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Abstract—In this work, we study the asymptotic properties of
the waiting time until the opening string in the realization of a
process first appears in an independent realization of the same
or a different process. We first establish that the normalized
waiting time between two independent realizations of a single
source obeys the large deviation property for a class of mixing
processes. Using the method of Markov types, we extend the
result to when both the sequences are realizations of two distinct
irreducible and aperiodic Markov sources.

Index Terms—Large deviation property, waiting times, Markov
types, Markov processes, mixing processes

I. INTRODUCTION

For two processes X and Y having probability measures P
and Q, the waiting time W, is defined as the time until the
opening string z' in the realization x of the X process first
appears in an independent realization y produced by the Y
process. Wyner and Ziv [1] initiated the study of the asymp-
totics of waiting times and showed that for  and y realizations
of a stationary ergodic Markov source (1/n)log W,, — H in
probability, where H is the entropy rate of the Markov source.
Shields [2] proved that the result holds almost surely. Luczak
and Szpankowski [3] analysed waiting times allowing distor-
tion between the strings. Kontoyiannis [4] showed that for X
ergodic and Y Markov, (1/n)log W,, = H(P)+ D(P || Q)
a.s., where D(P || Q) is the relative entropy rate, defined
in Section IV. It seems natural to examine the conditions on
X and Y under which the large deviation property holds for
the normalized waiting time. We establish a class of mixing
processes for which the large deviation property holds for
Wyner and Ziv’s result. We also show that the large deviation
property holds for Kontoyiannis’ result if X and Y both are
irreducible and aperiodic Markov sources.

Abadi [5] proved an upper bound for the difference between
the exponential distribution and the distribution of the first
occurrence of a string in a stochastic process (hitting time)
with a finite alphabet, which we shall use in our work. We use
the idea that the waiting time conditioned on a given sequence
is the same as it’s hitting time. To prove the large deviation
property for Kontoyiannis’ result, we will also use the theory
of Markov types introduced in 1981 by Davisson et al. [6].

The rest of the paper is organized as follows. Section II
introduces the notation and previous results. In Section III we
prove the large deviation property for the normalized waiting
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time between realizations of the same source satisfying certain
mixing conditions. In Section IV we discuss the theory of
Markov types and extend our result to realizations of two
distinct irreducible and aperiodic Markov sources. Section V
contains the concluding remarks and potential applications.

II. NOTATION AND KNOWN RESULTS

Let {X,}"=>=_ and {Y,}"=>_ denote stationary and

ergodic processes defined on (&7, 0, P) and (#/°,,0,Q)
respectively. 7 denotes the common set of alphabets which
is taken to be finite and o is the sigma field generated by
finite dimensional cylinders. 7™ denotes the set of all n-long
sequences over /. P and @ are the probability measures. We
denote {X,}"=>=_ by X and {Y,}"=>_ by Y. X is called
1p-mixing if

|P(ANB) — P(A)P(B)|

P(A)P(B)

<yl) (@D

sup
AGUEOO,BGG'SLCJH
where 1)(1) is a decreasing sequence converging to 0 and af
denotes the sigma algebra generated by X; = X; X, ;...X].
X is called ¢-mixing if
|[P(ANB) — P(A)P(B)|
P(A)

<o) (2

sup

AEJEOO,BGU;’LC_H
where ¢(1) is a decreasing sequence converging to 0. For each
block B € &, let [B] = {x : 2] = B} denote the cylinder
set defined by B. Define the waiting time (hitting time) to the
cylinder set [B] by

rp(z) = inf{i > 1: T'(z) € [B]} (3)

where T is the left shift map defined by (Tx)r = xgy1. Let
{zp, 1=, and {y,}n=>° denote particular realizations of
X and Y respectively. Now define the waiting time between

x} and {y, }1=> to be:

Wo =Wa(al,y) =min{j > 1:27 =97} (@)

As a dual of waiting time W,,, match length L,, = L, (z,y)
is defined as follows:

, P k-1
Ly =max{j >1:a2] =y

,for some k € {1,...,m}}
&)
Abadi’s Theorem [5]: Let X be )-mixing or ¢-mixing with

¢ summable i.e. > ¢(l) < oco. Then, there exist constants
!



C>0,0<¢& <1 <& < oo, such that for all n € N,
A€ ™ and t > 0, there exists {4 € [£1,&s], for which the
following inequality holds:

|P(14 > t) — e 4P < Ce(A)e™ 4D (e, P(A)EV 1)

where €(A) = inf,<a<i/pa)[AP(A) + x(A)], C > 0
is a constant, * is ¢ or ¢, (a V b) denotes max(a,b) and
Ce(A) — 0 as n — oo.

