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THE EQUIVALENCE OF TWO SEIBERG-WITTEN
FLOER HOMOLOGIES

Tye Lidman, Ciprian Manolescu

Abstract. — We show that monopole Floer homology (as defined by Kronheimer
and Mrowka) is isomorphic to the S'-equivariant homology of the Seiberg-Witten
Floer spectrum constructed by the second author.

Résumé. — Dans ce volume nous montrons que 1’homologie de Floer des mono-
poles (telle que définie par Kronheimer et Mrowka) est isomorphe & I’homologie S!-
équivariante du spectre de Seiberg-Witten Floer construit par le second auteur.
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CHAPTER 1

INTRODUCTION

1.1. Background

The Seiberg-Witten (monopole) equations [SW94a, SW94b| are an important
tool for understanding the topology of smooth four-dimensional manifolds. A signed
count of the solutions of these equations on a closed four-manifold yields the Seiberg-
Witten invariant [Wit94]. On a four-manifold with boundary, instead of a numerical
invariant one can define an element in a group associated to the boundary, called the
Seiberg-Witten Floer homology. There are several different constructions of Seiberg-
Witten Floer homology in the literature, [MWO01, Man03, KMO07, Frg10]. The
goal of this monograph is to prove that, for rational homology spheres, the definitions
given by Kronheimer-Mrowka in [KMO7| and by the second author in [Man03| are
equivalent.

The construction in [KMO7] applies to an arbitrary three-manifold Y, equipped
with a Spin® structure s. Given this data, Kronheimer and Mrowka define an infi-
nite dimensional analog of the Morse complex, with the underlying space being the
blow-up of the configuration space of Spin® connections and spinors (modulo gauge).
The role of gradient flow lines is played by solutions to generic perturbations of the
Seiberg-Witten equations on R x Y. Their invariant, monopole Floer homology, is
the homology of the resulting complex. This complex (and hence also its homology)
comes with a Z[U]-module structure. The applications of monopole Floer homology
include the surgery characterization of the unknot [KIMOS07] and Taubes’ proof of
the Weinstein conjecture in three dimensions [Tau07].

In fact, there are three dlfferent VeI‘blOIlb of monopole Floer homology defined
in [KMO7]; they are denoted HM,HM, and HM. Yet another version, HM, was
constructed by Bloom in [Blo11]: To define HM, one considers the cone of the U
map on the complex that defines HM , and then takes homology.

Compared with [KMO07], the construction in [Man03] was originally done only
for rational homology spheres; on the other hand, it yields something more than a
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homology group. By using finite dimensional approximation of the Seiberg-Witten
equations, combined with Conley index theory, one obtains an invariant in the form of
an equivariant suspension spectrum. Specifically, given a rational homology sphere Y
equipped with a Spin°® structure s, one can associate to it an S'-equivariant spectrum
SWEF(Y,s). (See also [KMO02, Khal3, Sas14| for extensions of this construction to
the case b; > 0.)

The S'-equivariant homology of SWF (Y, s) can be viewed as a definition of Seiberg-
Witten Floer homology. The advantage of having a Floer spectrum is that one can
also apply other (equivariant) generalized homology functors to it. For example, by
adding the conjugation symmetry, one can define a Pin(2)-equivariant Seiberg-Witten
Floer homology; this was instrumental in the disproof of the triangulation conjecture
by the second author [Manl6]|. For other applications of the Floer spectrum, see
[Man07, Man14, Linl5, LM16].

1.2. Results

The bulk of this monograph is devoted to proving:

Theorem 1.2.1. — Let Y be a rational homology sphere with a Spin® structure s.
There is an isomorphism of absolutely-graded Z[U]-modules:

HM,(Y,s) = HS' (SWF(Y,s)),

where HM is the “to” version of monopole Floer homology defined in [KMO7], and
Hfl denotes reduced equivariant (Borel) homology. )

From Theorem 1.2.1 we deduce that Bloom’s homology HM can be identified with
the ordinary (non-equivariant) homology of the Floer spectrum SWEF:

Corollary 1.2.2. — Let Y be a rational homology sphere equipped with a Spin®
structure 6. Then, HM ,(Y,s) = H,(SWF(Y,s5)) as absolutely graded abelian groups.

From the absolute grading on monopole Floer homology one can extract a Q-
valued invariant, called the Frgyshov invariant; see [Frg10] or [KMO7, Section 39.1].
A similar numerical invariant, called §, was defined in [Man16, Section 3.7] using the
Floer spectrum SWF. (The definition there was only given for Spin structures, but
it extends to the Spin® setting.) An immediate consequence of Theorem 1.2.1 is

Corollary 1.2.3. — Let Y be a rational homology sphere equipped with a Spin©
structure s. Then, §(Y,s) = —h(Y,s), where h is the Froyshov invariant as defined in
[KMO7, Section 39.1].

1. In this book, we grade Borel homology so that we simply have H*Sl (X) = H, (X Agt ESi)
This differs from the grading conventions in [GM95| or [KMO02]| by one.
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Furthermore, we can combine Theorem 1.2.1 with the equivalence between
monopole Floer homology and Heegaard Floer homology, established in work of
Kutluhan-Lee-Taubes [KLT10a, KLT10b, KLT10c, KLT11, KLT12| and of
Colin-Ghiggini-Honda [CGH12b, CGH12c, CGH12a| and Taubes [Taul0]. In
this way we obtain a relationship between the spectrum SWF(Y,s) and Heegaard
Floer theory. Precisely, we confirm a conjecture from [KMO02|, that the different
flavors of Heegaard Floer homology are different equivariant homology theories
applied to SWF (Y, s):

Corollary 1.2.4. — If'Y is a rational homology sphere and s is a Spin® structure
on'Y, we have the following isomorphisms of relatively graded Z[U]-modules:

HFF(Y,s) = HS' (SWF(Y, 5)), HF,(Y,s) = H,(SWF(Y,s)),
HF, (Y,s) = cH,(SWF(Y,s)), HF>(Y,s) = tH,(SWF(Y,s)),

where cH* and tH* denote co-Borel and Tate homology, respectively, as defined in
[GM95].

The results above can be applied in two directions. On the one hand, there are
numerous computational techniques available for Heegaard Floer homology, whereas
the class of manifolds Y for which one can compute SWF(Y,s) is rather small. By
making use of the isomorphisms in Corollary 1.2.4, one can at least understand the
(equivariant or non-equivariant) homologies of SWF(Y,s). In particular:

- If HF*(Y, 5) = Z, this suffices to determine the non-equivariant stable homo-
topy type of SWF(Y,s): by the Hurewicz and Whitehead theorems, it has to
be that of a (de-)suspension of the sphere spectrum. (However, it is unclear
whether the equivariant stable homotopy type of SWF(Y,s) is determined by
this information.)

— In the case when s is a Spin structure, the Seiberg-Witten equations on (Y, s)
have a Pin(2) symmetry, and one can define the Pin(2)-equivariant homology
of SWF(Y,s). (This homology was used in [Man16] to disprove the triangula-
tion conjecture in high dimensions.) When Y is Seifert fibered, the Heegaard
Floer homology was calculated in [OS03], so Corollary 1.2.4 can tell the S!-
equivariant homology of SWF(Y,s). Together with knowledge of the monopoles
(generators of the monopole Floer complex) from [MOY97], this suffices to de-
termine the Pin(2)-equivariant homology of SWF(Y,s); see [Stol5] for details.

In the reverse direction, there are certain results that are easier to prove with Floer
spectra, and one can use Theorem 1.2.1 and Corollary 1.2.4 to translate them into
the settings of monopole Floer or Heegaard Floer homology. This is the case with
the Smith inequality for the Floer homology of coverings, which is the subject of the
sequel to this book [LM16]. By combining the Smith inequality with the knot surgery
formula in Heegaard Floer homology [OS11]|, we obtain restrictions on surgeries on
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a knot being regular covers over other surgeries on that knot, and over surgeries on
other knots; see [LM16].

1.3. Outline and organization of the book

Theorem 1.2.1 asserts that the monopole Floer homology of Kronheimer-Mrowka is
isomorphic to the equivariant homology of the Conley index used for SWF (Y, s). Let
us describe the basic strategy for the proof. The monopole Floer complex is defined
from the perturbed Seiberg-Witten equations in infinite dimensions, whereas the Con-
ley index is a space associated to an approzimation of the Seiberg-Witten equations
in finite dimensions. On the Conley index side, we can also use an approximation of
the perturbed Seiberg-Witten equations; by the continuation properties of the Conley
index, this yields a space homotopy equivalent to the one from the unperturbed case.
Thus, we start by fixing a suitable perturbation, so that we have regularity in infinite
dimensions, and hence we can define the monopole Floer complex. We then show
that for a large enough approximation, we also have regularity in finite dimensions,
and hence the homology of the Conley index is given by a Morse complex. Further,
by applying the inverse function theorem (for stationary points and trajectories), we
conclude that the Morse complex in finite dimensions is isomorphic to the original
monopole Floer complex, and this will complete the proof.

There are several technical difficulties that must be overcome to implement this
strategy. To start with, the version of Morse homology that we need to use in finite
dimensions is different from the standard one in three ways: we are on a non-compact
manifold (a vector space), we have to define S!-equivariant rather than ordinary
homology, and the approximate Seiberg-Witten flow is not a gradient flow. Non-
compactness is taken care of using the notion of Conley index; this goes back to the
work of Floer [Flo89]. Equivariance was dealt with by Kronheimer and Mrowka in
[KMO7], using the real blow-up construction. One intriguing aspect is that the flow is
not a gradient. This leads us to introduce the weaker notion of quasi-gradient, which
is a particular case of the Morse-Smale flows that appear in the study of stability
for dynamical systems. We will show that one can define Morse homology from
quasi-gradients. All this is done in Chapter 2; there, we recall the various notions
from Morse theory and Conley index theory, the relation between the two theories,
and then proceed to define (in several steps) equivariant Morse homology for quasi-
gradients on non-compact manifolds.

In Chapter 3 we outline the construction of the Seiberg-Witten Floer spectrum
from [Man03]|. The main idea is to approximate the Seiberg-Witten equations (in
global Coulomb gauge) by a flow in finite dimensions, and then to take the Conley
index associated to that flow.

In Chapter 4 we sketch the construction of monopole Floer homology by Kron-
heimer and Mrowka, following their book [KMO07]. In particular, we describe the
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class of admissible perturbations of the Seiberg-Witten equations that can be used to
define the Floer complexes.

In Chapter 5 we explain how the Kronheimer-Mrowka construction can be
rephrased in terms of configurations in global Coulomb gauge. This is the first step
in bringing it closer to the construction of the Floer spectrum. The section is rather
lengthy, because there are several aspects of the theory that have to be translated into
the new setting: gauge conditions (in particular, for four-dimensional configurations
we introduce the concept of pseudo-temporal gauge), admissibility for perturbations,
Hessians, regularity for stationary points, spaces of paths, regularity for trajectories,
gradings, orientations, and the Z[U]-module action.

Another step in relating the two theories is taken in Chapter 6. There, we show
that the Floer spectrum can be defined from finite dimensional approximation of the
perturbed Seiberg-Witten equations. We use an admissible perturbation of the kind
considered in [KMO7].

In Chapter 7 we use the inverse function theorem to identify the stationary points
in infinite dimensions (i.e., the generators of the monopole Floer complex) with the
stationary points of the gradient flow in the finite dimensional approximations. (This
identification is limited to a certain grading range.) Further, we show that if the
stationary points are non-degenerate in infinite dimensions, then the corresponding
stationary points in sufficiently large approximations are non-degenerate as well. Note
that the approximations are described by eigenvalue cut-offs, and these range over the
interval (0, oo], with oo giving the original equations (in infinite dimensions). When
applying the inverse function theorem, one thing to be careful about is how to give
a manifold-with-boundary structure to the interval (0,00]. We do so by identifying
(0,00] with [0,1), via a homeomorphism that depends on the growth rate of the
eigenvalues.

In Chapter 8 we show that the approximate Seiberg-Witten flow in finite dimen-
sions is a quasi-gradient. The main difficulty there is to perturb the Chern-Simons-
Dirac functional in such a way so that it decreases along flow lines.

In Chapter 9, we study the gradings of the stationary points in the finite dimen-
sional approximations and show that the correspondence with stationary points in
infinite dimensions established in Chapter 7 preserves gradings.

In Chapter 10, we show how to arrange so that the Morse-Smale condition is
satisfied for the approximate flow.

Chapter 11 contains the construction of some diffeomorphisms E of the config-
uration space. These diffeomorphisms take a stationary point of the approximate
Seiberg-Witten flow to the corresponding stationary point of the original flow. They
allow us to identify the corresponding path spaces, so that we may directly relate
infinite dimensional trajectories with approximate trajectories in Chapters 12 and 13.
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In Chapter 12 we prove various convergence results for trajectories of the approx-
imate Seiberg-Witten flow, in the limit as the eigenvalue cut-off goes to infinity.

In Chapter 13 we use the inverse function theorem to identify the flow trajectories
in infinite dimensions with those in the approximations. Furthermore, we show that
these identifications preserve orientations.

Finally, in Chapter 14, we bring these results together to prove Theorem 1.2.1,
about the equivalence between monopole Floer homology and the equivariant homol-
ogy of SWF(Y,s). We also prove the three corollaries stated in Chapter 1.2.

1.4. Conventions.

Throughout the book, when we talk about the flow associated to a vector field v,
we mean the reverse flow generated by v, i.e, the flow whose trajectories satisfy:
L)+ (1)) = 0.

Also, we depart from the terminology in [KMO7], where critical points of the CSD
functional are also referred to as critical points of the Seiberg-Witten vector field.
Here, we sometimes need to think of vector fields as maps to the tangent space, and
the critical points of a map are the zeros of its derivative. To prevent confusion, we
will use the term stationary point to refer to the zero of a vector field.

1.5. Acknowledgements.

We thank Peter Kronheimer, Robert Lipshitz, Max Lipyanskiy, Tim Perutz, and
Matthew Stoffregen for helpful conversations.



CHAPTER 2

MORSE HOMOLOGY IN FINITE DIMENSIONS

In this chapter we describe several versions of Morse homology (all in finite dimen-
sions), building up to the construction that will be needed in this monograph.

2.1. The standard construction

Let X be a closed, oriented Riemannian manifold equipped with a Morse function
f- The Morse-Smale condition requires that for any two critical points = and y,
the unstable manifold W;' and the stable manifold W] intersect transversely. Their
intersection is then a smooth manifold M (z,y), the moduli space of parameterized
flows between x and y, which has dimension ind(x) — ind(y).

With this information, we can build the Morse complex [Wit82, Bot88, Flo89|.
The chain groups in degree i, denoted C;, are freely generated over Z by the critical
points of f of index i. We define the differential 0 as follows. If = and y are critical
points of index i and i — 1 respectively, then M(z,y) := M(z,y)/R is a compact,
oriented 0-manifold. (See Section 2.2 below for the construction of orientations.) We
let n(z,y) denote the number of unparameterized flow lines of V f from x to y, counted
with sign. The Morse differential is

(1) Or = Z n(z,y) - y.

{ylind(y)=ind(z)—1}
It turns out that 92 = 0 and one can take the homology of this complex. The Morse
homology is isomorphic to the singular homology, H,(X).

For future reference, we mention a (well-known) alternative way of expressing the
Morse-Smale condition. Let f : M — R be Morse, and x, y be two critical points.
Define P(z,y) to be the space of smooth paths v : R — M with limy_,_, y(t) = x
and lim;—, 1o v(t) = y. The space P(z,y) has a well-defined L? completion Py (z, ),
which is a Banach manifold. (See, for example, [Sch93, Section 2.1] for the case
k=1.) For 0 <j <k, welet T;,P(x,y) be the L? completion of the tangent space
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to P (z,y) at . (If we fix j, these spaces are naturally identified for all k¥ > j, so we
do not include k in the notation.) The moduli space M (z,y) is the zero set of the

section .
F:Pule.y) = TeoaPlay), 7 oL+ (V).
Given a path v € Pi(z,y), we get the linearized operator
(2) L,= (dF)'y : Tj77P($ay) - Tj_la'Yp(xay))

for all j with 1 <j <k.

The definition of L, involves taking derivatives of vector fields, i.e., covariant
derivatives. To do this, we need to choose a connection on 7'M in a neighborhood U of
the image of 7. This can be the Levi-Civita connection coming from the Riemannian
metric or, as in [AD14], the trivial connection induced from a trivialization of TM
over U. In either case, if we denote by D the covariant derivative, and w € T} ,P(z,y)
is a vector field along 7y, we have
3 Ly(w) = 22 4 D(Vf)(w).

Note that if D is the Levi-Civita connection, then the second term D(V f)(w) is the
Hessian of f applied to w at ().

One can check that L, is a Fredholm operator. When v € M (xz,y), the index of

L., is the expected dimension of the moduli space M (z, y).

