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Universal Filtering Via Hidden Markov Modeling
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Abstract—The problem of discrete universal filtering, in which
the components of a discrete signal emitted by an unknown source
and corrupted by a known discrete memoryless channel (DMC)
are to be causally estimated, is considered. A family of filters are
derived, and are shown to be universally asymptotically optimal
in the sense of achieving the optimum filtering performance when
the clean signal is stationary, ergodic, and satisfies an additional
mild positivity condition. Our schemes are comprised of approxi-
mating the noisy signal using a hidden Markov process (HMP) via
maximum-likelihood (ML) estimation, followed by the use of the
forward recursions for HMP state estimation. It is shown that as
the data length increases, and as the number of states in the HMP
approximation increases, our family of filters attains the perfor-
mance of the optimal distribution-dependent filter. An extension
to the case of channels with memory is also established.

Index Terms—Finite alphabet, forward-backward recursion
state estimation, hidden Markov process (HMP), maximum-likeli-
hood (ML) parameter estimation, randomized scheme, stochastic
setting, universal filtering.

1. INTRODUCTION

HE problem of estimating a discrete-time, finite-alphabet
Tsource signal {X;}:er from the entire observation of a
noisy signal { Z; }+c7, which has been corrupted by a known dis-
crete memoryless channel (DMC), has been thoroughly studied
recently in [21]. It has been shown that even though the source
distribution is unknown, an algorithm called DUDE can univer-
sally achieve the asymptotically optimal performance. This re-
sult has been extended in various directions such as the case of
channel uncertainty [9], the case where the channel has memory
[22], the case of nondiscrete noisy signal components [6], and
the case where the reconstruction is required to depend causally
on the noisy signal [18], [19]. In this paper, we revisit the last
case, taking a different approach from [18], [19].

The case where we estimate X; causally based on observa-
tion of the noisy signal Z¢ = (Z1,...,Z;), is referred to as
filtering. The filter can be either deterministic or randomized
(a concept that will be explained in detail later). In this paper,
we will only focus on the stochastic setting, where we assume
{X:} is a stationary and ergodic stochastic process. With the
stochastic setting assumption, and under the same performance

Manuscript received May 16, 2006; revised October 12, 2007. This work
was supported in part by the National Science Foundation under Grant CCR-
0311633 and by Samsung scholarship. The material in this paper was presented
in part at the IEEE International Symposium on Information Theory, Adelaide,
Australia, September 2005.

T. Moon is with the Department of Electrical Engineering, Stanford Univer-
sity, Stanford, CA 94305 USA (e-mail: tsmoon@stanford.edu).

T. Weissman is with the Department of Electrical Engineering, Stanford Uni-
versity, Stanford, CA 94305, USA, and with the Department of Electrical Engi-
neering, Technion—Israel Institute of Technology, Technion City, Haifa 32000,
Israel (e-mail: tsachy @stanford.edu).

Communicated by A. Hgst-Madsen, Associate Editor for Detection and Es-
timation.

Digital Object Identifier 10.1109/TIT.2007.913220

criterion of [21], i.e., minimizing the expected normalized cu-
mulative loss, knowledge of the conditional distribution of X,
given Z! at each time ¢ is required to achieve the optimal per-
formance. Also, by the same argument as in [21, Sec. III], this
conditional distribution can be obtained by the conditional dis-
tribution of Z; given Z*~! when the invertible DMC is known.
(We call a channel “invertible” if its transition probability ma-
trix is of full row rank.)

However, for the universal filtering setting, where the proba-
bility distribution of the source is unknown, the conditional dis-
tribution of Z; given Z'~! is also not known and needs to be
learned from the observed noisy signal. Therefore, if we can
learn this conditional distribution accurately as the observation
length increases, we can hope to build the universal filtering
scheme that achieves the asymptotically optimal performance
from the estimated conditional distribution. To pursue this goal,
[18], [19] adopt the universal prediction [15] approach. That is,
they first get an estimate of the conditional distribution of Z,
given Z'~1 by employing a universal predictor for the observed
noisy signal, and then, by inverting the known DMC, obtain an
estimate of the conditional distribution of X; given Z*.

Unlike the approach of [18], [19], in this work, we turn our
attention to the rich theory of hidden Markov process (HMP)
models to directly obtain a different kind of estimate of the con-
ditional distribution of X; given Z*, without going through the
channel inversion stage.!

Generally, HMPs are defined as a family of stochastic pro-
cesses that are outputs of a memoryless channel whose inputs
are finite-state Markov chains. As can be seen in [7], these HMP
models arise in many areas, such as information theory, commu-
nications, statistics, learning, and speech recognition. Among
these applications of HMPs, there are many situations where
the state of the underlying Markov chain need be estimated
based on the observed HMP. If the exact parameters of the HMP,
namely, the state transition probability of the Markov chain and
the channel transition density, as well as the order, the number
of states, of the Markov chain are known, then this problem can
be easily solved via well-known forward-backward recursions
which were discovered by [4] and [2]. Especially, when we are
estimating the state based on the causal observation of the HMP,
we only need the forward recursion formula. In addition, much
work has been done for the state estimation, where the order
is known, but the parameters of the HMP are unknown. In this
case, the parameters are first estimated via maximum-likelihood
(ML) estimation or the expectation—-minimization (EM) algo-
rithm, then the state is estimated by using the estimated param-
eters in the recursion formula. A detailed explanation of this ap-
proach and the property of the ML parameter estimation can be
found in [2], [3], [12], [8]. Furthermore, this was extended to the

LA part of this work was presented in [17].
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case where the order of the Markov chain is also not known, but
the upper bound on the order is known. In this case, the order
estimation is first performed before the parameter and state es-
timation, and the above process is repeated. The references for
the order estimation are given in [11], [13], [20]. There also has
been work for the case where even the knowledge of the upper
bound on the order of the Markov chain is not required [8], [23].

From these rich theories for the state, parameter, and order
estimation of HMPs, we can see that it is possible to build a uni-
versal filtering scheme if the underlying source process is known
to be a Markov process. That is, since the channel is memoryless
and fixed in our setting, if our source { X} } is a Markov process,
then obviously, {Z;} is an HMP, and we can first estimate the
order? of the Markov process, then estimate the parameter, and
finally perform forward recursion to learn the conditional dis-
tribution of X; given Z¢. From the consistency results of order
estimation and parameter estimation, this conditional distribu-
tion will be an accurate estimate of the true one, and we can use
it to build the universal filtering scheme.

Now, in our work, we extend this approach to the case where
our source {X;} is a general stationary and ergodic process
(with some benign conditions), which need not be a Markov
process at all, and show that we can still build a universal
filtering scheme that achieves asymptotically optimal perfor-
mance. The skeleton of our scheme is the following: We first
“model” our source as a Markov process with a certain order, or
equivalently, model the noisy observed signal {7;} as an HMP
in a certain class. Then, we estimate the parameters of the HMP
that “approximates” the noisy signal best in that class. We will
show that from the consistency result about the ML parameter
estimation for the mismatched model [8], these estimated
parameters will give an accurate estimation of the conditional
distribution of X; given Z¢, as the observation length increases
and the HMP class gets richer. Then, this result will guarantee
that our universal filter using this conditional distribution will
attain the asymptotically optimal performance. In practice,
this approach of HMP modeling has been heuristically em-
ployed in many applications, such as speech recognition [25],
target tracking [26], and DNA sequence analysis [27], without
theoretical justification. Additional samples of these practical
applications can be found in [28]. Therefore, we focus on pur-
suing the rationale of the existing practical methodologies, and
the main contribution of this work is in providing theoretical
justification of the HMP modeling based approach to universal
filtering.

The remainder of the paper is organized as follows. Section II
introduces some notation and preliminaries that are needed for
setting up the problem. In Section III, the universal filtering
problem is defined explicitly. In Section IV, our universal fil-
tering scheme is devised, the main theorem is stated, and proved.
Section V extends our approach to the case where the channel
has memory. Section VI gives discussions on our filter, and Sec-
tion VII concludes the paper with some related future direc-

2We slightly abuse the term “order” here. Generally, the order of a “finite-state
Markov chain” stands for the number of states, but we also refer by the “order of
a Markov process” to the length of the memory of the process. Hence, once we
know the order of a Markov process, we also know the order of the associated
finite-state Markov chain induced from the Markov process.

tions. Detailed technical proofs that are needed in the course
of proving our main results are given in the Appendices.

II. NOTATION AND PRELIMINARIES

A. General Notation

We assume that the clean, noisy, and reconstruction signal
components take their values in the same finite M -ary alphabet
A ={0,...,M — 1}. The simplex of M-dimensional column
probability vectors will be denoted as M.

The DMC is known to the filter and is denoted by its transition
probability matrix II = {II(7, j)}; jea. Here, II(7, j) denotes
the probability of channel output symbol 57 when the input is .
We assume I1(7, j) > 0Vi, j, and let IT,,;,, = min; ; II(¢, j). We
assume this channel matrix is invertible and denote the inverse
asTI™*. Let l'[,i_1 denote the ith column of IT™*. We also assume
a given loss function (fidelity criterion) A : A% — [0, o), rep-
resented by the loss matrix A = {A(4,5)}: jea, Wwhere A(i, j)
denotes the loss incurred when estimating the symbol ¢ with the
symbol j. The maximum single-letter loss will be denoted by
Amax = max; jea A, 7), and A; will denote the jth column
of A.

