mapping 7, : Z X M(X) — M(X) defined by

Tr(bv'y) = (¢ ¥O) [K?V] :

17 [, © [KT7]]
By the definition of f3;, clearly 3; € F(Z!_) and simi-
larly v; € F(Z°). Somewhat surprisingly, however, both {;}

and {v;} turn out to be first-order Markov processes. Indeed,
defining for E C M(X) and 3,y € M(X)

FEB) =Y 1eo[KTF]
b:T(b,3)EE
F(Ex)= Y 1|ao[K]

b:T,.(b,y)EE

the following result is implicit in [6].

Claim 1 (Blackwell [6]): The processes {(3;} and {~;} de-
fined, respectively, in (5) and (6) are both stationary first-order
Markov processes. Furthermore, ), the distribution of 3;, satis-
fies, for each Borel set E C M (X), the integral equation

Q(E) = / F(E. ) dQ(5) (12)
BEM(X)

and the distribution of ;, @, satisfies the integral equation
@B = [ EEDGO.
JyeM(X)

We reproduce a proof in the spirit of [6] for completeness.

Proof of Claim 1: We prove the claim for {3;}, the proof
for {~;} being analogous. Stationarity is clear. To prove the
Markov property, note that

P (s e E|Z))
= P (T(Z:, fi-1) € B|Z20)

= Y Pa=bd)

b:T(b,8i_1)EE

> S P(Zi=bX;=a|z7]})

b:T(b,8;_1)€E LacXx

Z 1%0e, © [KTBi1]]

b:T'(b,Bi—1)EE
= F(E7 /Bi—l)

where the last equality follows similarly as in the derivation of
(10). Thus, we see that P(; € F | VA depends on 7! only
through f3;_1, which, since F (1) C F(Z'7!), implies that

P(Bi € E|BL) =F(E,Bi1) (13)
thus establishing the Markov property. Taking expectations in
both sides of (13) gives (12). O
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Note that the optimal filtering performance, EU((3;) (recall
(2)), has a “closed-form” expression in terms of the distribu-
tion )

BU(B;) = / (14)

JBeM(X)

U(B)dQ(B).

Similarly, as was noted in [6], the entropy rate of Z can also be
given a “closed-form” expression in terms of the distribution Q).
To see this, note that

with K denoting the Markov transition matrix (with (a,b)th
entry given by (3)), and C denoting the channel transition matrix
(with (a, z)th entry given by C(a, z)). Thus, letting H denote
the entropy functional H(q) = — Y. q(z) logq(z) and H(Z)
denote the entropy rate of Z

H(Z)=EH (P (Ziy1="2")) =EH ([p] - K -C])

[ H" K ) aa). (s)
JBEM(X)

Optimum denoising performance can also be characterized in
terms of the measures ) and (). of Claim 1. For this, we define
the M (X)-valued process {7;} via

ni(a) = P(X; =alZ2%,) .

Standard use of Bayes rule and the statistical structure of the
HMP gives [14]

A (KT B (@)K i )(0) O, Z2)

) = e KT (@) [K i) (@)Ca, 20)

or, in vector notation
[KTBi—1] © [KFvip1] @ ez, + 1

ni =
1" [[KTB;_1]) © [KTis1] © €z, + ]
=Gz, (Biz1,Yi41)

(16)

where here + denotes componentwise division and, for b € Z,
we define the mapping Gy, : M(X) x M(X) — M(X) by

 [KTBle K] o +p
Gb(ﬂ/}’) 1T [KTP)® KXyl ® ey + /L].

Analogously to (11) we can write

ma) - Ca.Z) . [KTHi)(a)
s i@ ~ 500, Z) T S TRT A b)
+ log K7 i1] () —log a) (17)

KTyl 0) 0 uld)”

Note that, by (16), optimum denoising performance is given by
EU(n;) = EU(Gz,(Bi-1,7i+1)), which can be expressed in
terms of the measures () and @,- of Claim 1 analogously as in
(14). More specifically, conditioned on X;, Z;, 3;—1 and ;41
are independent. Thus, EU (G z,(8;—1,7i+1)) is obtained by

first conditioning on X;. Then one needs to obtain the distri-
bution of 3;_; and of ;41 conditioned on X;, which can be
done using calculations similar to those detailed.

The measure () is hard to extract from the integral equation
(12) and, unfortunately, is not explicitly known to date (cf. [6]
for a discussion of some of its peculiar properties). Correspond-
ingly, explicit expressions for optimum filtering performance
(cf. [25]), denoising performance (cf. [35]), and for the entropy
rate of the noisy process (cf. [6], [22], [14]) are unknown.

B. A Generic Condition for the Optimality of
Symbol-by-Symbol Operations

We shall now see that the optimality of symbol-by-symbol
operations for filtering and for denoising depends on the mea-
sures () and ), (detailed in Claim 1) only through their sup-
ports. In what follows, we let C¢y and C,, denote, respectively,
the supports of () and Q.

For g € M(X) define X (q), the Bayes response to g, by

$(g) = {a € x:Nq= pli£xgq} Cas)
zelX

Note that we have slightly deviated from common practice, let-
ting X (¢) be set-valued so that | X (¢)| > 1, with equality if and
only if the minimizer of A} ¢ is unique. With this notation, the
following is a direct consequence of the definition of ;, and of
the fact that an optimal scheme satisfies (respectively) (1) or (2).

Fact I: A filtering scheme { X;(-)} is optimal if and only if
for each 4

P (X (7)€ X(ﬂi)) -1 (19)
where X (f3;) denotes the Bayes response to [3;, as defined in
(18). A denoising scheme {X;( - )} is optimal if and only if, for
each ¢

P (X (7)€ X(m)) —1 (20)

where X (n;) denotes the Bayes response to 7;, as defined
in (18).

For f : Z — X, define Sy C M(X) by

Sp={se M(X): f(b) e X(T(b,s))Vbe Z}. (1)
In words, Sy is the set of distributions on the clean source al-
phabet sharing the property that f(b) is the Bayes response to
T(b,s) for all b € Z. Somewhat less formally (neglecting the
possibility that | X (T(b, s))| > 1), S; is the largest set with the
property that the Bayes response to T'(+, s) is f( - ) regardless of
the value of s € Sy. Itis thus clear, by (19) and (8), that singlet
decoding with f( - ) will result in optimal filtering for X; if 3; 1
is guaranteed to land in Sy. Conversely, if 3,1 can fall outside
of Sy then, on that event, the Bayes response to T'(-, §;—1) will
notbe f( - ), so singlet decoding with f cannot be optimal. More
formally, we have the following.
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Theorem 1: Assume C(a,b) > O foralla € X',b € Z. The
singlet decoding scheme X; = f(Z;) is an optimal filter if and
only if Cg C Sjf.

Proof of Theorem 1: Suppose that Cy C S¢. Then
P(Bi—1 € Sf) = 1 and, by the definition of S
P(f(b) € X(T(b,fi-1)), Vo€ Z)=
Consequently

P(£(Z;) € X(T(Z:, Bi-1)))

establishing optimality by (19).

For the other direction, suppose that Cy ¢ S¢. Then there
existsa JJ C M(X) with JN Sy = () such that P(3;_, € J) >
0. Since J N Sy = 0, this implies that

P(f(b) € X(T(b, Bi-1)).
implying the existence of b € Z with
P(f(b) € X(T(b, 1)) < 1

implying, in turn, when combined with (4), the existence of a €
X such that

P(f(b) € X(T(b,fi-1)) | Xi = a) < 1.

Now, Z; and 3;_ are conditionally independent given X;, and
therefore,

P(f(Z;) e f((m)lxi =a)
= P(f(Z-) € X( (Z- Bi-1)) | Xi = a)
=> P (T(V, Bi1)) | X; = a)C(a,b). (23)
b'ezZ

Inequality (22), combined with (23) and the fact that
C(a,b) > 0, implies P(f(Z;) € X ()| X; = a) < 1, which, in
turn, leads to P(f(Z;) € X (i) <1. Thus, X;(Z% )= f(Z:)
does not satisfy (19) and, consequently, is not an optimal
filtering scheme. O

= P(f(Z)e X(B)) =1

Vbe Z2)< 1

(22)

Remark: The assumption that all channel transitions have
positive probabilities was made to avoid some technical nui-
sances in the proof. For the general case, the above proof can
be slightly elaborated to show that Theorem 1 continues to hold
upon slight modification of the definition of Sy in (21) to

{s € M(X): f(b) € X(T(b,s)) Vb e S(s)}
where S(s) = {b € Z : C(a,b) > 0 forsome a € X
with [sTK](a) > 0} .

A similar line of argumentation leads to the denoising ana-
logue of Theorem 1. For f : Z — X define Ry C M(X) x
M(X) by
Ry = {(s1,82) € M(X) x M(X) : f(b)

€ X(Go(s1,52)) Vb € Z}.

Theorem 2: Assume K (a,b) > 0 and C(a,z) > 0 for all
a € X,b € X,z € Z. The scalar scheme X; = f(Z;) is an
optimal denoiser if and only if Cy x Cg,. C Ry.

The proof, deferred to the Appendix, is similar to that of The-
orem 1.
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In general, even the supports Cg and Cg, may be difficult to
obtain explicitly. In such cases, however, outer and inner bounds
on the supports may be manageable to obtain. For example, to
get outer bounds, it is enough to bound the supports of the dis-
tributions of 3;(a) for each a, which is a much simpler problem
that can be handled using an approach similar to that underlying
the results in Section IV. Then, the preceding theorems can be
used to obtain, respectively, sufficient and necessary conditions
for the optimality of symbol-by-symbol schemes. As we shall
see in the next section, when the source alphabet is binary, )
and Q, are effectively distributions over the unit interval, and
enough information about their supports can be extracted to
characterize the necessary and sufficient conditions for the opti-
mality of symbol-by-symbol schemes. For this case, the condi-
tions in Theorems 1 and 2 can be recast in terms of intersections
of intervals with explicitly characterized endpoints.