Lemma 2.1.1. — Suppose k > 2 and 1 < j < k. Let D and D’ be two connections
on TM in an open set U containing the image of v € Pi(x,y). Write L, and Lfy for
the operators (2) that correspond to D, resp. D'. Then:

(i) The difference L, — L is compact, so the operators L., and L, have the same
Fredholm index;
(ii) If v € M(x,y), then L, = L.

Proof. — Let A= D — D' € QY(U; End(TM)). Then
dy
(@ Ly - = A% 4 ().
Since k > 2 and j < k, we have a Sobolev multiplication L?_l xLi | — L?_l. From
here we see that the difference L, — L, takes Tj_1 ,P(z,y) to itself.
Consider a sequence of smooth bump functions 3, : R — [0,1] such that 3, is
supported on [-n — 1,n + 1] and identically 1 on [—n,n]. The truncations

B - (Ly — L{y) 1Ty P(x,y) = Tj Pz, y)
converge to L, — Li/ in operator norm. Furthermore, when precomposing these trun-
cations with the inclusion of Tj ,P(x,y) into Tj_, ,P(x,y), we obtain compact oper-
ators. (Indeed, we can apply Rellich’s lemma, because we restrict attention to a fixed

compact interval.) Since the limit of compact operators is compact, we conclude that

L, — L’,, as an operator from T;,P(z,y) to Tj_1,P(x,y), is compact.
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Part (ii) follows immediately from (4). O

Lemma 2.1.2. — Fiz j > 1. Then, the function f is Morse-Smale if and only if
for any two critical points x and y of f, and for any gradient trajectory v € M(x,y),
the operator L., from (2) is surjective.

Proof. — See [AD14, Theorem 10.1.5] for the case j = 1. The main idea is that
surjectivity of L, is equivalent to injectivity of the formal adjoint L7 and, for any ¢ €
R, one can identify ker(L?) with the orthogonal complement (T’ )W + Ty W)™
Thus, Wy and W] are transverse at 7(t) if and only if L is injective.

The same proof works for any j > 1. In fact, the kernel of L? : T, P(z,y) —
T;_1~P(x,y) consists of smooth configurations (as can be seen by a standard boot-
strapping argument), and hence the kernel is independent of j. O

2.2. Orientations

We now discuss the construction of orientations in Morse homology. The traditional
way is to choose orientations for W} for all critical points z. These induce orientations
on W2, and hence on the moduli spaces M(z,y). When ind(z) — ind(y) = 1, a
trajectory u € M (z,y) is counted in the differential 0 with a sign +1 depending on
whether the orientation of M (z,y) at u coincides with the canonical orientation of R.

An alternative way of constructing orientations, closer to Floer theory, is described
in [Sch93, Chapter 3]|. Let us sketch this construction here. First, note that to every
Fredholm operator L we can associate a one-dimensional vector space, the determinant
line

det(L) = A™*(ker L) ® A™*(coker L)*.

From the proof of Lemma 2.1.2 we see that the tangent bundle to M (x,y) can be
identified with the kernel of the operator L., from (3), whereas the cokernel of L, is
trivial. Thus, orienting M (z,y) is equivalent to orienting the determinant line bundle
det(L) — M (z,y), with fibers det(L~) over v € M(z,y).

Following [Sch93, Definition 2.1], let us equip R = RU{40c} with the structure of a
smooth manifold with boundary by requiring that the map R — [—1,1],¢ + ¢/v/1 + #2
is a diffeomorphism. For every z,y € X (not necessarily critical points), we consider
the space of smooth curves

C, ={v € C®(R,X) | y(—0) = z, y(+00) = y}.

For v € U, we let ¥ -7x be the space of Fredholm operators of the form

z,y?

D
(5) K= pr + A(t) : Th 4P (x,y) = To,Plz,y),
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where A € C°(R; End(y*TX)) is a path of endomorphisms such that K* := A(£00)
is non-degenerate and conjugated self-adjoint (). In particular, when x and y are
critical points, the operator L. from (3) is of this form.

Consider the set of pairs (v, K), where v € C*°(R, X) and K € ¥.-7x. Following
[Sch93, Definition 3.7], two such pairs (v, K) and (¢, L) are said to be equivalent if
we have the asymptotical identities

y(£00) = ((+00) and K+ = L*.

Let £ be the set of such equivalence classes. Thus, an element of £ is determined by
two points x,y € X, together with two non-degenerate and conjugated self-adjoint
operators K~ € End(7,X) and K* € End(7,Y).

It is proved in [Sch93, Section 3.2.1] that, if (y, K) is equivalent to (¢, L), there is
a natural identification of the determinant lines det(X’) and det(L). Hence, we can
write det([vy, K]) for a class [y, K] € £. As in [Sch93, Definition 3.15], we define a
coherent orientation to be a map o that associates an orientation of det([y, K]) to
any [v, K] € £, in a way compatible with concatenation of paths and operators; that
is,

(6) oly, Kl#o(¢, L] = o[y#(, K#L),
whenever y(+00) = ((—o00) and K™ = L~. We denote by # the natural concatenation
operator.

Proposition 3.16 in [Sch93] shows that coherent orientations exist. Concretely,
a coherent orientation can be specified by choosing a basepoint zg € X, some non-
degenerate and conjugated self-adjoint operator A € End(7,,X), choosing the trivial
orientation for the class [xg, K], where xq is the constant path at zg and Ky = % + A,
and finally choosing arbitrary orientations o[y, K] for all classes [y, K] € £ with
[v, K] # [x0, Ko] and y(—o00) = xg. Once this set of data is fixed, the orientations for
the other classes in £ are determined by the gluing condition (6).

In particular, a coherent orientation gives orientations of the determinant line
bundles det(L) — M (z,y), and hence of the moduli spaces M (x,y) themselves. These
orientations can be used to define the Morse differential as in (1). Furthermore, it is
proved in [Sch93, Appendix B] that the coherent orientation can be chosen so that
the orientations on M(x,y) coincide with those coming from orienting the unstable
manifolds. Therefore, the resulting Morse complex is the same as in the classical
definition.

We now introduce a third way of defining orientations for the Morse complex. This
is a variant of Schwarz’s construction, but closer to what Kronheimer and Mrowka
do for monopole Floer homology in [KMO07, Section 20]. Rather than considering all

1. In [Sch93|, for a real vector space V, an operator A € End(V) is called conjugated self-adjoint
if it is self-adjoint with respect to some scalar product. This condition is equivalent to A being
diagonalizable over R.
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Fredholm operators of the form £ + A(t), we focus on the operators L. as in (3), but
with z,y € X and v € P(x,y) arbitrary. However, note that L, is only Fredholm
when the Hessian Hess(f) = D(Vf) is non-degenerate at its endpoints z,y. This
is not true in general, so let us instead consider compact intervals I = [tq,ts] C R,
spaces of paths

Pz, y) ={y € C®(,X) | y(tr) = z, y(t2) =y},

and their L? completions P{(z,y). At each z € X, the Hessian Hess(f), is self-
adjoint, and gives a decomposition of 7, X into the span of the nonpositive and
positive eigenspaces:

T.X =H, ® H}.

In other words, we are using the spectral decomposition of the non-degenerate self-
adjoint operator Hess(f), — ¢, for € > 0 small.

Let I, and IT} be the orthogonal projections onto H, and H, respectively. For
any v € P} (z,y), we define a Fredholm operator

(7) I~/'y : TL,Y'PI(x,y) — TO,'YPI(xa y) & H;_ & Hy_
w (% + Hess(f)(w), —H;(w(tl)),H;'(w(h)))-

One can turn L, into an operator of the form (5) as follows. Pick a smooth map
f I — I such that ' > 0 and

fti+5)=t1, f(ta—s)=1t2

for all s € [0,4], for some small § > 0. Then, consider the extended path

T for t < tq,
YR = X, () = < (f(t) fortel,
Y for t > to.

Define a Fredholm operator f/?YXt € Y(yexty+7x by

. D
L5t = 2 4 Hess(f)one) —

for € > 0 small. Standard deformation and concatenation arguments show that the
operators EV and if/Xt have the same index, and that orienting det(iv) is equivalent
to orienting det(LS*").

Let A (x,y) be the two-element set consisting of the orientations of det(L.)
or, equivalently, of det(LﬁXt). For fixed z,y but different v € Pi(x,y), the pairs
(’yeXt,L‘?YXt) € & are equivalent. Hence, by the results of [Sch93, Section 3.2.1], we
have a canonical identification between the different sets A, (x,y). Consequently, we

can drop v from the notation and write A(z,y) for any A, (x,y).
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By considering concatenation of paths, we obtain a natural composition map
(8) Az, y) x Ay, z) = Az, 2).

Definition 2.2.1. — A specialized coherent orientation o consists of choices of
elements 0, € A(x,y), one for each z,y € X, such that

Oz,y * Oy,z = Og,z

for all z,y,z € X, where the multiplication is with respect to (8).

A specialized coherent orientation can be constructed as follows. We choose a
critical point x¢ of f, and consider the operator IN% for the constant path at xzg.
There is a canonical identification det(L,,) = R, and hence from o, », = {+1} we
can choose the element +1. Then, we choose arbitrary elements of o, , for all other
xz € X, and we obtain elements in any o, , using the concatenation rule.

Using the identification between det(L,) and det(ii"t), we see that a coherent
orientation gives rise to a specialized coherent orientation. Conversely, any specialized
coherent orientation can be extended to a coherent orientation. To check this last
statement, consider the construction of a specialized coherent orientation from the
choices of zy and elements in 04, 5, as above. This is a subset of the data needed to
give a coherent orientation. Indeed, letting Ky = % + Hess(f)z,, we see that from
the elements of 0,, , we get orientations o[y, K] for paths + starting at o and ending
at x, and for K with K™ = H}. Let us now also choose orientations o[y, K] for
v € Pr(xg,z) but K+ = HF. This gives the necessary data to construct a coherent
orientation.

Finally, note that a specialized coherent orientation gives rise to orientations on the
moduli spaces M (x,y) in the following way. Given v € M (x,y), pick I = [t1,t2] CR
large enough so that the operators Hess( f)(;) are non-degenerate for all ¢ € (—o0,t;]U
[t2,00). Consider the restriction of «y to the interval I, and the corresponding operator
iﬂ ;- The orientation on det(iﬂ ;) gives an orientation on det(L, ), by a concatenation
process similar to the one in [KMO07, Section 20.4]. In turn, this orients the tangent
space T, M (x,y).

We conclude that a specialized coherent orientation o can be used to give signs in
the Morse complex. When o is induced by a coherent orientation o, the signs coming
from o are the same as those coming from o. Thus, the three ways of producing
orientations, which we have described in this section, all produce the same Morse
complex.

2.3. Quasi-gradient vector fields

The purpose of this subsection is to extend Morse-Smale theory to a class of vector
fields that are not gradients. Note that among all smooth vector fields on a manifold,
gradient vector fields are rather special—even when allowing both the metric and the
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function to vary. For example, the differential of a gradient vector field at a critical
point has only real eigenvalues (because it is a symmetric operator with respect to
the given metric). This is also true for the gradient-like (also called pseudo-gradient)
vector fields that are sometimes used in Morse theory, e.g., in [Mil65, AD14]. We
want to relax this condition, and allow for the stationary points of our vector field to
only be hyperbolic, in the following sense:

Definition 2.3.1. — Let v be a smooth vector field on a manifold X. A stationary
point x of v is called hyperbolic if (the complexification of) the derivative (dv), :
T,X — T, X has no purely imaginary eigenvalues.

We now introduce the class of vector fields we want to work with.

Definition 2.3.2. — Let X be a smooth manifold. A smooth vector field v on X is
called Morse quasi-gradient if the following conditions are satisfied:

(a) All stationary points of v are hyperbolic.
(b) There exists a smooth function f: X — R such that df (v) > 0 at all x € X, with
equality holding if and only if x is a stationary point of v.

Example 2.3.3. — The gradient vector field of a Morse function f has hyperbolic
stationary points, since the eigenvalues of (dv), are real and non-zero; further, the
Morse function f can be used in condition (b).

For future reference, it is worth pointing out the following.

Lemma 2.3.4. — Let v be a Morse quasi-gradient vector field on a smooth manifold
X, and let f be a function as in part (b) of Definition 2.3.2. Then, any stationary
point of v is a critical point of f.

Proof. — Let x be a stationary point of v. Since z is a minimum of the function
df (v), we have d(df (v)), = 0. For y € T, X, we get

0= d(df (v))a(y) = (d*f)a(ve, y) + (df)((dv)o(y))-

The first term in the last expression is zero, because v, = 0. Further, since zx is
hyperbolic, we have that (dv), is an automorphism of T, X, hence (dv),(y) = z can
take any value in T, X. We conclude that (df),(z) = 0 for all z € T, X, so x is a
critical point of f. O

For the rest of this subsection we will assume that X is closed and oriented. Let v
be a Morse quasi-gradient vector field on X. We seek to establish several properties
that v has in common with gradients of Morse functions.

Let € be the set of stationary points of v. If z € €, hyperbolicity implies that we
have a decomposition

T.X=TXoT'X,
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where T; X and T’ X are invariant subspaces for L = (dv), the eigenvalues of L|7:x
have negative real part, and the eigenvalues of L|7ux have positive real part. (See
[PAMS82, Proposition 2.8] for a proof.) We define the index of = to be the dimension
of T}X.

The local structure of flows near hyperbolic singularities is well-understood; a good
reference is [PdM82, Chapter 2|. Theorem 4.10 in [PdM82] says that around every
x € € there is a local coordinate chart N, such that the restriction of v to N, is
conjugate to a linear flow (under a homeomorphism). This implies that z is the only
stationary point inside N. Since X is compact, we deduce that the set € is finite.

We can arrange so that the neighborhoods N, are disjoint for different z. By part
(b) of Definition 2.3.2, there is an € > 0 such that

(9) df@)p) > e, VpeX — N
red
Next, consider the flow on X associated to v. Let v : R — X be a flow line, i.e.,
dvy/dt +v(y(t)) = 0. We have:

(10) & FO0) = ~df, 0 0 v(1(1)) < 0,

with equality only if v(¢) is stationary. Therefore, f decreases (strictly) along non-
stationary flow lines.

Lemma 2.3.5. — Letv be a Morse quasi-gradient vector field on a closed, oriented,
smooth manifold X. Let v : R — X be a flow line of v. Then, lim;_,_ y(t) and
lim; 400 Y(t) exist, and they are both stationary points of v.

Proof. — This is similar to the Morse gradient case; c¢f. [BHO4, Proposition 3.19].
Let N, be the neighborhoods of z € € constructed above, and € > 0 be such that (9)
holds.

Compactness of X implies that +(t) is defined for all t € R, and foy: R — R is
bounded. (Here, f is the function in part (b) of Definition 2.3.2.) From Equation (10)
we see that

lim —d(n)(+(1) = Tm_% (1)) = .

t—+oo
In view of (9), this shows that for ¢ < 0, the flow line ~(¢) is contained in the chart
N, for some z. Further, if ¢,, — —oo, then at any accumulation point of the sequence
{7(tn)} € X we must have df(v) = 0. Hence, the only accumulation point (which
exists by the compactness of X) must be the stationary point . We deduce that
lims—, oo y(¢) = 2. A similar argument applies to y(t) as t — +o0. O

Hyperbolicity of stationary points implies the existence of stable and unstable
manifolds W2, W, cf. the Stable Manifold Theorem [PdM82, Theorem 6.2]. These

are the images of injective immersions

ES:TSX — WS C X,
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EY:T; X - W, CX.

If we did not have condition (b) in Definition 2.3.2, the maps E° and E* may not
be embeddings, and W2, W may not be manifolds. (See [PdM82, p.74] for an
example.) However, for Morse quasi-gradients, E* and E* are homeomorphisms onto
their images, and hence embeddings. The proof of this fact can be taken verbatim
from the Morse gradient case; cf. Lemma 4.10 in [BHO04|. Indeed, the main input
in that proof is the existence of limits of flow lines at d-oo; this was established for
quasi-gradients in Lemma 2.3.5.

Thus, for every x € €, we have stable and unstable submanifolds W7, W C M,
of dimensions dim(X) — ind(z) and ind(z), respectively. We can then formulate the
Morse-Smale condition as in the gradient case:

Definition 2.3.6. — A Morse quasi-gradient vector field v is called Morse-Smale if
for all stationary points x and y, the unstable manifold W3 and the stable manifold

W, intersect transversely.

Morse-Smale quasi-gradients are a particular example of the Morse-Smale vector
fields, which play an important role in the theory of dynamical systems. We recall
their definition below. See [PAM82, Chapter 5] for an introduction to the subject.

Definition 2.3.7 (|[PdM82|, p.118-119). — Let X be a closed, smooth manifold.

A smooth vector field v on X is called Morse-Smale if the following conditions are

satisfied:

(a) v has a finite number of critical elements (stationary points and closed orbits),
all of which are hyperbolic. )

(b) If o1 and oo are critical elements of v, then the unstable manifold of o1 is trans-
verse to the stable manifold of os;

(c) The set of nonwandering points for v is equal to the union of the critical elements
of v.