From now, we will denote Ce(A) by c4. The following
result is from [7] (Eq. 4) which we are stating as a Lemma
for ready reference.

Lemma 1: For an exponentially ¢-mixing process (i.e.
#(l) < e L,V 1 > lp), for all n-long sequences s = x7 € &7,
there exist D >0and 2 >0, s.t. Vn > ng

cs < De™?"
We will also make use of the following definition and fact
later-
Definition 1 [8]: X has exponential rates for entropy if for
every € > 0,
P({x} : 27 MHP)FT) < p(gn) < 27

where k(e) >0V e>0,k(0)=0

n(H(P)—e¢) }) > 1767k(e)n

Fact 1 [8]: An irreducible and aperiodic Markov source is
exponentially ¢-mixing and has exponential rates for entropy.

III. WAITING TIME FOR REALIZATIONS OF SAME SOURCE

Let H denote the entropy rate of Source S having measure
P and P denote the product measure P x P.

Lemma 2: If S satisfies ¢-mixing condition or ¢-mixing
condition with summable coefficients and with exponential
rates for entropy, then for two independent realizations, x and
y of the source,

P(log W, —f(e)n
n

>H+e<e Vn > Ny (e)

where f(e) >0V e > 0and f(0) =0
Lemma 3: If S is exponentially ¢-mixing and has exponen-

tial rates for entropy, then for two independent realizations, x
and y of the source,

log W,

PP( <H—¢)<e 9" vn > Ny(e)

where g(e) >0V e > 0 and g(0) =
Combining Lemma 2 and Lemma 3 we have

Theorem 1: If S is exponentially ¢-mixing and has expo-
nential rates for entropy, then for two independent realizations,
z and y of the source,

log W,
n

P(| — H| > ¢) < 2e Mo

¥n > N(e)

where  h(e)
max{N1 (6), N2

min(f(e),g(e)) and N(e)

(6)}.

Hence if S is an irreducible and aperiodic Markov source,
then the normalized waiting time between two independent
realizations of S obeys the large deviation property.

A. Proof of Lemma 2

We define A, (d) as the following set of n-long sequences,

Ap(8) = {xh : 27"HF) < p(gh) < 27H=9Y ()
log W,
P(2E 0 S H €)= P(W,, > 2n(H+)
n
= Z P(s)P(W,, > 2"H+) |z — 5)
sEH "
= > P(s)P(W, > 2"+t = 5)
SEA, ()
+ Z P(W,, > 2MHF)|gn = 5)
SEA,(6)°
@ n(H+e€)
< P(s)e 8 P(5)2 (14 ¢(E,P(s)27HF9) v 1)
sEA, ()
+ > P(s)
SEA,(6)°
®) n(H+e)
< 30 Pe)e PO (1 ¢ (6 P(s)2 T v 1)
s€ARL ()
+ > P(s) 7
sE€EAL(8)

where (a) follows from Abadi’s Theorem (waiting time condi-
tioned on s is the same as the hitting time for s), (b) follows

as & € [&1,&). For s € A, (), we have
2n(575) < 2n(H+e)P(S) < 2n(6+6). (8)
For every € > 0 choose § = §. Consequently, we have
205 < 2”(H+€)P(s) < o(359) )

Since cs — 0 as n — oo, fora given d > 0,cs < dV n > nyg.
Also, from Definition 1, P(A,(5)) > 1 —e —k(5)™ for pro-
cesses with exponential rates for entropy. Further, 522( ) > 1
as & > 1. Hence we get,

log W,

P( > H +e¢)

< 3 Pls)e 27 (14 d(ep2F
s€EAL(S)

ne

< e €122 (14 d(&2
< e—flem

)) + e kS
20%8°))) 4 e~k(5)n
(10)

where f(€) is a real positive valued function for all € > 0 and
f(0) = O



B. Proof of Lemma 3

A, (5) denotes the same set as considered earlier. For each
s € An(5)

3ne

90— (55%) < Qn(H—e)p(s) < 92— (%) (a1
log W,,
P(—E2" < | —¢)
1
—1ople e S gy
n

=1 —P(W, >2"H-9)

=1- " P(s)P(W, > 2" ]2 = 5)
s€afm
(a)

<1 37 P(s)em &P (1 o (6,P(s)2"H 9 v 1)

SEAn(%)

. — (%)