IV. THE BINARY MARKOV SOURCE

Throughout this section, we consider the special case of the
setting of the previous section, when the underlying noiseless
process is a first-order binary Markov process, and is corrupted
by a memoryless channel. Specifically, assume now X = {0, 1}
and that { X} is a stationary binary Markov source. Let o1 =
K(0,1) denote the probability of transition from 0 to 1 and
mo = K(1,0). We assume, without loss of generality, that
0 < m1 < 1land 0 < w9 < 1 (the remaining cases imply
zero probability to one of the symbols and so are trivial). For
concreteness, we shall assume Hamming loss, though it will be
clear that the derivation (and analogous results) carry over to the
general case.

For this case, (11) becomes

B C(LZ) Y een K (e DBima(¢)
o8 50 =1 50,20 T T K. 0 (6]
c(, %)
=log ——+ (0. Z,)
+log mo1(1 — Bi—1(1)) + (1 — m10)Bi—1(1)

(1- 7T01)(1 = Bi—1(1)) + m10Bi—1(1)”

Equivalently, letting I; = log = 8 (1) , we obtain

li = log % + h(li—1) (24)
where
h(z) = log ~2 +etl- 7r1o).
(1 —mo1) + e®m10
Denoting further k; = log 1““(1) ,m; = log ni) _ and

1—n;(1)°
since the time-reversibility of the binary Markov process im-

plies that K,. = K, (17) becomes

C(1,%;)

m; = log o1

m + h(liz1) + h(kiz1) — log —0
Note that the above-defined [;, k;, and mn; are R U {oo, —o0}-
valued random variables.

A summary of our findings in this section is as follows. We
will start in subsection A, by obtaining an explicit characteriza-
tion of the upper and lower endpoints of the supports of /; and

(25)
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—1+Oé+7f01 — Oé7T10+ \/40[7(01’/T10+ (1 — X — To1 +oz7r10)2

f(7r01,7r10,oz) = log

36
10 (36)

my;, respectively, in Theorems 3 and 4. We will then see, in sub-
section B (in Claims 2, 3, and 4), how necessary and sufficient
conditions for the optimality of singlet decoding can be given
solely in terms of these upper and lower endpoints. We will also
give an example, in Corollary 1, of how the characterization in
subsection A can be combined with the latter results to obtain an
easily verifiable necessary and sufficient condition for the opti-
mality of singlet decoding, dependent on the process parame-
ters only through the Markov transition probabilities 719, 791,
and on the aforementioned upper and lower endpoints (which, in
turn, are also explicitly given). In subsection C, we shall further
illustrate the concrete use of these results for the case where the
noisy channel is a BSC, and thereby recover, extend, and sim-
plify the results of [12]. We will end this section in subsection
D by noting that our results imply that singlet decoding for the
Laplacian channel can only be optimal when the observations
are useless, and that singlet decoding is never optimal for the
binary input additive white Gaussian noise (BIAWGN) channel.

A. The Support of the Log Likelihoods
By differentiating, it is easily verified the following.

Fact 2: The function h is nondecreasing whenever o +
mo1 < 1, otherwise it is nonincreasing.

Define now
0(17Z1)
Uhs = —_— 26
b esssup C0, 7)) (26)
and
C(1,7
Ly, = essinf (1, 2) 27)

0(07 Z 1) .
For a general binary input channel, the ratios in (26) and (27)
would be replaced by the Radon—Nykodim derivative of the
output distribution given input symbol 1 with respect to (w.r.t.)
the output distribution given input symbol 0.
Examples:
¢ BSCwith 6 < 1/2. Upy = 152, L,y = 2.
¢ BIAWGN channel, where
— 5z (=+p)?

C(0,z) = e
(0.2) 2mo?
1 2
C(1,2) = e e,
2mo?

n>0, 02>0, zeR. (28)
In this case, it is easy to verify that Uys = oo, Lys = 0.
* Binary input additive Laplacian noise (BIALN) channel,
where
C(0,2) = c(a)e ezt
O(1,2) = e(a)e™lz=nl, w>0, zeR (29)
¢(«) being the normalization factor. Here, it is easily seen
that Uy, = 82“”,Lbs = ¢ 2o0,
Define further
I, = essinfl; (30)

and

I, = esssupl;. 3D

The reason for our interest in I; and I5 is that [y, I5] is the
smallest interval containing the support of /;. The sufficiency of
symbol-by-symbol operations for the filtering problem, as will
be seen later, depends on the support of I; solely through this
interval.

Theorem 3: The pair (I1,I5) (defined in (30) and (31)) is
given by the unique solution (in the extended real line) to the
following.

1. When 719 + w91 < 1: [y = log Lys + }L(Il) and [, =

log Ups + h(I3).

2. When 9 +mp1 > 1: 11 = IOngS + h(IQ) and I, =

log Ubs + h’(Il)

Note, in particular, the dependence of (I1,I3) on the channel
only through Ly¢ and Uys.

Proof of Theorem 3: We assume 719 + w91 < 1 (the proof
for the case w19 + mp1 > 1 is analogous). Note that if mg; = 1
(and therefore 71y = 0) the claim follows trivially since in this
case h(x) = oo and Iy = I, = oco. Similarly, the claim is
trivially true when 719 = 1 and m9; = 0. We can assume then
that both 0 < 79 < 1 and 0 < 7wy < 1. Monotonicity and
continuity of A imply

essinf h(l;_1) = h(essinfl;_1) = h(essinfl;) = h(I3).
(32)
Thus,

I; = essinfl;

C(1,
— essinf |log ——22%
essin {ogc
= essinf [logi

= log {ess inf ———=

= log Lys + h(I1 (3%)

where (33) follows from (24), (34) follows since all transitions
of the Markov chain have positive probability, implying that the
distribution of log ggég; + h(l;—1) is absolutely continuous
w.r.t., say, the distribution of Ry + R2, where Ry and Ry are

independent and R 4 log ggég; and R» 4 h(li—1), and
equality (35) is due to (32). The relationship Ir = log Ups +

h(I) is established similarly. O

Elementary algebra shows that for 719+mp; < 1and any o >
0, the unique real solution (for x) of the equation z = log o +
h(z)is givenby z = f(mo1, T10, ) Wwhere we get (36) at the top
of the page. Thus, from Theorem 3 we get Iy = f(7o1, 710, Libs)
and I = f(7701;7r107 Ubs) when w19 + 791 < 1. An explicit
form of the unique solution for the pair (7, I5) when 719 +
o1 > 1 can also be obtained by solving the pair of equations in
the second item of Theorem 3 (we omit the expressions which
are somewhat more involved than that in (36)).
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For the analogous quantities in the denoising problem

J1 = essinf m;
and

Jo = esssupm;

we have the following result.

Theorem 4.

1. When w19 + 791 < 1: J; = IOngs—l—Zh(Il)—log:—?;
and Jo = log Ups + 2h(12) — log ”fln

2. When w19 + 191 > 1: J; = IOngS + 2h(12) IOg:—?;

and Jy = log Uyps + 2h(11) — log :2;

Proof of Theorem 4: The proof is similar to that of The-
orem 3, using (25) (instead of (24)), and the fact (by time re-
versibility) that /;_; and k;41 are equal in distribution, and, in
particular, have equal supports. O

Thus, when 719 + w91 < 1, we get the explicit forms

T
Ji = log Li,s + 2h( f (o1, T10, L1s)) — log W—(l);
and
o1
Jz = log Ups + 2h(f(mo1, 10, Ups)) — log o

where f was defined in (36). Explicit (though more cumber-
some) expressions can also be obtained for the case 71 ¢+mg1 > 1.

B. Conditions for Optimality of Singlet Decoding

When specialized to the present setting, Fact 1 asserts that in
terms of the log-likelihood processes {/;} and {m;}, X; is an
optimal filter if and only if it is of the form

1, a.s.on {l; > 0}
=1 0. a.s.on {l; < 0} 37

arbitrary on {l; = 0}.
Similarly, a denoiser is optimal if and only if it is of the form
X (ZSOOO) = Yopt (ZSOOO)
1, a.s.on {m; > 0}

=<0, a.s.on {m; < 0}
arbitrary on {m; = 0}.

(38)

The following is a direct consequence of (37) and (38) and
the definitions of I, I, Jq, Js.

Claim 2: The filter ignoring its observations and saying

e “all ones” is optimal if and only if I; > 0;

e “all zeros” is optimal if and only if 15 < 0.
The denoiser ignoring its observations and saying

e “all ones” is optimal if and only if J; > 0;

» “all zeros” is optimal if and only if Jy < 0.

Proof: To prove the first item, note that if I; > 0 then

I; > 0 as. Thus, by (37), X;(Z%_) = 1 is an optimal filter.
Conversely, if X;(Z.__) = 1 is an optimal filter then, by (37),
l; > 0 a.s. which implies that I; > 0. The remaining items are
proven similarly. O

Note that Theorems 3 and 4, together with Claim 2, provide
complete and explicit characterization of the cases where the
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observations are “useless” for the filtering and denoising prob-
lems. For example, for the filtering problem, by recalling that
I = f(mo1, 710, Ls) and Ir = f(mo1, 710, Ubs) (With f given
in (36)) we obtain the following.

