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Abstract

In the infinite-armed bandit problem, each arm’s average reward is sampled from
an unknown distribution, and each arm can be sampled further to obtain noisy
estimates of the average reward of that arm. Prior work focuses on the best arm, i.e.,
estimating the maximum of the average reward distribution. We consider a general
class of distribution functionals beyond the maximum and obtain optimal sample
complexities in both the offline and online settings. We show that online estimation,
where the learner can sequentially choose whether to sample a new or existing
arm, offers no advantage over the offline setting for estimating the mean functional,
but significantly reduces the sample complexity for other functionals such as the
median, maximum, and trimmed mean. We propose unified meta algorithms for
the online and offline settings and derive matching lower bounds using different
Wasserstein distances. For the special case of median estimation, we identify a
curious thresholding phenomenon on the indistinguishability between Gaussian
convolutions with respect to the noise level, which may be of independent interest.
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1 Introduction

In the infinite-armed bandit problem first formulated in (Berry et al.,|1997), at each time instance
the learner can either sample an arm that has been already observed in the past, or draw and sample
from a new arm, whose average reward is drawn from an underlying distribution F'. The learner’s
objective is then to identify arms with large average reward, with the objective being either achieving
a small cumulative regret (Berry et al.,|1997; Wang et al.||2008; Bonald and Proutiere, [2013]), or small
simple regret (Carpentier and Valkol 2015)). This setting differs from the classical multi-armed bandit
formulation as the number of observed arms is not fixed a priori and needs to be carefully chosen by
the algorithm.

We consider the problem of estimating some functional g(F') of an underlying distribution F'. From
this point of view, the classical infinite-armed bandit problem can be viewed as an online sampling
algorithm to estimate the maximum of the distribution F'. []_-] Once we cast the infinite-armed bandit
problem in this manner, it immediately suggests several additional questions. For example, what
about offline sampling algorithms? Indeed, online sampling requires continual interactions with the
environment which may be infeasible in certain applications, and recent work in online and offline
reinforcement learning have demonstrated the significant value of both formulations (Rashidinejad
et al} 2021; Zhang et al., 2021} [Schrittwieser et al) [2021). Additionally, it is worth estimating
functionals beyond the maximum: in many practical scenarios, including mean estimation in single-
cell RNA-sequencing (Zhang et al.,|2020) and Benjamini Hochberg (BH) threshold estimation in
multiple hypothesis testing (Zhang et al.l 2019), we are interested in the mean, median (quantile), or
trimmed mean of the underlying distribution F'. The estimation of quatiles is similar to estimation of
the BH threshold, as both depend on the order statistics of the underlying distribution. Estimating
the median or trimmed mean has further applications in robust statistic for instance, maintaining the
fidelity of the estimator in the presence of outliers. Another natural setting where such problems can
arise is in large-scale distributed learning (Son and Simon, [2012)). Here, a server / platform wants to
estimate how much test-users like their newly released product. Users return a noisy realization of
their affinity for the product, and the platform can decide to pay the user further to spend more time
with the product, to test it further. For many natural objectives which are robust to a small fraction of
adversarial users, e.g. trimmed mean, median, or quantile estimation, we see that our algorithm will
enable estimation of the desired quantity to high accuracy while minimizing the total cost (number of
samples taken). Since sampling is expensive, it is critical to identify the optimal method to collect
samples, and identify the improvements afforded by adaptivity. For example, do online methods
offer significant gains over offline methods? Are the fundamental limits of estimating the median and
trimmed mean different from that of the maximum?

In this paper we initiate the study of distribution functional estimation in both online and offline
settings and obtain both information theoretic limits and efficient algorithms for estimating the
mean, median, trimmed mean, and maximum. We propose unified meta algorithms for both offline
and online settings, and provide matching upper and lower bounds for the sample complexity of
estimating the aforementioned functionals in Table [I]

We also reveal new insights on the fundamental differences between the offline and online settings, as
well as the fundamental differences between different functionals. To determine these sharp statistical
limits, we use the Wasserstein-2 distance to upper bound the KL divergence in the offline setting,
while we instead use the Wasserstein-oo distance in the online setting. This approach leads to valid
sample complexity lower bounds for general functionals g, which turn out to be tight for estimating
the mean and maximum. However, a curious thresholding phenomenon, which is not captured by
the previous approach and does not occur for the mean and maximum, appears in the median and
trimmed mean analyses: the KL divergence does not change smoothly with the noise level and enjoys
a phase transition after the noise level exceeds some threshold. This phenomenon calls for different
treatments under different estimation targets and could be of independent interest.

The rest of this paper is structured as follows. In Section[I.T|we discuss the relevant literature. We then
formulate our distribution functional estimation problem in Section[2} Our unified meta algorithms
for the offline and online settings are presented in Section [3] where we show the sample complexity
upper bounds. We present information theoretic lower bounds proofs via Wasserstein distance for the

'To be precise, the objectives in infinite-armed bandit works (Berry et al., |1997; Wang et al., 2008} Bonald
and Proutiere} 2013} |Carpentier and Valko, [2015) are slightly different, minimizing simple or cumulative regret.



Offline Online
Functional complexity complexity Comments
Mean O(e72) O(e72) No gain from online sampling
Median O(e73) O(e7279) Holds for any quantile not on boundary
Maximum O(e~+h)) | (e~ max(5.2)) Depends on the tail regularity /3
Trimmed mean O(s7?) O(e725) g(F)=E{X|X € [F(a), F71(1 - a)]}

Table 1: Sample complexity of estimating different functionals g(F'), where F is the cumulative
distribution function (CDF) of the distribution to estimate. The trimmed mean result holds for a fixed
a € (0,1/2). Here ¢ is the target accuracy and we use © to denote the matching upper and lower

bounds up to constants not depending on . Additionally, we use e, 2, and < to suppress constants
and logarithmic factors in ¢, and €° for any fixed ¢ arbitrarily close to zero. If h(e) < f(e) and
f(&) < h(e) then we denote this as f(¢) ~ h(e). For the maximum, we assume that the distribution

satisfies P(X > F~1(1) — &) ~ . Other assumptions on F are detailed in Section

online and offline settings in Section[d} and discuss a special thresholding phenomenon arising in
median estimation in Section[3 Section[6lconcludes this work.

1.1 Related works

The field of multi-armed bandits has seen broad interest and utility since its formalization in 1985 (Lai
et al.,|1985). Across clinical trials, multi-agent learning, online recommendation systems, and beyond
(Lattimore and Szepesvari, 2020), multi-armed bandits have proven to be an excellent framework
for modeling and solving complex tasks regarding exploration in an unknown environment. In the
classical multi-armed bandit setting we have a set of n distributions, where the player sequentially
pulls one arm per round and observes a sample drawn from the associated reward distribution. In the
infinite-armed bandit setting (Berry et al.,|1997), the average arm reward for each arm is sampled
i.i.d. from an unknown distribution and the number of available arms is infinite. There are many
possible objectives that can be formulated in this online learning problem, from cumulative/simple
regret minimization (Wang et al., 2008} |Bonald and Proutiere, 2013 |Carpentier and Valko, |2015;
Li and Xial 2017) to identification tasks (for example identifying an arm whose average reward is
€ close to the largest average reward) (Aziz et al., 2018; |Chaudhuri and Kalyanakrishnan, 2017,
2019). Many works have studied best-arm identification, and we now have essentially matching
instance-dependent upper and lower bounds (Jamieson and Nowak| |2014; Kaufmann et al.,2016)).
One could also use the average reward estimate of the identified best arm to estimate the maximum
of the average reward distribution in the infinite-armed bandit setting (Carpentier and Valkol 2015}
Aziz et al.|[2018;|/Chaudhuri and Kalyanakrishnanl 2017, [2019)).

From a statistical perspective, the sample complexity in the offline setting is closely related to
deconvolution distribution estimation (Cordy and Thomas}, |1997; Wasserman), 2004; Hall and Lahiri,
2008 [Delaigle et al., 2008} Dattner et al., 2011)). Nevertheless, these previous works mainly focus
on the expected L2 difference between the underlying distribution function and its estimation. This
simplified setting does not allow for consideration of the trade-off inherent in our setting between the
number of points and the (variable) number of observations per point. Additionally, these past works
did not calculate the specific sample complexity for functionals like median and quantile. Since the
noise is treated as fixed and uniform, there has been no study of the online setting where adaptive
resampling enables dramatic sample complexity improvements. In particular, the challenge is that we
have noisy observations, which makes the lower bound even in offline cases a significant challenge
that has not been dealt with in the past, let alone the online case. The dramatic performance gains
afforded by adaptive resampling for distributional estimation, combined with its lack of formal study,
motivates the focus of this work.



2 Problem formulation

We are interested in estimating the distribution functional g(F') € R of an underlying distribution
with cumulative distribution function (CDF) F'. We study a class of indicator-based functionals g
defined as follows.

Definition 1 (Indicator-based functionals). The functional g can be represented as

9(F) = E[X]X € S(F)] (1)
for some set S(F'), where X ~ F. The set S(F) is defined as follows:
S(F) = [F~ 1), F7H(02)],0 S a1 S ap < 1. @

We denote S(F') by S throughout this work when S is clear from context. This class encompasses
many natural functionals of interest, which we formulate in Table [2] In Appendix [A] we discuss
extending our results to more general functionals.

Functional g(F) a; Qs Comment
Mean E[X] 0 |
Quantile F~1(a) a a | ae(0,1),eg a=1/2for median
Maximum F~1(1) 1 1 a1 = ag = 0 for minimum
Trimmed mean | E[X|F(X) € [ag,a0]] | o | 1 —« a€(0,1/2)

Table 2: Indicator-based functionals.

As in the infinite-armed bandit setting, we only have access to noisy observations of samples drawn
from the distribution with CDF F'. We can either choose to sample from a point X which we already
have some noisy observations of, or sample a new point X following F'. We then observe Y = X 4 7,
where Z ~ N(0,1) is independent of everything observed so far.

In this paper we characterize the online and offline sample complexities of these problems, and in
Sectionpropose online and offline algorithms achieving them. For e > 0 and § € (0, 1), we call an

estimator G an (e, §)-PAC approximation of g(F) if P(|G — g(F)| > ) < 6.

3 Offline and online algorithms

3.1 Offline estimation algorithms

We study a special class of offline algorithms, which uniformly obtain observations of the points
following the underlying distribution. To be precise, based on prior information regarding the
distribution in question, F, it will choose an appropriate number of points n and number of samples
per point m to obtain an (&, 0)-PAC approximation of g(F). Specifically, the latent variables
are X1,..., X, drawn from F, and our observations are {Y; ;}7-; drawn i.i.d. from N'(X;,1).

For i € [n], denote X; = m ™! > i, Yi; as the empirical mean of the observations for arm
i. Then, we can write X; = X; + Z; where Z; ~ N(0,1/m), independent across i. Define
S, = {i: X(lain)) < Xi < X(lasn))} as the set of arms relevant for estimating the functional g,
and define our n sample estimate of g as g, (X1, ..., X,) 2 |S,| ! > ies, X;. Here X(i) denotes
the 4-th order statistic, that is the -th smallest entry in X7, ..., X,,. Then, G, ,, = gn(Xl, ce X,L),

where each X; has been sampled m times, serves as a natural estimator for g(F') from the noisy
observations. With this, we can state the following theorem:

Theorem 1 (Offline PAC sample complexity). An (g,0)-PAC offline uniform-sampling-based al-
gorithm for estimating g(F') requires ©(nm) samples where n, m are chosen based on €, 9, the
functional g, and information about F', with orderwise dependence on ¢ detailed in Table[3]

For the rest of this section, we discuss in greater detail our assumptions on the underlying distribution.
We defer the proofs and calculations for n and m to Appendix [C] as well as discussion regarding the
trimmed mean to Appendix



Functional m n

Mean o(1) 0(e7?)
Median CICE)! 0(e?)
Maximum 0(e7?) 0(c7P)
Trimmed mean | © (e 'log (¢7!)) | ©(c7?)

Table 3: Choice of (m, n) for estimating different functionals to accuracy .

3.1.1 Mean

To guarantee that the empirical mean is a good estimator for the true mean, we impose assumptions
on the tail of the distribution F":

Assumption 1. The distribution F satisfies Varx..p[X] < c.

Assumption [T]ensures that estimation of the mean of the distribution can be accomplished with finite
samples. The following proposition gives the sample complexity of the offline algorithm.

Proposition 1. Suppose that Assumption is satisfied. By choosingm = 1 andn > §~1(1 + ¢)e 2,
the estimator G, , is an (g, 0)-PAC approximation of g(F'). Thus, the offline algorithm requires
O(e72) samples.

3.1.2 Median

For median estimation we require different assumptions than the mean, as listed below.

Assumption 2. There exist constants ¢y, co > 0 such that
* F'(x) > ¢ for |x — median(F')| < e.
o |F"(x)] < 3 for |x — median(F)| < vz

The first assumption ensures that the median of F' is unique. The second assumption precludes the
distribution from being dumbbell-shaped (very little mass near the median), in which case estimating
the true median is meaningless and can be arbitrarily difficult. The following proposition gives a
suitable choice of (n, m) for providing an (e, §)-PAC approximation of g(F).