Asin [21], we define the extended Bayes response associated
with the loss matrix A to any column vector V € RM as

_ AT
B(V) = arg min AV

where arg min; ¢ 4 denotes the minimizing argument, resolving
ties by taking the letter in the alphabet with the lowest index.

We let P denote the true joint probability law of the clean
and noisy signal, and E(-) denote expectation with respect to
P. Throughout the paper, every almost sure convergence is with
respect to P, and any equalities or inequalities between random
variables should be understood in almost sure sense. If we need
to refer to the probability law of clean or noisy signal induced
by P, we denote Px and Py, respectively. If P is written in
a bold face, P, with a subscript, it stands for a simplex vector
in M for the corresponding distribution of the subscript. For
example, Px, .+ is a column M -vector whose ith component is
P(X, = i|z" = 2.

When we have some other probability law denoted as (), and
want to measure its difference from P, a natural choice of such
a measure is the relative entropy rate. First, denote the nth-order
relative entropy between P and @) as

P") _ ( ‘ P(Z"‘))
D, (P||Q) = ;P D) E logQ(Zn) .
Then, the relative entropy rate (also known as Kullback-Leibler
divergence rate) is defined as

.1
D(PQ) 2 lim D, (P|lQ)
if the limit exists. When () is a probability law in a certain class
of HMPs, this limit always exists and the relative entropy rate is
well defined. A more detailed discussion about this limit will be

given in Lemma 2. This relative entropy rate will play a central
role in analyzing our universal filtering scheme.

log

B. Hidden Markov Processes (HMPs)

1) Definition: As stated in the Introduction, the HMPs are
defined as a family of stochastic processes that are outputs of
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a memoryless channel whose inputs are finite-state Markov
chains. Let us denote a general HMP as {Y; } and the underlying
finite-state Markov chain as {S;}. The corresponding alphabet
sizes of each component are denoted as |)/| and |S|, respec-
tively. Then, there are three parameters that determine the
probability laws of {Y;}: = € R*¥IS|, the initial distribution of
finite-state Markov chain; A € RIS¥IS| | the probability transi-
tion matrix of finite-state Markov chain, and C' € RISI* Y] , the
probability transition matrix of the memoryless channel. The
triplet {m, A, C'} is referred to as the parameter of HMP. Let
© be a set of all §’s where 6 := {my, Ag, Cy}. For each 6 and
each realization y", we can calculate the likelihood function

Qo(y") =g H(é’G,tAG)]-

t=1

where 09715 is | S| x |S| diagonal matrix whose (j, j)th entry is
the (7, y:)th entry of Cy, and 1 is the |S| x 1 vector with all
entries equal to 1.

Now, suppose {Z;} is an output of a DMC II, when the input
is a stationary Markov process { X; }. For simplicity, we assume
that the alphabet of each component of { Z; } and { X} are finite
and equal, i.e., Z = & = A. When the order of the underlying
Markov process is k, we can associate the state S; of underlying
finite-state Markov chain with X/}, which has alphabet size
MP*. Then, clearly, {Z;} is also a stationary HMP, and the pa-
rameter set of such HMP is denoted as ©;, C ©O. Note that when
0 € O, 1 € ROM" A4, € RM"'*XM" and ¢y € RM" XM
Furthermore, for some § > 0, we define a set @Z C Oy, as the
set of # € O that has following properties: for the ith k-tuple
state 2% (i) and the jth k-tuple state % (5)

* a9 > 6, if 25(4) is equal to 251 (5);

* a;;¢ = 0, otherwise;

o cirg = (xy(i),7), forall 1 <i< MFand1 <r < M;
where a;; ¢ is the (4, j)th entry of Ag, and c¢;,. ¢ is the (7, 7)th
entry of Cpy. In particular, if # € ©% then: 1) the stochastic
matrix Ay is irreducible and aperiodic; thus, since the Markov
chain is stationary, mg is the stationary distribution of the
Markov chain, and is uniquely determined from Ay, 2) Cy is
the same for all #, and, therefore, # is completely specified by
Ajp. For notational brevity, we omit the subscript § and denote
the probability law @ € ©2,if Q = Qy, and § € O5.

2) Maximum-Likelihood (ML) Estimation: Generally, sup-
pose a probability law @ is in a certain class €. Then, the
nth-order ML estimator in 2 for the observed sequence 2", is
defined as

Q"] = arg max Q(=")

resolving ties arbitrarily. Now, if Q € ©?, then there is an al-
gorithm called expectation—-maximization (EM) [4] that itera-
tively updates the parameter estimates to maximize the likeli-
hood. Thus, when @ is in the class of probability laws of a HMP,
the ML estimate can be efficiently attained.3 We denote the ML
estimator in ©% based on 2" by

Qr.ol2"] = arg max Q(=").
Qeo}

3We neglect issues of convergence of the EM algorithm and assume that the
ML estimation is performed perfectly.

Obviously, when the n-tuple Z™ is random, Qk,g[Z "] is also a
random probability law that is a function of Z™.

3) Consistency of ML Estimator: When P, € @z, an ML
estimator Qk,a[Z"] is said to be strongly consistent if

lim QM[Z"] = PZ a.s.

The strong consistency of the ML estimator Q k.6[Z"] of the pa-
rameter of a finite-alphabet stationary ergodic HMP was proved
in [1]. For the case of a general stationary ergodic HMP, the
strong consistency was proved in [12].

We also have a sense of strong consistency for the case where
Py is a general stationary and ergodic process. By the similar
argument as in [8, Theorem 2.2.1], we have the consistency in
the sense that if the observed noisy signal is not necessarily an
HMP, and we still perform the ML estimation in ©?%, then we
get

lim Qs[Z"] e N as. (1)
where#4

N £{Q € ©]:D(P|Q)= min D(P||Q")}.
Q' EBY

This second consistency result is the key result that we will use
in devising and analyzing our universal filtering scheme.

III. THE UNIVERSAL FILTERING PROBLEM

As mentioned in the Introduction, we will assume a stochastic
setting, that is, the underlying clean signal is an output of some
stationary and ergodic process whose probability law is Px.
From Pyx and II, we can get the true joint probability law P
and the corresponding probability law of noisy observed signal,
Pz. That is

P(X" =a",Z" =2") = Px (X" = 2") [[ (i, 2)
t=1
and

Pz(Z"=2")=) P(X"=a",Z"=2").

A filter is a sequence of probability distributions X = (X4},
where X, : A" — M. The interpretation is that, upon observing
!, the reconstruction for the underlying, unobserved z; is repre-
sented by the symbol & with probability Xi(2Y) [Z]. The notation
X¢(2?)[Z] stands for the #th element of a vector X;(z?). A filter
is called deterministic if X, +(2%) is a standard basis vector in R
for all ¢ and ', and randomized if X;(z") can be any vectors in
M other than standard basis vectors for some ¢ and z*. The nor-
malized cumulative loss of the scheme X on the individual pair
(2™, z™) is defined by

Lila™, =) = = 3" by, X))

4Just as in [8, Theorem 2.2.1], the notion of a.s. set convergence is used. For
any subset & C O, define £, = {Q € ©:d(Q,€) < ¢}, where d is the
Euclidean distance. Then, lim,, .. Q[Z"] € € as. if forall e > 0,3N(e,w)
such that for all n > N (e, w), Q[Z”] € é&..
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where

Uae, Xo(2) = D A, #) Xo(2")[2].

Fex

Then, the goal of a filter is to minimize the expected normalized
cumulative loss E(L (X", Z")).
The optimal performance of the nth-order filter is defined as

¢n(Px.1I) = min E(LX(X",Z"))
XeF
where F denotes the class of all filters. Subadditivity arguments
similar to those in [21] imply
lim ¢ (Px,I) = inf ¢, (Px, 1) < &(Px, II).

By definition, ®(Px,II) is the (distribution-dependent) op-
timal asymptotic filtering performance attainable when the
clean signal is generated by the law Px and corrupted by

II. This ®(Px,II) can be achieved by the optimal filter
Xp = {Xp:} where

Xpi(2')[i] = Pr(B(Px,|.t) = ).

For brevity of notation, we denote Xp(z") = Xp,(z"). Note
that this is a deterministic filter, i.e., for a given z¢, the filter is
a standard basis vector in R for all £. We can easily see that
this filter is optimal since it minimizes E(¢( Xy, X (Z*)) for all
t, and thus, it minimizes E (L (X", Z™)) for all n.

As can be seen, X p (2") needs the exact knowledge of P, |2t
and thus, is dependent on the distribution of the underlying clean
signal. The universal filtering problem is to construct (possibly
a sequence of) filter(s), X yniv, that is independent of the dis-
tribution of underlying clean signal Py, and yet asymptotically
achieving ®( Px,II). We describe our sequence of universal fil-
ters in the next section.

IV. UNIVERSAL FILTERING BASED ON
HIDDEN MARKOV MODELING

A. Description of the Filter

Before describing our sequence of universal filters, we make
the following assumption on the source.

Assumption 1: There exists a sequence of positive reals {6},
such that 63, | 0 as k — oo, and Py satisfies

Px(Xo|X~})>6r as. VkeN. )

For any probability law (Q, we construct a randomized filter
as follows: For ¢ > 0, denote Ly e-ball in RM as B, =
{V € RM . ||V||2 < €}. Then, we define a filter for fixed ¢ as

X (2)[#] = Pr(B(Qy,.: +U) = ) 3)

where U € R is a random vector, uniformly distributed in
B.. For brevity of notation, we denote X§(2") = Xé,t(zt).
This filter is randomized since depending on @ and 2, X§(2")
can be a probability simplex vector in M that is not a standard

basis vector. The reason we needed this randomization will be
explained in proving Lemma 3.