Corollary 1: Assume w19 + mp1 < 1. The filter ignoring its
observations and saying

* “all-zeros” is optimal if and only if

VAUemo1710 + (1 — Ups — To1 + UnsT10)?
<1 —Ups — mo1 + Unsmio + 27103

e “all-ones” is optimal if and only if

V/4Lyemo1710 + (1 — Liys — To1 + Lis710)?
> 1~ Lys — mo1 + Lpsmio + 2m10.

Explicit characterizations for the case 71 o+ mg,1 > 1 as well
as for the denoising problem can be obtained similarly.

We now turn to a general characterization of the conditions
under which the optimum scheme needs to base its estimate only
on the present symbol.

Claim 3: Assume m19+mo; < 1. Singlet decoding is optimal
for the filtering problem if and only if

C(1, 21)

1
8 C(0,71)

¢ (log Ups — In,log Ls — 1) as.  (39)

or, in other words, the support of log ggé g‘g
the (log Ups — I2,log Lis — I1) interval.

Proof of Claim 3: As in the proof of Theorem 3, the case
w10 = 1 ormgy = 1 follows trivially, so we assume all transition
probabilities are positive. From (37) it follows that the optimal
filter is a singlet decoder if and only if the sign of [; is, with
probability one, determined solely by Z;. From (24) (and the
fact that all transitions of the underlying Markov chain have
positive probability) it follows that this can be the case if and
only if, with probability one

C(1,%) |
log 50, 2,) Z)
(L, Z)
C(0,Z;) —

does not intersect

> —essinfh(l;_1) or

log ———= < —esssup h(l;—1). (40)

But, by Theorem 3,

(—esssup h(l;—1), —essinf h(l;_1))
= (log Ups — I, log Lys — I1)

so0 (40) is equivalent to (39). O

The analogous result for the denoising problem is the fol-
lowing.

Claim 4: Singlet decoding is optimal for the denoising
problem if and only if
1 Cc(1,7
( ’ 1) —lo m]

2 loe 2221
2 %0, 21)

710
€ (1OgUbS — 12710ngs — Il) a.s.

: 1
or, in other words, the support of 5

(41)

[log ggo ) — log ”01} does
not intersect the (log Uy — I2,log Ly,s — I) interval.
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Proof of Claim 4: The proof follows from (25) and The-
orem 4, analogously as Claim 3 followed from (24) and The-
orem 3. O

Remarks:

1. Claim 3 (resp., 4) explicitly characterizes the condi-
tions under which singlet decoding is optimal for the
filtering (resp., denoising) problem. The proof idea,
however, is readily seen to imply, more generally, even
in cases where singlet decoding is not optimal, that if the
observation Z; happens to be such that log O(LZ,)

c(0,Z;)
(resp., % log ggég; —log:—?é ) falls the
(log Ups — Io,log Lis — I1) interval, then the optimal
estimate of X; will be independent of the other obser-
vations (namely, it will be 0 if that quantity falls below
the interval and 1 if it falls above it, irrespective of other

observations).

outside

2. Note that the optimality of singlet decoding depends on
the noisy channel only through the support of log ggé?g

C(l,Zl))
C(0,Z,)7"

C. Optimality of Singlet Decoding for the BSC

We now show that the results of the previous subsection,
when specialized to the BSC, give the explicit characterization
of optimality of singlet decoding derived initially in [12]. The
results below refine and extend those of [12] in that they provide
the explicit conditions for optimality of the “say-what-you-see”
scheme in the nonsymmetric Markov chain case as well. Also,
our derivation (of the results in the previous subsection) avoids
the need to explicitly find the “worst observation sequence” (the
approach on which the results of [12] are based). Finally, due to
a parametrization different than that in [12], the region of opti-
mality of singlet decoding for this setting admits a simple form.

We assume here a BSC (6)(6 < 1/2), and restrict attention
throughout to the case w19 + m91 < 1. In this case, Ups =
(1 —=20)/6, and L,s = 6/(1 — ) so that, by Theorem 3 (and
the remark following its proof), the smallest interval containing
the support of /; is

[f(mo1,T10,6/(1 = 6)), f(mo1, T10, (1 — 6)/0)]
where f is given in (36).

(or, equivalently, of

Corollary 2: For the BSC (8), we have the following.

1. Filtering: The “say-what-you-see” filter is optimal if and
only if either

w1 < w10 and 2log > —f(mo1,m10,6/(1 = 0))

or

o1 > w1 and 210g > f(7r01,7r10,(1 — 6)/6)

2. Denoising: The “say-what-you-see” denoiser is optimal if
and only if
1-6

0
1
> max{——logm — f(mo1,m10,0/(1 —8))
2 To1

3
5 IOg

%logﬁ + f(mo1, 10, (1 — 5)/5)}

o1

Remark: Note that Corollary 2, together with Corollary 1,
completely characterize the cases of optimality of singlet fil-
tering for the BSC. Optimality of singlet denoising is similarly
characterized by the second part of Corollary 2, together with
(for the “all-zero” and “all-one” schemes) the conditions Jo < 0
and J; > 0 (recall Claim 2), using the expressions for .J; and
Js, as characterized by Theorem 4.

Proof of Corollary 2: Claim 3 and the remark closing the
previous subsection imply that the condition for optimality of
the “say-what-you-see” filter is that log[22] be above the in-
terval on the right-hand side of (39) and log[25] be below that
interval. More compactly, the condition is

log [1%6} > max{longS — f(mo1,m10,6/(1 — 0)),

—log Ups + f(mo1, 710, (1 — 5)/5)}

or, since for this case 15;6 = Ups = 1/ Ly
> max{ — f(mo1,m10,0/(1 — 0)),

f(ror,m0, (1= 6)/6) ). (42)

Now, it is straightforward to check that when my; < 719, itis the
left branch which attains the maximum in (42), otherwise it is
the right branch. This establishes the first part. The second part
follows from Claim 4, similarly as the first part followed from
Claim 3. O

2log

For the symmetric Markov source, where g1 = w9 = T,
the “all-zeros” and “‘all-ones” schemes are clearly always sub-
optimal, except for the trivial case § = 1/2. For the optimality
of the “say-what-you-see” scheme, the conditions in Corollary 2
simplify, following elementary algebra, to give the following.

Corollary 3: For the symmetric Markov source with m <
1/2, corrupted by the BSC (6), we have the following condi-
tions.

1. The “say-what-you-see” scheme is an optimal filter if and
only if either v > 1/4 (and all 0 < 6§ < 1/2),orm < 1/4
and § < 1(1— /T — 47). More compactly, if and only if

1
6 < 3 (1 — y/max{l — 47r,0}) .
2. The “say-what-you-see” scheme is an optimal denoiser if
and only if either 7 > 1/3 (and all 0 < ¢ < 1/2),0r 7 <

1/3and 6 < (1 — /1 — 4(7=)?). More compactly, if

and only if
1
55—(1—\/max{1—4( i )2,0}>.
2 1-—m

Note that Corollary 3, both for the filtering and the denoising
problems, completely characterizes the region in the square
0 <7 <1/2,0< 6 < 1/2, where the minimum attainable
error rate is 6. The minimum error rate at all points outside that
region remains unknown. The asymptotic behavior of the min-
imum error rate as # — 0 has been characterized, respectively,
for the filtering and denoising problems in [25] and [35].

Corollary 3 carries over to cover the whole 0 < 7 < 1,
0 < 6 < 1/2region as follows. The idea is to show a one-to-one
correspondence between an optimal scheme for the Markov
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Fig. 1. Optimality region in § — & plane for singlet decoding of a binary-symmetric Markov chain with transition probability = corrupted by a BSC (6) : § <
f(7) = (1 = \/max{1 — 4=, 0}) (solid line) for filtering and § < d(7) = (1 — \/max{l — 4(17)?,0}) (dotted line) for denoising. Dashed line is the

)

6 = 7 curve which is totally contained in the singlet filtering region.

chain with transition probability 7 and that for the chain with
transition probability 1 — 7. Let X;(Z*) be a filter and b' be
the alternating sequence, e.g., b* = (---010101). Consider
the filter Y; given by Y;(Z") = b; & X:(Z" @ b*). We argue

understood by considering the genie-aided filter allowed
to base its estimate of X; on X;_; (in addition to the noisy
observations), which reduces to a singlet decoder when
6 < 7. Note that this implies, in particular, that

that the error rate of the filter X; on the chain with transition i flteri f =0, foré6<m
probability 7 equals that of the filter Y; on the chain with opuimum filtering periormance { - w, foré > .
1 — 7. To see this, note that Y;(z') makes an error if and (43)

only if Xt(zt ® bt) # 1y ® by. The claim follows since the
distribution of {(X}, Z;)} under 7 is equal to the distribution
of {(X¢ ® b, Z: ® b)} under 1 — 7. The same argument
applies for denoisers. Thus, the overall region of optimality of
the “say-what-you-see” scheme inthe 0 < 7 < 1,0 < 6 <1/2
rectangle is symmetric about 7 = 1/2. Note finally that the
characterization for the 0 < 7 < 1,0 < § < 1/2 region
trivially extends to that of the whole 0 < 7 < 1,0 < § < 1
square by looking at the complement of each bit when 6§ > 1/2.
Fig. 1 plots the two curves associated with Corollary 3, as well
as the line 6 = w. All points on or below the solid curve (and
only such points) correspond to a value of the pair (7, ) for
which the “say-what-you-see” scheme is an optimal filter. All
points below the dotted curve correspond to values of this pair
where the “say-what-you-see” scheme is an optimal denoiser.
The latter region is, of course, contained in the former. A few
additional observations in the context of Fig. 1 are as follows.

1. The region 6 < = is entirely contained in the region of
optimality of the “say-what-you-see” filter. This can be

3.