Proposition 2. Suppose that Assumption 2| holds. Then, by choosing m > 4(ca + 1)/(c1€) and
n > 281log(1/68)/(c1€)?, the estimator G, ., is an (,8)-PAC approximation of g(F). Thus, the
offline algorithm requires O(c~3) samples.

3.1.3 Maximum

For maximum estimation, we require an assumption on the tail of F' as is common in the infinite-armed
bandit literature.

Assumption 3. There exist constants 0 < ¢1 < co and 3 > 0 such that

s 1—-F(F1(1) = t) € [a1t?, catP], forall 0 < t S .
This assumption is also known as the 3-regularity of F' around F'~1(1), see (Wang et al.,[2008). We
present a suitable choice of (n, m) in the following proposition.

Proposition 3. Suppose that Assumption holds. By choosing n > ¢y 2P log(2/6) and m >
4e=?%log(2nd~1), the estimator G,, , is an (g, 8)-PAC approximation of g(F). Therefore, the offline
algorithm requires O(c~?~2) samples.

3.2 Online estimation algorithm

We now present our general algorithm (Algorithm , an elimination-based (&, 6)-PAC algorithm that
efficiently estimates g(F'), where g is a known input functional and F' is an unknown distribution
from which we are able to sample X; independently, and observe noisy observations Y; ; of X;.

In order to exploit the Bayesian nature of the problem, we analyze the algorithm in two parts. First,
we use the fact that our arms are drawn from a common distribution to find some n, m as in Theorem([T]



Algorithm 1 Meta Algorithm

1: Input: target accuracy e, error probability d, functional g parameterized by (a1, a2)
2: Compute (n, m) for (¢/2,6/2)-PAC estimation of g(F') based on Theorem

3: Construct active set A; = [n], and define by = 1 and t; = 0

4: forr=1,2,... do

5: Define b, = 27" and ¢, = min(m, [8b, % log(16n log(m)/d)])

6.

7

8

Pull each arm in A,. for ¢, — ¢,_; times, construct fi(r)
Compute A, +1 = {i 1 |1i(r) = fi(layn)) (1) < bror |25(r) = fig{ann)y (r)] < by}

: if t, = m then
9: Break, exit For loop
10: end if
11: end for

12: Construct .S,, = {Z : ﬂ(Laan)(T) < ﬂz(’l“) < ﬂ([asz)(T)}

13: if a; = « then

14:  return ﬁ Sies, fuilr)

15: else )

16: Draw one observation from each i € S,,, construct fi;
1 ~

17: return B > ies, Hi

18: end if

such that the plug-in estimator G,, ,,, will be an (¢/2,/2)-PAC approximation of g(F'). Second,
we show that our adaptive algorithm is an (£/2, /2)-PAC approximation of G, ,,, but is able to
accomplish this using significantly fewer samples.

Notationally, we denote by [i(r) the estimated mean vector of all arms at round r whose i-th entry
is denoted by [i;(r). We have that with high probability each arm’s mean estimate stays within
its width b, = 27" confidence interval for each round r. To analyze our algorithm, we denote
pym L i as the estimates of X1, .. ., X, generated by the offline algorithm after sampling each
arm m times. Then, we see that for the offline algorithm the arms relevant for the estimation task and
the corresponding n sample estimator are

. uni uni uni _ 1 uni
Sn = {7, : M(LQI"J) < M < M(LDQTLJ)} 5 Gn,m = m Z M- (3)
eSS,

Here S,, indicates the arms that the offline algorithm believes are in S. We show that our online
algorithm is able to efficiently estimate the set .S,, as S, determining whether or not arms are in
Sn, sampling these arms in .S,, sufficiently, and returning a plug-in estimator. By construction each
arm is only pulled by the adaptive algorithm at most m times, as we know from the analysis of
the offline algorithm that for the utilized n, m, if each arm is pulled m times then the output is an
(€/2,6/2)-PAC estimate of g(F'). Thus, the online algorithm’s objective is essentially emulating the
output of the offline algorithm, for which it only needs to sample any arm at most m times.

Note that when o1 # a, we have many samples X; that are within S, with |S,,| > |n(as — a1)|.
In order to avoid issues of dependence, we discard all previous samples (as arms in S,, will have been
sampled different numbers of times), and see that since we have ©(n) arms in S,, we can construct a
sufficiently accurate estimate by sampling each arm in S, once. Algorithmically, we denote this as
obtaining one fresh observation and constructing fi;.

To upper bound the sample complexity of our algorithm, we see that each arm only needs to be
sampled to determine whether it is in S,, or not. As we show in Appendix [D} the number of samples
N () needed for point X; satisfies

256 log (16"1%)
" [dist(X;, 0 Conv({™ - i € S,}))]?

K2

N(i) <min [ m 4

with probability at least 1 — ¢ /4 for all arms simultaneously, where O A denotes the boundary of a
set A, Conv(A) denotes the convex hull of a set A, and dist(X, A) = minge 4 |X — a|. In the limit

as ¢ — 0 we show that ut“fflmj) — F~Y(ay) (similarly with u‘(”E;?nJ)). This allows us to state the



following theorem regarding the expected sample complexity of Algorithm [T] with respect to the
distributional relevant set of values S rather than the estimated indices S,,.

Theorem 2 (Meta algorithm). For a functional g satisfying Definition|l| Algorithm|l|provides an
(€,0)-PAC estimate of g(F') with M samples when given the requisite inputs. Here m and n are
calculated as in Theorem[l] and the number of samples M required satisfies

min (m, W)]) . ®))
[dist(X, 09)]

The proof of this Theorem is deferred to Appendix D}

E[M] =0 <n]E

Evaluating this expression for the different functionals under their corresponding assumptions yields
the stated sample complexity upper bounds, as we show in Appendix

4 Lower bounds via Wasserstein distance

In this section we derive general lower bounds on the sample complexity of functional estimation for
both offline and online algorithms, where two different Wasserstein distances play important roles.
These Wasserstein-based lower bounds yield tight results for mean and maximum estimation.

4.1 General lower bounds based on Wasserstein distance

A classical technique for proving minimax lower bounds is Le Cam’s two-point method (Le Cam
et al., 2000): let I} and F» be two distributions with |g(F1) — g(F2)| > 2¢, and pr p, and pr p,
be the probability distributions of all observations queried by policy 7 under the true population
distributions F3 and F5, respectively. One version of Le Cam’s two-point lower bound (Tsybakov,
2009, Theorem 2.2) gives

. =N 1
inf sup Pp([g—g(F)|>¢)> 7P (= DxL(pr, 7 |Pr.Fy)) -
9 Fe{F,F>}

Consequently, to construct a lower bound on the PAC sample complexity of estimating g(F'),
it suffices to find the largest € such that there exist Fi, Fy with |g(Fy) — g(F2)| > 2e while
Dk (pr.,F, ||px,r,) = O(1).

A key step in the above analysis is to upper bound the KL divergence Dxy(pr,# ||Px,F, ), Which
differs significantly between offline and online algorithms. For offline algorithms, the learner samples
n arms i.i.d. from F' with average rewards X1, --- , X,, ~ F, and each arm is pulled m times with
Gaussian observations. Consequently, p, r = (Exp[N(X,1/m)])®" = (F * N(0,1/m))®",
where p®™ denotes the n-fold product distribution and * denotes the convolution operation. The
following lemma presents an upper bound on the KL divergence for offline algorithms.

Lemma 1. For any offline algorithm 7 defined in Section[3.1} it holds that
mn
Dt (pr o [Ipr, ) < - W3 (F1, F),

where W (P, Q) is the Wasserstein-2 distance defined as W3 (P, Q) = infyer E(x yyor[(X —Y)?],
with T being the class of all couplings between P and Q).

For online algorithms the distribution p,  is no longer a product distribution as actions can depend
on past observations. As a result, the KL divergence becomes larger, but still enjoys an upper bound
based on another Wasserstein distance.

Lemma 2. For any online algorithm w which queries T' samples, it holds that
T
<

< 2W§O(F17F2)7

DKL(pTr,F1 pr,FQ)

where Woo (P, Q) is the Wasserstein-oo distance: Woo (P, Q) = inf,cr esssup(x yyr|X — Y
with I being the class of all couplings between P and Q).

>



As Wy(P,Q) < Wo(P,Q), the upper bound of Lemma [2|is no smaller than that of Lemma
showing the stronger power of online algorithms. The following corollary is then immediate from
Lemmas[Tand

Corollary 2.1. The sample complexity of (e, .1)-PAC estimation of g(F) is

Q(l/ mm{WQQ(Fl,Fg) : Fl,FQ S f, |g(F1) - g(F2)| Z 25})
for offline algorithms, and is

Q1/ min{W,(Fy, Fo) : Fy, Py € F|g(Fy) — g(F)| > 2¢})

for online algorithms.

In the remainder of this section, we show that Corollary 2.1]leads to tight lower bounds for mean and
maximum estimations for both offline and online settings.

4.2 Lower bounds for mean estimation

Consider two distributions F; and F5 which are Dirac masses supported on 1/2 — ¢ and 1/2 + ¢,
respectively. Clearly Wa(Fi, F») = Weoo (F1, Fo) = 2¢, which is the best possible as Wa(Fy, Fy) >
|mean(F; ) — mean(F)| > 2e. Corollary 2.1] gives the following lower bounds.

Corollary 2.2. The (g,.1)-PAC sample complexity for mean estimation is (e ~2) for both offline
and online algorithms.

4.3 Lower bounds for maximum estimation

For maximum estimation, the Wasserstein distances W, and W, behave differently, as summarized
in the following lemma. Let F3 be the class of densities satisfying Assumption

Lemma 3. Fore € (0,1/2), it holds that

min{Ws (F1, Fy) : F1, Fy € Fp,|max(F1) — max(Fy)| > 2¢} = 0(56/2+1);
min{Weo (F1, F2) : F1, F» € Fp,|max(Fy) — max(Fy)| > 2} = O(¢);
mln{DKL(FlHFg) : F17F2 S ./—"6, |max(F1) — maX(F2)| Z 25} = O(EB)

Note that we have included another term Dk (F || F») in Lemma as it can provide a better lower
bound than using W if 8 > 2, as Dxv(pr, 7, ||pr, ) < T - Dxo(F1 || F2) always holds due to the
data-processing inequality (i.e. assuming that all arm rewards are clean). Consequently, we have the
following corollary on the sample complexity of maximum estimation.

Corollary 2.3. The (e, .1)-PAC sample complexity for maximum estimation over Fp is Q(e~(8+2))
Sor offline algorithms, and Q(e~ max{ﬁ’Q})for online algorithms.

S Lower bounds via thresholding phenomenon

Although the Wasserstein distance-based approach in Section ] provides general lower bounds for
both offline and online algorithms, and these lower bounds turn out to be tight for mean and maximum
estimation, sometimes this approach can be loose. For example, Lemma [3]shows that using the W
distance might be looser than using the original KL divergence for maximum estimation. This section
provides tight lower bounds for median estimation, revealing a curious thresholding phenomenon.

5.1 Thresholding phenomenon for offline algorithms

Let F denote the set of distributions satisfying Assumption 2] To use Le Cam’s two-point method to
prove lower bounds for offline algorithms for median estimation, the key quantity is the following:

KL, (g) £ min{Dxp(Fy * N'(0,0%)||Fo * N(0,0%)) : Fy, Fy € F,|F;Y(1/2) — Fy 1 (1/2)] > 2¢}.

Its inverse KL ! () is often referred to as the modulus of smoothness of the median with respect to
the KL divergence under Gaussian convolution. The Wasserstein-based approach to upper bound



KL, () in Lemmall]is the following: let W5 , (&) be the counterpart of the above quantity with the
KL divergence replaced by the Wasserstein-2 distance, Lemmal [I|shows that

KL, (c) < W@’ _ g (625) , (6)

202 o2

an upper bound decreasing continuously with o, where the proof of the last identity is presented in
the Appendix. However, this upper bound is not tight, as shown in the following lemma.

Lemma 4. Fore € (0,1/4), the following characterization of KL, (¢) holds as a function of o:

€ [c162,c2e?] ifo < cet/?,
KLU(E) {S C(@,K)EH ifo > 61/2_0,

where 0 € (0,1/4),k € N are arbitrary fixed parameters, and c,cy,c2,C(0, k) are absolute
constants with the last one depending only on (0, k).