<1— ) Pls)e @ P (1—ci(&27F) V)
s€EAL(S)

© —()

<1- Z P(s)e %2 7 (1 —c,)
s€EAL(S)

@ —(%5)

<l— Y P(s)e®® 7 (1-De )
s€AL(S)

=1 — 6_522_(%)(

1— De™?™) Z P(s)

SEAL(S)

(12)

(a) follows from Abadi’s Theorem and ignoring the con-
tribution of the negative term due to sequences belonging
to A,(5) (b) follows as & € [&1,&)], (c) follows as
£27(5) < 1 eventually, (d) follows from Lemma 1. By
Definition 1, P(A,(5)) > 1 — e &)™ for processes with
exponential rates for entropy. So,

log W,

P < H -

= ‘)
<1—e 62 P (1 - DemIn)(1 — k(E)m)
<1-— 6—522’(%) (1 _ C/e—u(e)n)

(e (e
<1-(1-62"%)Ha
<e Y gle)n

o Clefu(e)n)
(13)

(e) follows as e™® > 1 — 2z V x > 0. Here C’ > 0, u(e) and
g(€) are positive valued functions for € > 0, g(0) = 0. O

IV. WAITING TIME FOR REALIZATIONS OF TWO DISTINCT
MARKOV SOURCES

Let X and Y be two irreducible and aperiodic Markov
sources distributed according to the measures P and @ re-
spectively and taking values from a finite state space &/ =
{ai1,...,ax }. Let P denote the product measure P x Q. P,
and @,, denote the finite dimensional marginals of P and @)
respectively. We assume P,, < @)y, otherwise there will exist

finite strings «7 such that P(z}) > 0 but Q(z}) = 0 and
the waiting time will be infinite with non-zero probability.
I'p = {pjr} = Pr{X; = ax|Xi—1 = a;} is the transition
probability matrix for P and I'g is the transition probability
matrix for Q. Let ps(0) denote the initial probability of state
a for source with measure P. There exists a unique stationary
distribution for P denoted by G = {g1,...,9x} such that
GT'p = G. Let the probability distribution defined by the j**
row of I'p and 'y be denoted by P’ and ()7 respectively.
The entropy rate H(P) of the Markov source is defined as

Z g;H(P7). The relative entropy rate D(P || Q) is defined

as Z g; D (PY) || QW) with Dgr(. || .) being the usual

deﬁmtlon of Kullback-Leibler divergence. For X ergodic and
)Y Markov, the following result has been established in [4],

1
lim —log W,, = H(P)+ D(P || Q) P—a.s.

n—oo N

(14)

We summarize the necessary results on Markov types here,
the reader can refer to Davisson et al. [6] for a more detailed
treatment. A Markov type m,, is defined as the set of all n-long
sequences over a finite alphabet having the same transition
counts from letter to letter. For 27 = a;,...a;,, n;x(z) is
defined as the number of transitions from a; to ay, with a;
preceding a;,. The Markov composition of x7 is the square
matrix A(x7) formed by the entries n i (z7). Two sequences
are said to belong to the same Markov type if they have the
same Markov composition. As a Markov type is defined by
K? entries of A(x7]) each taking (n + 1) possible values,
the number of Markov types of order n is not larger than

K K

(n+1)K2. We define n; = 3 njj. It follows that Y n; = n.
The empirical matrix @(m{‘§ is1 obtained by normalfziﬁg A(z?)
as follows: the all-zero rows of A(z]) are left untouched and
the others are normalized by dividing each element n; by n;.
The jth row of ® is denoted by F7. The empirical probability
distribution F/(z7}) is defined as % —f;¥1<j<K.The

=K .
empirical entropy H(®|F) is defined as Z fiH(F7). The

empirical relatwe entropy D(® || T'p|F) 1s deﬁned as D( ||
Tp|F) = z fiDir(FO) || T9) where T is the jth row

of I'p. We also define the number of “forbidden” transitions
for a Markov type m,, as Vp(my) = > nji(«}) for

) {(G.k):pjn=0}
any sequence z7 having Markov type m,, and measure P.

As P(z}) > 0 we restrict our attention to sequences =} =
x1...2, having Markov type m,, such that Vp(m,,) € {0,1}
and pg, 5, = 0if Vp(m,,) = 1. Also, as P, < @, Vo(m,) €
{0,1} and ¢y,,,, = 0if Vig(m,,) = 1. These conditions ensure
that all variables used are well-defined.