On the other hand, the § < 7 region is not entirely con-
tained in the region of optimality of the “say-what-you-
see” denoiser. This implies, in particular, that
optimum denoiser performance

< 6, for a nonempty subset of the § < 7 region
{ > 7, for a nonempty subset of the § > 7 region.

For filtering or denoising a Bernoulli (7) process cor-
rupted by a BSC (8), we have

optimum filtering/denoising Bernoulli ()
foréd <

=,
{ =m, ford>m.
Comparing with (43) and (44) we reach the following con-
clusions.

»  Filtering of the symmetric Markov chain is always
(i.e., for all values of (6, 7)) harder (not everywhere
strictly) than filtering of the Bernoulli process with
the same entropy rate.

*  For some regions of the parameter space, denoising
of a Markov chain is harder than denoising a

(44

)
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Bernoulli process with the same entropy rate, while
for other regions it is easier.
In particular, this implies that the entropy rate of the clean
source is not completely indicative of its “filterability” and
“denoisability” properties.

4. Ttisinteresting to note that both for the filtering and the de-
noising problems, for 7 large enough (> 1/4 and > 1/3,
respectively) the “say-what-you-see” scheme is optimal,
no matter how noisy the observations.

D. Singlet Decoding Is Optimal for the Laplacian Channel
Only When Observations Are Useless

For the Laplacian channel detailed in (29), we now argue
that singlet decoding can be optimal only when the observa-
tions are useless, namely, when the optimal scheme is either
the ““all-zeros” or the “all-ones” (and hence, never in the case
of a symmetric Markov chain). To see this, consider first the fil-
tering problem. As is readily verified, for this channel the sup-
port of log CEO’?; is the interval [—2au, 2cu]. Thus, for the
support not to intersect the interval (log Ups — I3, log Lyps — 1),
it must lie either entirely below this interval (in which case the
“all-zeros” filter would be optimal) or entirely above it (in which
case the “all-ones” filter would be optimal). A similar argument
applies to the denoising problem.

A similar conclusion extends to any continuous output
channel when, say, the densities associated with the output dis-
tributions for the two possible inputs are everywhere positive
and continuous. In this case, the support of log CE ; will be
a (not necessarily finite) interval. In particular, if 1t does not
intersect the (log Ups — I2,log L,s — I1) interval; it must be
either entirely below or entirely above it.

Finally, we note that by a similar argument, for the BI-
AWGN channel detailed in (28), singlet decodmg can
never be optimal since the support of log C(O (resp .

3 [log g%gl; log 70+ ]) is the entire real line (so in partic-

ular, intersects that 1nterva1)

V. ASYMPTOTICS OF THE ENTROPY RATE OF THE NOISY
OBSERVATION PROCESS

In this section, we digress from the filtering and denoising
problems to illustrate how the bounds on the support of the log
likelihoods developed in Section IV can be used to bound the
entropy rate of the noisy observation process, the precise form
of which is unknown (cf. [14], [22], [16], [29], and references
therein). Proofs are deferred to the Appendix, part B.

Assuming a discrete-valued noisy process, from (15) it is
clear that lower and upper bounds on its entropy rate are given
by

Join H([p"-K-C)) < H(Z) < max H([p" - K -C]) 45)

with C¢ denoting the support of 3;. We now illustrate the use of
(45) to derive an explicit bound for the entropy rate of the binary
Markov chain corrupted by a BSC (considered in Section IV-C).
For this case

H([B"-K-C)) = hy([B(1)(1=m10)+(1—B(1))mo1] x6) (46)

where hy, is the binary entropy function
hy(z) = —[zlogx + (1 — z)log(l — z)]
and * denotes binary convolution defined, for p, § € [0, 1], by
px6=p(1—0)+(1-p).

A. Entropy Rate in the “Rare-Spikes” Regime

Assuming § < 1/2, mp1+m19 < 1,and mo; < 7y itisreadily
verified that [3(1)(1 — 710) + (1 — B(1))7o1] * 6 is increasing
with (1) and is in [0,1/2] when (1) € [0,1/2]. Thus, since
Bi(1) = el /(1 + €, it follows that the right side of (45) in
this case becomes

el 1
hb <|:m(1 — 10) + m’ﬂ'ol} * 6) (47)

provided I < 0 (since then e’2 /(1 + ef2) < 1/2), as hy(z) is
increasing for 0 < z < 1/2. Hence, the expression in (47), with
I, given explicitly in (36) with « = (1—48) /4, is an upper bound

to the entropy rate of the noisy process for all § < 1/2 and all
o1, 10 satisfying mo; + 719 < 1 and g1 < 719, provided
I, < 0. Arguing analogously, for the parameters in this region,
the expression in (47) with I replaced by I, is a lower bound
on the entropy rate, yielding
el 1
hy <|:m(1 — 7T10) + mﬂm} * 6)
< H(m10, 701, 0)
el2 1

< hp ({m(l — o) + mﬂm} * 5) (48)
where we let H (719, 701, §) denote the entropy rate of the noisy
process associated with these parameters. It is evident from (48)
that the bounds become tight as I; and I, grow closer to each
other or very negative.

One regime where this happens (and the conditions I, <
0,791 + 710 < 1, and o1 < 710 are maintained) is when the
Markov chain tends to concentrate on state 0 by jumping from 1
to 0 with high probability and from O to 1 with low probability
(the “rare-spikes” regime). More concretely, for
(49)

where a( -) is an arbitrary function satisfying 0 < a(e) < ¢
(and all € sufficiently small so that I, < 0), (48) becomes

elt 1
" ([1+e“6+ L+eh a(g)} *6>

S H(l - &, a(a)./ 5)
el 1
< hy (|:1+612€+ 1+e[2a(6)} *6) .

Note, in particular, that for a(e) = ¢, (50) gives H(1—¢,¢,6) =
hy(g * 8), as it should since for this case, the clean source is
Bernoulli (¢). Furthermore, as € becomes small, the noise-free
source with parameters given in (49) tends to the “all-zeros”
source so it is natural to expect that

hmH(l —e,a(e),6) = hp(9).

10 = 1—¢ and o1 = a(e)

(50)

(S

We now use the bounds in (50), combined with the character-
ization of I1 and I from Section IV-A, to show that not only
does (51) hold, but the convergence rate is linear in a(e) with
the constant identified as well.
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Theorem 5: For 0 < 6 < 1/2 and an arbitrary function a( -)
satisfying 0 < a(e) < e
L H(a(e),1 - ¢,6) = In(9)
10 a(e)
— lim H(1—¢,a(e),6) — hy(9)
<10 a(e)
= (1—26)log — . (52)

B. Entropy Rate in the “Rare-Bursts” Regime

The bounds in (48) are valid also in the “rare-bursts” regime
where 0 < 719 < 1 remains fixed and my; = ¢ is small (since
for ¢ small w19 + o1 < 1,701 < w10, and Iy < 0 will be
satisfied).

For this case, we get

ol — _1+a+5—047r10+\/4a57r10+(1—a—5+a7r10)2

27
10 (53)
with a = 15;6' It follows via Taylor expansions from (53) that,
ase | 0
1-6)e )
7&—(1(—6)(1)—‘“0)’ forl > w9 > —11 25
e ~ 3R VE, for w19 = =22 (54)

—141=4 v (1 71'10)
10

f0r0<7r10< 26

or, since esssup 3;(1) = ef2 /(1 + e!2), that

(1-¢) 1 26
W(ls—fn())’ for1 > T10 >
. ~ 1;6 — —_26
€sssup ﬂl(l) 710 for 10 = 1=¢%
571 1-26
1 - m, for 0 < T < 1—5
(55)
Remark: Note, in particular, that
0, for 9 > 1=28
limesssup 53;(1) = ' sy
<10 pAi(1) { 1- 7(1_2(?;;50_#10), for m19 < =22
(56)

A possible intuition behind this phase transition is as follows:
In the “rare-bursts” regime, the noise-free signal consists of a
long stretch of zeros followed by a stretch of a few ones (a
“burst”) followed by another long stretch of zeros, etc. Accord-
ingly, 3;(1) is, with high probability, close to zero. There is
always, however, positive probability of observing, say, a very
long stretch of ones in the noisy signal. When that happens, there
are two extremal explanations for it. One is that this is the result
of a large deviations event in the channel noise (namely, that all
noise components = 1 while the underlying signal is at zero).
The other extreme is that this is the result of a long burst of ones
in the noise-free signal (while all noise components are zero). If
the length of the burst is / then the first possibility has probability
~ 6'(1 — ¢)! ~ 6! while the second one ~ (1 — §)!(1 — 719)"
(up to factors that have subexponential dependence on [). Thus,
when 6 > (1 — 8)(1 — m19), equivalently, when 719 > %,
even when observing a long stretch of ones in the noisy signal
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the underlying clean symbol is still overwhelmingly more likely
to be a zero than a one. Thus, ;(1) will always be close to zero
(and hence esssup ﬂl( ) will be close to zero). On the other
hand, when 19 < 1 5‘5 , a very long stretch of ones in the noisy
signal is more likely to be due to a long burst (with noise compo-
nents at zero) than to a fluctuation in the noise components, and
therefore, when such bursts occur, the value of (3;(1) will rise
significantly above zero (so esssup (3;(1) is significantly above
Z€ero).

Continuing the derivation, e/t is given by the right side of

(53) with a = 2, s0

oe
(1 — 6) — 6(1 — 7T10)

essinf 3;(1) ~ et ~ (57)

(since myog > 261 always holds for § < 1/2). Combining (54),

(87), and (48) leads to the following.