To devise our filter, let us first consider an increasing se-
quence of positive integers {m;};>1 that satisfies following
conditions:

. —1
lim =0,

) lim m; = oo. 4)
i—o0 My

71— 00

Now, define
i(t) = max{i : m; <t}.

Then, given that our source distribution satisfies (2), and for
fixed k, define a random probability law

Q4 2 Qrs, [Z2™®] = arg max Q(Z™®). ®)
Qeoyk

That is, Q}, is the ML estimator in @i" based on Z™it). As
discussed in Section II-B.1, we only need to estimate the state
transition probabilities of the underlying Markov chain to ob-
tain this ML estimator, and this can be done by the EM al-
gorithm. Performing the EM algorithm requires iterative for-
ward—-backward recursions, and is the most expensive part of our
scheme in terms of the complexity. However, since the recur-
sions are efficiently implemented by linear complexity dynamic
programming (a.k.a. the Bahl-Cocke—Jelinek—Raviv (BCJR) al-
gorithm), which is described in detail in [4], the overall com-
plexity of our scheme is still linear in data length. Once we get
Qi,, we can then calculate QZ PARE which stands for the simplex
vector in M whose ith component is Q% (X; = | Z* = z*). This
vector can be obtained again from using the forward-recursion
formula. Note that we get this conditional distribution directly,
not by first estimating the output distribution, and then inverting
the channel, as was done in [18], [19], [21].

Finally, we take as our sequence of universal filtering
schemes, indexed by & and ¢

Xuniv,k = {XE }‘;,t}'
The following theorem states the main result of this paper.

Theorem I: Let X°° € A™ be a stationary, ergodic process
emitted by the source Px which satisfies Assumption 1. Let
Z> € A be the output of the DMC, II, whose input is X ™.
Then

a) lim lim limsupLge (X", Z") < ®(Px,II) as.

e—=0k—o00 n—ooo univ, k

b) lim lim limsup E(Lge (X", Z")) = ®(Px,II).

e—0k—00 n—oo univ,k

A€
Remark: In defining our universal filter X,;, ;, one might

intuitively think that it would be better to use the ML estimator
that updates every point of time, i.e., to define Q% = Q ITRVALR
However, our definition of ¢, namely, using the same ML es-
timator throughout each block, is crucial for our proof of the
above theorem, especially for proving Corollary 1 that follows
below. Besides this technical reason, updating the ML estimator
every time would require higher complexity than our scheme
requires.
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B. Intuition Behind the Scheme and Proof Sketch

The intuition behind our scheme parallels that of the uni-
versal compression and universal prediction problems in the sto-
chastic setting. In the nth-order problem of both cases [5], [14],
the excess expected codeword length per symbol, and the ex-
cess expected normalized cumulative loss incurred by using the
wrong probability law @ in place of the true probability law P
could be upper-bounded by the normalized nth-order relative
entropy 1 D,,(P||Q). Then, to achieve the asymptotically op-
timum performance, the compressor and the predictor try to find
and use some data-dependent @) that makes 1 D,,(P||Q) — 0
as n — oo, that is, makes D(P||Q) zero.

We follow the same intuition in our universal filtering
problem. For fixed k£ and e, our scheme, as can be seen from
(5), divides the noisy observed signal into subblocks of length
(m; —m;_1). Since ==L tends to zero as i — oo, the length
of each subblock grows faster than exponential. Now, to filter
each subblock, it plugs the ML estimator in @i’“ obtained
from the entire observation of noisy signal up to the previous
subblock. From (1), we know that as the observation length
n increases, this ML estimator will converge to the parameter
that minimizes the relative entropy rate between the true output
probability law Pz. Then, to show that this scheme achieves
the asymptotically optimum performance, we bound the excess
expected normalized cumulative loss with this relative entropy
rate, and show that the bound goes to zero as the HMP param-
eter set becomes richer, that is, k£ increases.

To be more specific, we briefly sketch the proof of our main
theorem. Part b) of Theorem 1 states that our scheme is asymp-
totically optimal. As described in the proof of Theorem 1, it is
not hard to show that Part b) follows directly from Part a) and
Fatou’s lemma. Therefore, proving Part a) is the key in proving
the theorem. Part a) states that in the limit, the normalized cu-
mulative loss of our scheme, for almost every realization, is less
than or equal to the asymptotically optimum performance.

To prove Part a), we first fix £ and ¢, and get the following
inequality:
lim sup (L re

univ,k

(X", 2") = gu(Px,T0))

< F(lim sup D(Pz||Q}), e) as. (6)

t—oo

n—oo

where F'(x,y) is some function such that F'(z,y) — Oasxz | 0,
and then y | 0.5 There are two keys in getting this inequality.
The first one is to show the concentration of Ly« (X", Z")

univ, k

to its expectation which will be shown in Lemma 3 and Corol-
lary 1. The second is to get the explicit upper bound function
F(z,y) which will be based on Lemma 4. Once establishing
this inequality, we show that

lim limsup D(Pz||Q%) =0 as. 7

k—oo t—oo

from Lemma 5 and then send € | O to get Part a). Keeping this
proof sketch in mind, let us move on to the detailed proof in the
next section.

SNote that Q% in D(Pz||Q%) is a function of Z™i(*) and thus, is random.
A more formal definition of relative entropy rate between true and the random
probability law like this case will be given after Lemma 4.

C. Proof of Theorem 1

Before proving the theorem, we introduce several lemmas as
building blocks. Lemmas 1 and 2 below give some general re-
sults for the HMPs that we are considering. Our lemmas are
similar to [8, Lemma 2.3.4] and [8, Theorem 2.3.3]. The latter
assumed that all the parameters are lower-bounded by § > 0,
whereas in @i, some parameters can be zero. We take this into
account in proving Lemmas 1 and 2. Lemma 3 shows the uni-
form concentration property of the normalized cumulative loss
on @z, which is an important property that we need to prove the
main theorem. Lemma 4 provides a key step to get the upper
bound described in (6), and Lemma 5, which needs three ad-
ditional definitions, enables to show (7). After building up the
lemmas, we give the proof of the main theorem, which is merely
an application of the lemmas.

Lemma 1: Suppose ) € @i and fix § > 0. Then, for all w,
Q(Zo|Z~}) converges to a limit Q(Zo|Z~L, ) uniformly on ©2.
Proof: To prove this lemma, we need three more lemmas in
Appendix A, which are variations on those found in [1]. Let us
denote f; := Q(Zy|Z=-}) and f, = 0. Then, the sequence { f;}
uniformly converges on 3, if the following & subsequences:
{(Firer,i=0,1,2,....},  0<I<k-1
uniformly converge on ©¢, and have the same limit.

First, the uniform convergence of each subsequence { f]-k+l}
can be shown by showing the series Z;ZO(,f(j+1)k+l — fik+1)
converges uniformly. From Lemma 8 in Appendix A, and set-
tingm =k

t
Z|f(j+l)k+l — fik+t]

=0

= Z Q(Z0|LL’0) Z |Q<x0|Z:(1j+1)k71) - Q(x0|Z:]1k—l)|
) 7j=1

t
< MZ(P&,k,k)Hl
7j=1
where ps . < 1, M < oo and ps 1,1 does not depend on @, w,
and [. Therefore, the series Z;:o( JGi+1) k41— fik+1) converges
absolutely regardless of ), and, hence, we conclude that each
subsequences { f;x+1} converges uniformly on ©%.

Now, to show that the k£ subsequences have the same limit,
construct another subsequence, { fjx+1)+1,J = 0,1,2,..., }.
Since this subsequence contains infinitely many terms from all k&
subsequences, if this subsequence converges uniformly on ©¢,
we can conclude that the k& subsequences have the same limit.
The derivation of the uniform convergence of this subsequence
is the same as that described above, but setting . = k + 1 in
Lemma 8. Therefore, the original sequence { f;} converges to
its limit uniformly on ©3. O

The remarkable fact of this lemma is that the convergence is
not only uniform on @i, but also in w. That is, the convergence
holds uniformly on every realization of z° __.

Lemma 2: For the distribution of the observed noisy process
{Z:}, Pz, and every Q € O}

Pz(%0|7-%) )

s 1 B
D(P||Q) = lim —Dn(Pz]|Q) = E (log Qo7 1)
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Moreover, uniformly on ©

= D(Pz||Q) as.

Proof: This lemma consists of three parts. The first part is
to show the existence of the first limit in the lemma so that the
definition of D(Pz||Q) is valid. The second part is to show that
7’1‘(%‘23?)) Finall
Qzlz=L) ) »
the last part is to show the uniform convergence of normalized
log-likelihood ratio to the relative entropy rate. The first two
parts and the pointwise convergence of the third part is a general-
ization of the Shannon-McMillan—-Breiman theorem. The proof
of these parts is identical to those in [8, Theorem 2.3.3] even for
the case where some parameters in ©% can be zero.