Lemma ] shows a thresholding phenomenon as follows: when o increases from 0 to 1, the quantity
KL, (¢) stabilizes at ©(c2) whenever o < £'/2; however, when o exceeds this threshold slightly
(i.e. o > €'/279 for any constant # > 0), this quantity immediately drops to o(e*) for every
possible k. The main intuition behind this thresholding phenomenon is that, if 0 = O(sl/ 2), the
“bandwidth” of F; — Fy exceeds that of A'(0, 0%), and the convolution is effectively using N'(0, o2)
as a Gaussian kernel (which preserves polynomials up to order 2) for smoothing F; — F5 (which
is second-order differentiable). In contrast, when o > e!/2 the “bandwidth” of F: 1 — F5 could
be smaller than N'(0,0?), and the convolution is effectively using F; — F; as a kernel (which
could preserve polynomials up to any desired order) for smoothing N (0, 1) (which is infinitely
differentiable). Approximation theory tells us that the latter approximation error could be much
smaller than the former, leading to the thresholding phenomenon. We remark that this phenomenon
is not captured by using the VW, distance.

This thresholding phenomenon has an important consequence for median estimation. By Lemma 4]
with ¢ = 1//m, PAC learning requires that m = Q(£2~1) for any offline algorithm, as otherwise
the KL divergence could be made arbitrarily small. When m is large enough, the first line of Lemma
then requires n = 2(¢72) to result in a large KL divergence for PAC learning, which comes from
the idendity that

Dk (PE"(|Q®") = nDkw(P[Q).
Consequently, we have the following corollary for median estimation using offline algorithms.

Corollary 2.4. Fixany 6 > 0. The (¢, .1)-PAC sample complexity for median estimation is Q(e~3+?)
for any offline algorithm.

5.2 Thresholding phenomenon for online algorithms

To prove the PAC lower bound for online algorithms, one first wonders if the same observation in
Lemma [ could still work. However, a close inspection of the proof reveals an issue: the optimizers
(Fy, Fy) in the definition of KL, (¢) are different under the regimes ¢ = O(¢'/?) and o = Q(c'/277).
An online learning algorithm could first identify the right scenario and then choose a proper sample
size to tackle the problem, and thus the above lower bound arguments break down.

To resolve this issue, we aim to choose a proper pair of distributions (F}, Fy) with |median(F;) —
median(Fy)| > 2¢, and investigate the behavior of Dy (Fy * N (0, 02)|| F» * N'(0, 0?)) as a function
of o with (Fy, F») fixed along the line. The following lemma shows that, even for some fixed pair
(F1, F3), a similar thresholding phenomenon still holds for the KL divergence.

Lemma 5. Fix any ¢,60 € (0,1/4), and k € N. There exists two distributions Fy, Fy € F with
|median(Fy) — median(Fs)| > 2¢, and
€ [c16%/2, 263279 if o < ce'/?,

Do (F N .2 PN 0,02 { S 1087 S o2

where ¢, c1, ca, C(0, k) are absolute constants with the last one depending only on (0, k).



Compared with Lemma [} Lemma [5] still shows a similar thresholding phenomenon for the KL
divergence when o > £!/2, but the KL divergence becomes larger for small o due to the additional
constraint that (Fy, F5) is held fixed. Under the choice of (Fy, F5) in Lemmal5] each arm should be
pulled at least Q(£29~1) times, while Q(~3/2) arms need to be pulled in view of the first line. The
following theorem makes the above intuition formal.

Theorem 3. The (c,.1)-PAC sample complexity for median estimation is Q(e /%) for any fixed
0 > 0 and any online algorithm.

The formal proof of Theorem [3]is more complicated and requires an explicit computation of the
KL divergence Dxy(pr r ||pr.r,). We relegate the full proof to Appendix [F| This thresholding
phenomenon of the noise level also applies to the case of trimmed mean, which is discussed further

in Appendix

6 Conclusion

In this work we formulated and studied offline and online algorithms for estimating functionals of
distributions. We developed unified algorithms for estimating the mean, median, maximum, and
trimmed mean, providing sample complexity upper bounds. We additionally proved information
theoretic lower bounds in these settings, which show that our algorithms are optimal up to €
where c is a fixed constant arbitrarily close to zero. We used different Wasserstein distances to
construct information theoretic lower bounds for mean and maximum estimation, and showed how
fundamentally different techniques are required for median and trimmed mean estimation. The lower
bounds for median and trimmed mean estimation elucidate an interesting thresholding phenomenon
of the noise level to distinguish two distributions after Gaussian convolution, which may be of
independent interest. Interesting directions of future work include extending our analysis to non-
indicator-based functionals, such as the BH threshold and analyzing the limiting behavior of 6 — co.
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A Extensions of the formulation

The formulation of the functional g can be extended in several different ways. First, we note that
we can extend the set S(F) to a finite union of disjoint closed intervals, i.e., S(F) = UX_, S, (F),
where S;(F) is a closed interval for ¢ € [k]. This is because E[X|S(F)] can be estimated based on
estimations of E[X|S;(F)] via

k
EXI(X € S(F)] _ 205y P(X € Si(F))E[X]Si(£)]
P(X € S(F)) SF U P(X € Si(F))
Observe that this definition naturally extends to cases where the distribution is continuous, where

the density of F at X can be substituted for P(X € S(F)) for singleton sets S(F'). We can also
consider a more general class of functionals

g(F) = E[nX)[X € S(F)], ®

where h is a differentiable function. However, when we take the limit ¢ — 0, we see that for any
fixed distribution F' and fixed function h the reweighting induced by i does not matter. Assuming
that we knew whether X; € S(F) for each ¢, we would simply want to sample X; x h'(X;)e~" for
some r. Since h is differentiable, this is simply reweighting by a constant factor, which does not
show up in our £ dependence. Thus, we can safely only consider the weighting functional h(x) = x,
which retains the central elimination aspect of this setting (determining whether a point is relevant or
not). Loosely speaking, for any differentiable function /& and smooth and compactly supported F', we
have that in the limit as ¢ — 0 it degenerates to one of these settings.

E[X|S(F)] = @)

B Results for trimmed mean

In this section, we present our upper and lower bound analysis for trimmed mean via both online and
offline sampling algorithms.

B.1 Upper bound for offline algorithms

For trimmed mean, the following statements are assumed to hold:
Assumption 4. There exist constants cy, c1, . . . , C5 such that

o [22dF(z) < co.

F'(z) > cifor|v — FYa)|Seand |z — F71(1 - a)| S e

[F®(2)| < ex for |z — F~Ho)| S VEand |z — FH(1 - a)| S Ve
F'(z) <csfor|lz — F Y a)|Leand|z — F1(1—-a)| Se
max{|F~(a), [F~'(1 — )|} < es, min{|F~H )], |[F~H(1 - a)} = cs.

The first assumption is to ensure that the mean and variance of F' is upper bounded, which is slightly
stronger than the assumption for mean. The second assumption is to ensure that the « and 1 — «
quantiles of F' is well-defined. The third assumption ensures that the distribution has Lipschitz-
continuous density around the quantiles. The forth assumption precludes the distributions which have
lots of mass around the o and 1 — « quantiles. The fifth assumption ensures that the « and 1 — «
quantiles are upper-bounded and bounded away from 0. The following proposition gives the choice
of (n, m) to obtain the (e, §)-PAC approximation of the trimmed mean.

Proposition 4. Suppose that Assumption 4| holds. Then, by choosing m > Cie 'loge™! and

n > Coe™2571, the estimator G,, , is an (g,8)-PAC approximation of g(F). Here Cy,Cs are
constants which can be expressed by cq, . . . , cs. Thus, the offline sampling algorithm takes overall
O(e731og(1/¢)) samples.

B.2 Lower bounds for offline algorithms

Similar to the analysis for estimating median, we consider the following quantity
KL, () £ min{Dgp (F} * N(0,0%)|| F2 * N(0,07)) : Fy, Fy € F, |g(Fy) — g(Fy)| > 2¢}.
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Analogously, we have the following bounds on the above quantity with respect to the magnitude of
noise .

Lemma 6. Fore € (0,1/4), the following characterization of KL, (¢) holds as a function of o:

< ce? ifo <ce'l?,
KLU(E) {S 0(9, Kl)c?'i l.fO' Z 51/2—0,

where 0 € (0,1/4), k € N are arbitrary parameters, and c, c1, C(0, k) are absolute constants with
the last one depending only on (0, k).
In the same manner, we have the following corollary.

Corollary 3.1. Fix any 0 > 0. The (e, .1)-PAC sample complexity for trimmed mean estimation is
Q(e=3%9) for any offline algorithm.

B.3 Lower bounds for online algorithms

Analogous to the results for median, we start with the following lemma to give bounds of KL
divergence between two distributions after the convolution.

Lemma 7. Fix any ¢,0 € (0,1/4), and k € N. There exists two distributions Fy,Fy € F with
9(F1) — g(F2)| > 2¢, and

§0153/2_9 l'f‘o.gcsl/27

DulF N O N0 087 HTS

where ¢, c1, C(0, k) are absolute constants with the last one depending only on (0, ).

We then show the lower bound for trimmed mean via online sampling algorithms.

Theorem 4. Suppose that € > 0. Denote F as the set of distributions satisfying Assumption

Consider an online algorithm w with a fixed budget t which outputs G. Then, for any 0 € (0,1/4),
there exists at least one distribution F' € F, such that

P(IG — g(F)| > ) > 7 exp (—et=5), ©)

where ¢ > 0 is a constant.

C Proofs of upper bounds for offline algorithms

C.1 Mean

Here we present the proof of Proposition ]

Proof. Let X ~ F and Z ~ N(0,1/m) are independent random variables. Then, we have
E[X + Z] = E[X] + E[Z] = E[X].

This implies that g(F},,) = g(F) for any m > 1. Therefore, we can simply take m = 1. Then, we
note that
Var[X + Z] = Var[X] + Var[Z] < c+ 1.

This implies that Var ¢ . [X] < ¢+ 1. According to the Chebyshev inequality, we have

VarXNFl[X] - c+ 1.

ne? — ne?

IP(len,m - g(Fm)| > E) <

Therefore, by taking n > 6~ (c + 1)e~2, we have
P(‘Gﬂﬂn 79(Fm)| < 5) 2> 1.

Hence, it takes mn = O(e~2) samples to provide an (&, §)-PAC approximation of g(F). O
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C.2 Median
Consider the following conditions

(A1) For z € R, there exists ¢1, t; > 0 such that for all ¢ satisfying 0 < |t — x| < t1, F'(t) > ¢;.
(A2) For x € R, there exists co, to > 0 such that
|F"(z1) — F'(z2)|| < co.
for x1,z9 € [x — ta, x + ta].

We can view Assumptionas follows. Let = g(F) = F~1(0.5). F satisfies (A1) with (1, c1,t1)
and satisfies (A2) with (1, ca,t2) while ¢ 2 € and t3 2 /. Denote p(z) = F'(z). Let p,, =

~

P * Q1 /m as the pdf of the distribution of X;.

Lemma 8. Let ) = g(F). Assume that F satisfies (A1) with (1, c1,t1). Suppose that m='/? < t,/2.
Then, F,, satisfies (Al) with (n,c1/4,t1).

Proof. 1t is sufficient to show that for x € [ — t1, 1 + t1], pm(z) > c1/4. As m~1/2 < t1/2,

t1 2m
0 0

Therefore, for = € [n,n + 1], we have

(@) = [ eym@ole =2z = 1 [ o)z = afa

Similarly, for x € [y — t1, 7], we have

(@) = [ erym@ote =2z > [

—1/2

©1/m(7)dr = /0 v1(z)dz > 1/4.

0 ty
©01/m(2)dz = cl/ ©1/m(2)dz > c1/4.
t1 0

This completes the proof. O

Proposition 5. Suppose that F satisfies (A2) with (z, co, t2) and \/4log(2m=1/2)m=1/2 < t,.
Then, we have

F(z) - F(z)| < 25 L1,

- 2

Proof. With k = \/4log(2m~1/2), we have

—1/2

—km oo
g2 1 _
/ 1/m(y)dy :/ P1m(y)dy <e FI2 < im L

—o0 km—1/2

For |y| < tg, as |F®) (z — y)| < ¢y, it follows that

|F(z —y) — F(x) — yp(a)] < 2L,

2
Note that km~1/2 = \/4log(2m—1/2)m~1/2 < t,, we have
[Em(z) — F(2)]
=| [t =) - F@Demtin

1/2

—km~
< / o1ymW)|F( — ) — F(x)|dy + /

— 00

L eumWIF @ =)~ F(@)ldy
—1/2

km
[ 9 F@) = o))y

—km~—1/2

—1/2

km
/ yp(t)p1/m(y)dy

—km~—1/2

+ +

—1/2

m km
< [ P ) = F@) - wp(@lermw)dy

—km—1/2
-1 km~1/2
m Co 9 co+1
< + = dy < mo.
S5ty ), eymdy S =
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This completes the proof. O

Proposition 6. Suppose that § € (0,1). Assume that (Al) holds at 1 with (c1,t1) and (A2) holds at 7
with (ca,t2). Suppose thatty > €/2 and to 2 /. Then, with m > % andn > 2857201729@71,
1

Gn.,m is an (g, 6)-PAC approximation of g(F).