Theorem 6:
I. For0 <6 <1/2and0 < 19 < 1

lim inf H{(m10,¢,6) = ho(?)
e|0 &€
(1—6)(1—26) 1-6
1 .
20— =6 ) 5 O
2. For0<§<1/2and =22 <1y <1
lim sup H(7r10757 6) - hb((S)
el0 €
6(1 — 26) 1-6

S ST =90 =)

3. For0 < 6 <1/2and w0 = 1-26

1-6
lim sup H(ﬂ-107 g, 6) - hb((S)
el0 \/g
1-6 1-
S (1—7‘(’10)(1—26)10g
6 - 10 6

Note that Theorem 6 implies, in particular, the following.
1. For0<¢§<1/2and 12 < mp < 1

H(W10,575)—}Lb(6)XE. (59)

2. For0< 6§ <1/2andm = =2

H(mo,¢,6) — hy(8) = O(VE)

and

H(mio,e,6) — hy(8) = Qe).

3. F0r0<6<1/23nd0<7r10< 26

H(m10,€,8) — hy(86) = Q(e).

It is the authors’ conjecture that (59) holds for values of (, 710)
in the other two regions. Our proof technique, which sandwiches
the entropy rate using (48), fails to give a nontrivial upper

bound on H (g, ¢,8) — hy(8) in the region 0 < § < 1/2 and
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0 < w19 < 5==. In this region, since the third branch in (55)
does not approach 0 as ¢ | 0, the upper bound in (48) would
not even imply the trivial fact that

limsup H(m19,¢€,6) — hp(6) <0
el0
Note also that Theorem 6 implies
lim lim inf H(mo,€,8) = m()
moTl  €l0 €
H ,€,0) —
= lim limsup (m0.€,8) — M (6)
71011 €lo 3

-0

1
= (1 —26)log
which is consistent with Theorem 5 (though does not imply it).

C. Entropy Rate When the Underlying Markov Chain Is
Symmetric
When the clean source is a binary-symmetric Markov process
m10 = o1 = 7 with 7 < 1/2, (46) implies
H(m,7,8) = Ehy(Bi(1) * 7 % 6).

Equation (36) for this case implies

(1-—a—7m+ ar)?

o — —1+a+m—ar+/4ar? +
27

with « = §/(1—6). Thus, we get the first equation at the bottom
of the page. Also it follows from the first item in Corollary 3
that when 6 < (1 — \/max{1 — 4r,0}), h(I1) + log 132 is
the lowest point of the support of /; in the positive part of the
real line (the fact that h(I;) + log 56 > 0 follows from (24)
and the optimality of the “say-what-you-see” scheme, while the

implying, by symmetry, that the highest point of the support
of 3;(1) below 1/2 is as shown in the second equation at the
bottom of the page. Summarizing, we obtain the following re-
sult.

Theorem 7: Forall 0 < m < 1/2 and

vmax{1 — 4m,0})

we have (60) at the bottom of the page, where o = §/(1 — ).

1
0<68<=(1—
2

It is instructive to compare the bounds of Theorem 7 to
those obtained by bounding the entropy rate from above by
H(Zy| Z_1) and from below by H(Zy | X _1), which leads to

hy(m % 8) < H(m,7,8) < hy(8 % 7 % ). (61)

Evidently, the lower bound of Theorem 7 is always better than
that in (61). The upper bound is better whenever

2o

<0.
2ra? —1+a+r—an+/dar?+(1—a—r+amr)?

It will be seen later that there are asymptotic regimes (see, e.g.,
Corollary 5) where the bounds of Theorem 7 are tight while
those in (61) are not. Similarly, there are regimes where the
bounds of Theorem 7 would be tight, whereas bounds of the
form H(Zo | ZZ3, X—ge1y) < H < H(Zo| ZZ;,), for fixed
k, would not. For example, in the setting of Corollary 6 below,
it can be shown (cf. discussion below) that any lower bound of
the form H(Zy | ZZ}, X_(k+1)) < H would not give the right
order.

The High SNR Regime:
Corollary 4: For0 < 7 < 1/2

fact that this is the lowest point in the support of /; in the positive 1-2=7 log: 1l—m < liminf 2™ 8) — hy(m)
part of the real line follows from the monotonicity of h and the 1—m 08 T T ”ﬁtﬂ §
definition of I 1) Now, the ﬁrst part of Theorem 3 implies that ) i (7, 7,6) — hy(r)
h(I1)+log 152 = I 4+ 2log 15°. Translating to the 3; domain, < hn(sll%uP 5
this implies that the lowest point of the support of 3;(1) above 1— o 1—r
1/2is < log (62)
eli+2log =4 (1 ) in particular
14 eli+2log 555 1 | (1=8 ) el H(m,m,68) — hy(m) < 6, as § — 0. (63)
essinf i = eIll _ ~l4+a+7—ar+/lar?+ (1 —a— 7 + ar)? .
l+elt 2r—1+a+m—ar+/dar? + (1 —a— 7+ ar)?
eli+2log 152 a2 2o
1- 1—s — 2 T = .
14 eht2les== o +elt 2ra2 —1+a+7—ar+/4dar? + (1 —a — 7+ ar)?

b ~l4+a+m—ar+/dar? + (1 —a — 7 + ar)?
’ 21 — 1+ a+m — ar + /dar? +

(1—a—7m+am)?

*7{'*6) < H(m,m,06)

2o

<
27ra2—1+a+7r—a7r+\/4a7r2+

T 5) (60)

(1-a—7+anr)?
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It is easy to check that, for this regime, the bounds of (61)
would give

1—-7 . .  H(w,m6) — hy(m)
— < !
(1-27)log — < h%lﬁ]nf 5
< limsup H(7T77'l'7 5) - h’b(ﬂ-)
510 0
11—

<2(1—2m)log

(64)
™

which is a slightly better upper bound and a slightly worse lower
bound than in (62) (but implies (63) just the same). The bounds
in (64) and (62) are consistent with the main result of [23] (see
also [30]), which established

H(m10,m01,6) — H(m10,701,0)
5
explicitly identifying v(m19,mo1). It turns out that the upper
bound in (64) coincides with v (719, 701).

~ /U('/T107 7T01)

The “Almost Memoryless” Regime:
In Corollary 5 and Corollary 6 to follow, the entropy rate is
given in bits.

Corollary 5: For0 < § < 1/2

l—g(l—s.l—s.é) 2(1 —26)*
i 2 ’2 ’ _
<10 = 2 63
Note that (1 —e,4 —€,0) = hy(3 — ¢)
, SO
1-H(}—e,3-¢,0 2
lim (2 28'2 < ):_
cl0 € In2

(namely, (65) at § = 0) would follow from a Taylor expansion
of hy, around 1/2. Equality (65) also trivially holds at § = 1/2,
as H(} — e, —¢,1/2) = 1. The simple intuition behind (65)
is the following: when 7 is close to 1/2, the support of /3;(1)
is highly concentrated around 6 and 1 — § (when 7 = 1/2 it is
exactly {6,1 — 6}). Thus,

_ (1 1
1—H<——€,——€76>
2 2

~1—hp((6£0(1))*(1/2—¢)*0)

2
~ 22 (1= 26)
c 1n2( )

A formal proof can be found in the Appendix.
For this regime, the bounds of (61) would imply

_ (1 1
1-H(-—¢,-—¢,6) x¢?
2 2

but not give the constant characterized in (65).
The Low-SNR Regime:
Corollary 6: For1/4 < m < 1/2

2 {(zm -1 - 2@]2

In2 T
1-H -
< liminf (7r77r, 2 6)
e—0 54
1—H (r,m, L - 2 [1-2r]7
< lim sup (”47“2 ) g—[ ”} . (66)
e—0 e In2
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In particular

_ 1
1—H<7r77r,§—6> = e,

Note that the ratio between the upper and lower bounds in (66)
approaches 1 as w | 1/2. Also, it can be shown that for any &,
a bound of the form H(Zo | Z_;, X_(111)) < H would lead
to! 1 — H(m,m, 3 —e) = O(?), failing to capture the true e*
behavior.

In this regime, the bounds of (61) become

ase — 0.

hy(m* (1/2 —¢)) < H(w,m,6)
hy

(mx(1/2—¢) % (1/2 —¢€)).

The upper bound implies, via a Taylor approximation (as in the
above proof)

<
< (67)

16(1 — 2m)?
In2

lim inf
e—0 e

4 : —_
which gives a slightly better constant than the left-hand side
of (6@. The lower bound in (67), however, would only imply
1—H(m,m 3 —¢) S e
VI. A SUFFICIENT CONDITION FOR THE OPTIMALITY OF
SINGLET DECODING

In this section, we derive sufficient conditions for the op-
timality of singlet decoding for more general noise-free pro-
cesses (not necessarily Markov), noise processes (not neces-
sarily memoryless), and index sets. To minimize nonessential
technicalities and simplify notation, we assume both that the
components of the clean and noisy process take values in the
same finite alphabet &', and that the loss function is Hamming.
It will be seen that under mild general conditions there exists a
threshold such that if the noise level is below it the “say-what-
you-see” scheme is optimal.