The uniform convergence in the third part of the lemma is
crucial in that it enables to obtain the second consistency result
(1) asin [8, Theorem 2.2.1]. We take into account our parameter
set, and repeat the argument of [8, Lemma 2.4.1]. To show the
uniform convergence, we need to show

the value of the limit is indeed E(log

nlgl;o % logQ(Z") = E(log Q(Z0|ZEOO)) a.s.
uniformly on ©f. Since the pointwise convergence can be
shown and the parameter set ©% is compact, it is enough to
show that %log Q(Z™) is an equicontinuous sequence by
Ascoli’s theorem. That is, we need to show that for all ¢ > 0,
there exists §(¢) > 0 such that if ||Q — Q'||1 < 6(¢), then

llog QZ™) — llog Q'(Z")| <e, forallm  (8)
n n

where
A
1Q —Q'lls 2 |aij — ajyl
1,7

is defined to be the L, distance between the two parameters
defining @Q and Q. This equicontinuity can be proved by ob-
serving that a process {S; = (Xf_(k_1)7Zt)} is a Markov
process under any () € ©%, where {S;} has a state space S =
AF x A. This is true since

Q(St+1|5t) = Q Xt+17 Zt+1|Xt7 Zt)

(
Q(
= Q(Xeq1 | X7 (1)) (X1, Z141)
Q(

Let {z¥(i) : 4 = 1,..., M*} denote the set of all possible
k-tuples of {X;}, and let s = (2¥(i), 2),5 = (2%(j), 2). Then,
the transition matrix 7" of {S;} has elements ¢3 = Q(St41 =
5|S; = s) = aijIl(zx(5),2). Since all A that are in ©9 are
irreducible and aperiodic, and TI(z(j), Z) > 0 forall z1(j) and
z, T is also irreducible and aperiodic. Hence, T" has the unique
stationary distribution 7. In addition, from Assumption 1, we
can observe that for all Q € ©%, Q(S™) > 0 a.s. (with respect
to P).

Since {S;} is also stationary, we have

n—1
Q(S™) =75, [[ tsisies =750 [] 1867
=k (s.5)
where
n—1
Ny 2 1(S; = 5, 8t41 = 5).

~
Il
E

For another probability law Q' € ©2, we have

1 1
|- 105 Q(S™) — - o Q/(5")|

1 1 1 1
< - log 7s,— - log 75, |+] EZng log tss— ;Zng log /.|
(s,8) (s,3)

<|logTs, —logTs, |+ Z |logtss — logtl| 9)
(579)

=|log s, —log7g, |+ Z |log a;; — log a;;| (10)
(4,5)

where (9) follows from the fact that % <1, % < 1, with

probability 1, and (10) follows from the fact that DMC II is
equal for ) and Q’. The summations are over the pairs that have
nonzero transition probabilities.

Since the function f(z) = logz is a uniformly continuous
functionfor < z < 1anda;; > 6 that occur in the summation,
we have for e > 0

€ .
Z|10gaij—loga,'ij| <3 it |Q—Q'|lx < 61(e).
(’i/’j)

In addition, we know that all the elements of the stationary
distribution of 7" are bounded away from zero, since the largest
element of the stationary distribution of 7" is lower-bounded by
ﬁ , and any state can be reached by a finite number of steps
whose transition probabilities are bounded away from zero.
Therefore, for some C; < oo

|log 75, —log s, | < Ci|rs, — 7, |-

Then, from the result of the sensitivity of the stationary distri-
bution of a Markov chain [10], for some C < oo

51 = 7611 S C2 Y ftas = thsl = Co Y lagj — alyl.
(s,5) (4,4)

Hence, for ¢ > 0, we obtain,
|logs, —log7g,| < 5 if Q- Q'lh < ba(e).

Therefore, by letting 6(¢) = min(8;(¢€), 62(¢)), we have

<e if

| T1og Q(S™) ~ T log Q/(5") 1@~ @'l < 8(0)

Let us now go back to the original process Z. From

|05 Q(5™) ~ Lo @/(5)| < ¢
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we have
Q'(X™, Z") < exp(ne)Q(X™, Z™)
thus

"(Z™) = ZQ'(Q;”,Z") < exp(ne)ZQ(m",Z”)

xn xn

= exp(ne)Q(2")

where the summations are again over the sequences that have
nonzero probabilities. By changing the role of Q and @', we
get the result (8), namely, %log Q(Z™) is an equicontinuous
sequence. Therefore, we have the uniform convergence of the
lemma. ]

Lemma 3 (Uniform Concentration): Suppose () € @‘Z, for
some fixed § > 0. Let X ¢ be the randomized filter defined in
(3). Then

lim
n—oo

(Lse, (X7, 27) = B(Lg (X7,2M)) =0 as.

uniformly on ©%.

Proof: This lemma shows the uniform concentration prop-
erty of L X, (X™, Z™). The randomization of the filter is needed
to deal with ties that occur in deciding the Bayes response. A de-
tailed proof of this lemma is given in Appendix B. O

Lemma 4 (Continuity): Consider a single letter filtering set-
ting. Suppoes @ is some other joint probability law of X and Z.
Define single letter filters X p(z) and X§(z) as

Xp(2)[#] =Pr(B(Px.) = &)
X&(2)li] =Pr(B(Qx. +U) = )

where U € RM is a uniform random vector in B, as before.
Then

E(z(X, Xé(Z))) - E(E(X./ XP(Z)))
S AmaxKn - [Pz —Qz|l1 +Ca - €

where the expectations on the left-hand side of the inequality
are under P and Ky = vail T Y|2, and

Op = A= Mol
A arggﬁlla bll2

Remark: This lemma states that the excess expected loss of
a randomized filter optimized for a mismatched probability law
can be upper-bounded by the L; difference between the true and
the mismatched probability laws of output symbol, plus a small
constant term which diminishes with the randomization proba-
bility. This is somewhat analogous to a result for the prediction
problem which was derived in [14, eq. (20)].

Proof of Lemma 4: Define XQ (2)[z] =
Then

B(0(X, X5(2))) - E(4X, Xp(2)))
= 3 Pl 2) (K. X5 () — Hw. Xp(2))

Pr(B(Qx.) = #).

=Y (re
-|-ZQ x,z) ( x, Xé(z)) _£($>XP(’Z))>
maxzm - Q)

(z, z)) : (z(a;Xg?(z)) - z(x,Xp(z»)

+ ZQ z,72) ( 2, X5(2)) — Uz, Xp(2)) (1
ma"z |P(x, z) ,2)]
+ ZQ(x,z)(ﬂ(x,Xé(z)) — U, Xq(2))) (12)

where (11) follows from Holder’s
from the fact that

> Qe z)(¢

Now, let us bound the first term in (12)

Amax Z |P(z,2) — Q(z, 2)|
= A Y 1P() = Q@)|( Y- (. 2))

inequality, and (12) follows

(2, Xo(2)) — Uz, Xp(2))) 0.

N S 1P() - Q)] (13)
—Amaxz (Pz — Q) I

SAmaXZHHz‘_IHQ'”PZ_QZ||2 (14)
< AnacKn - [Pz~ @ (1)

where (13) follows from the fact that ), TI(z, z) = 1; (14) fol-
lows from Cauchy—Schwartz inequality, and (15) follows from
the fact that Lo-norm is less than or equal to L;-norm.

The second term in (12) becomes

> Q@ 2) (U, £5(2) - U Xa(2)))

T,z

=R Q) ZA(x-,:f?) - (f(zg(z)[:fc] - XQ<z>[f:1)
=00 Y (R - XQ(Z)[:%]) A Q..

It is easy to see that the inner summation in (16) is always
nonnegative since by definition, X (z) assigns probability 1 to
B(QX|Z). Now, for a given Q, define

(16)

T
Upmax = arg max (’\B(me-U) - AB(QX‘:)) Qx. (A7)

resolving ties arbitrarily. Then, we have

> (Ko ()i - Ko()la]) - AL Q.

xr

= (Z (Xé(z)[:i’] -)\5;) - /\B(Q(X|z)))TQX\z

Z
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T
< (AB(Q(X|Z)+Umax) - "B(Q(Xlz))) QXIZ (18)
T
< (As@xio) =A@y +0ue)) U (19)
< —_ .
< algg)leAa Ab||2 ||Umax 2
<Cp-e (20)

where (18) follows from (17); (19) follows from the fact

Ag(Ql\,|Z+Umax)(QX|z + Umax) < AE(QX\;)(Q‘Y|Z + Umax)

and (20) follows from the Cauchy—Schwartz inequality. Note
that depending on ) and z, (18) and (19) can be both zero and
hold with equality. Together with (15), the lemma is proved. [

Before moving on to Lemma 5, we need the following
three definitions. In Lemma 2, we have seen that for ) € e,
D(Py||Q) is well defined. Now, let us consider the case where
Q€ @i is some function of the noisy observation Z" (denoted
as Q[Z™]). As mentioned in the footnote of Section IV-B, the
notion of the relative entropy rate between Pz and that random
Q[Z"] is defined in Definition 2 using Definition 1. Definition
3 is also needed for the inequality in Lemma 5.