Proof. Suppose that we use n points and m samples per point. From our choice of m, we have

Let 0, = g(F,,) and n = g(F). From Proposition[5] we have

[Fon () — Em(n)| = |F(n) — Fn(n)] < c1¢/8.
From Lemma we note that F;,, satisfies (A1) with (n, ¢1/4,t1). If |ne — n| > t1, then, we have

|Fon(16) = F(n)| = min{|Fp,(n + t1) — Fon ()|, |[F(n —t1) = Fu(n)|} > %,

which leads to a contradiction. Therefore, we have

c18/8 > [Fin(no) — Fn(n)| = e1lne — nl/4.
This implies that | — n,,| < &/2. Ase < ¢1/2, we note that F}, satisfies (A1) with (1., c1/4,t1/2).
From the choice of n, according to Lemma|[I3] we have

P(|Gnm — | <e/2) >1—0.
Under the event |G, , — 1m| < €/2, we have
|Gn7m - 77| < |Gn7m - 77m| + |77m - 77| <e.
This completes the proof. O

C.3 Maximum

In this case, the estimator for the noiseless samples writes G,, = max;c[n] Xn. We first show that for
sufficiently large n, F(G,,) can be close to 1.

Proposition 7. Suppose thate > 0and § € (0, 1). Then, forn > ¢~ 1log(2/4), we have P(F(G,) >
1—¢)>1-4/2

Proof. Consider a fixed number of points n. Note that G;, = max;¢,,] X;. Therefore, we have
P(F(Gn) <1—¢)=PF(X;) <1—¢,Vi€ [n])
=(1 - &)™ < exp(e log(2/6)log(1 —€)) < 6/2.
Here we utilize that log(1 — ) < —e. This completes the proof. O

Then, based on the S-regularity of F, we show that G,, can be close to g(F') when n is large.
Proposition 8. Letc > 0and § € (0,1). Denote = g(F). Suppose that Assumption[3 holds. Then,
withn = c¢; =P log(2/8) points, we have P(|G,, —n| <€) >1—§/2.

Proof. From Proposition[7} we note that
P(F(G,) >1—cef)>1-4§/2.

According to Assurnption F(Gp) > 1—c1€® implies that G,, > n—e. AsG,, = maX;ep, X; <1,
this completes the proof. O

We first choose 7 > ¢; *(¢/2)~# log(2/6). From Proposition this guarantees that P(|G,, — n| <
€/2) > 1 — §/2. Then, by choosing m > 4e~21og(2nd~!), we have

P(X; - X;|<e/2)>1—e™ < >1-6/(2n).
Here we utilize the tail bound of Gaussian distributions and the fact that X; — X; ~ AN(0,1/m).

As G, = max;ep) X and Gy, = MaX;epy) X, conditioned on {1X; — )A(l\ <e/2,Vi € [n]}, we
have |G,, — G, ;| < €/2. Therefore, it follows that

P(|Gp — G| < £/2) > P (|XZ- —X;|<e/2,Vie [n]) >1-nd/(2n) =1 —5/2.
In summary, we have P(|n—Gy, m| <€) > P(|Gp—Grm| < e/2)+P(|Gp—n| < e/2)—1 > 1-4.
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C4 Trimmed mean
Consider the following conditions

(B1) There exists constant co > 0 such that [~°_22dF(z) < cq.

(B2) For z € R, there exists ¢y, t; > 0 such that for all ¢ satisfying 0 < |t — z| < t1, F'(t) > ¢1.
(B3) For z € R, there exists ¢z, t2 > 0 such that for 21, x5 € [z — ta, 2 + ta],
|F'(21) — F'(22)] < ca.
(B4) For x € R, there exists c3, t3 > 0 such that for all ¢ satisfying 0 < |t — x| < t3, F'(t) < cs.
(B5) There exists constants c4,c5 > 0 such that max{|F~1(a)[,|F71(1 — a)|} < e4,
min{|F~1(a)|, |[F71(1 - )|} > cs.

We can view Assumptionas follows. I satisfies (B1) with co and (BS) with ¢4, ¢5. At F~!(«) and
F~1(1 — ), F satisfies (B2) with (c1, 1), satisfies (B3) with (cz, o) and satisfies (B4) with (c3, t3).
Here t1,t3 2 e and to 2> +/=.

We first show that for n > O(e~2), the empirical estimator of the trimmed mean from noiseless
samples will be close to the trimmed mean.

Proposition 9. Suppose that Assumption holds. Let 6 € (0,1). Suppose that ¢ > 0 is sufficiently
small. For

n > (2a — 1) 3(4eseq + 1) 722 max{16co6 1, 4log(4/6) e},
with probability at least 1 — 6§, we have

1 [(1—a)n] F~'(1-a)
— E X(z) — / xdF(x) <e.
n i=|lan] F=1(a)

Then, we prove for the noisy case.
Lemma 9. Suppose that Assumption ] holds. Then, we have

F~l'(1-a) F7l1-a)
/ xdF(z) — / xdFp, ()

F~1(a) F~1(a)

<m™! (4\/% + k?(2cocy + 2c3) + 4+ 2\/C>oczk2m_l/2> = O(m™'log(m)),

where k = y/2log (m/2).
From the median proof, analogously, we also have

[F~H (@) = F. (o) £ O(m ™ log(m)) , [F7H(1—a) = F' (1 —a)| < O(m™" log(m)).
Then, we have the bound

Fpl(1-a) F7l(1-a)
/ zdFy,(z) — / zdF(x)

Fl(a) F~1(«a)

F~l'(1-a) F~l(1-a)
/ xdF,(z) — / zdF(x)

F~1(a) F~1(@)

<

F(1-a) Frol(l-a)
+ / xdFm(x)—/ xdFy, (2)

F=!a) Fn'(a)

<O(m™" log(m))
Here we utilize that |z| F), (x) is upper bounded. Therefore, by choosing m = O(¢~!log(1/¢)), we

have
F l(1-a) F~l'(1-a)
/ xdFy,(z) — / zdF(x)
Frt (@) F=1(a)

By choosing & sufficiently small, F,, also satisfies Assumption M| with constants
(2co,¢1/2,2¢2,2c3,2¢4, c5/2). Therefore, with n > O(¢~26~1), we have

Fpl(-a)
IP(/ zdFp(x) — Gmpn Ss/?) >1-0.

Fa'(e)
This completes the proof.

<e/2.
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C.4.1 Proof of Proposition 9]
Proof. For £ > 0, denote the event
E©) ={|X(lan)) = F (@) <& X((1—am)) — F 11— )| < &

Choose & < c5. From Lemma |14} with n > 4log(4/6)c; %672, we have P(E(£)) > 1 — §/2.
Conditioned on E(£), we note that

L(A=c)n]

% Y. Xp= % > Xil(X; € [F ' (a)+sign(F ()¢, F~' (1—a)—sign(F ' (1-a))¢)),
i=|an]| i€[n]

and

| La=en] 1

- > Xy < - > XX € [F~ (a)—sign(F ' (@)§, F~ (1—a)+sign(F ' (1-a)))).

i=|an| i€[n]

Lemma 10. Let a < b. Then, withn > coe 261, we have

b
IP(/mdF —fZXHXe[ab]) )21—5.

Proof Denote ¥; = X;I(X; € [a,b]). Then, E[Y;] = f;zdF(z) Note that Var[Y;] <

f 2*dF(z) < [%_2%dF(z) < co. Therefore, from the Chebyshev inequality, we have
b
P dF (z) — — X I(X; € [a,b < — <.
[ Z o) >c) < %
This completes the proof. O

From Lemma for n > 16c0€ =251, with probability at least 1 — §/4, we have

- Z X,I(X; € [F~Y(a) 4 sign(F ()6, F71(1 — o) — sign(F~1(1 — a))¢])

F~l(1—a)—sign(F~ () F~l(1-a)
2/ xdF(z) — &> / xdF (z) — (4degeq + 1)E,
F-1(a)+sign(F~1 () F-1(a)

and

LS XX € [F (@) — siga(F (@))6, F7 (1~ a) + sign(F (1 - ))¢))

i€[n]

F~l'(1—a)+sign(F 1 (a) t1-a)
§/ zdF(z)+¢& < / xdF(z) + (degeq + 1)E.
F~1(a)—sign(F~1(«a) F~1(a)

Here we utilize that £ < ¢5 < ¢y and [z F’(x)| < 2c3c4 around F~1(a) and F~!(1 — o). Combining
the above bound with (C:4.1)) and (C.4.1)), with probability at least 1 — 35/4, we have

1 [(1—a)n] Fl(1-a)
- Xy — < :
n Z (i) /Fl(a) xdF (z)| < (4eszes +1)€
i=|an]|
Therefore, by letting £ = ms, we complete the proof. O
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C.4.2 Proof of Lemmal9l

Proof. Denote ¢ = 1//m. We also denote F, =: F,,. According to the Cauchy-Schwartz

inequality, we have
</|xdF(:v)>2 < (/:ﬁdF(g;)) (/ 1dF(x)) < ¢,

which implies that [ |z|dF(z) < ,/co. Let k > 0 be a constant. Note that

/:o Po2(7)dr = /:0 o1(z)dw, /:0 TPg2 (x)dr = a/:o zp1(2)da.

o2 o

It follows that

o ]. o m2 .’E2 ]_ 2
zp1(v)der = — e Td— = ——e /2,
/k (@) \/27T/k; 2 V2o

We note that [, ¢1(z)dz < e~**/2_ By taking k = \/—21log (¢2/2), then, we have
> —k2/2 1, [ —k2/2 1,
g2 (x)dx < e < 59 Tpg2(z)dr < oe < 50

ko ko

We can compute that

/ab zdFy(z) — /ab yF' (y)dy

b
= / (y + 2)F'(y)po2(2)dydz 7/ yF' (y)dy
a<y+z<b a

IN

+

[ ePweai).
a<y+2<b

a

b
/ yF' (y)po2 (2)dydz — / yF' (y)dy
a<y+2<b

In the following two lemmas, we show that both terms in the last line are upper bounded by O(o?).

Lemma 11. We have the bound

b
/ YF' (4)p0e (2)dyd — / yF' (y)dy
a<y+z<b

a

< 4y/coo® + K22 ((|b] + |al)ea + 2¢4).

Lemma 12. We have the bound

< 40?4+ 2\/C7002k’20'3.

/ 2F' (y)pg2 (2)dydz
a<y+z<b

In summary, we have the bound

/a  dF () / ' dF ()

<4y/coo® + k2% ((]b] + |a])ca + 2¢4) + 40° 4 24/cocak?o®
=02 (4 /co + K*((|b] + |al)ca + 2c4) + 4 + 2y/cocak®a)

This completes the proof. O
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C.4.3 Proof of LemmalIT]

We first upper-bound the LHS in (TT)) by the following parts:

b
/ yF' (y) o2 (2)dydz — / yF' (y)dy
a<y+2<b a

b—ko b—y b—ko
< / ( / %2(2)d2> yF'(y)dzdy — / yF'(y)dy (10)
a+ko a—y atko
a—ko 0o b—y
+ (/ +/ > (/ cpgz(z)dz> yF'(y)dy (11)
—00 b+ko a—y
a+ko b—y at+ko
+ / . (/ @az(Z)dZ> yF’(y)dy—/ yF' (y)dy (12)
a—ko a—y a
b+ko b—y b
+ / </ waz(Z)dz> yF’(y)dy—/ yF' (y)dy| . (13)
b—ko a—y b—ko

For the term (I0), as y € [a + ko, b — ko], we have [—ko, ko] C [a — y, b — y], which implies that

< (/:04-/;0) 0g2(2)dz < 2.

b—y
/ wg2(2)dz — 1

-y

Hence, we have

b—ko b—y b—ko
/ ( / ©g2 (Z)d2’> yF' (y)dzdy — / yF'(y)dy
at+ko a—y a+ko

b—ko [e'S)
302/ ly|F' (y)dy < 02/ [y F' (y)dy < \/coo™.
at+ko — 00

For the term (TT)), we note that

(/_:'W ! /:ka> </y:b 48 (Z)d'z> yF' (y)dy

1 a—ko [e'S)
<so? / +/ yIF (g)dy < Y002,
2 —00 b+ko 2

Here we utilize that fory > b+ ko ory < a — ko, we have

b—y 0o 1
/ Vo2 (2)dz < / po2(2)dz < 502.

—y ko
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For the term (I2)), we note that

at+ko b—y a+tko
/ R ( / sogz<z>> R
a—ko a—y a

ko b—a—t a+ko
< /0 (a+t)F'(a+1t) </ D2 (z)dz) dt f/a yF' (y)dy

—(b—a)—t

ko b—a+t
4 /0 (a—)F'(a—1t) - (a+O)F (a+1t) (/t gaaz(z)> dzdt

IN

—(b—a)—t

ko
+ / la|F'(a —t) — F'(a+t)| + t|F'(a — t) + F'(a + t)|dt
0

ko ko
Sg{/ kH%WWa+Uﬁ*l/ (2]a|cat + 2cq4t) dt
0 0

<\/coo? + k*0*(|alca + c4).