Next we present Lemmas 4(a), 4(b), 5(a) and 5(b)
which are directly based on [6]. Let oy p = min;p;(0),
ag p = max;p;(0) and Bi p = Ming(j x).p,,20}Pjk> B2,p =
Maxj,k)Pjk-



Lemma 4(a) : The probability of a sequence =} = z1...zy
where p,, 5, > 0, characterized by empirical matrix ®(27)
and probability distribution F' satisfies

SLP g=n(H(@IF)+D(®|Tr|F) < p(gn)
Ba,p
< Q2P 9—n(H(®|F)+D(®|Tp|F))
51,P
Proof: From Eq. 9 of [6],
Pl = PO g-na@ir)p@ir )
pwnll

Result follows from definition of a1 p, a2, p, B1,p, B2,p. 0O

Lemma 4(b) : If p,_», = 0 and n is larger than r = oK
then it is possible to replace the last (r—1) letters &, —,42...Zp
of 7 by by...b,_1 such that P(z1|zp—ry1b1...br—1) > 0 (refer
to [6]). Set y" = z1...%p—pr4101...b,_1. Then,

P >(/31P) < P(}) < P >(“)

B2 B1,p
Proof: Follows from the construction and the definition of
B1,p and B p. O

Lemma 5(a) [6]: The probability of a Markov type m,,
induced by a n-long sequence z7 = zy...z, With py ., > 0
satisfies,

“K(n 1 1)—K2a1,P2—nD(‘1>HI‘P|F) < P(my)

< KB;IIDQ_RD(@HF}"F)

Lemma 5(b) [6]: If p,s = 0 it is possible to construct a
new sequence having the Markov type m.;, by the method of
Lemma 4(b) such that there exists o,, > 0 independent of m,,
and m}, with lim,,_,., 0, = 0 so that,

P(my) < 2" P(m))

Next we develop a statement similar to Definition 1 in this
context where P and () are distinct.

Lemma 6: Consider irreducible and aperiodic Markov

sources X and Y distributed according to the measures P ancll
Q respectively with P, < Q. Let v; ¢ = ﬂ— (M)
2,Q

B2,
az2,q ( B2.0 Tt
and y2,0 = 51’@ ([31@3) . Then for € > 0,

) 2 MHEPIHDPIOR) < Q(27) <
- Q2—n(H(P)+D(PHQ)*E)}) >1—

where k(e) > 0 Ve > 0,k(0) = 0.

P({(x
efk(e)n

Proof: Let y,,(€) be the class of all Markov types such that

|( ( mn|an) ( My ” FQ|an))
— (H(P )+D(P||Q))|<6 it Vo(ma) = (15)
[(H (P [ Fin ) + D (P o))
— (H(P)+ D(P || Q))|<6 if VQ(mn) (16)

where if Vg(m,) = 1, for every sequence z7 € m,, there
exists a sequence obtained by the same construction as in
Lemma 4(b) belonging to a Markov type m., such that m}
satisfies Eq. 16. Let B,,(¢) be a set of n-long sequences defined
as,

.02 MHPIEDPIRH) < ()
—n(H(P)+D(PIQ)=0)}

Bn(€) ={af

< 72,02 a7

From Lemma 4(a), the probability Q(x}) of any sequence
¥ = x1...x, such that ¢, ., # 0 having Markov type m,, €
Xn(€) is bounded by,

@1,Q 9= (H (@ | Frny, )+ D (P, ITQ | Fim )

B < Q(z)

< 92.Q 9—n(H(®my | Frny ) +D (@ ITQ| Py, )

~ Big

Also from Lemma 4(a), Lemma 4(b) and the definition of v, ¢
and 72 ¢, the probability Q(z7) of any sequence z} = x1...2,,
such that ¢, ., = 0 having Markov type m,, € xn(€), is
bounded by,

(18)

o] Q27n(H(q>mjl|Fm;§)+D(q>m;§HFQlFm;)) < Q(mil)

< 72,@27”<H(¢mi [Frx )+ D(®x ITQI Fimx )

(19)
Hence if m,, € xn(€), 27 € By(¢) for all 2] having Markov
type m,. Let us calculate the probability of 7,,(¢) = Q™ —
Xn(€), where 2™ is the class of all Markov types of length
n. Let 7, (€) be the subset of 7,(e) with Vp(m,) = 0 for
My € Nn(€), pn(€) be the subset of 7,(e) with Vp(m,) =1
for m,, € pn( ). With slight abuse of notation, we denote

Tn(€) BY T, Mn(€) by 1, and p,(€) by p,. As the number of
Markov types of order n is bounded by (n + 1)¥