Definition 1: Suppose Q[Z"] € ©% and f is some function
of (X°°,Z°,Q[Z"]) such that the expectation

B(1(x>, 2.Q12")) = [ (a2, Q") )
exists. Then, the notation E(-) is defined as
B(fox=.7=.Qzm) 2 [ fa, 2 @z, =)

That is, in £ (f(XOO, Z>, Q[Z"])) , the Lebesgue integration
with respect to the randomness of Q[Z™] is excluded. Moreover,
suppose 7 is a set of some time indices, and z7 denotes a subse-
quence of z°° with the time indices in 7. Then, the conditioning
on z7 with respect to E is defined as

B(f(x*,2%,Q12"]

Jr = zq-)

e /f(xoo, 2>, Q[Z™])dP (x>, 2|21 )

where P( - |27) denotes the conditional probability measure
on (2>°,2°°) given zr. Again, the randomness of Q[Z"] is ex-
cluded in the Lebesgue integration.

Remark: The above definitions of £(-) and E(-|-) may seem
subtle. However, the main point of two definitions is simple,
namely, they exclude the randomness of Q[Z"] in calculating
Lebesgue integrations.

Definition 2: Suppose Q[Z"] € ©%. Then, the relative en-
tropy rate between Pz and Q[Z"] is defined as

Py(Zo|Z2%) )

D(PZHQ[Zn]) =FK (10gm

Remark: Note that D(Pz||Q[Z"]) is a function of Z™, and
still is a random variable.

Definition 3: Define the kth-order Markov approximation of
Px forn > k as

PE(x™ 2 Py(xh) T Pe(Xilxi)).
i=k+1

Furthermore, denote P and Pék) as the probability law of the
output of DMC, II, when the probability law of input is Py and
P)((k), respectively.

Remark: Note that Pék) is not the kth-order Markov approxi-
mation of Py, butis the distribution of the channel output whose
input is P(k), the kth-order Markov approximation of the orig-
inal input distribution Py .

Now, we give the following lemma that upper-bounds the rel-
ative entropy rate between Pz and the ML estimator.

Lemma 5: For the given sequence {6y} defined in Sec-
tion IV-A and for fixed k, we have

Tim D(Pz]|Qr,s,12"]) < D(Px|IP{Y) as.

Proof: Recall that Qk’(sk [Z"] is an ML estimator in @‘Z"
based on the observation Z". From (1), we know that

lim D(Pz||Qrs,[2"]) = min D(Pz]|Q) as,
n— 00 QG@kk

Also, (2) and Definition 3 assures that Pék) € @‘Z". Therefore,
we have

lim D(Py[|Qxs,12"]) < D(Pz|IPS) a.s.

This is the link where we needed Assumption 1. Now, let us
denote P(¥) as the joint probability law of (X™, Z™) when the
probability law of input process is P)((k). Then, by the chain rule
of relative entropy [5, eq. (2.67)], we have

P(X", 2™
5 (102 p5 50 7
_ (k) P(z"|X")
=Dy (Px||Px’) + E <1Og P®(Zn]X")
P(X™Z™) )

=D, (P7||PI) + E (log =2 L
(Pz||Py") + <ng(k)(Xn|Zn)

Since the DMC is fixed, we have E(log %)

0. Moreover, by the nonnegativity of relative entropy,

E(log %) > 0. Therefore, we get

k k
Do(PZIPP) < D, (Px || PE).

an(PXHPé,Vk)) always exists

n

Since D(Px ||P{) = limy o0
by ergodicity, we have

D(Pz||P$) < D(Px||PY)

and the lemma is proved. O
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We are now finally in a position to prove our main theorem.

Proof of Theorem 1: As mentioned in Section IV-B, we
first fix k and €, and try to get the inequality in the form of (6)
to prove Part a). To refresh, (6) is given again here

(X", 2") = gu(Px.T0))

< F(lifnsupD(PZHQZ)?e) a.s.

lim sup (L %

n—s00 univ,k

From the definition of L %

univ,k

(X", 2m)
n 7n 1 = €
Ly: . (X".2%) == U(X, X5, (2Y))
t=1
where from (5), we know that Q7 is a function of Z™ *) Since
U( X, X§): (Z°)) is a function of (X, Zt,Q[Z™ ™)), we can
k

define a quantity E(¢(X;, X &: (")) from Definition 1. From
k
this, we also define

E(L .

univ,k

(X", 2") = %iE(K(X o, (7).

Now, we have following Corollary 1 from Lemma 3, whose
proof is given in Appendix C. This corollary is a key step in
proving the main theorem, since it provides a crucial link that
enables to get the inequality in (6).

Corollary 1: For fixed k and €, we have

lim (L)»(;myk (X", 2") - E(LX(

n—oo univ,k

(X", Z"))) =0 as.
From Corollary 1, we have following equality:
(X", 2") = du(Px.T0))

ok (Xn’Zn)) - ¢n(PX-,H)) a.s.

llisolip (L X,
= lim sup (E (LXfm

Therefore , to get the inequality of the form of (6), we can equiv-

alently show

lim sup (E (Lxr

00 univ, k

(X", 7)) = a(Px,T0))

< F(1irnsupD(PZ||Qf€)7 e).

t—o0

Now, let us consider following chain of inequalities:6

Bl (X".2") = ¢u(Px.10)

= % i (E(Z(Xt, Aéz(zt))) — E’(K(XhXP(Zt))))
t=1

= % zn:EA’(EA'(Z(XtXéi (Zt7 thl))|Zt71)

E(K(Xt Xp(Ze, 2712 1))

H max -
S X:EHPZJZ“1 —Qlz, 71l +Ca-e 2D)

t=1

6All the equalities and inequalities between random variables in this proof
should be understood in almost sure sense.

V210 2K A max = 7 | 2 P(Z|Zt-1)

< max t—1

= n ;E E(IOgQi(ZJZt—l)‘Z )
+Cp-€ (22)
— [ P(Z|Zt1)

S 21n2KnAma EZE@OgW)-FCA'e.

t=1 K\t
(23)

The notation Qk Z,| 7t -1 in (21) stands for the simplex vector
in M whose ith component stands for Q% (Z, = i|Z*~'). The
inequality in (21) is obtained from Lemma 4, since II does not
vary with ¢, and given Z*~!, estimating X, based on Z* is equiv-
alent to the single letter setting as in Lemma 4 with the cor-
responding conditional distribution. Furthermore, (22) follows
from Pinsker’s inequality [5, Lemma 12.6.1], and (23) follows
from Jensen’s inequality. By taking lim sup on both sides, we
have

lim sup (E (LX‘

N 00 univ,k

(X", 2")) = gu(Px,I0)

<V2In2KpApax, |limsup — ZE(

n—o0

P(Zi|21) )
®QLZZ)

4+ Cp-€ a.s.,

since the square root function is a continuous function. For the
expression inside the square root of the right-hand side of the
inequality

Z1|Zt 1)
limsup ZE( S QL)
. - P(Z| 2" 1)
=1 E(1 S. 24
e 1o o 7 7emy) 2 OY
. P(Zy| 2~}
zlimsupE(logM) a.s. (25)
t—oo Qk(Z0|Z—oo)
= limsup D(Pz||Q%) as. (26)
t—o0

where (24) follows from Cesdro’s mean convergence theorem;
the numerator of (25) follows from the fact that P is stationary
and P(Zy|Z=}) — P(Zy|Z=L) almost surely by martingale
convergence theorem; and the denominator of (25) follows from
the fact that Q}, is also a stationary law, and with probability 1,
for any € > 0, there exists N such that for all t > N
QL(Z|Z=)) = QL(Zo|Z=1)| < €

which is guaranteed by the uniform convergence result of
Lemma 1. Finally, (26) follows from Definition 2. Therefore

lim sup (E (L Coae Z”)) - ¢n(PX,lT))

lim sup (LXr (X", 2") - an(PX,]]))

00 univ,k

<v2Iln 2KHAmax\/lim sup D(Pz||Qt) + Cx - € as.
t—oo

27)
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which finally is in the form of (6). Now, we need to check if the
right-hand side of (27) goes to zero if we let kK — oo and € | 0.
To see this, consider the following further upper bounds:

lim supD (P ||Q§c)
t—o0

= lignsup D(Pz||QAk,6;c [Z]) (28)
< D(Px||Px,), (29)

where (28) follows from the fact that m;;) — oo as ¢ — oo,
and (29) follows from Lemma 5. The inequality (29) holds for
every k, and by Shannon-McMillan-Breiman theorem [5, Ch.
15.7], we know that D(Px||Px,) — 0 as k — oo. Therefore

lim limsup D(Pz||QL) =0

k—oo t—oo

and thus
lim lim sup (LX‘ (X", 2™) — qﬁn(PX,]])) < Chp-€ as.

500 me—oo univ, k

Finally, sending € to zero, Part a) of the theorem is proved. Part
b) follows directly from a), and Fatou’s lemma. That is
lim limsup (E (LX‘

Jim limsn © (X2 = gu(Px D))

= lim hmsupE(LXe (X zm) - ¢n(PX,H))

k—oo posoo  \ “runmiv,

IN

lim F < lim sup (Lj(r

k—oo oo univ,k

<Ch e

(X", 2") - ¢n<PX7H>))

Note that the expectation here is with respect to the randomness
of probability law within the paranthesis, too. By sending ¢ to
zero, Part b) is proved. O

V. EXTENSION: UNIVERSAL FILTERING FOR
CHANNEL WITH MEMORY

Now, let us extend our result to the case where channel has
memory. With the identical assumption on { X; }, now suppose
{Z;} is expressed as

Z‘t = Xt @ N‘t (30)

where @ denotes modulo-M addition, and {V; } is an .A-valued
noise process which is not necessarily memoryless. We assume
we have complete knowledge of the probability law of {N;}.
Specifically, let us consider the case where {N;} is an HMP,
that is, it is an output of an invertible memoryless channel
I' = {T'(4,j)}ijea whose input is irreducible, aperiodic
{th-order Markov process {S;}, which is independent of { X, }.
Let I'min = min; je4{I'(4,7)}, and suppose ['min > 0. For
simplicity, assume that the alphabet size of {S;} is also .A.