Similarly, for the term (T3], we have the bound

b+ko b—y b+ko
/ yF'(y) ( / soaz<z>> d=dy - / yF' (y)dy
b—ko a—y b

C.4.4 Proof of Lemmal[12

For the LHS in (I2)), we can decompose it into

/ 2F' (y) g2 (2)dydz
a<y+z<b

/i: ) (/b e <Z>> dzdy
U L) ([ o) i
- /a:]j F'(y) ( /a :y 2pg2 (Z)> dzdy
¥ /bb:k F'(y) ( / b - <z>> dzdy

For the term (T4), we note that

[ ([ s

Here we utilize that for y € [a + ko, b — ko],

/a " ()| = ‘( /_ :y+ /b :) pa(2)dz

<

b—ko
< o / F'(y)dy < o®.
a+t+ko

-y
a—y 0o —ko (oS)

<([ "+ )|z|%z<z>dzs</ +f >|Z|%2<Z)dzgaz.
— 00 b—y —oo ko
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ko b—a—t ko
/0 (a+DF (a+1) (/ cpgz(z)dz>dt—/0 (a+0)F (a+t)dt

< eoo? + k2% (|blea + cq).

(14)

15)

(16)
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We can bound the term (T3] by

a—ko [e's) b—y
(/ +/ ) </ 202 (z)dz) F'(y)dy
—00 b+ko a—y
1 a—ko 9] 1
<-o? / +/ F'(y)dy < =o?.
2 —00 b+ko 2

Here we utilize that fory < a — ko ory > b+ ko,

b—y b—y [ 1
/ 2pq2(2)dz §/ |2]po2(2)d2 S/ |2]pg2 (2)dz < 502.
a a

—y —y ko

For the term (T6)), we note that
a+ko b—y
/ F'(y) / 2pq2(2) | dzdy
a—ko a—y
ko b—a—t
/ F'(a+1t) / 2052(2) | dzdt
0 a—b—t

ko b—a—+t
/ (F'(a—1t)— F'(a+1)) </ zgpaz(z)) dzdt
0 t

ko ko
§a2/ F’(a+t)dt+/ 2cotoy/codt
0 0

<o? + \/cocak?od.
Here we utilize that for sufficiently small ¢ such that 2kc < b — a,

b—a—t oo —ko
/ 2p0a(2)] < / 2l e (z) + / |2lp02(2) < 0.
a—b—t k

Similarly, we can bound the term (T7) by

/bb:’:’ Fy) < /a byy Z%z(z)) dzdy

This completes the proof.

+

<o’ + \/50214:203.

C.5 Auxiliary results

Lemma 13. Let o € (0,1). Suppose that 0 < ¢ < min{a,1 — a}/5 and 6 € (0,1). For
n > 4e=?1og(2/6) points, with probability at least 1 — 6, 1) = X (| an)) satisfies

[F(1) — ol <e.

Proof. Assume that ¢ < min{«, 1 — a}/5. Consider the random variable Z; = 1 if F(X,;) < a —¢
and 0 otherwise. Let Z = >_'" , Z;. By the Chernoff bound,

P(F()) <a—-¢g) <P(Z > an) <P(Z = (1+¢/a)E[Z1]) < exp (_418525> .

On the other hand, consider the random variable Z] = 1 if F'(X;) > a + € and 0 otherwise. Let
Z' =%, Z!. According to the Chernoff bound,

P(F(7) > a+e) SP(Z' > (1-a)n) <B(Z' > (1+e/(1-)E[Z])) < exp (‘ 15?1_”@ ) |

In summary, we have
4e? 2

Therefore, by taking n = 4e=21og(2/4), we have P(|F(i)) — a| < ) < §. This completes the
proof. O
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Lemma 14. Assume that F satisfies (B2) At F~1(a) with (c1,t1). Suppose that ¢ <
min{t;, min{o, 1 — a}/(5¢1)} and § € (0,1). With n > 4log(2/8)c; %2 points, we have
P(|X(jan)) — F (@) <) > 1 -0

Proof. Note that c1e < c1t; < £ min{a, 1 — o}. From Lemma with n > 4log(2/8)c; %2, we
have

P(|F(X(jan))) = F(F @) € c18) 2 1 - 6.
Letn = F~' () and /) = X ([an)). If [} = 0] > c1tq, as F satisfies (B2) at n with (cq, c3, 1), we
have

|F(X(lan))) = F(F~H(@))] = min{|F(n + t) = F(n)|,|F(n — t1) = F()|} > e1t1 > ere,
which leads to a contradiction. If |/} — 7| < ¢;t1, then, in the same manner,
c1e|F(X((an))) = F(F~H(@))] > e
This implies that | X (| o)) — F~Ha)| < e. O

D Proofs of upper bounds for online algorithms

In this Appendix we provide the proof of Theorem[2] As discussed, in order to exploit the Bayesian
nature of the problem, we analyze the algorithm in two parts. First, we use the fact that our arms
are drawn from a common distribution to find some n,m as in Theorem [I] such that the plug-in
estimator Gy, ,, will be an (£/2,/2)-PAC approximation of g(F). Second, we show that our
adaptive algorithm is an (¢/2,§/2)-PAC approximation of G,, ,,, but is able to accomplish this
using significantly fewer samples. We begin by proving the correctness of our algorithm, afterwards
analyzing its sample complexity.

D.1 Correctness

To show correctness, we need to condition on the n x m matrix of observed samples Y, where
Aij = Xi + Z; 4, where Z; ; are i.i.d. N(0,1). We couple the randomness in the analysis of the
offline and online algorithms, considering our random arm pulls for both to be jointly generated, and
the same matrix Y fed into each algorithm. Analyzing the online algorithm, we show that it recovers
the result of the offline sampling algorithm within error £ /2 with probability at least 1 — §/4.

uni

Notationally, let g™, . .., ui™ be the estimates of samples of offline sampling algorithm and online
sampling algorithms with given (m,n). Let N(4) be the number of samples for point X; from the
online algorithm.

Defining g,, as the n-sample version of the functional g, we proceed by showing that the output of
our algorithm is close to the output of the n, m offline sampling algorithm, which is close to g(F).

Concretely, for our algorithm output G, we have that
P(lg(F) — G| > &) < P(|g(F) = Gum| = £/2) + P(|Gpm — G| > ¢/2).
We see from the previous arguments regarding offline sampling that for n, m as selected, we have that
P(lg(F) = Gnm| 2 €/2) <6/2.

Now all that remains is to show that the second term is small. We show that when a; = a, the
online algorithm exactly recovers the output of the offline sampling algorithm on the event that the
confidence intervals hold. When a1 # as (the case of the trimmed mean), we show that our estimate

G is within & /2 of G, ,,, with probability at least 1 — §/4 on the event that the confidence intervals
hold.

We begin by defining &; as the good event where our arms stay within their confidence intervals,

where _
G= [ {lar) =™ < b}
reN,ie[n]

Lemma 15 (Confidence intervals). The event & defined in (D.I), where the confidence intervals of
[F about p™ hold, satisfies P(&1) > 1 — 6/4.
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Proof. In order to obtain our desired results, we require

16n logm)

t. > 8h721
2 st (28

where o2 is a bound on the sub-Gaussian parameter of the observation noise.

With this ¢,., we have that

PE) < > P((r) — w™ > by)

reN,i€[n]
<ny P(f(r) = pal = 0,/2) + Pl — pi™| = b,/2)
reN
<dn Y P(fa(r) — | > b,/2) < 5/4.
r<[log(m)]
This completes the proof. O

On this good event £;, we show that our online algorithm exactly recovers the partitioning of arms
performed by the offline sampling algorithm. That is to say, for a given matrix of observations Y
overloading notation we can see that g,,(Y"), the out put of the offline sampling algorithm, satisfies

1 1ni
gn(Y) = m Z ™

i€S,
where .S, is the set of relevant arms (i.e. those close to the boundary of .S). Note that .S,, is a function
of g.
We show in the following lemma that the online algorithm correctly identifies the arms in this set.

Lemma 16. On the event & we have that S’n is identical to S,,.

The proof of this Lemma conditions on the good event where all confidence intervals hold, and shows

that in this case the boundaries of S,, stay accurate throughout the course of the algorithm, and no
arms are spuriously eliminated.

Proof. In this proof we focus on showing that S, correctly partitions those elements smaller than
u‘(l[la‘m D from those greater than this threshold. Identical arguments hold for the analysis of ,uElL“o‘Qn e

which together imply the correctness of S,,.

In round r, we use (r) to represent the corresponding values before the sampling, for example, fi(r).
Let ¢; be the round that the ¢-th arm is eliminated from the active set. Suppose that the algorithm
ends in 7" rounds. We denote

G(T) :{7’ : ﬂl(r) > [j’(\_alnj)(r) + bmin{7',ti}}7
L(’/‘) :{Z : lal(r) < ﬂ(\_oqn])(r) - bmin{r7ti}}7

Ul(r) :{i : |ﬂz(7“) - ﬂ(Laan)(r)‘ < bmin{r,ti}}'
From the definition of G(r) and L(r), it is easy to observe that |[L(T+1)| < |ayn| and |G(T+1)| <
n — |agn]. We note that |U(T 4 1)| = 0 and this implies that |G(T + 1)| = n — |a1n] and
|L(T + 1)| = |a@1n]. From the definition of L(T + 1), it consists of |«jn]| points with minimal
ﬂz(T + 1), i.e.,

fi(lasn (T +1) = omax fui(T +1).

Conditioned on the good event &£, we have

Note that by; = 0. Therefore, for arbitrary i € L(T 4+ 1) and j € G(T + 1), we have

™ < (T +1) 4+ by, < figlagn)) () < i (T +1) = by, < ™.
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uni

Hence, the maximal element in {z™ };c 1, (711) 1S '“(Loqn |)» Which is the o1 -th quantile of {z;™ }iL ;.
This also implies that

{i: 0(T+1) > figlaun(T+ D} = {i: ™ > pila b

On the other hand, analogously, we note that

{Z : /:LL(T+ 1) < ,a(l_agnj)(T + 1)} = {Z : /’[’limi < :uufl(,lzgnj)}

By combining the above two equations together, we completes the proof. O

We now split our analysis into cases. When a; = ag, we see that all arms in S,, will be pulled
exactly m times, and so for i € S,, we have that j1;(r) = ™ for the final round 7. This implies that

G = G, m for this given Y.

When a; # «a, we have that some arms in the set S,, have not been pulled m times; they were
determined to be in S,, using fewer samples, and removed from the active set as they did not require

further sampling. Thus, we will not have that G = G, m- Instead, we show that because there are

SO many points in S, by sampling each of them only once and averaging the results, we obtain G
which is within £/2 of G,, ,, with probability at least 1 — §/4.

Lemma 17. On the event &, Algorithmsatisﬁes P(|Gpom — G| > €/2) < 6/4.

Proof. It aq = g then G, = G’, and so the result holds trivially.

E um

If a1 # o, then on the good event £; where our confidence intervals hold, we have that our online
1
|Sn| 1€S,

algorithm correctly identifies .S,,(Y"). Then,
> e/2>
1+1
(oo ) ) <o

as this sum is normally distributed with variance decaying with S,,, and so for sufficiently large n we
have the desired result (as when a1 # aw, |Sy,| > [n(as — a1)]). O

Pﬂhm—ﬂzdﬂ&hﬂP<

Thus, we see that our algorithm’s output G will be close to g(F) with high probability.

D.2 Sample complexity analysis

We now turn to bounding the sample complexity of our online algorithm. For simplicity, we overload
Sy, in our analysis as S, = Conv({p™ : i € S, }). Useful in this analysis will be the distance from
X to the boundary of S, (essentially the gap of X), which we define as

dist(X, 9,) = min (1X = il )| 1X = 1)

To this end, we provide the following Lemma:

Lemma 18. On the good event &1, we have that a given arm X; will be pulled N (i) times where

25610g (16n10gm)

N(i) < min | m, 5
[dist(X;, 05,)]

Proof. To begin, no arm can be pulled more than m times by our adaptive algorithm, due to the
structure of ¢,.. We now additionally see that by the construction of our b,. confidence intervals, we
have that On the good event where our confidence intervals hold, we see that an arm X; must be
eliminated when 2b,. < dist(X;, 5,,). Due to the iterative halving of b,., this means that arm 7 must

be eliminated by round r where 4b,. > dist(X;, 3S,,), and so b;2 < 16 [dist(X;, S,)] > O
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This is to say, it cannot be pulled more than m times, and if it is far from the boundary of .S,, then
it can be determined whether it is in the set or not using many fewer samples, only scaling with

[dist(X, 8S,,)] >

Thus, the total sample complexity of our online algorithm (for a given matrix of observed samples Y’
with corresponding arm mean vector p"") is upper bounded by

NN 256 log (1% )
2N < 3 min | m. [dist(X, 25,

i=1 i=1

We know by the Glivenko-Cantelli theorem that in the limit z{]\, , ) — F~'(a1), but we require
finite sample rates to give a useful bound.