We start with the general setting of an arbitrarily distributed
noise-free process { X; } corrupted by a noisy channel, i.e., there
exists some process {/NV;} (the noise process, not necessarily
of independent components) independent of {X;} and (deter-
ministic) mappings {g: } such that the noisy observation process
{Z;} is given by Z; = g:+(X:, Ny), for all ¢. Observe first that,
for all ¢, x4, any finite index set 7" and z(T')

Plar, z4|2(T'\ 1))
P(z|2(T\ 1))

_ Par]o(T\ ) P(ailer, (T \ 1)
P(al2(T\ 1))

Pla]2(T)) =

so that

P(Xi = a|2(T))

log =t = AUAL)) P(z| Xy = a,2(T\ 1))
P(X; = b|z(T))

=108 B TX, = b, 2(T\ 1)

P(X; =al|z(T'\ 1))
o8 B R, = b\ 1)
< H(Zo|X (k41)) and

(63)

IThis is true since H(Zo|Z_}, X _(r+1))
L= B(Zo| X—us1) = O(2),
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Note that for a memoryless channel C, (68) particularizes to
P(X,=als(T)) . Cla,z) , P(Xi=al2(T\1))
P(X;=b[2(T)) C(b, zt) P(X=bl2(T'\ 1))
By observation of (68), it is clear that an essentially necessary
and sufficient condition for the optimal estimate of X; to depend
on Z(T') only through Z, is that, for all a, b € X, the sign of the
right-hand side of (68) be determined by z;, regardless of the

value of z(T \ t). This depends on the conditional distribution
of X; given Z(T \ t) only through the values

P(X:=a|Z(T\t))
{esssuplog P(X; =b|Z(T\ 1)) }a bex

log =log

+log

While for the binary Markov chain these values were obtainable
in closed form (Section IV), in general they are difficult to de-
rive. They can, however, be bounded via the supports of the log
likelihoods of the clean signal, leading to sufficient conditions
for the optimality of singlet decoding. This is the approach taken
in the following.

Returning to the general setting

Plai=a|«(T\1)
= > Pl =a,a(T\D)|2(T\0)

«(1)

= > Plw=a|z(T\t),2(T\t))P(x(T\t)| 2(T\1))
(1)

= > Plar=a|z(T\t))P(x(I\t) | 2(T\t)) (69)

z(T\)
where the last equality is due to the fact that Z(T'\¢t) is a deter-
ministic function of X (T'\t) and N (T'\t), so the independence
of {X;} and {N;} implies the independence of X; and Z(T'\t)
when conditioned on X (7"\t). This leads to the following.

Lemma 1: Forall a,b € X, and finite index set T’
Plav=alo(T\0) _  Plo=alo(T\1)
ATV)IKmt_.b|(1’\tD (TV)IKwt——b|$CT\t)%O)
Proof: See the first equation at the bottom of the page,
where the first equality follows from (69), and the inequality

follows from Jensen’s inequality (and convexity of 1/x for
x > 0). Thus, we get the second equation at the bottom of the
page, implying (70) by the arbitrariness of z(7"\ t). O

Equipped with Lemma 1, we can obtain an easily verifiable
sufficient condition for the optimality of singlet decoding in this
general setting.

Theorem 8: Let T be an arbitrary index set, and suppose for
each z; € X there exists @ = a(z;) € X such that for all b # a
Pz | Xy = a(z), Z(T'\ 1))

Pz | Xy =0, Z(T\ 1))

essinf

Play = b X(T'\ 1))
Pz, = a(z) | X(T\ 1))
Then an optimal estimate of X; based on Z(T) is

Xi(2(T)) = a(Zy).

> esssup

(71)

Proof: By standard limiting and continuity arguments, it
will suffice to assume 7 is a finite index set, and to show that if,
for each z; € X, there exists a = a(z;) € X such that for all

b#a
Pz | X = a,2(T\ t))
P(Zt |Xt = b,z(T\t))

min

2(T\t)
> max D@ =0]z(T\?))
~a(r\t) P(zy = a|2x(T\ 1))’

(72)

then the estimate in (71) is an optimal estimate of X; based on

Z(T). To see this, note that if (72) holds then, for all 2(7"),a =

a(z) € X,and all b # a
Pz | Xt = a,2(T\ 1))
Pz | Xy = b,2(T'\ 1)) —

P(ze| Xt = a,2/(T'\ 1))
Pz | X = b,2'(T'\ 1))

min
2/(T\t)

P, = b| (T \ )
2 Plor=alar\ 1) )
L PC=BlAT\))

T P(Xy=a|z(T\1))

where (73) is due to (72) and (74) to (70). This implies, by (68),
that log % > 0 for all b # a implying, in turn, that
the optimal estimate of X; based on z(T') is @ = a(zt). O

oy Plae = al a(T\ £) (o

-y

2 arny Plee =0l a(T\ 1)) P(x(
P(zy = blz(T\ t))P(z

T\t)|2(T\1))
T\t)[2(T\1))
(TADI(T'\ 1)) Pley=alz(T\1))

o [ Sy Plae = b @/ (T\ )P0\ 1) [ (1 \ ¢))] Ploe = blo(T\)

Pz, =b]z(T\ 1) P(a(T\1) |2(T\ 1)) Pla, =

-1

bla(T\ b))

> [ >
z(T\t)

\
[0z Plae = bl2(T\ ) P@!(T\ 1) | 2(T \ )] Ploe = alo(T\ )

Play = b|a(T\ ) P(x(T\t) | 2(T \ 1))

Pla; = bla(T'\ 1))

< max

o [Dariany Plae = bla/(T\O)P@ (T \ 1) |27\ 1))] Ploe = alo @\ D)
Pla = b|a(T\ 1))
a(T\t) P(xy = a|z(T\ t))
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In what follows, we illustrate the use of Theorem 8 by de-
riving sufficient conditions for optimality of symbol-by-symbol
filtering and denoising in a few specific settings.

A. The Memoryless Symmetric Channel

In this subsection, we assume the memoryless symmetric
channel with error probability §, uniformly distributed among
the | X'| — 1 erroneous symbols. For this case, we have for b # a
and z; = a

P(z| Xe = a, Z(T\ ) 1-6

P(z| X, = b, Z(T\ 1) (¥ =)=~

essinf

so Theorem 8 implies the following.

Corollary 7: If

1-6 Pz, =b| X(T\ 1))
X -1)—— >
(X =)= 2 max esssup 5o — )y 7
then X;(Z(T)) = Z is an optimal estimate of X;.

The right-hand side of (75) can readily be computed, or at
least upper-bounded, for various processes and random fields,
leading to a sufficient condition for the optimality of singlet de-
coding. A few examples follow.

Denoising a Gibbs Field: Let 7" = Z? and S denote all finite
subsets of 7T". Let X (7') be the Gibbs field associated with the
potential ® [15], [19]. A potential is summable if

ol £ Y [[®alle <00, V.
AeS,teA

It is immediate from the definition of a Gibbs field that for all
a,be X, teT

Ploy =b| X(T\1) _ ojay,

Pla = a| X(T\1) = 70

ess sup

Combining Corollary 7 with (76) gives the followng.

Corollary 8: The optimal estimate of X; based on Z(T) is
—1

Zif 6 < (|X|1_1e2”‘p”t + 1) .In particular, singlet decoding

with “say-what-you-see” is an optimal denoiser whenever

—1
5 < (petzre s 41) " where @] = supyer 2]

Note that ||®||max < oo for any spatially stationary (shift-in-
variant) Gibbs field with a summable potential. This includes,
in particular, all Markov random fields (MRFs) with no re-
stricted transitions (i.e., with the property that conditioned on
any configuration of its neighborhood, all values at a given site
have positive probability). The “say-what-you-see” denoiser is
optimal for all such fields when ¢ is sufficiently small. Finally,
we note that Corollary 8 implies that for fixed § < I’tl’/lﬁl
and a potential satisfying ||®||max < 00, singlet decoding is
optimal denoising for the field with potential S® whenever

5<(|

—1
2Bl Pllmax 4 ) or, in other words, whenever

log[(1/6 = 1)(|X] = 1)]
2|2 max

g <

(i.e., at sufficiently high temperatures [15], [19]).
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Filtering and Denoising a Stationary Source: If X (T'),
T = 7, is a stationary process then by defining

P(Xo=0b|XZ2
R(X(T)) £ max esssup (Yo | jo)
a,beX P(Xo=a|X_1)
and
P(Xo=b|X_L X
S(X(T)) £ max esssup (o | —cor 2 )
a,beX P(Xo=ua|XZ,XX)

Corollary 7 implies the following.

Corollary 9: The “say-what-you-see” scheme is an optimal

filter if § < (IXI T R(X(T)) + 1) and an optimal denoiser
(\X|1—1S(X(T)) + 1)

Note, in particular, that if X (7') is a kth-order Markov source
with no restricted sequences then

P(Xo=a|X_}j=2_;
R(X(T))= max (Xo=a| k :E_Ii)
a,b,x” 1P(X0—b|X k—I k)

P (Xo=a|X_}=2_} Xk=yh
S(X(T))= wmax (Xo=al ’; _f ! )
a,b,x” 1 P(Xo—b|X = X —Il)

_T

ifo <

>0 and

>0

so the “say—what-you-see scheme is optimal for all sufficiently
small 6.

To get a feel for the tightness of these conditions, consider the
symmetric binary Markov chain for which the optimality of the
“say-what-you-see” scheme has been characterized in Corol-
lary 3. Assuming 7 < 1/2, we have R(X(T)) = (1 — n)/~w
and S(X(T)) = [(1 — 7)/7]?, so Corollary 9 would imply
for this case that the “say-what-you-see” scheme is an optimal
filter whenever 0 < w, and is an optimal denoiser whenever
6 < W' The solid and dashed curves in Fig. 1 display
the curve characterizing the whole region of optimality of the
singlet decoder for the filtering problem (from Corollary 3), to-
gether with the curve associated with the sufficient condition
implied by Corollary 9, namely, the straight line 6 = . Fig. 2
displays the analogous curves for the denoising problems. The
region § < 7 can be understood as the condition for optimality
of singlet filtering when allowing a genie-aided filter to observe
the clean symbol one step back. Similarly, the § < Tonoe
region is obtained by allowing the genie-aided denoiser to ob-
serve the clean symbols from both sides.