In this model, the channel between X; and Z; at time ¢ is an
M -ary symmetric channel, which is specified by the S;th row
of I'. Define an M x M matrix II; whose (z, 2;)th element is

Iy (¢, 2¢) = PN, (2 © )
:Pr(Zt = Zt|Xt = ZL’t)
= E:PI'(Z1L = Zt|Xt = T, St = St)PI‘(St = st)

St

where © denotes modulo-M subtraction. Now, let us make fol-
lowing assumptions on the noise process:

* {N.} is stationary, i.e., II; is identical for all ¢;

» II, is invertible;

« forall S!_,(w), there exists an « such that Pr(S,|S!_}) >

a > 0.

As stated in [22, Sec. 2-Al], the first and the second assumptions
are rather benign. Especially, for the second assumption, it can
be shown that under benign conditions on the parametrization,
almost all parameter values except for those in a set of Lebesgue
measure zero, give rise to a process satisfying this assumption.
In addition, since this only corresponds to the case when & = 0
in [22, Assumption 1], it is a much weaker assumption. The third
assumption is a similar positivity assumption as Assumption 1,
which enables our universal filtering scheme.

Under these assumptions on the noise process, we can extend
our scheme to do the universal filtering for this channel. First, we
can convert this channel to the equivalent memoryless channel
E = {&((¢,4), k) }i,jnea, where the input process is { (X, S¢)}
and the output is {Z;}. Here, 2 is M? x M matrix, and the
channel transition probability is

£((6,4),h) =T (5, h &)

for all 4, j, and k. To do the filtering, we apply our scheme to
this equivalent memoryless channel. For fixed k > ¢, as in Sec-
tion II-B.1, define a parameter set of HMPs, ©,, whose Markov
chain has M**¢ states, and the memoryless channel has dimen-
sion RM"“* XM The kth-order conditional probability of our
new input process is

Pr(Xy, Si| X{ 7y, S{75)

= Pr(Xe|X{ ;) - Pr(S:|S; 7))
Z 6k e (31)
where (31) follows from Assumption 1 and the third condition
on the noise process. Let v = 65, - . Then, we can model {Z; }
in ©}*, or equivalently, model (X;, S;) as kth-order Markov
chain, and obtain Q%,, the ML estimator in ©]* based on Z™i(»).
By forward recursion, we can get Q% (X4, S¢|Z"), and by sum-
ming over S;’s we can calculate Q% x|zt the simplex vector in
M whose ith component is Q% (X = i|Z"). Then, finally, we
define our sequence of universal filtering schemes as

€

Xuniv,k = {XE z,t}

exactly the same as we proposed in Section IV-A.

The analysis of this scheme is identical to the one given in
the proof of the main theorem. Equation (21), which is the only
place where the invertibility of the II is used, can also be ob-
tained in this case due to the second assumption of the noise
process. Thus, we again get

lim sup (Lj(r (X", Z") — ¢n(PX7H))

00 univ,k

< 2V210 2K A o \/lim sup D(Pz||QL) + Cp - ¢ as.
t—o00
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Since
limsup D(Pz||Q},)
t—o0

= limsup D(Pz||Qu..[2']) < D(Px||Px,)

by the same argument as Lemma 5, we have the same result
as Theorem 1. Thus, we can successfully extend our scheme to
the case where the channel noise is an HMP with some mild
assumptions.

VI. DISCUSSION

Throughout the paper, we have only considered the case
where the input, output, and reconstruction alphabets are equal.
However, we can easily extend our result to the case where the
alphabet sizes are different (but still finite). In that case, the
condition on the channel, parallel to the invertibility condition,
is that the channel transition matrix should have full row-rank.
Since the argument of the extension would be rather straight-
forward, we omit the details in this paper.

The result that we attain in Theorem 1 can also be attained
by the schemes devised in [18], [19]. Therefore, we have shown
that a completely different approach can achieve the same goal
in the universal filtering problem when the underlying signal is
a stationary and ergodic process. In addition, our work gives the
first theoretical justification of using HMP models for filtering,
which is a prevalent approach in practice where the underlying
signal need not be a Markov process. Furthermore, it is not clear
how to extend the schemes in [18], [19] to the case of channels
with memory, whereas the extension of our scheme to such cases
is quite simple in some settings (e.g., when the noise is an HMP),
as in Section V.

As described in Section IV-A, our filter is a randomized filter.
The randomization is necessary in obtaining the continuity re-
sult of Lemma 9 Part a), which we use for proving our main
theorem. Whether a deterministic version of our filter, i.e., a
filter that is defined without U in (3), is universally optimal re-
mains an open question. The filter devised in [18], [19] is also
a randomized scheme, and a parallel discussion regarding the
randomization is also given in [19, Sec. VI]. In contrast, a filter
that appears in [24], which is equivalent to the scheme in [21]
that only utilizes a one-sided context, is a deterministic scheme
that can indeed achieve the asymptotically optimal performance
in Theorem 1. Therefore, when the channel is memoryless, the
randomization of a universal filter is not necessary in general
to achieve the performance goal of Theorem 1. However, when
the channel has memory as in Section V, we are not aware of
any deterministic filter that can be universally optimal for any
underlying stationary and ergodic process.

VII. CONCLUDING REMARK AND FUTURE WORK

In this paper, we proved that, for the known, invertible DMC,
a family of filters based on HMPs is universally asymptotically
optimal for any general stationary and ergodic { X;} satisfying
some mild positivity condition. That is, we showed that our se-
quence of schemes indexed by % and ¢ achieves the best asymp-
totically optimal performance regardless of clean source dis-
tribution. We could also extend this scheme to the case where

channel has memory, especially where the channel noise process
is an HMP.

The future direction of the work would be to ascertain the re-
lationship between k£ and n, such that we can devise a single
scheme that grows k with some rate related to n. Attempting
to loosen the positivity assumption that we made in our main
theorem and extending our discrete universal filtering schemes
to discrete universal denoising schemes are additional future di-
rections of our research.

APPENDIX A
THREE LEMMAS

Here, we revise three lemmas from [1] regarding probability
law of HMP. These are needed to prove Lemma 1. For the fol-
lowing three lemmas, fix & and 6, and suppose ) € 92. Also,
fix some m € N, such that m > k. Proofs are similar to [1, the
Appendix]. Note that {X;} is still our clean signal and {Z,} is
the noisy observed signal (not necessarily an HMP).

Lemma 6: We have

Q(Xt+m = J|Xt = Z'7 Ziooo) > s, km
where
M—-1

ik = (14 )71
ps,mte = ( +(5.Hmin)m+k)

is independent of ), 22,4, 7.
Proof: From Markovity and conditioning

Q(Xt+m = j|Xt =1, Ziooo)

Q(Xpgm = J'|Xe =1, 22)

- Q(Xtpm = J, 22| X4 = i)

B Q(Xt+m = j/7ZSOoo|Xt = 1)

QX =3, 2 i | X = 1)

a Q(Xt4m = jl7Ztoim+k+1|Xt = 1)
QUZIT Xy =i, Xoym = )
QUZIT™MXy =i, Xoym =)

(32)

Now, let us bound the terms in (32). First

QXetm = J, 2% mirr| Xe = 4)

QXetm = s 2% g | Xe = 9)

Y QX etk = oy Xewm = G5 255 pga [ Xe = 1)

. 2o QX ttmar = Jo, Xewm = 77, 2% g1 [ Xe = 1)
jo aftal; Q3% miny1| Xeamtk = Jo)

k — 4
o az}faj/jOQ<Ztoim+k+1|Xt+m+k = Jjo)

where a2, stands for the (7, s)th element of AP, the pth power
of the transition matrix A.

Note that af} > 6™ and a¥; > 6%, Vi, j, jo from the assump-
tion of ©9. Let Q(Z5%,, 4 41| Xt4m+k = jo) = cj,. Then, the
last expression is

m k .

@ij 2455 Y50 Yo (33)
a™ Y. ak . o

v Jo 3’3o 70
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Since
k
E %
ok > iy ak o K
a (6 Jo J'Joa”, . a
Jo Jjo Jo 9750 < max JJ0
ak o . a,ak ~ jo \a¥
Jo 73'jo 0 Jo 203" jo 0 7' Jo
we have
m k m , k
a-: a’. a::a’”. 1
(83) <~ max (2 ) < max (2 ) < Do (34)
a o \a¥. 5,3 doNa™ ak, ; om+
ij 3’40 i35 jo

Now, let us look at the second term in (32). Suppose 7 = {t +
1,...,t+m+ k}\{t + m}, and let z7 stand for the sequence
of z4’s where ' € 7. Then
QUZF Xy =i, Xeym = J)
QUZITT Xy =i, Xogn = j')
_ ZMQ(ZEH”ﬂXt =i, Xirm=J, Xr=27)-Q(z7i,J)
> QUL X =i Xoym=1', Xr=27)-Q(a1]i, §')
1

(35)

[ —
o (Hmin)m+k
where Q(xz7]i,j) stands for the conditional probability
QX1 = 27| Xt = 1, X44m = j). Thus, from (34) and (35)

1

(32) < G5y

A

Let now p; = Q(X¢ym = j| Xt = i, Z>), then

).
L=pj+ Y pj Spj+(M_1)(5-H7-J)m+k
ey -

M-1

and thus, p; > (1 4+ m)—l which proves the lemma.