Lemma 19. For n = ©(c~2), with probability at least 1 — min{§/8, m~1} in the randomness in Y,
we have for i € {1,2} that simultaneously

) 1
uni -1 _
|/~‘L(La7nj) - F (al)‘ =0 (ﬁ) :

This lemma is simply a statement about the correctness of the offline sampling algorithm for estimating
the ay/as-th quantiles, which we have already proven. Note that we are not conditioning on &5
occurring in order for our algorithm to provide the correct output; we are simply utilizing this event
to bound our algorithm’s sample complexity.

Denote this event as &s.

On the good event in Lemma [T9] and the good event where our algorithm correctly outputs an €
accurate estimate and has sample complexity as in (I8]), we have that

16n logm
256 log ( 10 )
. . 2
Jmin (15— g, 1 = )|
m when dist(X, 95,,) < C’ﬁ,

< | 10241og(Lonlesm : 1
W when dlSt(X, 3Sn) > Oﬁ,

log (nlo;m)
'I’?’l7 72
[dist(X;, 09)]

N (i) < min | m,

< min ,

where C is an absolute constant and dist(X;,dS) is defined analogously as dist(X;,dS) =
min (|AXVZ — F_1<O[1)|, |X1 — F_l(a2)|).

We then have that our sample complexity M is bounded as, conditioned on £; we have that

3" min (m, log (”10(;5 m) [dist(X;, asn)]*)] >

i=1

E[M] =0 (]E

<0 (nIE [min (m,log(n/&) [dist(X;, 3Sn)]72> \52} + nmIP(f@)

(a) . . _

< O (nlog(n/6)E [min (m, dist(X,05)7?)]) .
where we defined the good event &> as in Lemma |19| where our u‘(“E;m |y are within \/—% of their
distributional values, i.e. F'~1(«;). We utilize the fact that n_ > m to simplify the sample complexity.
(a) comes from that P(£5) < min{d/8,m ™'} from Lemma[19|and that for events E with probability
greater than 1/2 and positive random variables X, we have that E[X|F] < 2E[X]. This gives us the
desired result.
Theorem 5 (Restating Theorem . Algorithm|l|succeeds in estimating g(F') to within accuracy £
with probability at least 1 — 0§, and requires at most

O (nlog(n/8)E [min (m, dist(X,05)?)]) (18)

observations in expectation.
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D.3 Functional-specific upper bounds

From Theorem[2] we are able to derive the upper bound sampling complexity of online algorithms
in Table T]for mean, median, maximum and trimmed mean estimation by analyzing under the
functional specific assumptions.

D.3.1 Mean estimation

Proof. For mean estimation, from Theorem we have that n = ©(¢72) and m = ©(1) is sufficient.
Therefore, we have an expected sample complexity of

E[M] =0 (nlog(n/6)E [min (m, dist(X,05)~?)])
=0(nlog(n/8)) = O(e~?1og(1/e)).
This completes the proof. O

19)

D.3.2 Median estimation
Here we present the proof of Proposition 2]

Proof. For median estimation, from Theorem || we have that n = ©(¢72) and m = O(e7 1) is
sufficient. We can compute that

E [min (m, dist(X,d5)7?)]
=0(1) /min (7' (x = F71(0.5))7?) dF (z)

F~10.5)—/2 S}
=0(1) </ o (x—F—1(0.5))—2dF(:c)+/ (x—F_1(0.5))_2dF(:r)>

— oo F=1(0.5)+vz
F~10.5)++/c
+0(1) / e tdx | .
F=1(0.5)—Ve
The first term can be bounded using integration by parts, where we note that

F1(0.5)-vE
/ (2 — F~1(0.5))2dF ()

—00

F1(0.5)- vz
__ / F'(2)d(z — F~1(0.5))"!

108 F71(0.5)—VE
= — Fla)(@— F1(0.5)7 1" _ 97" +/ FO(z)(z — F710.5)) Lda
— 00

F~10.5)—/e
<Ve lF'(F7Y0.5) — Ve) + Vel / F® ()
<2Ve LF'(F71(0.5) — &) = O(Ve1).
Here we utilize that F”(z) is upper bounded at F'~1(0.5) — /. Similarly, we have
/ (x — F71(0.5))72dF(z) < O(\Ve).
F~1(0.5)+ve
In summary, we have
E [min (m, dist(X,05)"?)] < O(Ve™1),
and this implies that
E[M] =0 (nlog(n/6)E [min (m, dist(X,d5)~?)]) < O(nlog(n/6)e %)
=0(s"*"log(1/e)).
This completes the proof. O
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Maximum estimation. For maximum estimation, from Theorem 1| I we have that n = ©(¢~#) and
m = ©(e72). We note that

E mln (m dlst(X 05)~ )]
~0(1) [ min (. (e~ P11) %) (e

1(1) € e’}
=0(1) (/_ (x—F‘l(l))_ZdF(:E)—i—/Fl(l)_ s_QdF(x)>.

For 5 < 2, we can compute that
“11)-e F~l(1)—¢
/ (x — F7Y(1))"2dF(x) = / F'(z)(x — F71(1))%dz

:/ F'(F7Y(1) —2)a 2dx < / coBal a7 de = =P 2,
€ € 2- B

and

/OO e 2dF(z) =721 - F(F71(1) —¢)) < cpeP 2.
F-1(1)—e

This implies that
E [min (m, dist(X,05)72)] = O("2).
As a result, we have
E[M] = O (nlog(n/$)E [min (m, dist(X,85)"?)]) = O(e*log(1/e)).

For 8 = 2, we can compute that
H(1)—e F1(1)—e
/ (x — F~'(1))"2dF(z) = / F@)(@— F-(1))2da
— 0o —00

H)—-F~1(0) (1)—F~1(0)
:/ F(F7Y(1) —2)x%dx < / 2coxz™2dz = O(loge™1).
Hence, we have

E[M] = O (nlog(n/$)E [min (m, dist(X,85)7)]) < O(e~*log(1/e)).
For 3 > 2, we note that

L(1)—e F7l(1)—¢
/_ (x — F~1(1))"2dF () = /_ F'(z)(x — F~1(1))2de

oo F~Y1)—F~1(0)
:/5 F'(F7Y(1) —2)a 2dz < /6 coBxP e 2dx = O(1).
Hence, we have
E[M] = O (nlog(n/8)E [min (m, dist(X,05)"?)]) < O(e~?log(1/e)).
In summary, we have
E[M] = O (nlog(n/8)E [min (m, dist(X,05)?)]) < O(e~ max{$.2} 1og(1/¢)).
This completes the proof. O
D.3.3 Trimmed mean estimation
Proof. For trimmed mean, we note that the analysis is similar to the case of median, which gives that
O (nlog(n/d)E [min (m, dist(X,05)72)]) < O(nlog(n)e " log(1/e)) = O(s~*" log?(1/¢)).
O
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E Proofs in Section d

E.1 Proof of Lemmal(ll

Proof. Denote pr, and pr, as the pdf of F; and F’ respectively. Let o = 1/y/m and let 2 be the
pdf of N'(0,02). As pr i, = (P, % 902)”" and pr.;, = (P, * 9g2)"", We have

DKL (pr,py lpr.7,) = nDxL(pry * o [lpR, * 052).
On the other hand, we note that

[ee]

PR * Po2(y) = / PR (T)po2 (Y — 2)dz = Exor, [po2 (y — X)].

— 0o
Similarly, we have pp, * 2 (y) = Ex'pm, |00z (y — X))
Let v € T be a coupling of F; and F». Namely, it is a joint distribution of (X, X’) and its marginal
distribution on X (X') are F (F»). Then, utilizing the convexity of KL divergence, we have
DkL(pr, * 002,00, * 052) = DKL(E(x,x1)~q P02 (Y = X)], Ex,x1)nry [002 (y — X)])

<E D X X)) =E X = X'l

SE(X, X~y KL(Po2 (Y — X), o2 (y — X)) = (X, X"~y 902 .
By taking the infimum w.r.t. all possible coupling v, we note that

DKL (pr.F, |[Pr, ) = nDxL(F1 * N(0,0%) | Fy x N(0,07))
|X - X[ mn

= 7W(F1, F2)2.

< i fE AP
—”;Ielr (X, X ")~y 202 2

This completes the proof. O

E.2 Proof of Lemma[2
Proof. For a given underlying distribution F3 and a given algorithm 7, the joint distribution of
{(X;, A;, V) }_| has the following probability density function

t

e, (@i i, y) Vo)) = [ [ o (@)pe (@il (a5, 97) 20 p(wilas, {2515 2)-
=1

Thus, we can also write

P ({3, a0, yi) Yimr) = pe({(as, yi) Yo {iYizh) HpFa (4),

where ,
pr({(ai, yi) Yica {zi}icn) = _pr(az‘l(aj,yj)ﬁ;ll)p(yilza,-)-

Thus, the marginal distribution on {(a;,y;)}:_; follows

pw,Fl({(auyi)}fﬂ) :/pw,Fl({(wi,ai7yi)}fﬂ)dzl cdzy
=E(xyt_, o e ({(ai, yi) Yo { X }i2))-

Let F» be a distribution different from F;. We want to bound the KL divergence from
e ({(ai, i) Yy) 0 prop,({(ai,y:)}_;). Let v € T be a joint distribution with marginals
Fy and F5. For simplicity, we write E, = Ex, X/)t_, ~~- Utilizing the convexity of KL divergence,
we note that

DKL (P, 7y Pr,po) =DKL(Eq [pr (X }io)], By [ (X7 HZ0)])

: Nt (20)
<E,DkrL (pﬂ('HXi}i:l)a pﬂ'('HXi}i:l))'
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Given the pair of underlying states ({X;}_,, {X/}{_,), we can compute that
Dk (pr ({Xi}iz1)), p= ({Xi}i21)))

p(Yi|Xa,)
_E{(A Y~ (HXa}iy) [Zlo Y|X/ )]

112
=B (A0 mpr (X)) ZZ |X Xil
=1 j=1
_Z J}_] 1)‘X X/|2

Here we let C;({ X} 1) = Epayt cpr(1{x031_) [Zt I(A; = z)} This implies that

E,DxwL(pr,m (‘|{Xj }§:1)7pW,F2 (|{le}§:1)) = E,

LG X5, /2
y S Q}J )|XZ-—XZ-|].
=1

We note that 3¢ _, Ci({X,}=,) =tand

E,|X; — X|2<esssup(XX, LX = X'2i=1,...,t

This implies that

~+

B Dt (P (X} 21)s P (X Hi21)) < 5 - esssup(x x| X = X2

By taking the infinimum w.r.t. -y, we have

Dxw (pr. s prpy) < Inf E- Dk (pr.r (HX 1) peos (X Yio)

X - X']2 ¢

<t inf , = Wy (Fi1, F»)2.
< ;IEIFQSSSHP(X’X )""'Y 9 9 oo( 1 2)

This completes the proof. O

E.3 Proof of Lemma[3l

Proof. We first give the example for the Wasserstein-2 distance. Let G(s) be defined as

G1(s) = {gl(s), t €10, 2¢],

s, s € [2e,1],
where ¢(s) is a monotonic cubic interpolation satisfying that

91(0) =€,91(0) = 1,91(2¢) = 2¢,97(2¢) =1,

We note that the image of G~! is [¢, 1]. Therefore, the domain of G is [¢, 1]. We also note that for
s € [0,¢], we have
|G(s) —s| <e.

Consider the following two distributions. We consider a distribution with
Fi(z)=1-(1—-x)°
in its support [0, 1] and another distribution with CDF
Fy(z) =1—(G(1—x))?

in its support [0,1 — £]. We can verify that F; and F5 satisfy Assumption [3| and | max(F}) —
max(F3)| = €. We note that

Fil(s)=1-(1-9)"P F () =1-G (1 —s)"7),
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We can verify that Fy and F; satisfy Assumption[3]and | max(F;)—max(F3) = . The Wasserstein-2
distance between I and F5 can be computed as

1
W(Fl,F2)2:/O (Fy'(s) — Fy ' (s))  ds

B B

S 2 S
:/ <sl/ﬁ —G(sl/ﬁ)) ds §/ e2ds = P12,

0 0

We then give the example for the Wasserstein-oo distance. We consider a distribution with
Fi(z)=1-(1—-x)
in its support [0, 1] and another distribution with CDF
Fryz)=1-(1—-xz+¢)?

in its support [, 1 4 €]. Let +y be the joint distribution of (X, X + ¢), where X follows F}. Then,
~ € I' is the coupling of F; and F. We can compute that

esssup x x| X — X[ = €.

This implies that Wy (Fy, F») < e.

Finally, we give the example for the KL divergence. Consider two distributions with following CDFs:

ﬂ, ze0,1- ¢,
Fu(2) = 1—¢ef

0, x € (—00,0),

1, z € (l—g,00).

1—(1—1)°, z € [0,1],
Fy(z) =<0, x € (—00,0),

1, z € (l—eg,00).