Here, x € X is called a wandering point for v if there exists a neighborhood U of x

and a number to > 0 such that ®,(U) NU =0 for |t| > to, where {®;}er is the flow

generated by v. Otherwise, we say that x is nonwandering.

Morse-Smale vector fields satisfy structural stability, that is, a small perturbation
of a Morse-Smale dynamical system is conjugate to the original system via a homeo-
morphism.

Lemma 2.3.8. — A Morse-Smale quasi-gradient vector field, in the sense of Defi-
nition 2.5.6, is a Morse-Smale vector field in the sense of Definition 2.3.7 and, fur-
thermore, it has no closed orbits.

2. See [PAM82, p.95] for the definition of hyperbolicity for closed orbits. Stable and unstable
manifolds for closed orbits are defined in the obvious way; see [PdM82, p.98]|.
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Proof. — Closed orbits do not exist because f decreases along flow lines. Parts (a)
and (b) of Definition 2.3.7 are immediate consequences of Definition 2.3.6. Part (c),
the fact that nonstationary points are wandering, follows since f decreases along flow
lines. O

Suppose v is a Morse-Smale quasi-gradient field. For every x,y € €, the intersection
M(x,y) =W, NW/

is transverse, and hence a manifold of dimension ind(z) —ind(y). We can construct a
Morse complex (Cy,0) as in the gradient case. The groups C, are generated by the
stationary points, the grading is determined by the index, and the differential 0 is
given by the formula (1).

Proposition 2.3.9. — Let v be a Morse-Smale quasi-gradient vector field on a
closed, oriented, smooth manifold X. Let (C,d) be the corresponding Morse complez.
Then 8% = 0, and the homology H.(C) is isomorphic to H.(M).

Proof. — In the gradient case, one way to prove that Morse homology recovers sin-
gular homology is by using the Conley index; cf. [Flo89, Sal90, Fra86, McC88| or
[BHO4, Chapter 7]. (See Section 2.4 below for the definition of the Conley index.)
The basic idea is to find a Morse decomposition of the flow into attractor-repeller
pairs. This produces a filtration of X by index pairs, such that the quotients are the
Conley indices of the stationary points x € €. These quotients are homotopy equiv-
alent to spheres of dimensions ind(z), and the connecting homomorphisms between
their homology groups are given by the signed count of flow lines.

This proof can be adapted to the setting of Morse-Smale quasi-gradients. Indeed,
one can construct Morse decompositions and connection matrices for general flows,
as in the work of Franzosa [Fra86|. Further, Theorem 3.1 in [McC88]| describes the
neighborhood of a flow line between two hyperbolic points in a Morse-Smale (not
necessarily gradient) flow. This shows that the connection matrices are given by
counts of flow lines, i.e. that each gradient flow line contributes plus or minus 1 to
the boundary operator. Orientations can be fixed as in [Flo89, Sal90]. O

The rest of the discussion in Section 2.1 extends to quasi-gradients as well. The
Morse-Smale condition can be phrased in terms of the surjectivity of the operator

Ly(w) = 2 4 D(w)(w),

as in Lemma 2.1.2. Furthermore, the discussion from Section 2.2 carries over to this
setting, so the moduli spaces M (z,y) can be oriented using coherent orientations or
specialized coherent orientations. The only caveat is that in the definition of coherent
orientations, when we define the sets 3.-7x, we should allow the operators K + to be
hyperbolic, rather than conjugated self-adjoint.
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2.4. Morse homology for isolated invariant sets

Suppose X is a (possibly non-compact) smooth, oriented manifold equipped with
a Morse quasi-gradient vector field v. In general, there is no way of defining a Morse
complex. Even if we assume the Morse-Smale condition on the unstable and stable
manifolds, the resulting differential may not square to zero, because flow lines can
escape to infinity.

Nevertheless, we have a Morse complex in a certain setting, described below. First,
we recall the definitions of an isolated invariant set, index pair, and Conley index, fol-
lowing [ConT78|. Fix a one-parameter subgroup {®;} of diffeomorphisms of a manifold
X. Given a compact subset A C X, define the compact subset

Inv(A,®) ={z € A| &;(z) € A for all t € R}.

Definition 2.4.1. — A compact set ¥ C X is called an isolated invariant set if
there exists a compact A C X with . = Inv(A, ®) C int(A4). Such a set A is called
an isolating neighborhood for ..

Definition 2.4.2. — An index pair (N, L) for .7 consists of compact sets L C N C
X such that

a) Inv(N — L, ®) =. Cint(N — L),

b) for all x € N, if there exists t > 0 such that ®i(x) is not in N, there exists
0<7<twith®,(x) €L (L is an exit set for N),

c) givenxz € L, t >0, if Ds(x) C N for all0 < s <t, then Pg(x) isin L for0 < s <t
(L is positively invariant in N).

Conley [Con78] showed that any isolated invariant set . admits an index pair.
The Conley index for an isolated invariant set ., denoted I(®,.”), is defined to be
the pointed space (N/L,[L]). Its pointed homotopy type is an invariant of the triple
(X, ®,.). In fact, the Conley index is invariant under continuous deformations of
the flow, as long as .¥ remains isolated in a suitable sense.

Going back to the case of a Morse-Smale quasi-gradient flow on X, suppose .¥ C X
is an isolated invariant set. Let €[] be the set of stationary points of v that lie in
. The set €[] is finite, because . is compact. For any z,y € €[.¥], if a point of
< is on a flow line v € J\Zf(:c, y), then all the points on that flow line must be in .7.
Further, the subsets

M[S(x,y) = {y € M(z,y) |y C &}

are both open and closed in M(z,y). We have

S = U 5.

w,yGE[Y]
YEM[F](,y)
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We can define a Morse complex C[.#] to be freely generated by the points in €[],
with the differential given by counting only the flow lines in M[.%](x,y). We still
have 9 = 0, and we obtain a Morse homology H.,(C[.%]).

The following theorem was proved by Floer in [Flo89] in the setting of Morse-
Smale gradient flows. The extension to the quasi-gradient case goes along the same
lines as the proof of Proposition 2.3.9. (In fact, the results of Franzosa and McCord
used in that proof were originally phrased for more general flows.)

Theorem 2.4.3 (cf. [Flo89]). — Given an isolated invariant set .7 in a Morse-
Smale quasi-gradient flow ¢ on a manifold X, the Morse homology H.(C[|Z)]) is
isomorphic to the reduced homology of the Conley index of ..

Thus, if (N, L) is an index pair for . and L C N is a neighborhood deformation
retract (which can easily be arranged), then the Morse homology is isomorphic to the
relative homology H,.(N,L).

2.5. Morse homology for manifolds with boundary

Let X be a smooth, oriented, compact manifold with boundary. We proceed to
describe the construction of a Morse complex, (C(X),d), whose homology is iso-
morphic to H,(X;Z) (we will ignore the analogous constructions for H,(9M;Z) or
H.(X,0X;Z)). For gradient flows, this construction appeared in print in [KMO7,
Section 2.4], although it may have been known before. See also [Laull], [BNR16]
for related work. Our exposition follows [KMO7| closely, except we use the more
general quasi-gradient flows.

Fix a metric g and a Morse quasi-gradient vector field v on X such that g and v
are respectively the restrictions of a metric and a vector field on the double of X,
which are invariant under the obvious involution. Among the stationary points of
v, there are those which occur in the interior of X; their set is denoted €°. The
others are stationary points on 0X. If x € 0X is such a point, note that the normal
vector to the boundary N, is taken to its opposite under the involution, and the same
holds for dv(N,). Hence, N, is an eigenvector of dv, so it must live in either T2 X or
T'X. In the first case we say that x is boundary-stable, and in the second that it is
boundary-unstable. The set of boundary-stable stationary points is denoted €*, and
the set of boundary-unstable stationary points is denoted €*.

We require that v satisfy the usual Morse-Smale condition, except in the so-called
boundary-obstructed case, when x is boundary-stable and y is boundary-unstable. In
the boundary-obstructed case, W' and W are subsets of X, so transversality in X
is impossible. Therefore, we instead require that they intersect transversely in 0.X.
When this happens, the dimension of M (z,y) is in fact ind(x) — ind(y) + 1.

For any 2,y € € = €° U €* UCY, we let M?(z,y) = M(z,y) N X and M?(z,y) =
M?(x,y)/R. One can induce the same orientations on the moduli spaces as in the
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usual closed setting, except in the boundary-obstructed case, where we must also
make use of an outward normal vector.

We let C°, C*, and C* be the free Abelian groups generated by €°, €° and ¢*
respectively. The chain groups we work with will be C(X) = C°@®C*. Although these
chain groups do not incorporate the boundary-unstable stationary points, the differ-
ential does. The way that the flows are counted varies from the usual construction.
We define two sets of maps

22.,0% .c? - =
for various pairs of 6, € {o0,u,s}. If (§,) € {(0,0), (0,5), (u,0), (u,s)} and = € &,
define
=5 nle,yy.
yeew
where the summation is again over those y with dim M (z,y) = 0.
If 0, € {s,u} and = € €%, we instead define 9%, to count flows on 9X:
0w =" alz,y)y,
yeew
where 7i(z, y) is the signed count of points (unparameterized flows) in zero-dimensional
moduli spaces J\Zfa(:r, Y).
On C, we define 9 by
s_ |95 —950;
) o= | &
Theorem 2.5.1 (Theorem 2.4.5 in [KMO07|). — We still have 9> = 0. Further-
more, H,(C,0) = H,(X).

Remark 2.5.2. — In this book, since % does not appear in d, we will not need
the notation M?(x,y), since either M?(x,v) agrees with M (x,%) or is empty, except
when x is boundary-unstable and y is boundary-stable. In [KMO07], the term 9% is
needed for the proof that 92 = 0. We keep the notation and discussion for consistency
with [KMO7].

2.6. Morse homology for manifolds with circle actions

A circle action is called semifree if it is free on the complement of the fixed points.
For manifolds with semifree S'-actions, Kronheimer and Mrowka showed that the
methods in the previous subsection can be applied to obtain Morse theoretic approx-
imations to the S'-equivariant homology. We sketch their arguments here, following
[KMO7, Sections 2.5-2.6], but phrasing everything in terms of quasi-gradients rather
than gradients.

Suppose that a closed Riemannian manifold X has a smooth, semifree S'-action
by isometries, and let @ denote the fixed point set. Let N(Q) be the normal bundle
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of @, and N'(Q) the unit normal bundle. Observe that the S'-action gives N(Q) the
structure of a complex vector bundle. In order to make X/S! into a manifold, we
resolve the singularity at @@ by considering the blow-up

X7 =(X - QU (N'(Q) x[0,6)),
where we have identified N*(Q) x (0,¢) with N(Q) —Q C X. Note that X°/S! is a
smooth manifold with boundary N1(Q)/S?.

A smooth, Sl-invariant vector field @ on X induces a vector field v on (X —Q)/S?.
In turn, this extends naturally to a smooth vector field v on X°/S'; cf. [KMO7,
Lemma 2.5.2]. Note that ¥ must be tangent to @, and hence v is tangent to the
boundary.

Precisely, the dynamics of v° on the boundary N1(Q)/S' = 9(X°/S') can be
described as follows. A point on the boundary can be written as (g, [¢]) with ¢ € Q
and ¢ € N}(Q). As discussed, Ny(Q) has a complex structure; we let (¢)* be the

complex orthogonal complement to ¢ in N,(Q). Decompose the tangent space to
X7/8t at q as

(12) T,Q® (¢)" @R,

where R is the direction normal to the boundary.
The covariant derivative (V9), : T,X — T,X is S'-equivariant, and hence takes
the normal direction N,Q C T,X to N,Q. Let

(13) Lq = (Vﬂ)|NQQ.
With respect to the decomposition (12), let us write
v7(q,[¢]) = (0(g), L9, 0).
Here, when 9(gq) = 0, the second term equals
Lq¢ = Lq¢ — Re(¢, Lg9)¢.

Thus, the stationary points of v” on the boundary are the pairs (g, [¢]), where g is
a zero of ¥|g and ¢ is an eigenvector of L,.
Furthermore, the flow associated to v on the boundary is given by the equations:

d -
(14) L+ 0(q(t) =0,
(15) 0" (V) + (Lqwy — Re(d(t), Loy o(t))o(t)) dt = 0,
where |¢(t)| = 1 for all ¢.
Definition 2.6.1. — A smooth, S'-invariant vector field o on X is called a Morse

equivariant quasi-gradient if the following conditions are satisfied:

(a) All stationary points of v on (X — Q)/St are hyperbolic.
(b) All stationary points of ¥|g are hyperbolic.
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(¢) At each stationary point q of ¥|q, the operator Ly : NoQ — NyQ is self-adjoint,
and admits a basis of eigenvectors &1(q), 92(q), ..., Pdn(q) with corresponding
eigenvalues A\1(q), A2(q), ..., An(q) such that

A(g) < A2(g) < -+ < Aalq)

and \;(q) # 0 for any 1.
(d) There exists a smooth, S*-equivariant function f : X — R such that df(9) > 0
at all x € X, with equality holding if and only if v(z) = 0.

Lemma 2.6.2. — Parts (a), (b) and (¢) in Definition 2.6.1, taken together, are

equivalent to asking for all the stationary points of v° on X /S* to be hyperbolic, and

for those on the boundary to give rise to operators Lg that are self-adjoint.
Furthermore, if © is as in Definition 2.6.1, and (q, [$:(q)]) is a stationary point of

o

v? on the boundary, then its index is given by
, indg(q) +2i —2  if \i(q) >0,
ind(q,[pi(g)) =1 © 0T
indg(q) +2:—1  if \i(q) <O0.
Proof. — Away from the boundary, a stationary point of v7 is just a stationary point

of v, and the two notions of hyperbolicity (and index) correspond. With regard to
stationary points on the boundary and their indices, see [KMO7, Proof of Lemma
2.5.5] for the case of gradient fields. The arguments there extend to the quasi-gradient
setting without difficulty. O

Remark 2.6.3. — In part (c) of Definition 2.6.1, the condition that L, is self-adjoint
(and has real eigenvalues) is not strictly necessary. We could have only asked for L,
to have a complex basis of eigenvectors ¢1(q), #2(q), ..., Pn(q) with corresponding
eigenvalues A1(q), A2(q), ..., An(g) such that

ReA1(¢) < ReXa(q) <--- < ReAu(q)

and Re \;(q) # 0 for any ¢. With this weaker requirement, the results of this section
would still hold, but the proof of Lemma 2.6.6 below would be more complicated. In
the case of interest to us in this book, the L, are self-adjoint, so we decided to include
this condition in the definition.

Lemma 2.6.4. — Let v be a Morse equivariant quasi-gradient vector field, and let
f be a function as in part (d) of Definition 2.6.1. Then, any stationary point of U is
a critical point of f.

Proof. — This is similar to the proof of Lemma 2.3.4. O

Given x € X, we write [z] for its S'-equivalence class, i.e. its projection to the
singular space X/S!.
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Lemma 2.6.5. — Let 0 be a Morse equivariant quasi-gradient vector field on X, as
in Definition 2.6.1. Let v : R — X be a flow line of 0. Then, lim;_, _oo[y(¢)] and
limy 4 oo [Y()] exist in X/S*, and they are both projections of stationary points of v.

Proof. — This is similar to the proof of Lemma 2.3.5. O

Suppose v is a Morse equivariant quasi-gradient vector field on X, with f as in
part (d) of Definition 2.6.1. Observe that f induces a function f : X/S* — R which
is smooth except on Q/S!. Using f we see that v7 is a Morse quasi-gradient vector
field on the interior of X7 /St.

If we let fo: X°/S* — R be the composition of the blow-down map with f, then
f7 is smooth, and we have

(16) df* (v7) > 0.

However, f is constant on the fibers qu (Q)/S!. Hence, equality happens in (16) not
only at the stationary points of v, but also at all (q,[¢]) € 9(X°/S!) such that
9(q) = 0 (and ¢ does not have to be an eigenvector). Therefore, v is not naturally
a Morse quasi-gradient on all of X°/S!; or, at least, we cannot use f to argue that
it is.

Nevertheless, we will still be able to do Morse homology using the flow of v?. To
start with, observe that there are no closed orbits in this flow: In view of (16), the
only such orbits would have to be contained in a fiber N}(Q)/S*, where o(q) = 0.
From (15) we see that the flow on the projective space N, (Q)/S" is the projection of
a linear flow on IV,Q, which is in fact a gradient flow. This shows that there are no
closed orbits in that fiber.

Furthermore, we have the analogue of Lemmas 2.3.5 and 2.6.5:

Lemma 2.6.6. — Let v be a Morse equivariant quasi-gradient vector field on X, as
in Definition 2.6.1. Let v : R — X°/S! be a flow line of v°. Then, lim;_, o v(t)
and limy_, y oo y(t) exist in X° /S, and they are both stationary points of v°.