-

Lemma 7: Suppose when 7 is a set of time indices, x1
and z7 stand for the sequences of z;/’s and z;/’s where t’ € 7.
Now, consider following two arbitrarily given sets:

C,ex>™ 2 {xT T C ZZtU{oc}}
and
Dez>_ % {ZT 1T C ZU{OO7—OO}}.

For d € N, define
M ém?xQ(CAXt_dm =i,D)
My émiinQ(Ct|Xt_dm =i,D).
Then
MF = M7 < (pspm)’™"

where ps km = 1 — 2/is k,m.
Proof: From the argument of Lemma 6, it is easy to see
that

Q(Xt+m = ]|Xt = 7’7D) Z s, k,m

is independent of D as well. Now, define

IYL(d) é Q(Ot|Xt—dm = 7:7 D)

Bij(d) £ Q(Xi—am = jIX¢—(a41ym = i, D)
it (d) Zarg max Q(Ce| X (441ym =1, D)

1 (d) =argmin Q(C¢| Xt—gm =i, D).

(1>

Since 6, k, and m are fixed, let us simply denote it = fi5 1 m.-
Also, let us omit d and the parenthesis for the above four quan-
tities to simplify notation. Then

M, = QO X (ariym = i*, D) = Y Bt
i

=nMy + (Bivi- = WMy + Y v
A=

<uMy + (Bi+i- — m)MJ + Z Bis i M7 (36)
i

=uMj; + (1 — p)M; (37)

where (36) is possible from Lemma 6, since 3;; > p forall ¢, 5.
By the similar argument, we get

My, > pMF+ (1= p)My . (38)

By subtracting (38) from (37), we get

My

= My, < (-2 (M — M) < - < (1-20)",

d+1 —

thus, proves the lemma. Note that since u = s x,m < %, we
know 0 < ps r,m < 1. Also, the result does not depend on Q. [J

Lemma 8: Forallp,d > 1,and0 <[ <m —1

|Q(Ct|Z{,—dm—l> - Q(Ct|Z{L(d+1)mfl>| S (pﬁ,k,m)d+1'

Proof: By conditioning

Q(Ct|th—(d+l)m—l)

= Z Q(Ct|Zf—(d+1)m—l’ Xi—(d+2ym = J)

J
'Q(Xt—(d+2)m = j|Z§)—(d+l)m—l)
and, therefore
Mgy < Q(CHZY_ (44 1)) < Mo
On the other hand
Q(Cel Z{_ gy )
= Z Q(Ct|Zf—(d+1)m—l)

St—dm—l—1
t—(d+1)m—1

—dm—I1—1 —dm—I1—1
'Q(Ztt—(d+1)m—z = Z:—(d+1)m_z|Zf—dm—z)
and, thus
Mgy € Q(CHZY 4)) S M.

Therefore, from Lemma 7, we have

|Q(Ot|Zf—dm—l) - Q(Ct|Zf_(d+1)m_l)|
< M;_+2 - Md_+2 < (Pé,k,m)d—l—l-

Note that the result does not depend on either ) or [. O
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APPENDIX B
PROOF OF LEMMA 3

Before proving Lemma 3 we need the following lemma first.
Parts b)-d) are crucial for Lemma 3, and Part a) enables Part b).
The continuity result of X 6(22;) in Part a) is the key reason
why we need the randomization of the filter.

Lemma 9: Suppose Q) € @z and fix 6 > 0.
a) We have

1X6(2%,) — X522,
<M. 1@ 0, — @xypz0, [

where #1,¢2 > 0 are arbitrary integers. That is, for any
integer ¢ > 0 and any individual sequence 22, X¢,(22,)
is a Lipshitz continuous function in @, 120,
b) £(Xo,X§(2°,)) — £(Xo0, X5(Z° ) as. uniformly on
o,
¢) Forall Q € ©%, and for all w, there exist 0 <y <1, 3>0,
such that |Q(Xo|Z%,) — Q(X0|Z2° )| < B
d) For fixed t,7 > 0, there exists some finite set (¢, n) C
@i, such that
. 0 / 0
max  min max Tolz,) — xolz_,)| <.
i, e |Q(wol2Z4) — Q' (wol22)| <
Proof:
a) For given simplex vector @, fixed Z, and B, defined as in
Section IV-A, we define followings:

« S:(Q) = {WeB.:BQ+W) =il
» DP(i) £ {c:e=A; — A,, foralla € A\{#}};
° dlSt(Q CTy = 0) é min‘ye{‘y€RM:cT'y=O} ”Q — y

In words, Sz(Q) is a set of vectors in e-ball, B., that
makes the Bayes response B(Q + W) equal to z:; DP(&)
is a set of normal vectors that define the decision planes
{y € RM . ¢y = 0,e € DP(#)} which separate
the reconstruction alphabet z and other alphabets, and
dist(Q, eT'y = 0) is the shortest Ly distance from a sim-
plex vector @ to the plane {y € R™ : ¢’y = 0}. Then,
for some fixed ¢, by definition

Vol(S5(@xy o)
Vol(B.)

|2

X5(2)l#] =

where Vol(-) is a volume of a set. Since Vol(B.) is a
constant, for any #; and ¢5, we have

DeACURIEI AEMI ]
[VOI(S:(Qx, 20, )) = Vol(Sz(@xyje0, )]
= Vol(B] . (39)

For the numerator, as a crude bound, we obtain

|V01(S§;(on|zgtl ) — VOI(S&:(QXO\ZO_tQ )

<Vol(BM-1) Z dist(Qx, .0, ,c'y=0)
ceDP(2) '

_diSt(QXolzth s cTy = 0)

; (40)

where BM~1 = {U € RM~1 . ||U|| < ¢}. Since

_ Q|

dist(Q, ¢’y = 0) =
( )= el

we have

dist(Qx, .0 ,€"y = 0) —dist(Qx,.0 ,e"y=0)
—tq —to

|cTQX0|zgt1 | - |CTQX0|20_12|
a llell2
cT(QXOIZ(lt - QX0|z3t, )
< 1 2 (41)
llell2
<N@xqpz0, = @xyp0, 2 (42)
<@xyp0, — @xop0, It (43)

where (41) follows from the triangular inequality; (42)
follows from Cauchy—Schwartz inequality, and (43) fol-
lows from the fact that the Lo-norm is less than or equal
to the L1-norm. Therefore, (40) becomes

|V01(S5_«(QXO|Z041) - VOI(SQ%(QXole,f2 )l
< M -Vol(BM-1y. 1@, -0, = @0, I
and, thus, (39) becomes
1X§ (22, )[E] — X5(=2,,)[#]]
<ap. YolBIT 1Q(Xo|22,,) — @( X022,

= Vol(B.)
<M- ||QX0\z07f1 - QX0|z07t2 ||1

Therefore, we have

IXG(22,) = X5(224,)Ih
< M? . ||QX0|207)€1 - QXo\zEtz ”1

and Part a) is proved.

b) By the exact same argument as in proving Lemma 1, we
can easily know that Q(X¢|2%,) — Q(X,]Z° ) for all
w, uniformly on @ik. Since we have

(X0, RG(22,) = (X0, X5 (22,0)

= | 20 A8 (Ko (2218 - Xo(20.) ()|
SAmaxHXé(th) - Xé(ZEOO)Hl

< AmaxM* - [|Q(X0]22,) = Q(Xo| 2200) 1

we get the uniform convergence.

c) Again, let us follow the argument in the proof of Lemma
1. Suppose t = jk+I, where j = [t/k],and | = t mod k.
Then

Q(X0]2°,) = Q(Xo]Z°)]
= QX022 j1 1) — Q(Xo|Z2 )]

< Z 1Q(X012%3—1) — Q(X0|Z9(i+l)k—l)|

i=j
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<3
1=j
_L
_ Pt/ _ pE (p/H)!
1—-p 1-—0p 1—p
1
< l/k t
_—1_p(p )

(44)

(45)

(46)

where p = ps i1 as defined in Lemma 7, and (44) follows
from Lemma 8. By letting 3 = 12—, and v = p'/*, we

have proved Part c). ’

d) We know that for the individual sequence pair (z¢, 2° ;)

For Q € ©9 II is fixed and we can think of

1. _,T(x;,2) as a constant for the individual se-

i=—t
quence pair (22,,2°%,). Since

Q(0]2",) is the ratio of two finite-order polynomials of

{ai;}, and as ©Y is closed and bounded, Q(zo|2%,) is
a uniformly continuous function of {a;;}. Therefore, for

given 7, 3e(n) such that [|Q — Q'||1 < €(n) implies

max |Q(zo]z2;) — Q' (w0]22,)] <

z0,27,

since there are only finite numbers of possible (¢, 22,)
pairs. Also, since ©f is compact, we can always find a
finite set F(¢,n) that for any Q € ©%, there exists at
least one Q' € Fy.(t,n) that satisfies [|Q — Q'||1 < €(n).

O

Therefore, Part d) is proved.