We can verify that F; and F> satisfy Assumption[3]and | max(F;) — max(Fb) |= . We note that

1
sup Pr (.27) — — = C
z€[0,1—¢] PRy (l’) I—e
Thus, according to the reverse Pinsker inequality, we have
log ¢
Dkr(F1[lF2) < 17<71DTV(F1HF2)-

_ B
We note that lim._,¢ % = lim._, % =1.Forz € [0,1 —¢].

Eﬁ
= 1— EBFQ(JZ).

Fl(a:) — Fg(x)

Therefore, we have

Doy (Fy, Fy) :mrél[%’)i}(Fl (2) = F>()) < 5 iﬁ =0(")
This implies that
D (F1, Fp) < O(€7).
This completes the proof. O
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F Proofs of lower bound via a thresholding phenomena for median and
trimmed mean

We start with an auxiliary lemma to pointwisely bound the log-likelihood difference of two distribu-
tions.

Lemma 20. Consider two densities supported on [—1,1] with pdf p(x) and q(x) such that
p(x),q(x) > 1/4 and |p(z) — q(z)| < e- 1(|z| < ) forall x € [-1,1], and fg t(p(z) —
q(x))dx =0forall{ =0,--- k. Thenforo < 1/2,

[ k42
P* po2(z) SCE(C) . VreR,

log
q* o2(x)

g

where @42 is the density function of N'(0,02), and C > 0 is an absolute constant.

Proof. Write h = p — ¢, then
¢
e ol =| [ hwooe(e )y

[ nwet > (%) ;;dy‘
. 2 .

(©) T = & (jal/o)t2m
< 2¢¢ (J) S (@) Y Mw

1=k+1 m=0

< 2e¢ <§>k+1, o Pg2(2) i (|| /o)t—2m

19m — !
L= mi2m = (£ —2m)!

C k+1
< 2eC (0> 22 (x)el*/

where Hy(z) = ¢! - Z%/ 20j % is the Hermite polynomial, (c) uses its analytical form, and

(a) uses its exponential generating function:
> t@ 2
ZHL;(JU)— =exp | xt — .
2 2
£=0
As for the step (b), we use the assumed property of h to conclude that

Je

< 2e¢CHT1(0 > k).
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On the other hand, to lower bound the denominator ¢ * ¢,z (), we have the following observations:
aso < 1/2,

/ po (i — 4) > oa(J2] — 0)/e2)dy > / oo (= 4) > g02(20))dy

-1 -1

v

1
g

v

1
[ 10 <y sienta) < )iy
if |z| < 207

(

v

-1 1

1 1
/ 1(ons(z — ) > poa(lz] —o)dy > | 1(o <y - sign(z) < 20)dy
, if jx| > 20.

v

g
Consequently, by Markov’s inequality,

1 1
q* po2(x) > Z/ o2 (1 — y)dy

-1

> £t =) / por(a—9) = goa(lal — 0)/e*)dy

Po2 (x| — o)
4e2 i
A combination of the above inequalities leads to
k+2
’p*@o"‘@)_l‘: |h * po2(2)| < 16¢7/2¢ (C) 7
q* Po2(z) q* Po2(z) o

and therefore the claimed result. ]

v

Then, we introduce a lemma for constructing two distributions with matched moments.

Lemma 21. Lete > 0. Forany k = 1,2,..., there exists a constant b > 0 and a function h(z)
supported in [—+/z, \/€| such that

/ h(z)dz = 5,/h(x)xidx =0,i=0,1,...,2k,
0
Fori >k,

’ / h(z)2%~'dz

We further have |h(x)| < b/ and h(z) is b-Lipschitz continuous. Here the constant b only depends
on k and it does not depend on ¢.

< bettl/2, / h(z)z*dz =0

Proof. Consider the following function

—hi(=z), z€[-e,0)
h(z) = < hi(x), z € [0, Ve,
0, otherwise

where hj () is a polynomial taking the form

B2
— v i
ha(x) = Z -1zt
i=1
Letay,...,art2 be the unique solution to the following linear system:

l l

l
a; a; ‘
;ai:o’ Zz‘+1:1’ ZQjH:O,J:l,...,k.

i=1 i=1
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Letb = 2221 ila;|. Then, we note that h(z) < \/52221 la;| < by/e. We note that hy(0) = 0 and
k+2

(\@)Z\@ZCMZO-

This implies that h(x) is continuous. As |k} (z)| < 22:1 ila;| = b, hi(x) is b-Lipschitz continuous
on [0, \/2]. Hence, h(x) is also b-Lipschitz continuous. We can compute that
k+2

o] ) a;
h(z)dx = hi(z)dx = E = E =ec.
/0 (z)dx /0 1(2)dr = / 6(1 1)/2 P 2'—1—15 c

For any ¢ € N, we note that

, 0 . Ve
/leh(x)dm =— / 2% hy (—z)dx + / x¥hy(z)dx = 0.
_E 0

Forj =1,...,k, we have

k+2

0 Ve
2j—1 __ 2j—1y ( 2291 ) J+1/2 _
/a: h(z)dz /\/Eac hy(—x)dx +/0 hy(x)dx = g 3 +z€ =0.

For 7 > k, we have

’/ 2j— 1h )dx Z i g2 <
27 +1

This completes the proof. O

l
< gitl/2 Z lag| < heit1/2.
i=1

=2

F.1 Proof of Lemmad]

Firstly, for o < ce1/2, we consider two Gaussian distribution F} as the CDF of N(0,1) and F5 as the
CDF of N(3e,1). Then, g(F5) — g(F1) = 3¢ and Dk, (Fi, Fa) = %. From the data-processing
inequality, we have
Dir (F1 * N(0,02), Fy * N'(0,02)) < Dkr(F1, F») = O(e?).

For 0 > £'79, let F| be uniform on [—1,1]. Then, g(F}) = 0. As pp, is co-Lipshitz continuous
n [—1,1] and pp, (z) = 0.5 for z € [—1, 1], F satisfies Assumption |2} By taking k > 2%, we can
construct h(x) satisfying the conditions in Lemmaﬂwith €= 2%6. Let F; be the distribution with
pdf pr, (2) = pr, (z) + Zh().

As [h(z)] < bVE, foré < 2,we have h(z) < cz4/€ < 7. This implies that pg, (z) € [1/4,3/4]

for x € [—1,1]. Therefore, pp2 is a density function. As pFl( x) = 0forz € [-1,1], pr, (z) is
co-Lipchitz continuous in [—1, 1].

Note that F5(0) = F1(0)+ % f x)dx = —2¢. Note that 2e = Fy(g(F)) — F5(0) < 3/4g(Fy).

This implies that g(Fy) > g 2 2 e. By choosing ¢ sufficiently small, we have £ < £'~%/2, From

Lemma [20|and the property of h(z), we immediately have

1 .
Dy (Fy * N(0,02), Fy + N(0,02)) = / 1222?? I:Z” Eg;m % g2 (2)dz

_2k+2
< log(pr, * po2(z)) <C. bVEVE — O(e(2k+1)0/2
S max = s = O(€ )=
2R log(pr, * po2(x)) o

O(e").

Finally, suppose that ;' (0.5) — F, 1(0.5) = ¢ and Fy, F, € F. Without the loss of generality, we
can assume that F;; ' (0.5) = 0. As F4(0) > ¢; and FQ(Q)(x) < ¢y for |z| < /€, from the Taylor’s
expansion, we note that

2
Fy(e) > Fy(0) + F4(0)e — % >= 0.5+ ce — % > 0.5+ %15.
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Here we assume that £ < ¢1 /co. This implies that
Fy(e) — Fi(e) > %16

From Proposition 5] we note that
co+1
2T -2

IFo(e) = Fa  002(0)] < .

0%, [Fi(e) = P o2 (e)] <

CQ+1
2

Here 2 is the pdf of (0, 0%). With 0% < we have

Fy % py2(e) — Fy % py2(e) > Fo(e) — Fi(e) — (ca + 1)o® > %5.
Hence, from the Pinsker’s inequality, we can compute that
D (F1 * N(0,02)||Fy x N(0,02)) > Dpy(Fy * N(0,02), Fy * N(0,02)
> |Fy # py2(2) — Fy % g (e)] > %s = Q(e).
This completes the proof.

F.2 Proof of Lemmal3

Consider ¢ < 1. We consider F; and F; constructed in Lemma [4, From the data-processing

1
inequality, for o < c'/2, we have

Dkw(Fy * N(0,0%)||Fy * N(0,0%)) < Dr(Fi|| Fy).
It is sufficient to show that Dxr, (Fy || F») = O(e'°~%). On one hand, F} is a uniform distribution on

[—1, 1]. On the other hand, the densities of F; and F» only have non-zero difference on [—\@ , ﬁ]
and the difference is upper bounded by O(v/Z) = O(Ve1=9/2). Therefore, we have

Dxr(F1 | F2)
VE
= - / Pr, log lﬂdl‘
—VE Pr,

VE 2
:1/ (m = 1) dz + O(22)

2J ve\pr
=0(8%) = O(21179/2)) = O(1577).

On the other hand, we note that pr, — pr, is co-Lipschitz continuous and f E VEPF — PR, = €. This

implies that there exists an interval with width Q(/) such that pp, () — pg,(2) > Q(1/€). Hence,
there exists an interval with width Q(1/€) such that pg, * pg2(z) — pr, * pe2(x) > Q(V/e).

We also note that |pr, — pr,| < O(y/€) forall x € R. Let k = 24/log e~1. We first show that with
sufficiently small ¢, for x € [—\@ — ko, VE+ ko],

|pF1 * @02(1’) — PFy, ¥ 90(72(33)| < O(\/g) 21
PFr * Y52 (.’1?) B

Firstly, we note that

As |pr, () — pr, (2)] < O(y/e) for all z € R, we have

PR, * o2 () — PR, * o2 ()] < O(Ve).

36



This implies (Z1)) holds. We then show that with sufficiently small e, for x € [—1 — ko, —V/é — ko],

PR, * 002 () — PR, * P02 ()] < 0(e?).
PRy * Po2(T)
For z < —VE— ko, we note that

IPF, * P02 () — DR, * o2 (2)| = ’/ Y)po2(z —y)dy

<b[/ dy< bfe_ﬁ r+\f)2

For z € [-1, —VE-— ko], we further note that
VE - meevA? o VE i DVEE?
2 - 2 - 2 7
and

1 1 1 x+1 1 2
PR, * Qo2 (T) = 5/1 Yo2(x —y)dy = 5/ 1 o2 (y)dy > 5/0 e1(y)dy >

This implies that

Py % Po2 () > 4b\[ e?lpr, * o2 (2) = PR, * o2 (2)].
For x € [-1 — ko, —1], with sufficiently small £,we have
Py * Po2 (SC)

1 x+1
=3 / P02 (y)dy
x—1

g (e )
X

(41k€ mz(Et)? _ e 202("L+\f)2>
(252\/;’:@—2012@%/5)2)
2

> 2|pr, * o2 () — DRy * 0o (2)].
Here step (a) utilize that (33 —1)2 > (x + v/£)? and step (b) comes from that
37 (= (2+1)+(z+V3)?) sl (—1+6-2(1-VE)x)

620

>ezz (- VE)? > 21 (1=VE)? > 4k(26 0572 4 1),

= €20

0| =

(22)

when ¢ is sufficiently small. Therefore, 22) holds for z € [~1 — ko, —v/¢ — ko]. Similarly, 22)
also holds for 2 € [v/Z + ko, 1 + ko]. For simplicity, we write hy2 () = pr, — pr,) * Po2 and

4,2 () = pF, * po2. Then, we have
D (F1 + N(0,0%), Fz * N'(0,0%))

= Jros (14 20 e

(
(i)_ ( h"z(@)qaz Yda + = /\@m <h”2(x)>2qaz(w)dw+0(€2)

q02(l’) —VE—ko QUQ(I)

L () oo

VEitko
= o)) g (e £ O)

(b)
> 9(53/2).
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Here in step (a) we utilize the Taylor expansion of log(1 + x) and the fact that ho2 (@)

S| < 0WVe)
forz € [~VZ — ko, /& + ko] and Z"j((i)) < O(e?) forx ¢ [—V/E — ko, V/Z + ko). In step (b) we

utilize that for z € [~/ — ko, VE + ko], we have ¢,z (z) > % and there exists an interval with
width Q(+/¢) such that h,2(z) > Q(y/€). This completes the proof.

F.3 Proof of Theorem[3|

From Le Cam’s two-point lower bound, it is sufficient to show that the following proposition holds.

Proposition 10. Suppose that ¢ > 0. Let F denote the set of distributions satisfying Assumption 2]

Consider an online algorithm 7 with a fixed budget t which outputs G. Given the distribution F € F
of the underlying arms and the algorithm 7, let pr p({(a;,y;)}._,) denote the distribution of the
action-observation pairs up to the t-th iteration. Then, for any 0 € (0,1/4), there exist F1, Fy € F
with median g(Fy) and g(F») such that |g(Fy) — g(F3)| > € and

DKL (pﬂ',Fl I pﬂ',FQ ) S 0(62.5729t) °

We start with a general log-sum inequality.