Proof. — By Lemma 2.6.5, we already know that the projection of v to the blow-
down X/S* limits to two stationary points. The projection is one-to-one away from
the boundary, so it suffices to study the case of a trajectory that (in the blow-down)
limits to a stationary point go in the fixed point set (). The limit can be at either
—o0 and +o00. Without loss of generality, we consider the case of +00, and focus on
the half-trajectory

74 [0,00) = X7/ST, v () = (1)

The idea is that, in the blow-up, the flow of v near the boundary N1(Q)/S?! is
approximated by the flow on the boundary, which is given by (14)-(15), and whose
behavior we understand.

A suitably small neighborhood V' C X9/S! of the boundary 9(X?/S') =
N'(Q)/S" can be identified with the normal bundle to the boundary. Hence, a point
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v € V can be written as a triple (g, s,[4]), with ¢ € Q, s > 0, and ¢ € qu(Q)7
normalized so that |¢| = 1. (Here, s represents the distance to the boundary.) With
L, as in (13), we introduce the functional

AV SR, Alg,s [6]) = (6, Lod).

The stationary points of v on the boundary correspond to s = 0 and dA = 0.

Consider the fiber F = N, (Q)/S" over go. The restriction of v” to F'is the gradient
of %A\F By part (c) of Definition 2.6.1, v7|r has n stationary points, corresponding
to the eigenvalues \; = \;(qo) of L, such that

AL <A < - < Ay

From our assumption, we know that given any neighborhood U of F), there exists
to such that v(t) € U for t > tyg. In particular, all the accumulation points of the
half-trajectory 4 must be contained in F. We seek to show that v; has a unique
accumulation point, and that point is a stationary point of v°.

Note that if x € F is an accumulation point of v, then all the points on the
flow trajectory ¢ through z are also accumulation points. Indeed, if {®;} denotes the
flow of v7, and y(t,) — = = ¢(0), then y(t, +t) = ®1(y(tn)) — P:(z) = ((¢). The
trajectory ( is contained in F', where the flow is a gradient flow, and therefore ¢ limits
to two stationary points x = (qo, 0, [¢;]) and y = (go, 0, [¢;]) at Foo. Moreover, x and
y have to be accumulation points for v, as well, and we have x = y if and only if ¢
is stationary.

Therefore, we are left to show that v, cannot have two different stationary points
x,y € F as accumulation points. Suppose that were the case, and let A; > A; be the
eigenvalues corresponding to x and y. These are also the values of A at = and y. Pick
an intermediate value A € (A;, \;), such that A # A\i for any k. Since v7 restricts to
be the gradient of %A on F', we have

dA(v?) >0on A"'(\) N F.
Since A=1(\) N F' is compact, we can find a neighborhood U C V of F such that
(17) dA(v7) >0o0n A"t (A) NU.

Because x and y are accumulation points of v, it must be that the half-trajectory v,
intersects the intermediate level set A~1(\) infinitely many times. Furthermore, we
know that after a certain time ¢, the trajectory v, is contained in U. However, this
contradicts (17), which says that A decreases every time the trajectory goes through
A=Y(X\)NU. The conclusion follows. O

Since the stationary points of v are hyperbolic, they admit stable and unstable
manifolds; cf. the discussion in Section 2.3. Further, we can separate the station-
ary points on the boundary into stable and unstable, and then define the notion of
boundary-obstructed trajectories, as in Section 2.5.
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Definition 2.6.7. — A Morse equivariant quasi-gradient vector field © on X is
called Morse-Smale if the induced vector field v° on X° /St satisfies the Morse-Smale
condition for boundary-unobstructed trajectories; and the Morse-Smale condition in-
side O(X7/SY) for the boundary-obstructed trajectories.

If we have a Morse-Smale equivariant quasi-gradient vector field, the constructions
in Section 2.5 carry through using v (even though v? is not a quasi-gradient vector
field in a natural way). In particular, Lemma 2.6.6 implies that v“ is a Morse-Smale
vector field as in Definition 2.3.7; compare Lemma 2.3.8. Thus, we obtain a Morse
complex

(C(x7/8"),9)
which computes the homology of X7 /S*.

The space X°/S! can be viewed as an approximation to the homotopy quotient
X//St := X x g1 ES!. Precisely, let n be the connectivity of the pair (X, X — @), that
is, the largest j such that (X, X — Q) is j-connected. Note that if the real codimension
of Q in X is 2c, then n > 2¢c — 1. Since X is S'-equivariantly homotopy equivalent
to X — @, we have an isomorphism in homology

(18) H;(X7/8%) = H;(X//S")

for all j < n — 1. The homology H,(X//S!) = Hfl(X) is the S'-equivariant Borel
homology of X.

2.7. The U-action in Morse homology

We keep the same setting as in the previous subsection. The equivariant homology
HS'(X) admits a natural Z[U]-module structure, given by cap products with the
elements of H, (pt) = Z[U]. (The action of U decreases degree by two.) Our goal here
is to explain how this module structure can be approximated in terms of Morse theory.
The discussion is modeled on the infinite-dimensional case presented in [KMOSO07,
Section 4.11].

The circle action on X7 produces a natural complex line bundle E° on X7 /S*. Let
¢ be a generic, smooth section of £, such that ( is transverse to the O-section and
further, ¢ restricted to the boundary, N'(Q)/S* is transverse to restriction of the 0-
section to the boundary. Note that ¢ inherits a canonical orientation from X°/S*. Let
Z denote the zero set of ¢, which is a manifold with boundary 82" = ZN(N*(Q)/S!).
From the orientation of ¢ and X°/S', we obtain an orientation on 2.

Notice that a trajectory « of v7 is determined by its value at time ¢ = 0. Thus, we
can define cut-down moduli spaces by intersecting M (z,y) with & at time ¢ = 0:

M(z,y) N Z = {y € M(x,y) | v(0) € Z}.
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0

Given (0,w) € {(o,0),(0,s), (u,0),(u,s)}, we define maps of the form m? :

CY(X7/S') — CZ ,(X?/S") by counting flows that intersect 2

ml ()= 3 #(M(r,9) N Z) -y,
yeew
Note that the conditions on the gradings of z and y guarantee that the cut-down
moduli spaces being counted are 0-dimensional.
For 0,w € {u,s}, we also define analogous maps that count intersections in the

boundary of X:

— 0 _

yeew

where we only consider y where the relevant cut-down moduli space is 0-dimensional.

Further, recall the shift in gradings by one in the boundary-obstructed case. We
define a chain map m : C,(X?/S*) — C,_o(X?/S") by

o u s U= S
(19) " = me 7moau_7 acv my,
mg g —mgoy — ofmy,

The map induced by 77 on the homology H,(X°/S') is exactly the cap product
with ¢ (E®). This recovers the Z[U]-module structure on H,(X°/S') = HS' (X7).
Note that the isomorphism (18) discussed in the previous subsection,

(20) Hen1(X7/8Y) = Hep 1 (X//SY),

is actually an isomorphism of Z[U]-modules. Thus, Morse theory tells us the action
of Z[U] on HS" (X) in degrees up to n — 1.

2.8. Combined generalizations

The versions of Morse homology described in Sections 2.4 and 2.5 can be combined
as follows. Let X be a (possibly non-compact) manifold with boundary. Fix a metric
g and a Morse quasi-gradient vector field v on X as in Section 2.5, and let . C X be
an isolated invariant set of the resulting flow. Although our definitions in Section 2.4
were for flows on manifolds without boundary, Conley index theory easily extends to
the boundary case, provided that the gradient vector field is tangent to the boundary;
compare [Hel09, Section 3.1.2]. The only caveat is that in Definitions 2.4.1 and 2.4.2,
the interior of a subset A C X should be defined as in point-set topology, without
regard to the structure of X as a manifold-with-boundary. With this in mind, the
Conley index of .7 is defined as before, to be the quotient N/L of an index pair (N, L)
for .. Alternatively, we could consider the double D(X) of X with its Z/2-action,
and appeal to the equivariant Conley index theory developed in [Flo87, Pru99|.
This guarantees the existence of a Z/2-equivariant Conley index of D(.) on D(X),
well-defined up to Z/2-equivariant homotopy equivalence. In particular, its quotient
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by Z/2, which we take to be the Conley index of . on X, is well-defined up to
homotopy equivalence. This is equivalent to [Hel09, Definition 3.1.32].

We now impose a Morse-Smale condition for the trajectories in . as in Section 2.5,
where in the boundary-obstructed case we only require transversality inside 0.X. We
then construct a complex C[.¥] using the same formula (11), but involving only the
stationary points and the flow trajectories in .#. The homology of C[.#] will be the
reduced homology of the Conley index associated to ..

Starting from this, we can also combine the construction in Section 2.4 with those
in Sections 2.6-2.7. Suppose that X is a (possibly non-compact) Riemannian manifold
X with a smooth, semifree S!-action by isometries. (In our applications, X will be
a vector space of the form R™ & C", with the linear S'-action.) Let 9 be a smooth
vector field on X, and . C X be an S'-invariant, isolated invariant set in the flow
of 9. Let Q,X7,v°, L, be constructed as in Section 2.6. Given a closed S'-invariant
subset M C X, we will denote by M the closure of the preimage of M — @ in X7.
We seek to form a complex C'(X?/S1)[.] using only trajectories in .7 /S'. In order
to do this, we require that we can find an S'-invariant isolating neighborhood A of .¥
such that the restriction of ¥ to A is a Morse-Smale equivariant quasi-gradient vector
field in the sense of Definition 2.6.7.

Under these assumptions, we obtain the desired Morse complex C(X?/S")[.]
using trajectories in A%/St. Observe that .79 /S! is an isolated invariant set for the
flow of v7 on X7/S%; let I(.#°/S") be its Conley index. We have:

(21) H.(C(X7/S")[.7]) = H(I(7/5")).

On the other hand, . is an isolated invariant set itself, and is fixed by the S'-
action. We may choose an index pair which is S!-invariant [Flo87, Pru99|, and we
thus get an S'-equivariant Conley index Is1(.%). Let (Is:(#))S" be its fixed point
set. The Morse homology in (21) approximates the reduced equivariant homology of
Is1 (), in the sense that:

(22) Heno1(C(X7/SYS)) 2 HE, _ (I (7)),

where 7 is the connectivity of the pair (Is1(), (Is1(#) — (Is1(#))5" )Us), with
denoting the basepoint in Ig:(.¥); compare (20). Moreover, after choosing a suitable
section ¢ of E? as in Section 2.7, the isomorphism in (22) becomes one of Z[U]-
modules.

Finally, recall that in Sections 2.1 and 2.2 we described alternative ways of stating
the Morse-Smale condition and of constructing orientations. These descriptions apply
equally well to the more general settings discussed here.



CHAPTER 3

THE SEIBERG-WITTEN FLOER SPECTRUM

We review here the construction of the Seiberg-Witten Floer spectrum SWF(Y,s),
following [Man03.

3.1. The configuration space and the gauge group action

We will be studying the Seiberg-Witten equations on a tuple (Y, g,s,S), where Y
is a rational homology three-sphere, g is a metric on Y, s is a Spin® structure on Y,
and S is a spinor bundle for 5. We choose a flat Spin© connection Ag on S which gives
an affine identification of Q!(Y’;4R) with Spin® connections on S.

We will be doing analysis on the configuration space

C(Y)=QYY;iR) & T(S).

Of course, C(Y) also depends on s, but we omit it from the notation. The gauge
group G = G(Y) := C°°(Y, S1) acts on C(Y) by u - (a,¢) = (a — u"tdu,u - ¢). Since
b1(Y) = 0, each u € G can be written as e/ for some f : Y — iR. We define the
normalized gauge group G° to consist of those u = ef € G such that fy f=0.

For any integer k, following [KMO7], we let H}, denote the completion of a subspace
H C C(Y) with respect to the L? Sobolev norm. In particular, the completion of W
is denoted W},. The Sobolev norm is defined in the standard way using the L? norms
of iterated gradients V7, as in [KMO7, Section 5.1]. For j < k, define 7; as the L?
completion of TC,(Y'). (In particular, Ty is TCr(Y").)
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3.2. Coulomb slices
We have a global Coulomb sliceV):
W =kerd" ®T(S) C C(Y),

where d* is meant to act on imaginary 1-forms. Given (a, ¢) € C(Y'), there is a unique
element of W which is obtained from (a,¢) by a normalized gauge transformation;
this element is called the global Coulomb projection of (a, ). Explicitly, the global
Coulomb projection of (a, ¢) is

(23) 1% (a, ¢) = (a — df, ' ¢),
where f:Y — iR is such that d*(a — df) = 0 and fy f =0; that is, f = Gd*a, where
G is the Green’s operator of A = d*d. For future reference, let us denote by

7 QY iR) — ker d*

the L2-orthogonal projection, given by 7(a) = a — df = a — dGd*a.
The derivative of II8C is called the infinitesimal global Coulomb projection, given
by
(1) a0 (b,0) = (b — dGd™b, e (1) + (Gd*b)9)).

In particular, if (a, ) happens to be already in W, we have

(24> (Hﬁc)(a,(b) (b7 7/’) = (b - dg: 1/’ + £¢) = (ﬂ-(b)v 1/’ + §¢> € T(a,(b)Wv

where £ = Gd*b.

Analogous to the definition of T;, let 7;50 be the L? completion of the tangent
bundle to Wy, namely the trivial vector bundle with fiber W; over W;,. We keep the
notation 7}’50 (rather than just Wy, x W;) to emphasize the bundle structure; this will
be convenient when we discuss bundle decompositions.

Let us mention the following lemma, which will be of use to us later:

Lemma 3.2.1. — Let k > 2. View the infinitesimal global Coulomb projection
as a section of the bundle Hom(TC(Y),TW) over W, i.e., a map from W to
Hom(C(Y), W), given by

(a,0) = ((b,0) = (T2 (0.6 (b, 1))
Then, this map extends to smooth maps between the Sobolev completions
Wi — Hom(C;(Y"), W;)
forall -k <j<k.

1. The global Coulomb slice was denoted V' in [Man03]. We switched to W in order to avoid
confusion with the spaces denoted V(Z) in [KMO7|, which will also appear in this book.



3.2. COULOMB SLICES 29

Proof. — Recall the formula (24):
(IE°) (0,6 (b, ¥) = (b — dGd"b, ) + (Gd"b)h).

Observe that d and d* decrease Sobolev coefficients by one, the Green operator G
increases them by 2. Because Sobolev multiplication L7 x L? — L? induces a smooth
map L3 — Hom(L3, L3), the desired map is smooth. O

Infinitesimally, we can consider a different slice to the gauge action, the one perpen-
dicular to the orbits in the L? metric. This is the local Coulomb slice at (a, ¢) € C(Y),
denoted K(,,¢), and consisting of those tangent vectors (b,1) € T(, 4)C(Y) such that

(25) —d*b+ 1 Re(ip, ) = 0.
Away from the reducibles, we see that T splits into a direct sum of two bundles:
77{: - jk S ,Clm

where J}, consists of the vectors tangent to the Gy1 orbits, and Ky, is the completion of
the local Coulomb slice. Note that the local Coulomb slice does not form a bundle over
the entire configuration space, since the local Coulomb slice is “bigger” at reducibles.
Given any (b,1)) € T(4,4)C(Y), we define the (infinitesimal) local Coulomb projec-
tion of (b,v) to be
TG g (0,9) = (b —dC, ¥ + (9),
where ¢ : Y — iR is, for ¢ # 0, the unique function such that

(26) —d*(b—d¢) +iRe(ip, 1p + (o) = 0.

The existence and uniqueness of such a ¢ follow from [KMO7, Proposition 9.3.4].
When ¢ = 0, we again ask for (26) to be satisfied, but to guarantee uniqueness we
also impose the condition [, ¢ = 0.

Note that both types of Coulomb slices are also mentioned by Kronheimer and
Mrowka; see [KMO7, Sections 9.3 and 9.6].

For our purposes, we will also need the enlarged local Coulomb slice, which consists
of vectors that are only required to be perpendicular to the orbits of the normalized
gauge group action. We denote this by K?a,qb)' A vector (b,1)) € T(4,C(Y) is in
IC'(am ) if and only if —d*b + i Re(i¢, ¢) is a constant function. Equivalently, we can
write this condition as

(27) —d*b + i Relig, 1h)° = 0.

Here, and later in the book, given a smooth function f : Y — C, we denote by py (f)
the average value of f over the 3-manifold Y:

(28) MY(f):W%mAf

and set

(29) fo=1 = (f)
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so that [, f° =0.

We remark that the reason why we did not add the superscript o to d*b in (27) is
because fY d*b = 0, so (d*b)° = d*b. Note also that unlike the local Coulomb slice,
the enlarged local Coulomb slices do produce a bundle over the configuration space.

Given any (b,1) € T(4,4)C(Y), we define the enlarged local Coulomb projection of
(b,) to be

(30) o) (0,) := (b= dC, %+ ¢0),
where ¢ : Y — 4R is such that [, ( =0 and
(31) —d*(b— d¢) +iRe(ip, 1 + (¢)° = 0.

The fact that I1¢'C is well-defined is established by the following lemma.