Denoising a Process or Field That Can Be Represented
as Output of Discrete Memoryless Channel (DMC) (Hidden
Markov Processes): Suppose that the noiseless process X (T')
was generated (or can be represented) as the output of a DMC
whose input is some other process U(T'), which we assume for
simplicity has components taking values in the same finite al-
phabet X. Denote the DMC by W, i.e., W(a|u) = Pr(X; =
a|U; = u). Thus, we have, assuming first 7" finite

P(Xy=a|X(T\t)=2z(T\1))
=Y P(U; =u|X(T\t) = x(T\))W(a|u).

Consequently, for a,b € X, reasoning similarly as in the proof

of Lemma 1, we obtain
PXi=a|X(T\1) = 2(T'\ 1))
P(Xy =b[ X(T'\ 1) = (T '\ 1))

< max
ueU

W(a|u
W(b|u)
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8 =d(n), 8 =I(n)
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- 8=I(m)

0 0.05 0.1

Fig. 2. Optimality region for singlet denoising: Solid line is the curve d(7) =

. . 2
line is the I(7) = Toora?

for all (T \ t). By a standard limiting argument, we obtain for
an arbitrary index set T’

PX; = a| X(T'\ 1))

ess su W((l |u)
PP =0 X(T\ 1)

< max ———=.

wett W (b| )

Combined with Corollary 7, this gives the following.

Corollary 10: If X (T) is output of DMC W (for some input
U(T)) then the “say-what-you-see” scheme is an optimal de-
noiser of Z(T') provided

1 W(a|u) -t
Py Wialw) )
= <|X| "1 bk W(b|u) )

Corollary 10 implies, in particular, for the case where the
channel W is symmetric with parameter ¢, that the “say-what-
you-see” scheme is an optimal denoiser whenever § < e. Note
that X (7T') being the output of such a channel W is equiva-
lent to its satisfying the Shannon lower bound (cf. [4], [7, Ex-
ample 13.6]) with equality (under Hamming loss) for distor-
tion levels <e. It thus follows that any source or random field
whose rate distortion function at distortion level D is given by
the Shannon lower bound (cf., e.g., [20], [17], [18], [38] for ex-
amples of processes and fields with this property) is optimally
denoised by the “say-what-you-see” scheme whenever 6 < D.

|
0.35

|
0.25
T

0.3 0.4 0.45 0.5

(1 - \/max{l —4({Z=)?,0}) giving the precise region & < d(). Dashed

> curve associated with the sufficient condition in Corollary 9, 6 < ().

Filtering an Autoregressive Source: Let T' = Z, X =
{0,1,..., M — 1}, and suppose the noiseless process can be
represented by

Xi=g(X" Hew (77)

where @ denotes modulo-M addition and {W,} are indepen-
dent and identically distributed (i.i.d.) (g; and W, take values in
X). For this process

P(X;=al Xt = :vtfl) =Pr(W; ® gt(:vtfl) =a)

so, fora # b
P(Xy=a| X!t =271 P(Wy =m)
< max
P(X;=b| Xt =gt"1) —mex PW; = (b—a)®m)
< N P(Wy=m)
max
T a#0,mex P(Wf =a®d m)

a
max,, P(W; =m)
~ min,, P(W; =m)’
Applied to this setting, and combined with (78), Corollary 7
gives the following.

Corollary 11: Let {X;} be given by (77), where {W;} is an
i.i.d. sequence. The “say-what-you-see” scheme is an optimal
filter provided

1 max,, P(W; =m) -t
< - +1 .
|X| =1 min,, P(W; = m)
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Note, in particular, that for the commonly occurring case
where the innovations are symmetric, namely,

fora =10
for a # 0.

1—e,

POV =0 = { L% -

Corollary (11) implies optimality of the “say-what-you-see”
filter provided 6 < e.

?

B. Channels With Memory

The Gilbert-Elliot Channel: Assume 7" = Z and that Z(T')
is the noisy version of X (7") when corrupted by the Gilbert-El-
liot channel [29]. Let S(T'), with components in {B, G}, de-
note the first-order Markov channel state process, and let 04, 6,
denote the crossover probabilities associated, respectively, with
the good and bad states, where 0 < 6, < 6, < 1/2. In this case

Pz | Xt = a, Z(T\ 1))
=Y P(at| Xy = a,s1, Z('\t))P(s1 | Xe=a, Z(T'\t))

St

:Z P(Zt | Xi=a, St)P(st | Xt = a, Z(T\t))

St
and thus we obtain for a # b and z; = a

P(Zt|Xt = a, Z(T\t))
Pz | Xe =0, Z(T'\ 1))
S ming, ¢(q,By P(2¢| Xt = a, st)

essinf

- maxste{GyB} P(Zf |X, = b, St)
1— 6

= (79)

A similar argument implies an inequality like (79), where in the
left-hand side the conditioning is on the one-sided Z'7! instead
of on Z(T \ t). Combining (79) (and its analogue for the one-
sided conditioning) with Theorem 8 gives the following.

Corollary 12: The “say-what-you-see” scheme is an optimal
denoiser (and a fortiori an optimal filter) for the Gilbert—Elliot
channel if

1— & Pley =b] X(T'\ 1))
> maxesssu . 80
Op  b#a pP(zt:a|X(T\t)) (80)
It is also an optimal filter provided
1— b S Pz =b| X0 @1
max ess su .
8 = bwa P PG — | XTD)

Arbitrarily Distributed State Process: A first point to note
is that the derivation of Corollary 12 did not depend in any way
on the distribution of the state process. Also, the conclusion re-
garding the optimality condition for denoising did not rely on
the fact that 7 = Z and would hold for any index set 7. It is
also readily checked that the binary alphabet can be replaced by
any finite alphabet where 64, 6, would denote the crossover pa-
rameters indexing the symmetric channels associated, respec-
tively, with the good and bad states (and the left-hand side of
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(80) and (81) would be replaced by (|X]| — 1) 1gfb). Finally,
the state space need not be restricted to only two states; in gen-
eral, each state will index a channel with a different param-
eter, in which case the definition of 6, would be extended to
0p = maxses 05, S being the state space.

In this generality, of an arbitrarily distributed state process,
a general state space, and a finite alphabet of any size, all the
results of the previous subsection (namely, Corollaries 7 through
11) carry over with ¢y replacing 9.

Other channels with memory abound for which

Pz | Xt = a, Z(T\ 1))
Pz | Xy = b, Z(T\ 1))

can be lower-bounded leading, via Theorem 8, to sufficient con-
ditions for the optimality of symbol-by-symbol schemes in de-
noising and filtering of various other processes and fields.

VII. LARGE DEVIATIONS PERFORMANCE OF THE
OPTIMAL FILTER

For concreteness, assume here 7' = Z, that the components of
X (T) take values in the finite alphabet X', and that Z(T') is the
output of a DMC C whose input is X (7") with channel output
alphabet Z.

Using standard large deviations (LD) theory [11] or the
method of types [8], [7], it is straightforward to show that, for
every f : Z — X and 2™ € &A™

Pr <% zn: A(Xy, f(Z1)>d

X"= :L”) ~exp(—nJ(Pyn,d))

where

J(P,d) = D(l|c|p),

min
Q:EpgqA(X,f(Z))2d

with D(Q||C|P) denoting the conditional divergence (cf., e.g.,
[8, Sec. 2 ]) between conditional distributions (channels) ) and
C (true channel) conditioned on a channel input distribution P,
and Epggq denotes expectation assuming that X ~ P and that
Z is the output of the channel () whose input is X.

More precisely, it can be shown (cf., e.g., [9], [28], [37], [36]
for proofs of results in this spirit) that for any individual se-

quence z = {x:}
X" = :E")

_J(I)m” ) d)

‘ — %logPr (%En:/\(Xt;f(Zt)) > d
t=1

(82)

— 0.

This exponent can also be given in the form (cf., e.g., [9, Propo-

sition 1])
J(P,d)=sup {)\d— Z [log Z AMNaFO) O a, b) P(a)} .

AER a€X beZ
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It follows from (82) that if the empirical measure associated with
X(T) satisfies a large deviations principle (LDP) [11] with the
rate function I then

> d)

1
—;logPr< ZA X, f
min

min [I(P) +
Q:EppoMX,f(2))2d

PEM(X)

—

D(QIICIP)} (83)

This gives a single-letter characterization of the “error expo-
nent” associated with the optimal (in expectation sense) filter
for all cases characterized in previous sections where the op-
timal scheme is a symbol-by-symbol filter and the underlying
noise-free process satisfies an LDP with a known rate function
(cf. [11] for wide range of processes for which this is the case).
In particular, the error exponent is given by the right-hand side
of (83), with f being the filtering function associated with the
optimal scheme.

VIII. CONCLUSION AND OPEN DIRECTIONS

The goal of this work was to identify situations where op-
timal estimation of each signal component when observing a
discrete signal corrupted by noise depends on available obser-
vations only via the noisy observation of that component. We
obtained easily verifiable sufficient conditions for the optimality
of such “symbol-by-symbol” schemes. For a binary Markov
process corrupted by a general memoryless channel, an explicit
necessary and sufficient condition was obtained. The condition
for the optimality of singlet decoding was seen to depend on
the channel only through the support of the Radon—Nikodym
derivative between the distributions of the channel output as-
sociated with the two inputs (and, in fact, depend on this sup-
port only through its upper and lower ends). It was also ob-
served that the large deviations behavior of a singlet filter can be
easily characterized (provided the large deviations behavior of
the noise-free process is known) when the noise is memoryless.
Thus, the large deviations performance of the optimal scheme
is characterized whenever it is a singlet decoder.