Lemma 22. Suppose that p, q, K are probability density functions. Then, we have the following
inequality:
K P
< [plog= ) * K.
K~ (p o8 q) *

Then, we show that the following proposition holds.

p*
q *

(p+ K)log

Proposition 11. Suppose that 6 > 0 is a given constant. Let F denote the set of distributions
satisfying Assumption Then, there exists two distribution Fy, Fy € F with median g(F) and g(F»)
such that g(Fy) = g(F1) + € and they satisfy that

DL (Fi[|Fy) = O(e°77),
Denote 2 as the pdf of N'(0,02). For sufficiently small ¢ and for o satisfying 0> > ¢'=, we
further have
PRy * Po2 ()

‘log
PR, * Po2(2)

< O(e%).

We then continue with the proof of Proposition [T0}

Proof. Consider two densities defined in Proposition[TT|with the parameter 6. Suppose that 1, ..., z;
are i.i.d. samples from either F; or F». Then, we note that a; € N for ¢ € [t] and y; ~ N (z,,, 1) for
i € [t]. For simplicity, we write a’ = (ay,...,a;) and y* = (y1,...,y:)/ Hence, we can write the
probability distribution of (a!,y*) as follows

t
) . 1 1
t oty at—1 i1 T 2
Mﬂwww&m%wwﬂ(AMa,y>%hm(2m %J»]

=1

t

_ , 1 1
[petede ™ ) T Eeaon | 1T e (50 -a2)
i=1 2 2

J<t i<t,ai=]

Let we write nj = >, , _;landg; = ;- 3", . . y;. Them, we can write
<t,a; j Lei<ta;
Ewgimn 11 oz o (g a)?) = r s K5(.5)) - fi{vdams).

Here we denote
Kj(z,y) = (2m)7"/2 exp(—n;(z — y)*/2)),
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and

Fiyita—i) = exp | 72 /2 = Y o2

1:a;=j

Therefore, we can write the log-likelihood ratio as

1ogp’“F1 i) Zl

DPr, F2 atvy

Then, we can compute that

DKL(pﬂ' Fy Hpﬂ' F2)

t t
p L a,y
/§ prr (0’ y") log =2t u t)dyt
G.T

p‘ﬂ',Fg (at,y )
SO ol | (NI EN D) T )
JEN aT i=1 keN iia; =k m
log Eieyi_ ~m [exp (=5 (3 — 25))]
Efeyt_y~r [exp (=5 (55 — 25))]
Forn; < =1 from Proposition we have
Fy «N(0,1/n;) 3
log ———F—"——| <0 .
ok 5 1y < O

On the other hand, for n; > ~1, by utilizing Lemma[22| we note that

- [ 1 1 Pr,r (0, y')

i—1 ’L 1 2 P ’ t

§ | Iprr al|a Y ) I | EIkNFl I | expff(yi *xk) IOg t dy
Liva = V27 2

aT i=1 kEN i pﬂ',F2<a 7yt)
/ZHZ% az|aZ h i_l) H]EZI?kNFl H VE—QXP—%(%‘ —Oﬁk)g
ot =1 k] Licas=k VT |

PR *K( yj)d t
Fz*KJ( 5)

. 1
pr(aila™ Ly ) [ [ Espnr p—=(y; — x1)?
/azﬂnl Z gnf i

. /pF1 () log 250 (z) Kj(x, g5)da f5({Yi}ai=j)dy'

pry * I (5 95) fF({Yifa,=5) log

pr,(7)
:/pp (z)log (x) Zﬁp (a; |aZ Lyt /HE F H 1 expfl(y‘—:vk)2
' (.’L‘) oT i=1 o Y k#j e iia; =k 2 2 Z
. HE I H Lexp—l(y» —2)?| dy'dx
k£ iai=j V2T 2
pr () 1.5—6
= z)lo dr = 0O(e .
[ prta)tog Pt = 0(e)

Therefore, we have

DkL(pr,r [Pr,7) <D (O (n; = ") + O()I(n; < 7).
i€EN

m
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Note that

t= Zﬂz > 8071 Zﬂ(nz > 5071)

ieN 1€EN

t>> I(n; <.

€N

We also note that

This implies that

DKL(mel Hpﬂ',Fz) < 0(52.5_29&'

This completes the proof. O

F.4 Proof of Lemma22

Proof. We note that the function f(x) = xlogx is strictly convex. Suppose that z € R. We note that
K(x—
/ q(y)K(z —y) dy=1.
(K q)()
By the Jensen’s inequality, we have

Jr (o) iz (5w )

This implies that

(K * (plog %)) (x)
(K #q)(x)

This completes the proof.

F.5 Proof of Proposition[11]

Proof. Let Fy be uniform on [—1, 1]. Then, g(F;) = 0. As pp, is cz-Lipshitz continuous in [—1, 1]
and pp, () = 0.5 for x € [—1, 1], F} satisfies Assumption By taking & > &, we can construct
h(x) satisfying the conditions in Lemma with € = 2%8. Let F, be the distribution with pdf
pry(x) = pr (2) + Zh(a).

As |h(x)| < bVE, foré < Tlcg’ we have h(z) < ¢4/ < . This implies that pp, (z) € [1/4,3/4]

for z € [~1,1]. Therefore, pr, is a density function. As p}, (z) = 0 for z € [~1,1], pg, () is
co-Lipchitz continuous in [—1, 1].

Note that F»(0) = F1(0) + % f_ooo h(z)dx = —2¢. Note that 2 = Fy(g(F2)) — F>(0) < 3/4g(F3).
5

This implies that g(F;) > § - 2¢ > . By choosing ¢ sufficiently small, we have £ < £!~%/2,

We first show that Dxp, (Fy || Fy) = O(2°~%). On one hand, F} is a uniform distribution on [—1, 1].
On the other hand, the densities of F; and F5 only have non-zero difference on [,\/g, \@} and the
difference is upper bounded by O(v/€) = O(Ve1=9/2). Therefore, we have

Dxr(F1F2)
VE
== / pr, log P
—VE Pr,

VE 2
:1/ (pFZ - 1) dx + O(£?)
2 J_vz \pr

:O(é%) = 0(63(176/2)) = 05,
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We note that F; and F5 have 2k matched moments. From Lemma@[, forall z € R,

Nk k++1)(1—0/2
log PE* £02 () ~ b\/gf <C- beltHn (=072 — O(e:+1D9/2) < O(e3).
PR, * o2 (1) o2k +2 c(k+D(1=0)
Here C' > 0 is an absolute constant. This completes the proof. |

F.6 Proof of Lemmal6

Firstly, for o < ce1/2, we consider two Gaussian distribution F} as the CDF of N (0,1) and F5 as the
CDF of N(3e,1). Then, g(F2) — g(F1) = 3¢ and Dk, (F1, Fa) = %. From the data-processing
inequality, we have
D (Fy # N(0,0%), Fa * N(0,0%)) < Dki(Fi, F2) = O(e?).

For o > 179, let F} be uniform on [1,2]. Without the loss of generality, we may assume that
02 >4,¢1 <0.5,¢c3 >2, ¢4 >2,c5 < 1. Then, Fy satisfies Assumption 4] By taking k > 22, we
can construct h(z) satisfying the conditions in Lemma 21| with & = 4b’e, where b’ = max{%, 4}.
Consider the distribution Fy with pdf pg,(z) = pr, (z) + (V)" 'h(z — 1 — ). By choosing ¢
sufficiently small such that v/Z < min{a, 1 — 2a}, the density function py, is supported in [1,2] and
Fi'(l-a)=2—-a.

As |h(x)] < bVE, for é < é, we have (b')"'h(z) < 2h(z) < coy/e < 5. This implies that

pr, () € [1/2,3/2] for x € [1,2]. Therefore, pr, is a density function. Because p’. (x) = 0 for
x € [1,2], pg,(x) is co-Lipschitz continuous in [1, 2].

Note that F5(1 + ) = Fy(1 +a) + (V) ! f_o h(z)dx = o — 4e. Hence, it follows that

te = B(F (@) - Fa(l+a) < 3/2(F5 (a) = 1 - a).
This implies that Fz_l(a) >14+a+ % -4e > 1 + « + 2¢. Therefore,

Fz_l(lfa) 2—a VE
/ xdFy(x) < / xdFy(z) =2 — 20 — 2e — / (b)) th(x)dz
F;l(a) 14+a+e €

<2—-2a—2e+2/(V)"1 <2-2a—c¢.

-1
Here we utilize that b’ > 4. Note that | 15*1 ((1)_ @
1 «

9(F2) —g(F1) < —e.

xdFy(z) = 2 — 2. This implies that

By choosing ¢ sufficiently small, we have £ < ¢!~%/2. From Lemmaand the property of h(z), we
immediately have

log(pr, * @02 (2))
Dir(Fy « N(0,02), Fo * N(0,0?)) < ma !
k(B V0,00, 22 MO 70) < U Tog(o, * s (@)
b\/g\/§2k+2 )
<C . w — 0(8(2k+1)6/2) — 0(6 )

This completes the proof.

F.7 Proof of Lemmal/7|

We consider F} and F5 constructed in Lemma@ From the data-processing inequality, for o < ce'/?,

we have
Dxr(Fy * N(0,02)||Fy * N(0,02)) < Dgr(F1 || F»).

It is sufficient to show that Dkp,(F1[|Fz) = O(c!-°~?). On one hand, F} is a uniform distribution on
[—1,1]. On the other hand, the densities of F; and F» only have non-zero difference on [1 + o —
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V&, 1+« + /€] and the difference is upper bounded by O(v/€) = O(Ve1-9/2). Therefore, we have
D (F1[|F2)

l+a+VE
/ pF1 log
1+ Pr

1+ 2
/ <<M—1> —1<pF2—1) +0(53/2)> dw
14+a— PFy 2 PFy

1 1+a+\/5 DE 2
:5/ ( 2 — 1) dz + O(?)
1

PR
—O(E}) = 0(e30-0/2)) — O(c15-0),

2 g

This completes the proof.

F.8 Proof of Theorem[d]

Proof. By applying the Le Cam’s two point lower bound, it is sufficient to show that the following
proposition holds.

Proposition 12. Suppose that € > 0. Denote F as the set the set of distributions satisfying Assumption
Consider an online algorithm w with a fixed budget t which outputs G. Given the distribution
with CDF F € F of the underlying arms and the algorithm 7, let p, r({(a;,y;)}i_,) denote the
distribution of the action-observation pairs up to the t-th iteration. Then, for any 6 € (0,1/4), there
exist Fy, Fy € F with trimmed means g(F1) and g(F3) such that |g(Fy) — g(F»)| > € and

DKL (Pr.Fy > PrFy) < O(e2°720).

Similar to the proof of Proposition[I0] we start with the following proposition.

Proposition 13. Suppose that 6 > 0 is a given constant. Let F denote the set of distributions
satisfying Assumption|d} Then, there exists two distribution Fy, F5 € F with trimmed mean g(Fy)
and g(Fs) such that g(Fz) < g(F1) — € and they satisfy that

Dkw(F1||Fy) = O(e'7%),

Denote 2 as the pdf of N'(0,02). For sufficiently small ¢ and for o satisfying 0> > 1=, we
further have
PF, * Qo2 (.Z')

‘log
PR, * Po2(T)

< 0(53).

Then, we present the proof of Proposition[T2] Consider F; and F5 as distributions constructed in
Proposition[T3] Based on Proposition [[3]and Lemma 22} analogously, we have

DxL(Pr. 7 |Pr, ) < Z (O~ I(n; > 1) + O(*)(n; < 71)).
iEN

t = an > 01 Z]I(nl > 59_1), t > Z]I(ni < 5‘9_1).

i€N 1€EN i€N

Note that

This implies that
DKL(mel pr,Fz) < 0(62'572915)'

This completes the proof.
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F.9 Proof of Proposition

Consider two distributions constructed in Lemma It is sufficient to show the bound on KL
divergence and the pointwise bound. Firstly, we note that F7 is uniform on [1, 2] and the density of

F, only differs from the density of F in [1 + « — v/Z, 1 + o + v/2]. The difference is upper bounded
by bv/Z. We note that for sufficiently small €, we have £ < ¢1=0/2 Therefore, we have

Dxr(F1 | F2)
1+a+VE DE
=— / pr, log —2dz
—\E PR

1+a+VE 2
/ <<pF2—1) —1<pF2—1) +O(§3/2)> dw
DrFy 2 \pr

1 +a+\f D 2
7/ ( 2 1) dz + 0(=)
2 Jita—vE \PR

O( % = O(E%(l_Q/Q)) — 0(51.5—9).

We note that F; and F have 2k matched moments, where & > 6/6. Analogous to the result in
Lemmal[20] for all z € R,

~ =2k42 _
bVEVE be(k+1)(1-0/2) Ol

o2k+2 =¥ T (kD (1-0)

PRy * Po2 ( )
*9002( )

Here C' > 0 is an absolute constant. This completes the proof.

<0(e?).

e
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