Lemma 3.2.2. — (a) Fix k,j € Z with k > 2 and —k < j < k. Then, for any
x = (a,0) € Cu(Y) and (b,9)) € T, there is a unique ¢ € L3, (Y;iR) satisfying
[y ¢ =0 and (31). Further, if d*b =0, then ¢ € L7, ,(Y;iR).

(b) If d*b =0 and the L? norm of ¢ is bounded above by a constant R, k > 3 and
|7 < k —1, then there exists a constant C(R) > 0 such that

I¢llzz2,, < C(R) - 19| 2.

Jj+2
Proof. — Consider the direct sum decomposition
(32) C*(Y;iR) = (imd*) ® R

into functions that integrate to zero and constant functions. This induces a similar
decomposition on the L? Sobolev completions.

Let A = d*d denote the (geometer’s) Laplacian on imaginary-valued functions.
Consider the linear operator between Sobolev completions

Eg: L3, (Y;iR) — L7 | (Y3iR)
given by
Bo(O) = (AC+ (00) + | ¢

With respect to the decomposition (32) for L?qv note that the expression A +
(|¢|*¢)° lands in the first summand, and [, ¢ in the second summand.
Equation (31) together with the condition [, { =0 can be written as

Ey(¢) = (d"b — iRe(ig, ¥) + ipy (Re(ig, 1)) + 0.
Observe that the right hand side lives in L7, (Y;4R) in general, and in L3(Y : iR)
when d*b = 0.
We need to show that Ey is invertible. Observe that Ey is a compact deformation

of the operator Eyg = A + fy. The latter is invertible, and in particular Fredholm of
index zero. Hence, E is also Fredholm of index zero. To show that it is invertible, it
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suffices to show that it has no kernel. Indeed, suppose ¢ € ker(Ey). Then, fY (=0
and

(33) 0= /Y (AC+ [612¢ = uy (1620, )

(34) :/Y‘dd“/y‘qﬁ'?'d“”'

This implies d{ = 0, and since fYC = 0, we get ( = 0. We conclude that Fy is
injective and hence invertible. This proves part (a).
For part (b), note that if £ > 3, the map

L7 _1(Y;S) = Hom(L2 ,(Y;iR), L2(Y;iR)), ¢ — Ey

is continuous (and lands in invertible operators) for |j| < k — 1. Hence, the map
¢ E;l is also continuous. Since the ball of radius R in L% is precompact in
L? |, the resulting collection of Edjl is also precompact, and hence bounded, in
Hom(L3,,(Y;iR), L3(Y;4R)). This gives the desired bounds. O

Observe that, for (a,¢) € W, we can view the (restrictions of the) projections
(H%C)(a@) and H‘ELC ) as inverse maps relating the enlarged local Coulomb slice to the
global Coulomb slice:

(I15°) (4, )
e — — 7gC
(35) Kooy — " Tlag):
I8 g

To see that they are inverse to each other, it suffices to note that both are given by
adding a uniquely determined vector that is tangent to the G°-orbit.
Here is the analogue of Lemma 3.2.1 for I1°'C instead of (I15%).

Lemma 3.2.3. — Letk > 2. View the enlarged local Coulomb projection as a section
of the bundle Hom(TW,TC(Y)) over W, i.e., a map from W to Hom(W,C(Y")), given

by
(a,0) = ((0,9) = TIE) (b))
Then, this map extends to smooth maps between the Sobolev completions
Wi — Hom(W;,C;(Y))
forall —k < j<k.
Proof. — The fact that the extension to Sobolev completions is well-defined was

established in Lemma 3.2.2. Smoothness can be deduced from Lemma 3.2.1, using
the fact that II°/C (restricted to TW) is the inverse to I15. O
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3.3. The Seiberg-Witten equations

Let (Y, g,5s,S) be as above. We let p: TY — End(S) be the Clifford multiplication.
Further, for a € Q(Y;4R), we will use D, : I'(S) — I'(S) to denote the Dirac operator
corresponding to the connection Ay + a, and D for the case of a = 0.

Consider the Chern-Simons-Dirac (CSD) functional, £, on C(Y):

1
= = D — .
£la.6) = 5( [ 6.000) = [ anda)
We let X denote the L2-gradient of CSD:

X(a,¢) = (xda+7(,¢), Dag),

where 7(¢, ¢) = p~1(¢d*)o is a quadratic function coming from the Clifford multipli-
cation.

It is not difficult to check that the CSD functional is gauge-invariant (since by (Y') =
0). The critical points of £ are the solutions to the Seiberg- Witten equations,

X(a,$) = 0.

If the spinor ¢ is identically 0, then the solution (a, @) is said to be reducible.

By measuring the length of the enlarged local Coulomb projections of tangent
vectors to W, we obtain a Riemannian metric § on W. Explicitly, for any tangent
vector (b,v) to (a,¢) € W, we set (2)

(36) (b, ), (1, 9"))g = Re (TG0 (b, 90), TG (B, 9")) 2.

For future reference, let us mention that, since H?;C@ is an L?-orthogonal projec-

tion, we can also write

(37) <(b7 ¢)7 (b/’ w/)>§ = Re <(b7 1/1)7 H?}ﬁb) (b/> 1//)>L2-

The metric g has the property that the trajectories of the gradient flow of L re-
stricted to W are precisely the global Coulomb projections of the original gradient
flow trajectories in C(Y'). Therefore, in the global Coulomb slice with the metric g,
the (downward) gradient flow trajectories are given by

(38) Do) =~y X (1(1),

where v(t) = (a(t), ¢(t)). Note that X = grad L is perpendicular to the level sets of £
with respect to the L? metric, which contain the gauge orbits, so X is automatically
contained in the local Coulomb slices. We can split the right hand side of (38) into a
linear part [ and a nonlinear part ¢, and re-write the flow equation as

L) =~ + ),

2. The L? inner product is Hermitian, and thus the real part gives a real inner product. This is
what we need to define a Riemannian metric.
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where
(39) l(a,¢) = (xda, Do)
(40) cla,¢) = (mo7(9,9),p(a)d+E(9)d),

with £(¢) : Y — iR being characterized by d&(¢) = (1 — ) o7(¢,¢) and [, £(¢) = 0.
Recall also that 7 denotes the orthogonal projection to ker d*.
The g-gradient of the restriction £|y extends to a map

ch:lJrC:Wk*)Wk_l,

such that [ is a linear Fredholm operator, and c¢ is quadratic. ®) The linear operator
1 is self-adjoint with respect to the L? inner product, but not necessarily §. Further,
the map c is continuous as a map from Wy to Wy, and thus compact as a map from
Wy, to Wi_1. The corresponding flow lines are called Seiberg- Witten trajectories (in
Coulomb gauge). Such a trajectory v = (a(t), ¢(t)) : R — W is said to be of finite
type if L(v(t)) and ||¢(t)||co are bounded in ¢.

3.4. Finite-dimensional approximation

For A > 1, let us denote by W? the finite-dimensional subspace of W spanned by
the eigenvectors of [ with eigenvalues in the interval (=X, \). ¥ The L? orthogonal
projection from W to W* will be denoted $*. We modify this to make it smooth in
A, using the following preliminary definition:

1
(41) Phot = / BO)F3 ydb,

where [ is a smooth, non-negative function that is non-zero exactly on (0, 1), and
such that [, 3(0)df = 1.

Our p;‘rel was the one used in [Man03], where it was denoted p*. In this book, it
will be convenient to arrange for the smoothed projection to be the actual projection
P at an infinite sequence of X’s. Let us fix such a sequence:

AT <A < ...

3. We chose our conventions to be in agreement with [KMO7|. In [Man03], the map [ + ¢ went
from Wyy1 to Wy

4. In [Man03|, the role of W? was played by W;f, the subspace spanned by eigenvectors with
eigenvalues between A and p. In this book we restrict to 4 = —A\; this produces the same spectrum.
The reason for the change is that in Section 7.2 we will need to turn the parameter space for A into
a manifold with boundary, and it is easier to do so with only one degree of freedom. Also, notice
that in [Man03, Section 4], the approximation W/{L was initially defined as the span of eigenvectors
with eigenvalues in (), p], but later changed so that it is the image of the smoothed projection p‘;.
This means using the open interval (A, p) instead of (A, u], and in fact it is easier to define the
approximation as such from the beginning. In our setting we use (—A\, \).
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such that A} — oo and none of the A} are eigenvalues of [. Fix also disjoint intervals
[A? —€i, A? + ¢€;] that do not contain eigenvalues of . Choose smooth bump functions
Bi : (0,00) — [0,1] supported in [A! — €;, A? + €;] and with §;(A?) = 1. Then set

(42) p = Z BN + (1 - Z ﬂi(A))pérel'

We now have that p* is smooth in A, and p* = p* for A € {\}, A, ...}. Moreover,
for any A, the image of p* is the subspace W*.

As an aside, let us remark that in [Man03| there is a different definition of the L?
Sobolev norm on W, using [ instead of the covariant derivative V. This produces a
norm equivalent to the usual one. With the definition in [Man03], the L? projection
7 would have been the orthogonal projection to W?* with respect to the Li metric
for any k, and we would have had Hp’\(m)HL% < [|#[[z2. Given our choice of Sobolev
norms, the same inequality holds up to a constant:

Ip* (@)l 22 < Orllll Lz

where O depends only on k and the Riemannian manifold Y. We choose ©¢ = 1.
On W*, we consider the flow equation

d
(43) 27 =-(+ P (v(t)).
We refer to solutions of (43) as approzimate Seiberg- Witten trajectories.

Remark 3.4.1. — If we consider the restriction of the CSD functional to W?*, its
gradient with respect to g is

By (L+ 0By = L+ pyep;,
where 3 denotes the g-orthogonal projection onto W*. Tt would be rather cum-

bersome to work with these projections, so we replaced ]33 with the L? orthogonal
projection 7. When ) is one of the cut-offs A?, on W* we have

Pl+o)p =1+ pe=1+pc

However, even in this case (when A\ = \?), we expect that [ +p*c is neither the L2 nor
the § gradient of a function. We will show in Chapter 8 that [+p*c is a quasi-gradient,
so it can still be used to do Morse theory.

Fix a natural number k£ > 5. There exists a constant R > 0, such that all Seiberg-
Witten trajectories v : R — W of finite type are contained in B(R), the ball of
radius R in Wy. The following is a corresponding compactness result for approximate
Seiberg-Witten trajectories:

Proposition 3.4.2 (Proposition 3 in [Man03]). — For any A\ sufficiently large
(compared to R), if v : R — W is a trajectory of (1+p*c), and y(t) is in B(2R) for
all t, then in fact y(t) is contained in B(R).
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This was proved in [Man03| with pgrel instead of p*, but the same arguments work
in our setting.

3.5. The Conley index and the Seiberg-Witten Floer spectrum

Recall the definition of the Conley index from Section 2.4, and of the S*-equivariant
refinement Ig1 mentioned at the end of Section 2.8.

With this in mind, we are ready to define the Seiberg-Witten Floer spectrum. We
fix k, R, and sufficiently large A such that Proposition 3.4.2 applies. We consider the
vector field u*(I + p*c) on W*, where u” is a smooth, S'-invariant, cut-off function
on W that vanishes outside of B(3R). This generates the flow ¢* that we will work
with. Denote by S* the union of all trajectories of ¢* inside B(R). Recall from
Proposition 3.4.2 that these are the same as the trajectories that stay in B(2R). This
implies that S* is an isolated invariant set.

Since everything is S'-invariant, we can construct the equivariant Conley index
I* = Isi1(¢*,S*). We must de-suspend appropriately to make the stable homotopy
type independent of A:

(=2,0)

SWF(Y,s,g9) =S~ 71,
where W(=20) denotes the direct sum of the eigenspaces of I with eigenvalues in
the interval (—X\,0). As we vary the metric g, the spectrum SWF(Y, s, g) varies by
suspending (or de-suspending) with copies of the vector space C. In [Man03], this
indeterminacy is fixed by introducing a quantity n(Y,s,¢) € Q (a linear combination
of eta invariants), and setting

SWE(Y,5) = £7"V*9C SWF(Y 5, 9),

where the de-suspension by rational numbers is defined formally. For the definition
of n(Y,s,g), see (233) below. We have:

Theorem 8.5.1 (Theorem 1 in [Man03]). — The S*-equivariant stable homotopy
type of SWE(Y,s) is an invariant of the pair (Y,s).

Remark 3.5.2. — The construction of SWF(Y,s) in [Man03] used the smoothed
projections pgrel. By interpolating linearly between p;‘rel and p*, and using the ho-

motopy invariance properties of the Conley index, we see that the definitions from p*
and p); yield the same SWF(Y,s).






CHAPTER 4

MONOPOLE FLOER HOMOLOGY

In this chapter we review the definition of monopole Floer homology given by
Kronheimer and Mrowka in their book [KMO7]. Recall that we are considering the
case of a rational homology sphere Y and Spin® structure s, which is necessarily
torsion. In this case, all of the reducible solutions to the Seiberg-Witten equations
are gauge equivalent. While we worked in the Coulomb gauge for the Floer spectrum,
for now, we will return to the entire configuration space

C(Y) =QYY;iR) & I(S)

(where we have made this identification via a fixed flat Spin® connection).

Here are the main ideas in the construction of monopole Floer homology: One
would like to proceed by analogy with Morse homology; that is, to build a chain
complex whose generators are given by gauge-equivalence classes of critical points of
the CSD functional and whose differential counts gradient trajectories between them.
However, there are several technical issues that need to be addressed. One issue is
that the gauge group does not act freely near the reducible solutions to the Seiberg-
Witten equations, and these points cause a serious problem. This problem was solved
by Kronheimer and Mrowka by blowing up the singular set, in a way similar to the
construction of S'-equivariant Morse homology in Section 2.6. The second problem
is that even after performing a blow-up, transversality may still not be satisfied for
the moduli spaces. For this reason, special perturbations to the CSD functional must
be introduced.

4.1. Seiberg-Witten equations on the blow-up

We will often work on cylinders of the form Z = I x Y, where I is an interval
(possibly R). The Spin® structure on Y induces a Spin® structure on Z with unitary
rank 4 bundle ST @ S~ on Z; here, S* are the F1 eigenspaces of p(dvolz), where p
is the induced Clifford multiplication for differential forms on Z. Both ST and S~
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can be identified with the pull-backs of S under the projection p : Z — Y. Again
identifying 1-forms with Spin¢ connections, we have

C(Z) ={(a,¢) |a € Q' (Z;iR), ¢ € T(ST)}.

This is acted on by the gauge group G(Z) = C*(Z,S'). An element of C(Z) in
temporal gauge (i.e., such that the d¢t component of a is zero) corresponds to a path
() = (a(t),¢(t)) in C(Y), and we will often not distinguish between these. Note
that every element of C(Z) is gauge-equivalent to a configuration in temporal gauge.

We write down the four-dimensional Seiberg-Witten equations on Z as F(a, ¢) = 0,
where

Fla,¢) = (dTa —p~ ((¢6")o), D ¢) € Q4(Z;iR) ©T(ST),

and D : T(St) — T'(S7) is the Dirac operator and d*a is the self-dual part of
da. If F(v) = 0, then v represents a Seiberg- Witten trajectory. If v is the constant
path, then this is giving a solution to the Seiberg-Witten equations on Y. In general,
F(v) = 0 is equivalent to v being a downward gradient trajectory of £. We will
often go back and forth between this notion of trajectories of grad L = X on Y and
solutions to the Seiberg-Witten equations on Z. We will also think of F as a section
of C(Z) into V(Z), the trivial I'(Z;iA3T*Z ® S™) bundle over C(Z).

As discussed above, in order to deal with the reducible solution, we must blow-up
our configuration spaces. We first consider

Co(Y) = {(a,5,0) | s> 0,]|6]|2 = 1} € QL(Y;4R) x Rso x T(S).

We can define C?(Z) similarly, as the space of triples (a, s, ) € Q'(Z;iR) x R>q x
['(S*) with ||¢]|L2(z) = 1. The blown-up Seiberg- Witten equations on C?(Z) are given
by F?(a,s,$) = 0, where F? is a section of a bundle V7 (Z) over C?(Z), defined to be
the pullback of V(Z) under the blow-down from C?(Z) to C(Z); see [KMO7, p.115].
Explicitly, we have

]:U(a7 S, ¢) = (d+a - SQP_I((¢¢*)O)7 D;r(b)

However, there is a variant of the four-dimensional blow-up that is more directly
related to paths in C7(Y'). This is the so-called 7 model defined in [KMO7, Section
6.3]. Precisely, we let

C7(Z) c QYZ;iR) x C*(I) x C>=(Z;ST)

be the space of triples (a,s,¢) with s(t) > 0 and ||¢(¢)||L2(yy = 1 for all t € I.
After moving it into temporal gauge, an element of C7(Z) determines a path 7 (t) =

(a(t), s(t), ¢(t)) in C7(Y).
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In temporal gauge on C7(Z), the blown-up Seiberg-Witten equations can be written
as

where

(44) A<a’8’¢) = <¢aDa¢>L2-

Furthermore, the right hand sides of these equations induce a vector field, denoted
X, on C?(Y) whose flow trajectories are precisely the solutions to the three equations
above. The zeros of X7 on C?(Y') are easily rephrased in terms of the zeros of X on
C(Y):

Proposition 4.1.1 (Proposition 6.2.3 in [KMO07]). — If s > 0, then (a,s,¢) €
Co(Y) is a zero of X7 in C°(Y) if and only if (a, s¢) is a zero of X inC(Y). If s =0,
then (a, s, ®) is a zero if and only if (a,0) is a zero of X and ¢ is an eigenvector of
D,.

