Convergence behavior of central paths for convex homogeneous self-dual cones

This 1s a preliminary discussion note resulted among Nesterov, Todd and myself. I hope it would be
interesting to some love-to-see-superlinear-convergence researchers.

We are interesting in solving the pair of primal and dual problems in K and K™, which are self-scaled
and convex homogeneous primal and dual cones in a finite-dimensional real vector space E, see Nesterov

and Todd *.

We further assume that there is a unique fix point, e, in int K such that
e=—F'(e), {ee)=uv, and F"(e)=1

where [ is the identical operator or matrix. Thus, we can view K* as the dual of K with respect to the
inner product on E defined by (z,s) := (F"(e)x,s). Also, x + s makes sense because it corresponds to
x + [F"(e)]~'s, which is certainly in E. One property for these cones is that for any w and z in int K,

F"(w)r € int K* = int K, (1)
where F' 1s the v self-scaled barrier for K.

Let us first give a definition.

Definition 1 A pair of primal and dual feasible solution are strictly complementary if
Az =b, s=c— ATy, 2z€e K, seK~,

r+seint K, and {(z,s)=0.

Lemma 1 Let 2! and 22 be in int K, and s* = —F'(2') and s* = —F'(2?) in int K*. Then, if 2! — 2% €
int K then s? — s' €int K*.

Proof. For any w € K and w # 0,
(s? —stw) = (F'(z}) = F'(z%),w)
1
_ </ F(a? + (2 — 2?)) (2! — 2?)dt, w)
0
1
= /0 (F"(2* +t(x' — %)) (a — 2?), w)dt
> 0.
Here we have used fact (1) which implies that F'/(2? + (2! — 2?))(2! — 2?) € int K* and
F'(x? +t(xt — 2?)) (2! — 2?),w) > 0,

since z? +t(z! —2?) €int K forany 0 <t <land 2! —2? €int K, and 0 # w € K.

Now we prove the following theorem.
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Theorem 2 Let (y*,z*,s*) be a strictly complementary solution such that
4+ s —pee K,
and let (y(p), x(p), s(p)), for any p > 0, be on the central path, that is,
Ax(p) =b, s(p)=c" —ATy(p), z(p) €intK, s(u) €int K,

and
or equivalently

Then,

Proof. Since

py =

v
/\/\/l\/\/\
=

v

Thus,

(—F/(s(1) + 2(4)), €) < v/p.
From Theorem 5.2 and (5.6) of Nesterov and Todd’s first paper and Lemma 3.3 of Nesterov and Todd’s
second paper, this implies that

or

3p .
z(p) + s(p) — Y e K.

The result holds for any point in a neighborhood of the central path, based on the above result.
Corollary 3 Let (y*,z*,s*) be a strictly complementary solution such that
4+ s —pee K,
and let (y,z,s), for p = (x,s)/v > 0, be in the neighborhood of the central path, that is,
Az =b, s=c" — ATy, ze€intK, seintK*,

and for some 0 < < 1
s— Bnl(z) € K*
or equivalently (Lemma 3.2 of Nesterov and Todd’s second paper)

r— B(—pF'(s)) € K.

Then,

3
x—i—s—ﬂeEK.
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