Characterization of the singlet filtering region for the corrupted
binary Markov chain involved the computation of the lower and
upper endpoints of the support of the distribution of the clean
symbol conditioned on its noisy observation and noisy past.
These bounds were seen to lead to new bounds on the entropy
rate of the noisy observation process. The latter were shown to
be tight and to characterize the precise behavior of the entropy
rate in various asymptotic regimes. Further exploration of this
approach to characterize the entropy rate in other asymptotic
regimes, for larger alphabets, etc., is deferred to future work.

Two additional future research directions arise in the con-
text of the LD performance analysis for a singlet scheme in
Section VII. The first concerns the question of whether the ex-
pected-sense optimality of a singlet decoder (the criterion con-
sidered in this work) implies its optimality under the LD crite-
rion as well. More generally, can conditions for the optimality
of singlet decoding in the LD sense be obtained? The second
interesting direction regards the characterization of the LD per-
formance of a scheme which is not singlet. Even the character-

ization of the LD performance of a sliding window scheme of
length 2 is currently open.

It should be noted that a singlet decoder is a sliding-window
scheme of length 1. A natural extension of the characterization
of optimal singlet decoding would be, for a given [ > 1, a char-
acterization of conditions under which the optimal filter or de-
noiser is a sliding-window scheme of length /.

Finally, it may be interesting to see whether a meaningful
analogue of the notion of a singlet scheme can be found for the
continuous-time setting (say, for a Markov source corrupted by
white noise, as in the setting of [40]), and whether there exist
nontrivial situations where such singlet schemes are optimal.

APPENDIX

A. Proof of Theorem 2

The proof is similar to that of Theorem 1. Suppose that C¢y x
Cq,. C Ry. The fact that

P(ﬁi—l € CQ) =
implies that
P(f(b) € X(Go(Bi=1,%i+1))Vb € Z)
= P((Bi—1,7i+1) € Ry) = 1.

P(viy1 € Cq,) =

Consequently,

1= P(f(%) € X(Gz,(Bi-1,%i+1)))

establishing optimality by (20).
Conversely, suppose that Cg x Cg, € R¢. Then, since?
Support(fi—1,7i+1) = Cq x Cq,
there exists J C M(X) x M(X) such that JN Ry = () and
P((Bi—1,7vi+1) € J) > 0. This implies that
P((Bi-1,7i+1) € Ry)
= P(f(b) € X(Gb(ﬁi,1,7i+1>)Vb S Z) <1

which implies the existence of b € Z with

P(f(b) € X(Gb(,@i—17%+1))) <1

implying, in turn, the existence of @ € & such that
P(f(b) € X(Go(Biz1,7i41)) | Xi = a) < 1.

Now, Z;, 3;—1 and ;41 are conditionally independent given X;,
and therefore,

P(f(Z:) € X(ni)[Xi =a)
= P(f(Z-) € X(Gb(ﬂv‘ 1,%+1)) | Xi = a)

- Z E X Gb’(ﬂz 1 71+1)) |Xz = a)C(a,b/).
b'ezZ

= P(f(Z) € X(m))

(AT)

(A2)

Inequality (A1), combined with (A2) and the fact that C'(a, b) >
0, leads to P(f(Z;) € X (n:)|X; =a) < 1, implying P(f(Z;) €
):( (n;)) <1 and establishing the fact that (20) is not satisfied by

2The fact that Support(3;_1,7i+1) = Cq X Cg,. is an immediate conse-
quence of the assumed positivity of the kernel governing the noiseless process.
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B. Proofs of Results From Section V

Proof of Theorem 5: The first equality in (52) follows
trivially by symmetry, thus we turn to establish the second
equality. Substituting into (36) we obtain (A3) at the bottom
of the page, where a = 1%5. It follows from (A3) (using a
first-order McLaurin approximation to /1 + ¢) that

I
lim —
=10 q(e) 32

=1 (A4)

It thus follows from the upper bound in (50) that for » > 0 and
all sufficiently small ¢ > 0

H(1 —¢,a(e),8) < hy([(1 +n)a(e)] * 6) (AS)
and, consequently
H(1—z,a(), 8) = hy(6) < hy([1+m)a(e)]+6) — ho(6). (A6)

Applying a Taylor’s expansion around § and noting that
[(T+n)a(e)] 6 — 6 = [(1 +n)a(e)](1 — 26) gives

hy([(1 + n)a(e)] * 6) — hy(8)

= (1+ma(e)(1 = 28)hy(8) + o(a(e)) (A7)
1-46
= (14 n)a(e)(1 — 26) log +o(a(e)). (A8)
Combining (A6) with (A8) gives
Jim sup H(1—¢,a(e),6) — hy(9)
<10 a(e)
1-—
< (L+n)(1 = 26)log (A9)
implying
H(1- - 1-
lim sup (1 =e a(e),d) = h(9) < (1—26)log 0
<10 a(e)
(A10)
by the arbitrariness of 7. The inequality
lim inf H(1 =&, a(e),%) = ho(8) > (1—26)log L-9
10 a(e)
(A11)
is established similarly. O

Proof of Theorem 6: Since the claim trivially holds for
6 = 1/2 assume 0 < § < 1/2. From the left inequality in
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(48) and (57) it follows that for fixed 7 > 0 and all sufficiently
small e > 0

H(m19,2,8)>hy <{ [(1_5) _656(1—7r10)

(1—7r10)

oea)

(A12)
(1-6)(1—n)

=l <{ [(1_5_5(1_%)} } * 5) A

Applying a Taylor’s expansion to h; around 4, similarly as in
(A8), (A13) gives
H(m,¢,6) — ho(6)

L (1=8)1-n)

- (1 - 6) - 6(1 —71'10)
implying (58) by the arbitrariness of 7.

The second item is proven similarly (using (54) instead
of (57)).

For the third item note that from the right inequality in (48)

and (54) it follows that when 719 = for fixed n > 0 and
all sufficiently small ¢ > 0
* 5) .

(A15)

e(1—26)log 18 +o(e) (Al14)

16’

1-—
010

H(mo@ﬁ)ﬁ%([ \/—(1—7r10)(1+77)

The claim now follows analogously as in proof of previous items
via the Taylor approximation and the arbitrariness of 7. O

Proof of Corollary 4: Using the Taylor expansion for
v 1+ ¢ gives (A16) and (A17) at the bottom of the page. Since
a ~ 6 asd | 0it follows from (A16) that for fixed » > 0 and
all sufficiently small § we get (A18)—(A23) at the top of the
following page, implying the left inequality in (62) via (60) and
the arbitrariness of 7. The right inequality in (62) follows from
(A17) in an analogous way. O

Proof of Corollary 5: At m = 1/2 we have (A24) at the
top of the following page, where & = §/(1 — §). The claim now
follows by continuity of the expressions in (A24) at # = 1/2,
the relationship

1—(5+5) % (%—g) x§=c(1 — 2(26—262+£(1 — 26)))

2
=¢(1—26)%(14 0(¢))
Theorem 7, and the fact that
ho(1/2 —€) = 1—(2/1n2)52+0(52). O

o —1+a+a(e) — a(l —e) + \/4aa(e)

Y1—¢e)4+ (1 —a—ale)+ a(l —¢))?

= A3
2(1—e¢) (A3)
~lt+a+m—ar+Jdar? + (1 —a — 7+ ar)? T 7 as o] 0 (A16)
2r — 1+ a+m—ar+ /dar? + (1 —a — 7 + ar)? 1-m
and
2ra’? 1-
e ~ as a ] 0 (A17)
2ra? — 1+ a+71—ar+/dar? + (1 —a — 7 + ar)? ™
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~l+a+m—ar+/dar? + (1 —a — 7 + ar)?

p— (A18)
2t — 1+ a+m—ar+Jdar? + (1 —a — 7 + ar)?
> hy <[(1—n)ﬁa} *7r*(5> (A19)
> hy <[(1 —2) [ﬁ i 1} 5} % 7r> (A20)
= hy <7r+(1—27r)(1—277) [17:% +1} 5) (A21)
= hp(m) + (1 —27)(1 — 2n) [% + 1] §hy () + 0(6) (A22)
= hy(m) + (1 = 27)(1 — 2n) [L + 1] §log 2T 4 o(5) (A23)

1-m s
~lt+a+m—ar+Jdar? + (1 —a— 7+ ar)? 2ra?

2r — 1+ a+m—ar+ /dar? + (1 —a— 7 + ar)? _27ra2—1+a+7r—a7r+\/4a7r2+(1—a—7r+a7r)2

(A24)
1 ~lt+a+m—ar+Jdar? + (1 —a — 7+ ar)? NLE (A25)
2 2r—1+4+a+rm—ar+dar’+(1—a—7m+ar)? 27
1 2ra? 1
I o ~ (2_ _> . (A26)
2 2ra?—l+a+m—ar+/Jdar?+ (1 —a -7+ ar)? 2m

Proof of Corollary 6: Since
_ 1 _ 1
H(ﬂ',ﬂ'?i —g)= H(7r77r,§ +e)

we may assume the limits in (66) are taken along € | 0. Letting
8§ = 1/2 — &, it is straightforward to show (A25) at the top
of the page using a Taylor expansion, and (A26), also at the
top of the page. It thus follows from Theorem 7 that for every
1/4<7w<1/2ande >0

n () ()

- <7r,7r, % — 6) (A28)

51—hb<|:%—%s]*7r*<%—s>>. (A29)

The claim now follows by

o) o (1) e

(A30)
11 1 1 1-27,
———e¢|xTx | ——e)|==-— €
2 2r 2 2 r

and the fact that hy(1/2 —¢) = 1 — (2/In2)e? + o(e?). O

LA
—

(A31)
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