Remark 4.1.2. — Since b1(Y) = 0, we have that (a,0) is a zero of X if and only if
a=0.

Throughout this section, we fix an integer k£ > 2. We may also blow up the Sobolev
completions to obtain spaces Cy (Y') such that X7 extends. Similarly, we can complete
the gauge group G to Gi. This leads to the various blown-up configuration spaces mod
gauge:

B(Y)=C(Y)/G, B7(Y)=C7(Y)/G, Bi(Y)=Cr(Y)/Grt1, Bi(Y)=CP(Y)/Grsa.

Recall that for j < k, T; denotes the L3 completion of TCy(Y). We have the
analogous construction in the blow-up, 7}”, which decomposes as
(1) T =3 e ks,
where J consists of the tangents to the gauge orbits. More explicitly, the L? com-
pletion of the tangent space at x = (a, s, ¢) € CZ(Y) is

Ti% = {(b,1,9) | Re(p, ) 12 = 0} € LI(Y;iT"Y) &R & Li(VS).

At ¢ = 0, we also want to consider 7;-“9‘1, the completion of the tangent bundle to
L7(QY(Y;iR)). We have an analogous splitting of 77! into 7! = Lj(imd) and
ICL'?S = L?(ker d*).

In four dimensions, we can similarly divide the blown up configuration space C?(Z)
by gauge to obtain a space B°(Z). In the 7 model, we define the quotient configuration
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space B (Z) =C7(Z)/G(Z). Also, starting from the bundle V(Z) over C(Z), we obtain
a bundle V7 (Z) over C7(Z). Explicitly, the fiber of V™(Z) over (a, s, ) is

VT(Z)(a,s,tb) = {(b7 T7¢) | Re<¢(t)7w(t)>L2(Y) =0, Vt}
C C®(Z;iNAT*Z) & C*(R) & C™(Z;S7).

In the 7 model, the blown-up Seiberg-Witten equations on Z can be written as
the zeros of a section F7 of the bundle V7 (Z); see [KMO07, Equations (6.11)] for the
exact formula. In temporal gauge, we simply have

T d g

When Z is a compact cylinder, that is, Z = [t1,t2] X Y, we define the Sobolev
completions Cx(Z), Br(Z), Vi(Z), and similarly with ¢ or 7 superscripts. We also
have completed tangent bundles 7;(Z), 77 (Z) and 7;7(Z). We should note that C7 (Y')
and C7(Z) are Hilbert manifolds with boundary, so the tangent bundles make sense.
The 7 model C[(Z) is not a Hilbert manifold, even with boundary. Nevertheless, it
is a closed subset of the Hilbert manifold CNZ(Z ), which is the L? completion of
(46)

CT(Z) = {(a,5,9) | 16(D)l2(v) = L, ¥t} € QN (Z5iR) x O ([ta, t2]) x C=(Z;S™);

see [KMO7, Section 9.2]. By the completed tangent bundle to CJ(Z) we simply mean
the restriction of the completed tangent bundle to C](Z), i.e. the L? completion of
the bundle 77(Z) with fibers

T (Z)(a,5,6) = {(b,7,0) [ Re(@(t), ¥ (t)) p2(y) = 0, Vt}
C C=(Z;4T2) & C%([th, b)) & C=(Z;S7).

The bundle V7 (Z) extends naturally over C7(Z) as well. When discussing V7 (Z), this
will refer to the extension and will explicitly mention the restriction to C™(Z) explicitly
when it is used. Finally, we will need to quotient the extended spaces CNg(Z ) by gauge,
which we write as gz When Z is non-compact, for example Z = R x Y, it is often
more useful to consider the local Sobolev completions L%,loc; see [KMO7, Section
13.1] for more details.

As mentioned in Chapter 3, gauge transformations preserve the property of being
a Seiberg-Witten trajectory; this extends through blow-ups and Sobolev completions.
Monopole Floer homology will be defined as the Morse homology (for manifolds with
boundary) of a perturbation of the Seiberg-Witten equations on BY(Y).

4.2. Perturbed Seiberg-Witten equations

Consider a function f : C(Y) — R which is gauge-invariant. A perturbation is a
section q : C(Y) — To. We will call q the formal gradient of f, or grad f (even though
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it’s not actually a gradient), if for all v € C*°(]0,1],C(Y))

1
d
| {Gr®-at) it = ronn) = £o00),
We will use the notation
Xy =X +q=(gradL) +q.

We will also write £y for £ + f, so Xy = grad £y. Note that q is described by its
components q° to Q! (Y;iR) and q' to I'(S). More generally, from now on we will use
the superscripts 0 and 1 to describe the 1-form and spinorial parts of vectors in C(Y).
The perturbation g also induces a section § : C(Z) — Vo(Z). When Z = [t1,t3] XY
is a compact cylinder, we will require that this actually extends to a smooth section
Ci(Z) = Vi(Z).
The flow trajectories (a(t), ¢(t)) of X, are solutions to the equations

d

— — % _ 40
aa da — ((j)v (b) q (a7¢)

_ 41
ad)— Da¢ q (av¢)'

Recast on Z, these are the perturbed Seiberg- Witten equations, Fq = F + ¢ = 0.
We now move to the blow-up. The vector field &} induces a vector field Xy on
C(Y). Precisely, on C?(Y), we define

U(a’ s ¢) = ( o(a S¢)7Re<ql(avsv¢)7¢>L2 -s7ﬁl(a,5,¢)l)7

where q'(a, s, ¢) = fo (a st¢)q (0, ¢)dt and L means projection onto the real orthog-
onal complement of ¢. We can obtain §° similarly, with components (§7°, §°°!). This
leads to the flow equations for X7

d

ﬁa_ —*da—s T(¢ ¢) (CL, S(b)?

d

%S = _Aq(a» S, ¢)Su

%qﬁ = _Da(b - ql(a7 S, (b) + Aq(a7 S, ¢)¢7
where

(47) Aq(a,5,0) = Re(o, Dt + §'(a,5,9)) 2
These are the solutions to the perturbed Seiberg- Witten equations on the blow-up
in temporal gauge, or F7 = 0 for short. We call Aq(a,s,¢) the spinorial energy
of (a,s,$). Note that for an irreducible stationary point (a,s,¢), we must have
Aq(a,s,¢) =0.

We can now state the perturbed analogue of Proposition 4.1.1. First, we define the
operator

Dg,q Li(Y§S) - Lifl(Y;S), Dq,a(¢) =Dy¢ + D(avo)ql(O,(/)).
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Proposition 4.2.1 (Proposition 10.3.1 of [KMO07|). — The element (a, s, ¢) in
CP(Y) is a zero of X7 if and only if:

(a) s #0 and (a,s¢) is a stationary point of Xy, or

(b) s =0 and (a,0) is a stationary point of Xy and ¢ is an eigenvector of D q.

Remark 4.2.2. — A stationary point of the form (a,0) is called reducible. Recall
from Remark 4.1.2 that the unperturbed Seiberg-Witten vector field X has a unique
reducible stationary point mod gauge, namely a = 0. We claim that, when q is small,
the perturbed field X, also has a unique reducible stationary point. Indeed, notice that
the linear map *d : L} (Y;iT*Y) — L_,(Y;¢T*Y) induces an invertible map from
(ker d*)j, to (kerd*),—_1. Note also that (kerd*); is the L? orthogonal complement in
L? (Y;4¢T*Y) of the tangents to the gauge orbits of connections. Therefore, by the in-
verse function theorem, for a small perturbation ¢, there is a unique a € Li (Y;iT*Y)
mod gauge, in a neighborhood of 0, satisfying *da + q°(a,0) = 0. (Here we are using
that q is L2 orthogonal to the tangents of the gauge-orbits, since it is the formal gradi-
ent of a gauge-equivariant function.) By elliptic bootstrapping, a is smooth. Further,
by gauge-equivariance, we have q'(a,0) = 0 and we can conclude that (a,0) provides
the unique reducible solution to Xy near zero. Using the compactness properties of
the perturbed Seiberg-Witten equations, it also follows that (for sufficiently small ¢)
there are no reducible solutions outside the fixed neighborhood of 0.

We will not, however, use the uniqueness of reducible solutions for small perturba-
tions in this book.

The (perturbed, blown-up) Seiberg-Witten map JFgq can be viewed as a section of
the bundle V?(Z) over C?(Z). In the 7 model, there is a similar section F of V7(Z)
over C~T(Z ). In temporal gauge, we can simply write

d

Fi= g+ A7

4.3. Tame perturbations

We are interested in studying the moduli spaces of flows of X7 connecting sta-
tionary points. In order to obtain the desired compactification results for the moduli
spaces, we require some conditions on ¢.

Let Z = [ti,t2] X Y be a compact cylinder. For every one-form a € Q!(Z;iR),
we can consider the Sobolev norm L7 , defined using as covariant derivative the
connection corresponding to a, namely V 4,4,. The Li_ . borm is equivalent to the
usual Sobolev norm, and gives rise to the same Sobolev ,completion. However, when
we want to state global bounds it becomes important to specify the precise Sobolev
norm. We will take the usual norm on C(Y),Cr(Z). However, on the bundles Vi (Z)
and T'Ci(Z), in the fiber over (a, ¢) we will take the L%a norm; this turns them into
gauge-invariant normed vector bundles.
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Definition 4.3.1 (Definition 10.5.1 in [KMO7|). — Fiz an integer k > 2.
Suppose that a section q : C(Y) — Ty is the formal gradient of a continuous, G-
invariant function. We say q is a k-tame perturbation if, for any compact cylinder
Z = [t1,t2) X Y, the following hold:

(i) q defines an element of C>*(Cr(Z2),Vi(Z));

(ii) q also defines an element of C°(C;(Z),V;(Z)), for all integers j € [1,k];

(#ii) The derivative Dq € C*(Cr(Z), Hom(Tx(Z), Vi(Z))) extends to a smooth map

into Hom(T;(Z),V;(Z)), for all integers j € [—k, k];
(iv) There exists a constant m such that

llaa; @)ll> < m(llollL> + 1),

for all (a,¢) € Cr(Y);
(v) For any ag € iQY(Z), there is a function h : R — R such that

lala, 9z, < hlll(a; )z, ),

for all (a, ) € Cr(2);
(vi) q extends to a C section of C1(Y') into Ty.

We say that q is tame if it is k-tame for all k > 2.

Remark 4.3.2. — Conditions (i), (ii), (iii) and (v) are phrased in terms of the four-
dimensional perturbation §, but they readily imply the analogous statements for g.
For example, from part (i) in Definition 4.3.1, we know that for a tame perturbation
q, q gives a smooth map from Ci(Z) to Vi (Z), for all k > 1. For z € Cr(Y), we can
consider the element of C;(Z) that is constantly z in every slice {t} x Y. Its image
under q is constantly q(z) in every slice, so we conclude that g(z) is in Vi (Y).

For a tame perturbation g, the set of solutions to X; = 0, topologized as a subspace
of Bi(Y), is compact for tame q. In this case, any trajectory of Xy between two
stationary points in CJ(Y) is gauge-equivalent to a smooth trajectory, which thus
lives in C?(Y"); no Sobolev completion is necessary.

Kronheimer and Mrowka construct explicitly a collection of tame perturbations
which are the gradient of cylinder functions. We will not define these here. However,
we will always need to work with a space of perturbations that does contain them.

Definition 4.3.3. — A separable Banach space P is a large Banach space of tame
perturbations if there exists a map P — C°(C(Y),To) which takes x to q, such that:

(i) the image of this map contains a countably infinite family of perturbations which
are gradients of cylinder functions,
(i) q is tame for all x € P,
(iii) for k > 2, the map P x Cr(I xY) — V(I X Y) is smooth for any compact
interval I in R,
(iv) the map P x C1(Y) = T1(Y) is continuous, and
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(v) there exist a constant m and a map p: R — R such that P x C1(Y) — T1(Y)
satisfies

laz(a. @)llzz < mlzl (6] +1)
las(a &llzz . < el 6)lz, )-

4.4. Very tame perturbations

We now make a digression. For the purposes of doing finite dimensional approx-
imation (as we shall do in this book), we need slightly stronger assumptions on the
perturbation g than the ones in Definition 4.3.1. We give the relevant definitions here.
These concepts are new material; they did not appear in [KMO07].

Let us recall that a linear operator between Banach spaces, f : E — F', is continu-
ous if and only if it is bounded, i.e., there is a constant K such that || f(x)| < K||z||
for all . This condition is also equivalent to requiring f to take bounded sets to
bounded sets. For nonlinear operators, we introduce the following terminology.

Definition 4.4.1. — Let E and F' be Banach spaces. A map f : E — F is called
functionally bounded if f(B) C F is bounded whenever B C E is bounded. In other
words, there exists a function h: R — R such that

I1f (@)l < h(]l]]),
forallx € E.

We use the term functionally bounded, rather than bounded, to prevent confusion
with the usual notion of bounded functions in analysis, which requires that || f(z)|| <
K for some K.

For non-linear operators, continuity does not imply functional boundedness; see
[Exc|. We will need both of these conditions, so let us denote by

Ch(E, F)
the space of continuous and functionally bounded operators from E to F. Further,
for m > 1 (and also for m = o0), we let
CH(E,F)={f e C™E,F)|D'f € C},(E,Hom(E** F)), £=0,...,m}.

We can similarly define the space of C§ sections of a bundle.
With this in mind, we present the following strengthening of Definition 4.3.1.

Definition 4.4.2. — Fiz k > 2. A k-tame perturbation q is called very k-tame if
the following additional conditions are satisfied:
(1) § defines an element of C2(Cx(Z),Vi(Z));
(ii) q also defines an element of C§ (C;(2),V;(Z)), for all integers j € [1,k];
(i11) Dq defines an element of Cg2(Cyx(Z), Hom(TC;(Z),V;(Z))), for all integers j €
[—k, k]
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We say that q is very tame if it is very k-tame for all k > 2.

Luckily, the kind of perturbations considered by Kronheimer and Mrowka in
[KMO7]| satisfy these additional conditions.

Lemma 4.4.3. — Let q be the gradient of a cylinder function, as in [KMOT7, Section
11]. Then, q is very tame.

Proof. — This is an immediate consequence of Proposition 11.4.1 and Lemma 11.4.4
in [KMO7|, along the lines of the proof of Theorem 11.1.2 on p.190 of [KMO07|. O

We will need to ensure that both the perturbations we use are very tame and the
space of perturbations is sufficiently large to guarantee transversality. This motivates
the following definition.

Definition 4.4.4. — A large Banach space of very tame perturbations is a large
Banach space of tame perturbations where each perturbation is additionally very tame.

Using Lemma 4.4.3, the proof of the existence of such a space follows as in the
proof of Theorem 11.6.1 in [KMO7].

4.5. Admissible perturbations

For Morse homology, we need non-degeneracy of the Hessian at the critical points
and the Morse-Smale condition. For monopole Floer homology, we must establish the
analogues of these: non-degeneracy of stationary points and regularity of the moduli
spaces. We first focus on non-degeneracy.

Fix a tame perturbation q and Sobolev number k. Note that Xy takes C7(Y') to

x_1- Note also that the stationary points of X7 cannot be isolated like in Morse
theory. This is because the gauge group preserves stationary points. Therefore, this
will be a Morse-Bott condition, in the sense that the stationary points will be non-
degenerate in the directions transverse to the gauge orbits.

Definition 4.5.1. — A stationary point x of X7 is non-degenerate in CJ (Y) if X7
is transverse to the sub-bundle J7_, at x.

Much like the existence of stationary points, the non-degeneracy of the stationary
points of X7 can be described in terms of Xy on Cy(Y).

Proposition 4.5.2 (Proposition 12.2.5 in [KMO07]|). — A stationary point
(a,s,¢) is a non-degenerate zero of Xy on CJ(Y) for s > 0 if Xy is transverse to
Te—1 at (a,s¢). If s =0, and ¢ is an eigenvector of Dy, with eigenvalue X\, then
(a,0, ) is non-degenerate if and only if the following three conditions are satisfied:
1. X#0,
2. X\ 1is a simple eigenvalue,
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3. Xy is transverse to Jkre_dl at a.

It turns out that one can always find many perturbations such that the stationary
points are non-degenerate.

Theorem 4.5.3 (Theorem 12.1.2 in [KMO07]). — For any large Banach space of
tame perturbations P, there is a residual subset of P such that for each perturbation
q, all of the stationary points of X{ are non-degenerate.

Given such a perturbation ¢, the gauge-equivalence classes of solutions to the per-
turbed Seiberg-Witten equations on (Y, s) are isolated (this comes from being trans-
verse to the gauge orbits). Since these equivalence classes form a compact subset of
Cr(Y)/Gry1 because of tameness, there are at most finitely many irreducible solutions
in B(Y).