Proof of Lemma 3: To prove Lemma 3, first consider fol-

lowing limit:

n—oo

lim E(LXEQ (X", Z"))

.1 o
= lim — ;E(K(Xt,XQ(Zt)))

lim E(K(Xt, Xé(zt)))

t— o0
= Jlim B(¢(Xo, Xg(2%11))

= E(K(XO, Xé(ZEm)))uniformly on O}

(47)
(48)

(49)

where (47) is from Cesdro’s mean convergence theorem, (48) is
from stationarity, and (49) is from Lemma 9 Part b) and bounded
convergence theorem. Thus, to complete the proof, we need to
show that

lim Ly (X”7Z"):E(£(XO7X§?(ZEOO))> as. (50)

n—oo Q

uniformly on @‘Z,. Now, let us show the pointwise convergence
in (50) without the uniformity by using ergodic theorem. For
given (), define

90.0(X, 2) £4(X0, X5(Z° 1))
90(X, Z) £4(X0, X5(2°))

and denote by T the shift operator. Then, what we should prove
becomes

1 n
lim = 3" g o(T4(X, 2)) = E(gQ(X, Z)) as.
n—oo n
t=1
while the ergodic theorem gives

Tim. % > 90(T'(X,2) = B(ga(X. 7)) as.

t=1

Observe that

S 0ea(T(X,2) = = 3 go(T'(X, 2)|
<y

t=1

1 < 5 5
=3 |exn Xo(21) - 60X, Xo(2L0)|
t=1

900(T'(X, 2)) - go(T'(X, 2))|

Since Lemma 9 Part c¢) holds for all w, we can think that the
lemma holds for all individual sequence pairs (zo, 2° .. ). Thus,
it holds for all individual pairs (z;, 2" ) as well, and we can
conclude that Q(X¢|Z}) — Q(X:|ZL.) for all w as t —
oo. Hence, by exactly the same argument as Lemma 9 Part a)
and Lemma 9 Part b), we conclude that K(Xt,Xé(Z{)) —
(X, Xé(Zioo)) almost surely as ¢ — oo. Now, by Cesdro’s
mean convergence theorem, we obtain

1 < € €
-y e, Xo(24)) — X0, X(7L0))| = 0 as.
t=1

Therefore, we get
Ly (X", 27) - E(z(XO,Xg?(ZEOO))) as.

Note that up to this point we cannot guarantee the uniformity
of the convergence, since the ergodic theorem only gives the
individual convergence for each (). To show the uniformity of
the convergence in (50), first define the following quantity for
some fixed integer ¢ € [1,n — 1]:

Ly (X™.27)
1 : € 1 g € i
== (Zﬁ(xi,XQ(ZJ) + > f(Xi,XQ(Z;_t))) :
i=1 i=t+1
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From Lemma 9 Part d), for any Q € © and fixed ¢, 7 > 0, we
can pick some Q' € Fi(t,n) such that ||Q — Q'||1 < €(n), and

thus

max |Q($o|7 1) = Q' (z0]22,)] <.

0,29

By adding and subtracting some common terms involving such
Q’, and from the triangle inequality, we have

Lg: (X", 2") - E(é(XmXég(Z?oo)))’

< Lo, (X", 27) = Lge (X", 27)

Ly (X" 2"~ Lge (X7, 27)
Ly, (X727~ Lge (X7, 27)
L, (X7, 27) = B(0(X0, X5 (22.0)))]

+‘E(£(X0,X(3,(ZEOO)))—E(z(XO,Xé(ZEOO)))‘. (51)

Now, the goal becomes to show that the terms in the right-hand
side of the inequality converges to zero independent of () as n,
t, and ) vary. First, we will bound each term, and send n — oc.

i)
‘LX; (X", 2") = Ly (X", 27)

s% > \f(xi,xazi» X X7

i=t+1
Amax - Z HXQ AXQ(ZzZ t)”l
1=t+1
1 n
< AmaxM? - - > 1@y 20, — @xypz0, I (52)
i=t+1
1 « ;
<A M- = N (B + ) (53)
n 1=t+1
— Amax M3B3~"  a.s. uniformly on ©% (54)

where (52) follows from stationarity and Lemma 9 Part
a); (53) follows from Lemma 9 Part c), and (54) follows
from the Cesdro’s mean convergence theorem. Since (53)
does not depend on @, the limit is uniform on ©%.

ii)

‘L (X", 27") = Lge (X", 27)
€ 7 € i tAmax
<- LS X Kl — 1K, K (2L ) +
i=t+1
) 2 Amax
Amax Z “XQ Zi t XQ’(Zz t>||1+
1= f+1
/ Amax
< Amax M- Z 1Qx, 1z, — @xz: I + (55)
L t+1
-t tAmax
S Amangn i +
n
— Npax M 377 a.s. uniformly on @i (56)

where (55) follows from Lemma 9 Part a), and (56) fol-
lows from Lemma 9 Part d). Since (56) does not depend
on (), the limit is also uniform on @z.
iii)
LXE;)’.t(X WA LXcQ/(X AS
— AmaxM?’/B'yt a.s.

by following the same argument as i). Since F(t,7) is
finite, this convergence is uniform on Fy (¢, n).
iv)
‘L (X", Z") — E(K(X07Xé,(Z900)))‘ ~0 as.

from the proof of pointwise convergence above. As in iii),
this convergence is also uniform on Fy(t, 7).

v)
B (80X, X (22.0))) — B(£(X0, X5(22.))|
< |B(0x0, %o (22.00)) - B (8%, X(2%))))|
| B (00, Ko (22)) - E[E(me(é(th)))‘
+ |2 (u XO,X&,(ZL))) - B(00X0, X6(2°)))|
<Y Plao )0, X (2.0)) — Hwo Ko (=

ZE(J,ZO

)|

LIZ()Z

)0, K5 (2,) = (w0, £5(2)|

Plao, 2 \mo,xQ< ) = b, X(:2)

:ro,z
< Amax M? (ZW +7)

by similar argument as in i) and ii).
Therefore, by taking limit supremum on both side of (51), we
get
lim sup ‘L (X", Z") — E(é(XO, Xé(zﬂw))) ‘

n—o0

< AaxM? (46" +27)  as.

uniformly on ©%. Since ¢ and 7) are arbitrary, by sending t — oo
and 7 | 0, we have

limsup | Ly (X7, 27) - E(Z(XO,X&)(ZEOO)))‘ <0 as.

n— 00

uniformly on ©%. Thus, the lemma is proved. O

APPENDIX C
PROOF OF COROLLARY 1

Proof of Corollary 1: First note the subtle point that Corol-
lary 1 does not directly follow from Lemma 3. Since the proba-
bility law Q% that we are using to filter each block is changing
every block, whereas the uniform convergence in Lemma 3 is
for the fixed Q € @i"' for all ¢, it is not enough to guarantee
the corollary. However, since Qz remains the same within each
block, we can still use the result of Lemma 3 if the block length
gets long enough. Keeping this in mind, let us take a more
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Mi(n)—1 Mi(n)
1 1

n MMj(n) 41
I

Fig. 1. The time line.

| /l
(?[Z""’(”)"] (?[Zm,(,,)]
careful look at each block. In the proof, for brevity of notation, My 1 Mi(n)

let us denote
6(Q) £ U(X,, X5(2"))

since we are always dealing with the randomized filter, and there
is no possibility of confusion. Now, fix any § > 0. Then, from
(4), there exists some I, such that

mr_—q 6
SAmaX

mr

and from Lemma 3, there exists some N such that foralln > N

max |Ly

Qeo’k (X", 27) =
K

X ELg: (X", 2")| <8/4. (57)

Recalling the definition i() £ max{i : m; < t}, we let Iy =
max(/,i(N) + 1). Then, for any n > mz, and m;;) < n <
Mi(n)+1

(X", Z") — ELge

umv k

E((@p) )|

‘L (X", 2"

univ,k

7.(77,) 1

—\ 0(Q}) -

1 Mi(n)

g
n

t=m;(n)—1+1

n

o Y (w@umen) -

n
t=m;(,)+1

(a(@[zmwnw )= B(eQzm 1))

B(L(Q2™ ). (58)

Note that in the second and third terms, Z is fixed to

Q[Z™im=1] and Q[Z™im] from the definition of our filter.
Fig. 1 summarizes the time line with the above notations.

Now, we can bound each term in (58). For the first term, since
2> M) 2 M, We know that

Mi(n)—1 o

Mim)—1 <
8Amax .

n T My(n)

Therefore

Mi(n)—1

H > (@b -

For the second term, since n > m;(,) > N, and from (57)

o )
< ” Amax =5
~ 8Amax 8

B(6(Q1)))

Mi(n
1 (n)

S

t=m;p)—1+1

((Quzm 1) = BeQizm o))

<

Z(et QLz™ =)= E((Qlz™ )|

n m,(n)

“1) 1

—\ (#(Qlzmn=)

6 36
Amax = =
8Amax 8

- B(QLzme))) |

+

Finally, for the last term

n

oy (w@izmen

t=m;n)+1

‘Z Et O[zmi]) —
2

- B(t(Qz™ ) )|

Bt (@QLzmo))|

QIZ" ) = E(t(QIz™ )|

<

N r
>

=
»Jkl%

Therefore, for any n > my, and m;)y < n < Myn)41, W
have

‘Lx;niv.k (Xn7 Zn) o ELX:miv.k (Xn7 Zn) < 5’
and since 6 was arbitrary, we have the corollary. O
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