K* max P(my,) (20)

My ETn

P(r,) < (n+1)
If the maximization in Eq. 20 is achieved for a Markov type

M,, such that Vp(M,,) = 0 then we can write,

P(r,) < (n+ 1)K P(M,)
@ ,
< (n+ 1)K K/J’fl 9—nD(@wm, ITPFumy,)
n min D(®n,, |[Tp|Fmn,
:(n—l—l)KQKﬁl_]laZ min D ITp] ) @1

Here (a) follows from Lemma 5(a). If the maximization in Eq.
20 is achieved for a Markov type M,, such that Vp(M,,) =1

then we can write,
P(r,) < K* p(M,)

(b)
< (n+ 1)K 2o p(Ar¥)

()
: (n+1)K 2naﬂK6 12 nD(‘I)M*HFp‘FJM*)

(n+1)

(‘D n min D(®m |Tp|Fm
< (n+ 1)K 2o jegr Lo i, P )

(22)



In (b) we use Lemma 5(b) choosing M, corresponding to a
sequence x7 € M,, such that no Markov type M satisfying
Eq. 16 can be constructed for z7. (c) follows from Lemma
5(a) as V(M) = 0. (d) follows as M) € n,. Therefore, in
general we can write,

n min D(®n, |Tp|Fm,)

mn €Nn

P(r) < (n+ )" 2" K327
From definition, it follows that
|(H((I>mn|an) + D((I)mn ” FQ|an))
—(H(P)+D(P || Q)| > € (23)
By continuity of H(P) and D(P || Q) as functions of P and

@ because we are dealing with finite alphabets and Markov
setup, it follows that

|(H((I)mn|an) + D(q)mn | FQ|an))

—(HP)+D(P | Q)| > e = D(@p, [ Tp|Fn,) > hie)
24)

YV mg, €0,

where h(e) > 0 for e > 0. Hence we get,
P(r,) < (n+ 1)K22TLU"K/81—’1132771}1(E)
_ 27n(h(e)7o'n7%(K210g(n+1)+10g(Kﬁ;}3))

< 9—ng(e) (- lim o, = 0)

n— o0

— o~ mk(0)

= P(xn(€)) > 1—e "

— P(Bu(e) > 1—e (9 (25)
where k(e),g(e) >0V e >0, k(0) = g(0) =0. U

By imitating the proofs of Lemmas 2 and 3 while making
use of Lemma 6 instead of Definition 1, we can obtain
Lemmas 7 and 8 respectively.

Lemma 7: For irreducible and aperiodic Markov sources
X and Y distributed according to the measures P and @
respectively with P, < @,

log W,
n

P( > H(P)+D(P| Q)+¢) < e fn

for all n > Ny (e), where f(e) >0V e > 0 and f(0) =0.

Lemma 8: For irreducible and aperiodic Markov sources
X and Y distributed according to the measures P and @)
respectively with P, < Q.,

log W,
n

P( <H(P)+D(P|Q)—¢) <e 9

for all n > Ns(e), where g(e) > 0V e > 0 and g(0) = 0.
Combining Lemma 7 and Lemma 8 we have

Theorem 2: For irreducible and aperiodic Markov sources
X and Y distributed according to the measures P and @)
respectively with P, < Q,,,
log W,

p(-£

(H(P)+ D(P || Q)| > ¢) < 2e "

for all n > N(e), where h(e)
N(e) = max{Ny(e), Na(e)}.

min(f(e),g(e)) and

Hence for irreducible and aperiodic Markov sources X
and 'Y distributed according to the measures P and @
respectively with P, < @, the normalized waiting time
obeys the large deviation property.

| Remark: A statement on the exponential convergence of
gm H(P)+ D(P || Q) as log m — oo under the same

constraints and an analogous result for Theorem 1, can be
easily established. The reader can refer to the technique used
in Corollary 2 and Corollary 3 of [9] for more details.

V. CONCLUSION

In this work, we studied the asymptotic behavior of the
normalized waiting times. We established the large deviation
property of the normalized waiting times between independent
realizations of a certain class of mixing processes and ex-
tended the result to realizations of two distinct irreducible and
aperiodic Markov sources using the method of Markov types.
Using ideas from [10] and [11], a relative entropy estimator for
the change point detection problem can be developed and can
be shown to converge exponentially using the large deviation
property. This result aids the understanding of the performance
of idealized (referring to infinite database) Lempel-Ziv Coding
and can also be applied to classify a new DNA template. [12]
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