For the rest of the subsection, we will assume that q has been chosen so as to
be tame and that the stationary points are non-degenerate. In analogy with the
finite-dimensional case we have

Definition 4.5.4. — Let [z] = [(a, s, $)] be a gauge-equivalence class of zeros of X7
in BY(Y). If s # 0, then we say that [x] is irreducible. If [x] is reducible, then [z] is
boundary-stable (respectively boundary-unstable) if Aq(x) > 0 (respectively < 0).

Define €°, €%, and €* to be the sets of gauge-equivalence classes of irreducible,
boundary-stable, and boundary-unstable stationary points of Xy on By (Y). Set € =
ceueTy e,

Next, we discuss regularity for trajectories. Let Z =R x Y. For z,y € C?(Y), pick
a smooth path vy : R — C?(Y") such that vo(t) = = for ¢ < 0 and 7 (t) = y for ¢t > 0.
Then, define

(48)  Ci(w,y) = {7 € CL10c(Z) | v =70 € Li(Z;iT* Z) x LY(R;R) @ LE(Z: 1)},

Note that here we are imposing Lﬁ and not Li)loc conditions on v —~y. Thus, C](z,y)
is equipped with a natural metric, d(v,7) = |7 —7/[|2. We have an analogously

defined space CJ(z,y) where we remove the condition s(t) > 0, as for the definition
of CL(Z).

We let Bj(x,y) (respectively gg(a:,y)) be the quotient of C](z,y) (respectively
5,2(m,y)) by the action of gauge transformations u : Z — S' such that 1 —u €
L? 4+1(Z,C). The space B (z,y) depends only on the classes [z] and [y], up to canonical
diffeomorphism. Consequently, we can use the notation B} ([z],[y]). Similarly for
BL(la), o).

We are now interested in studying gauge-equivalence classes of trajectories between
two stationary points. Define 7z : R x Y — R x Y to be translation by ¢ and let v,
(respectively 7, ) denote the elements of Cf ;,.(R X V) which are x (respectively y) in
each slice.
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Definition 4.5.5. — For [z] and [y] in €, we define the moduli space of trajectories
from [z] to [y] as

M([a), [y]) = {[7] € Bipoc®R x Y) [ F7(7) = 0, lim [r79] = [v], Tim [r7y] = [7]},

li
t— t—+o0

where the limits are taken in Bf ;. (R x Y). If [z] is boundary-stable and [y] is
boundary-unstable, then we say we are in the boundary-obstructed case. Finally,
we will decorate a moduli space by M if we want the result after quotienting by the

usual R-action.

It is proved in [KMO7, Theorem 13.3.5] that every class in M ([z], [y]) has a gauge
representative in B ([z], [y]). The proof uses exponential decay estimates for Seiberg-
Witten trajectories.

Remark 4.5.6. — As mentioned above, each (blown-up, perturbed) Seiberg-Witten
trajectory on C7(Y) is gauge-equivalent to a smooth trajectory on C?(Y"), for k > 2.
In particular, the moduli spaces are homeomorphic for any k£ > 2.

In order to show that the moduli spaces are smooth manifolds, we must show that
they are (locally) the preimage of a regular value of a Fredholm map. Just as in
the case of compact cylinders, one can define a bundle V_,(Z) over CJ(z,y), such
that F7 provides a section. The zero set of this section, restricted to Cl(z,y), thus
describes the Seiberg-Witten trajectories asymptotic to  and y. The advantage of
working with 5,2(95, y) is that we can differentiate 7 in this setting.

Recall from (28) that py (f) denotes the average value of a function f over the
three-manifold Y. For v = (a,s,¢) € 5,2(x,y) and 1 < j < k, define the linear
operator ()

(49) Qy=D}F;od} T/ (Z2) - V], (Z2)® L] |(Z;iR),

where

(50) drf(b,r,¢) = —d*b +is’Re(ip, ¥) + i|¢|*Re py (i¢, 1)

is a variant of the formal adjoint to the infinitesimal (four-dimensional) gauge action.
The condition dIY’T = 0 describes a four-dimensional local Coulomb slice K7 C
T7,- When j =k, the slice KF | can be viewed as the tangent space to gg([xL [v])

at [y]. In general, the bundle K7 defines a gauge-equivariant bundle over 5;(x7y)

which descends to a bundle over gg([xL [y]). If Q is surjective (or, equivalently, the
restriction DI F7|icr  surjects onto V], ) for all [y] in M([z], [y]), then M([z], [y])
is a smooth manifold.

1. In Equation (49), D7 is a covariant derivative on the space of paths, which was simply denoted
D in [KMO7|. See Section 5.9 below for more details.



48 CHAPTER 4. MONOPOLE FLOER HOMOLOGY

Definition 4.5.7. — The moduli space M ([z], [y]) is regular if Q- is surjective for
all [y] € M([z],[y]), unless we are in the boundary-obstructed case. If M([x],[y]) is
boundary-obstructed, reqularity means that the cokernel of Q is dimension one for
each [y] € M([z], [y]).

Theorem 15.1.1 in [KMO7| guarantees the existence of a tame perturbation g such
that M ([z], [y]) are regular for all [z] and [y]. In particular, this implies that the mod-
uli spaces M ([z], [y]) are all smooth manifolds, even in the boundary-obstructed case,
by [KMO07, Proposition 14.5.7|. In particular, we have that ind @, = dim M ([z], [y]),
except in the boundary-obstructed case, where ind @, = dim M ([z], [y]) — 1.

If [z] and [y] are reducible and M ([z], [y]) is regular, then define M4 ([x], [y]) to be
the subset of M ([z], [y]) consisting of reducible trajectories. Note that M ([x], [y]) is
either empty (this is the case when one of [z] or [y] is irreducible) or all of M ([z], [y]),
except when [z] is boundary-unstable and [y] is boundary-stable, in which case it is

OM ([], [y])-

Definition 4.5.8. — An admissible perturbation is a tame perturbation such that
all the stationary points are non-degenerate and all the moduli spaces are regular.

Theorem 4.5.9 (Theorem 15.1.1 in [KMO7]|). — For any large Banach space of
tame perturbations P, there exists an admissible perturbation q € P.

As discussed after Definition 4.4.4, there exist large Banach spaces of very tame
perturbations. Therefore, there exist perturbations which are both very tame and
admissible.

4.6. Orientations
From now on we fix an admissible perturbation g.

Theorem 4.6.1 (Corollary 20.4.1 of [KMO7]|). — The moduli spaces M ([z], [y])
are orientable manifolds.

Let us sketch the construction of orientations on M ([z],[y]), following [KMO7,
Section 20]. This is similar to the discussion of specialized coherent orientations in
Morse theory (see Section 2.2).

To orient M ([z], [y]), we need to orient the determinant lines det(Q. ), where Q. is
as in (49). For arbitrary z,y € CJ(Y) (not necessarily stationary points), we consider
instead a compact interval I = [t1,%2], and a configuration v € C[(I x Y) whose
restrictions to {t1} x Y and {t2} x Y are gauge equivalent to z, resp. y. To any
such v we can associate an operator (), by the same formula as for (49). To make it
Fredholm, we need to add suitable boundary conditions. At the boundary component
{t1} x Y, consider the subspaces

Hi = ’C1i/2,x @ LY )p(Y3iR) C T, (V) ® LT (Y 4R).
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Here, we have decomposed the local Coulomb slice K7, . C 7,7, L(Y) as

o KH

ICT/2,$ =K 1/2,2°

1/2,x

using the spectral subspaces (the direct sum of nonpositive, resp. positive eigenspaces)
of the Hessian

o ._ o
Hessg , == H;qr/“ oD, X; |’Ci’/2,z'

(See Section 5.5.2 below for more details about the Hessian.)
We consider similar subspaces IC2jE at the other boundary component {t2} x Y.
Then, we define a Fredholm operator

(51) Py =(Q,—II{,13) : T/, (IxY) = Vi, & L*(I x Y;iR) ® Hy @ H;,

where HijE denotes the composition of restriction to {¢;} x Y with the projection to
HE.

Let A(y) be the set of orientations of det(P,). It is proved in [KIMO7, Proposition
20.3.4] that there are canonical identifications between the different A(y) when we fix
the (gauge equivalence classes of the) endpoints « and y of 7. Thus, we can write
A([z], [y]) for A(y). Further, there are natural composition maps

A([z], [v]) x Aly], [2]) = A([], [2])-

Departing slightly from the terminology and conventions in [KMO07|, we define
an orientation data set o for the admissible perturbation ¢ to consists of elements
0[2).1y) € A([7], [y]), one for each pair ([z], [y]), such that we have the relations

Olal.fy] * Olyl,le] = Olal,[2]-

An orientation data set can be constructed as follows. In [KMO7, p. 385-390] it
is shown that when [z] and [y]| are reducible, the set A([z],[y]) can be canonically
identified with Z/2 = {£1}, in a way compatible with concatenation; we then choose
O[z),[y] to be the element +1 in this case. Then, we fix a reducible [z¢] and pick

arbitrary elements o for all irreducibles [z]. This uniquely determines the data

zol,[x
set o, using the concat(]er[lsition property.

Next, let [z] and [y] be stationary points, and consider a trajectory [y] € M ([z], [y])-
Let o be its restriction to a large compact interval I = [t1,t2] C R. It is proved in
[KMO7, Section 20.4] that an orientation for det(P,,;) determines one for det(Q).
Therefore, an orientation data set for q produces orientations for all determinant
lines det(Q~), and hence for the moduli spaces M ([z],[y]). From here we also get
orientations on the quotients M ([z], [¢]).

We can orient the moduli spaces M™d([z], [y]) and M ([z], [y]) in a similar man-
ner.

Remark 4.6.2. — In [KMO7, Section 20|, the discussion was more general, allowing
the perturbation q to vary for ¢ € [t1,t2]. For the purposes of this book, it suffices
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to work with a single perturbation q; we adjusted our discussion accordingly, for
simplicity.

Furthermore, the notion of orientation data set did not appear in [KMOT7].
Whereas we trivialize the sets A([z], [y]) and then let the monopole Floer complex be
generated by stationary points [z] (cf. Section 4.7 below), Kronheimer and Mrowka
define the complex more canonically, as generated by orientations of A([zo], [x])
(where [z0] is a fixed reducible basepoint), with two opposite orientations being set to
be the negative of each other. The two definitions are readily seen to be equivalent.

4.7. Monopole Floer homology

We will now define the monopole Floer chain complex CM (Y,s,q) analogous to
the construction of Morse homology for manifolds with boundary in Section 2.5.

The set € of gauge-equivalence classes of irreducible stationary points of X7 is
finite. There are also countably many reducible stationary points, corresponding
to the eigenvectors of Dy ,. Indeed, the operator Dy, is ASAFOE in the sense of
[KMO7, Definition 12.2.1], so its spectrum is discrete by [KMO07, Lemma 12.2.4].

In [KMO7, Chapter V], Kronheimer and Mrowka give an analysis of the compact-
ifications of the moduli spaces via broken flow lines. Rather than state the general
result, we simply point out that given an admissible perturbation, if M ([z], [y]) or
Mred([z], [y]) is O-dimensional, then this moduli space is compact.

Let the groups C? be freely generated over Z by €? for 6 € {0, s,u}. The monopole
Floer chain groups are given by

CM(Y,s,q) = C° & C".

Here, the relative Z-grading on CM (Y,s,q) (since s is torsion) is given by the ex-
pected dimension of M ([z], [y]) (the index of @Q),), since in this case, we cannot have
that M ([z], [y]) is boundary-obstructed. Since Y is a rational homology sphere, this
number is well-defined (there is only one homotopy class of paths from [z] to [y]).
Recall that we need a shift of grading by 1 in the boundary-obstructed case.

For 0, w € {o, s,u}, define 8% and 0%, by

(52) 0% ([z]) = > #M([z], W)y,
[ylee=

(53) % ([z]) = D #M([x], [y])[y),
[ylee=

for [z] € €% where we only sum over [y] such that the relevant moduli spaces are
0-dimensional. Here, # means the signed count of points in this oriented, compact
0-dimensional manifold. Also, we only allow 0, w such that these counts make sense:
for 0, we want @ € {o,u} and @ € {o,s} while for J, we ask that 6, # o. The
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boundary operator on 5]\//[(1/, s,q) is given by

[ U S
(54) 0= |:gg 53 _8082%8] :

S S S u
The admissibility of q guarantees that 0 squares to zero and we can take homology,
I?]TI(Y, 5,q). As in Remark 2.5.2, the moduli spaces M™4([z], [y]) are either empty
or equal to M([z],[y]), except in the case that [z] is boundary-unstable and [y] is
boundary-stable; in this exceptional case, the counts of M*([z], [y]) do not arise in
0.

Similar to the Morse homology for circle actions, monopole Floer homology can be
given the structure of a Z[U]-module. This is defined in [KMO07| in terms of evalua-
tions of suitable Cech cochains on the 2-dimensional moduli spaces of parameterized
trajectories. For our purposes, it is more convenient to use an alternate, equivalent
definition of the U map, which is taken from [KMOSO07, Section 4.11]. The latter
definition involves counting points in zero-dimensional spaces, and this will make it
easier to prove a stability result for trajectories in Section 13.2.

Although the U map on HM comes from a more general cobordism construction,
we will restrict our attention to the specific case we need. Let p € R X Y be a
basepoint, and B, a standard ball neighborhood of p in R x Y. Let Bf(B,) be the
the blown-up configuration space of Li connections and spinors on B, modulo the
gauge group

Grr1(Bp) = {u: By, = 8' |ue Lj,}.
Note that B (Bp) is a Hilbert manifold with boundary, and is a free quotient by
Gk+1(Bp). There is a natural complex line bundle E over Bf(B,), induced from the
map Gr11(Bp) = S, u s u(p).

For any [r] € €%, [y] € €%, because of unique continuation, there is a well-defined

restriction map

rp : M([z], [y]) = Bi (Bp),
which is an embedding. Pick a smooth section ¢ of EJ such that ¢ is transverse to
the zero section, and the zero set 2 of ¢ intersects all the moduli spaces M ([z], [y])

and M™4([z],[y]) transversely. By analogy with the finite-dimensional case from
Section 2.7, for (6, @) € {(0,0), (0,5), (u,0), (u, s)}, we define m? : &€ — €= by
(55) m& () = Y #(M([z], [y) N 2Z) [y, for [2] € ¢,
lylee=
Similarly, for the reducibles, we set
(56) my([]) = Y #M (], [y)) N0Z) - [y], for [2] € &
[ylec=

Note that we are using parameterized trajectories. We only consider terms in the
sums where the dimension of the moduli spaces being considered is two.
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Finally, we can define mm : CM — CM by
s — O
ms — mio; — 0L

mO
57 n=| 2
(57) =

This induces a chain map. Therefore, we can define the U-action on HM by the
map induced by 7. By construction, this map lowers the relative grading by 2.

Theorem 4.7.1 (Kronheimer-Mrowka, Theorem 23.1.5 of [KMO07|)
The relatively-graded Z[U]-module HM (Y, s,q) is an invariant of the pair (Y, s).

Therefore, we just use the notation HM (Y,s). From here we can easily define
Bloom’s variant of monopole Floer homology, HM .

Definition 4.7.2 ([Bloll]). — The tilde-flavor of monopole Floer homology,
HM (Y, s), is the homology of the mapping cone of the map h on CM(Y,s,q).

4.8. Gradings

Recall that for two stationary points z and y, the relative homological grading
between [z] and [y] is defined by

gr([z], [y]) = ind @5,
where v € C[(z,y) is any path, and @ is the operator from (49). (See [KMO7,
Definition 14.4.4].)
Suppose that [z] and [y] are reducibles with the same blow-down projection (a,0),
and correspond to eigenvalues y and v of Dy , with u > v. Then, an alternate formula
for the relative grading is given in [KMO07, Corollary 14.6.2]:

2i(p, v) if p and v have the same sign,
(58) gr([=], [y]) = {

2i(p,v) — 1 otherwise.

where i(u, V) denotes the number of eigenvalues in the interval (v, .
There is also an absolute rational grading gr? defined in [KMO7, Section 28.3].
Given a cobordism W from the round sphere S3 to Y, we have

c1(t)?2 —a(W)
(o)) = — g (o], W [a]) + 27
where: [x¢] is the reducible on S® with the lowest positive eigenvalue; t is a Spin®
structure on W that restricts to s on Y; gr, ([zo], W, [2]) is the relative grading between
xo and z for the monopole map associated to (W;t), as in [KMO7, Section 25];

- L(W)v

the subscript z refers to a connected component of the configuration space of W,
and in our case z is uniquely determined by the Spin® structure t; and (W) =
(W) + 0(W)) /2 = b (W) — by (W),

For future reference, let us rephrase this definition in terms of a four-manifold X
with boundary Y. We can then take W to be the complement of a four-ball in X.
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Using additivity of gr and a standard calculation on B* we can replace W with X

and write

c1(t)? —o(X
60)  @(]) = g (x o)) + TN
where gr, (X, [z]) is the expected dimension of the moduli space M, (X*;[z]) defined
in [KMO7, Section 24]. Here, X* refers to X after attaching to it a cylindrical end
of the form [0,00) x Y.

—b7(X) +01(X) - 1,






CHAPTER 5

REDUCTION TO THE COULOMB GAUGE

In this chapter, we recast the constructions from Chapter 4 entirely in the global
Coulomb slice

W =kerd" ®T(S) C C(Y).
This is needed in order to make contact with the construction of the Seiberg-Witten

Floer spectrum from Chapter 3, for which we used finite dimensional approximation
on W. Throughout this section k will denote a fixed integer at least 2.

5.1. Bundle decompositions and projections

Recall that in Section 3.2 we introduced the global Coulomb slice W, the global
Coulomb projection II8°, the infinitesimal global Coulomb projection H%C, the local
Coulomb slice K, the (infinitesimal) local Coulomb projection II'®, the enlarged local
Coluomb slice K¢, the enlarged local Coulomb projection II¢'€, and the metric § on
W. Further, in Section 4.1 we introduced the bundle decomposition of 7 into the
tangents to the gauge orbits J; and the local Coulomb slice Ky; we also mentioned a
similar decomposition in the blow-up, 77 = JZ @ K{.

In this section we explore these constructions further. In particular, we extend the
gauge projections to the blow-up, and describe a few bundle decompositions that are
related to global Coulomb gauge.

For j < k, recall that 7;50 is the trivial vector bundle with fiber W} over Wj.
Unlike what we did for 7; in Section 4.3, in the case of 7}gc there is no need to define
the Sobolev norms using the varying covariant derivatives V 4,4,. The Sobolev norm
on W; defined by V = V4, is invariant under the residual gauge action by S*, and
this norm is what we shall use on each tangent space. Thus, 7;_gC is exactly the trivial
normed bundle Wi, x W;. Again, we keep the notation 7;gC (rather than just Wy, x W)
to emphasize the bundle structure. Note that these two Sobolev norms are equivalent
in the following strong sense. For z = (a,¢) € Wy with [lal|;2 < R, there exists a
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Ficure 1. We show the gauge orbit Gz intersecting W in a circle. Also
shown are the tangent spaces to the orbits, and the global Coulomb pro-
jection T18C.

constant C'(R) such that

Sl < Ivlss, < Rl
for all v € T, and j < k. Therefore, these Sobolev norms will also be equivalent
when working over paths of three-dimensional configurations, and so even in the four-
dimensional setting, we are content to use V.

For x = (a,¢) € Wy, we let J8C C 7750 be the (real) span of (0,i¢). This is the
tangent space to the S'-orbit at x. Since J&C is canonically isomorphic to R, there
is no need for a subscript j for Sobolev regularity.

The intersection of a gauge orbit with global Coulomb gauge is depicted schemat-
ically in Figure 1.

Lemma 5.1.1. — Fiz j > 0. For each x = (a,¢) € Wy with ¢ # 0, we have
Tja N Ty = () (T50) = TE.
Proof. — Let x = (a,¢) € Wi_1. We recall from [KMO07, Page 140] that

Jjw = {(=d¢,¢9) | ¢ € L3 1 (Y3iR)}.

First, we compute J, , N 7;%5 Suppose (b,9) € Jj. N 7;ng If we write (b,v) =
(—d¢, (o), we have d*d{ = 0. Since Y is a rational homology sphere, this implies that
(¢ is constant. Therefore,

T N TES = {(0,itg) | t € R} = TEC.
Now, we study (T12°),(J;..). Let (—=d¢,C¢¢) € J;... Recall that
(I189) o (—dC, Cp) = (—dC — dE, (o + £9),
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where £ : Y — iR satisfies d*(—d( —d¢) = 0 and [}, € = 0. Again, since Y is a rational
homology sphere, this implies that ¢ 4+ € is a constant it for some ¢ € R. Therefore,
we obtain

(TIE) 0 (—dC, (0) = (0, itd).
This implies that (I15%),(J;..) = JEC, as desired. O

Analogous to the splitting of T; as J; ® KCj, there exists a decomposition
(60) T = 75¢ & K5C.
Here, IC?gC is defined to be the orthogonal complement of 78 with respect to the
g-metric on W. For each © = (a,¢) € Wy and j < k, this space can be written
explicitly as
K57 = {(bw) € TE 1 ((0,79), (b, 4))5 = 0}
={(b;¥) € Tj | d"b=0,((0,i¢), (b»lﬁ))g = 0}.
We call IC?;%UC the anticircular global Coulomb slice at a point z = (a, ¢) € W},. Observe
that, if d*b = 0, then the vector (b,0) is L?-perpendicular to all (—d¢,(¢) € Tja,
and hence lies in the local Coulomb slice K;, C K5 .. Using the formula (37) for the
g-inner product, we get that

(61)  ((0,i9), (b,0))5 = Re((0,ip), T'“(b,0)) 1> = Re((0,i¢), (b,0)) 12 = 0.
We deduce that the condition ((0,i¢), (b,1)); = 0 is equivalent to
((0,49),(0,%))5 = 0.
For simplicity, we will write (i1,%2); and ||1/)H§ for expressions of the form

((0,91),(0,22)); and H(O,w)Hg. With this in mind, we can write the anticircu-
lar global Coulomb slice as

agC
’CJ}I

(b)) € T | (i) = 0}
b

{
{( vw) € 7},1 | d*b = 0, <Z¢7"/}>§ = 0}

We define
1€ = Tyase 0 I8« T — KC36€

to be the composition of infinitesimal global Coulomb projection Ie° . T, — 7;50

with g orthogonal projection onto K?gc. See Figure 2.
Remark 5.1.2. — The anticircular global Coulomb slice K?ic contains, but does
not equal, the intersection C;, N ’Tjgc. Indeed, the latter consists of vectors (b,v)
satisfying d*b = 0 and Re(i¢, 1) = 0 (pointwise). These conditions imply

((0,i9), (b)) = Re((0,19), I (b, ) 2 = Re((0,i¢), (b, %)) 12 = 0,

and thus (b,9) € IC?%BC. Here we are using that II°'C is an L? projection, which can
easily be verified.
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Ficure 2. Different Coulomb slices and projections inside the tangent
space T;,-. We drop the subscripts j and = from notation for convenience.

Remark 5.1.3. — The subspaces J gC and IC?gC do not form Hilbert bundles over

the whole of W}, because J&¢ is smaller (and IC?gc larger) at reducibles, compared
to irreducibles.

Recall that on W we have a natural metric §, defined by measuring the L? norm of
the enlarged local Coulomb projections; cf. Equation (36). At this point it is helpful
to extend the g-inner product on 7;50 to the bigger bundle 7; (restricted to Wj).
Consider the bundle decomposition over Wy,

o C
(62) T =7 e T,

where J? is the tangent to the orbit of the normalized gauge group G°; that is,
J;p C Jj consists of vectors (—d(,(¢) with [, = 0. Given 2 € W and vectors
v,w € Tj 4, decompose them according to (62) as

(63) v=2v"4+0%C, w=w+wsC,
where v&C = (I189), (v) and ws® = (I18°), (w). Then, set
(64) (v, w)5 = Re(v®,w®) 2 + (v89, wsC);,

where in the last inner product we use the formula (36). With this definition, the
direct sum decompositions (62) and

(65) T = J; @ K

are orthogonal for g. Moreover, we can think of I8¢ and 7€ as the g-orthogonal
projections from 7; to 7;50 and IC?gC, respectively.
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Next, we consider the blow-up C7(Y") from Section 4.1. This has tangent bundle
T with Sobolev completions 77. The tangents to the gauge orbits at z = (a,s,9)
form the subspace J; ;, consisting of vectors of the form (—d¢,0,(¢). We also have
a local Coulomb slice in the blow-up, given by the following formula from [KMO7,
Definition 9.3.6]:

K7, ={(b,t,1) € T, | =d*b+ is> Re(ig, v) = 0,Re(ip, 1)) 2 = 0}.

The local Coulomb projection on the blow-up, Hl(gg e T — K ., is defined to be

(66) M7 5 (b7, ) = (b—dC,r, ¢ + (o),
where ¢ is such that —d*(b — d(¢) + is® Re(ip, ¥ + (¢) = 0 and Re(ig, ¥ + ()2 = 0.
On the blow-up C°(Y) there is a natural L? metric, obtained from the inclusion
TP C L3(Y;4T*Y) @R @ L3(Y;S). Note that the direct sum decomposition
T = ek
is not orthogonal with respect to this L? metric. Rather, on the irreducible locus, the

decomposition is orthogonal with respect to the pull-back of the L? metric on C(Y).
On the other hand, this pull-back does not produce a non-degenerate metric on the
whole C7(Y).

Now consider the residual gauge action of S* on W. It is convenient to blow up
W at its fixed locus, just as we did with the configuration space C(Y). The blow-up
of W is the space

W ={(a,s,¢) | d*a=0,s>0,|¢||rz =1} C C7(Y).
There is a natural identification of W7 /St with B°(Y), defined in Section 4.1. We
have Sobolev completions W} and tangent bundles 7;50’0 for j < k.

The global Coulomb projection I18¢ : C(Y') — W induces a global Coulomb pro-

jection between the blow-ups:

(67) ECTC7(Y) = W7, (a,5,0) = (a—df,s,e7¢),

where f = Gd*a. Furthermore, if z = (a, s,¢) € W, then the differential of I18%“ is
given by

(68) (ME97), = T = TEY7, ((a,5,9), (b,r,0)) = (m(b), 7,0 + (Gd*)¢).

At a point x = (a,s,¢) € W7, we let J87 = R((0,0,i¢)) be the tangent to the
residual S! gauge orbit. Lemma 5.1.1 can be easily adapted to show that:
(69) T N T = (M9, (T7,) = TEO°.

Next, we define the anticircular global Coulomb slice in the blow-up. For z =
(a,s,0) € W7, let
(70) K

) € TED? | (ig, )5 = 0}

{(
{ ) € 7;(,773 | d*b= 0, <Z¢7¢>§ = 0}7

b? r?
(b,r

(G
(G

)
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Note that the condition (b,7,v) € T, already implies that Re(¢, )2 = 0. Further-
more, here and later, by (¥, i¢); we implicitly mean that the inner product is taken
in the blow-down projection; that is, we consider (i¢,¥)5(q,s4)- It is useful to compare
(ip, 1) with the result of taking the g-inner product of (0,i¢) with the image of
(b, r,%) in the blow-down: (b,r¢ + s1p). This yields

(71)  ((b,r¢ + 59), (0,i¢))5 = 5((0,%), (0,19))g +7((0,9), (0,i¢))5 = 5(¢,i¢)5,

since (0,¢) € K(q,5¢) and Re(¢,i¢)r2 = 0. Note that if we tried to define K?f(jg)
using the g-inner product of (0,7¢) with (b,r¢ + sv), we would not obtain a bundle,
since this would be larger at reducibles. On the other hand, for irreducibles, we have
the following.

Lemma 5.1.4. — At every irreducible © = (a, s, ¢) € W{, the infinitesimal blow-
down projection

(0,7, ) = (b,rd + s1))
induces a linear isomorphism from ,ng(gg 4 t0 K?’géis 8-

Proof. — This follows from (71), since at an irreducible we have s # 0. O

We have direct sum decompositions

o o C,o
(72) Tie = Jia © K35
and
C,o C,o agC,o
(73) T T = TET e K

We define the anticircular global Coulomb projection on the blow-up,
C,o . C,o
e 2 T, — IC;”’%C ,
to be the projection with kernel J7,. It can be viewed as the composition of the map

(H%C’U)ﬂE from (68) with the projection with kernel 78%?. This last projection, which
is the restriction of 1128 to 7;gf "7, can be written explicitly as

(ig,¥)g
ligll2
From (72) we see that the anticircular global Coulomb slice is a true “infinitesimal
slice” to the whole gauge group in C?(Y); i.e., a complement to the tangent space to
the gauge orbits. Another such complement is the local Coulomb slice in the blow-up,
K7. The two slices are related as follows:

(74) (b, Ty ’(/J) = (b7 T, w) -

-(0,0,i0).

Lemma 5.1.5. — Let x = (a,s,¢) € W7. Then:
(a) The local Coulomb projection 11\ induces a linear isomorphism between the
slices K297 and K. Its inverse is the anticircular global Coulomb projection

7,T
agC,o
II |,<3_7’I.
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(b) If s =0, then lC;ng’U =K.,
18 the identity.
(¢) For any x, we have that H;gc’”kix = (H%C’”)w\;c;r’x.

C, . C,
and 1‘[ng70|]€;$ = (Hf U)I|’C;T : ]C;.f@ — ,C;i o

Proof. — (a) As previously noted, both slices are complements to J/ .- Further,
both local Coulomb projection and anticircular global Coulomb projection are given
by adding the suitable elements in J7, that move to the other slice. This implies
that the two maps are inverse to each other.

(b) If s = 0, we see from (66) and (68) that II'° = (I18%7),. The conclusion
follows since (IIE%7), is both idempotent and invertible.

(¢) The case s = 0 was studied in part (b). Therefore, it now suffices to consider
the case when s # 0, so that x is irreducible. Then, the local slices are isomorphic
to the corresponding ones in the blow-down, and the projections commute with the
infinitesimal blow-down map, so we can simply work in the blow-down.

Let & = s¢ and z = (a, ®). We need to check that if we have a vector v € K; ., then
its projection w = (I15°)., (v) lands in the anticircular global Coulomb slice. In other
words, we know that Re((0,i®),v) 2 = 0, and we want to check that ((0,i®),w)5 = 0.
Recall from (35) that I1¢'C and (II27), are inverse to each other; hence, II¢'C(w) = .
Using (37), we get

((0,i®), w)5 = Re((0,i®), 119 (w)) 2 = Re((0,i®), v) 2 = 0,
as desired. O
Recall that in Section 3.2 we defined an enlarged local Coulomb slice K¢, comple-

mentary to the orbit of the normalized gauge group G°. There is a similar enlarged
local Coulomb slice in the blow-up,

K2 = {(b,t,0) € T7, | —d"b+is® Re(ig, ¥))° = 0}.

Note that the condition —d*b + is?Re(i¢,1))° = 0 simply means that —d*b +
is® Re(ig, ) is a constant function.

We define the enlarged local Coulomb projection on the blow-up, H'(ELCS’C;) cTo =
’Cj:g’ by
(75) T, 0% (b7, ) = (b— d, 7,9 + (o),
where ¢ is such that [, ¢ =0 and —d* (b — d() + is® Re(i¢, ) + ($)° = 0.

Let

(76) T = {(~d€,0,60) | /Y £=0}c 7,

be the tangent to the orbit of G° in the blow-up. We have direct sum decompositions

o __ 79,0 C,o
(77) T = Tiw & T,
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and
(78) 7;01, = JJz P /Cj:r.

Thus, 7fc’g and IC;Z are both infinitesimal slices for the action of G°.

€T

Here is the analogue of Lemma 5.1.5; see also (35) for the corresponding result in
the blow-down.

Lemma 5.1.6. — Let x = (a,s,¢) € W7. Then:
a) The enlarged local Coulomb projection TS induces a linear isomorphism
xT
between the slices 7;3;5 7 and K57, Its inverse is the infinitesimal global Coulomb
projection TIE97 |e.s .
i
C, , C, . , C,o - . .
(b) If s =0, then T%,7 = Kj'7, and (TI G)x|,c§:; DKy — T27 s the identity.
Finally, at x € W, let us introduce the shear map
So T = Tile
given by
(79) Tl @ K5 = TR o TEY, vowm ve (1E7)a(w).
Its inverse is

-1 . 0,0 gC,o 0,0 e,o elC,o
Sy Ty T, = Ty &K v@w v @I (w).

7,7

We can write, in a more compressed form,
Se(v) = v =IO (0) + (IEX7), (v),
Sy () = v+ IO () = (T, (v).

x

Putting together all the maps S;, we obtain an automorphism S of the bundle 7.7
over W7 .

Remark 5.1.7. — With regard to the infinitesimal slices to the whole gauge action,
observe that S, maps K7, to K?ic’g; compare with Lemma 5.1.5. Also, S, preserves
(but does not act by the identity on) the infinitesimal orbit space T

5.2. Choices of gauge on cylinders

Let Z = I xY be a cylinder. Recall that C(Z) consists of pairs (a,¢$) with
a € Q1(Z;iR) and ¢ € T'(ST). We write such a pair as a path
(a(t) + a(t)dt, ¢(t)), tel,
where a(t) € Q(Y;iR), a(t) € C°(Y;iR), and ¢(t) € T'(S).
Recall that if a(t) = 0 we say that (a,¢) is in temporal gauge and that any
configuration can be put into temporal gauge using the action of G(Z).

We seek an analogue of C(Z) adapted to global Coulomb gauge. The first guess
is to consider W (Z), the subspace of C(Z) consisting of configurations in temporal
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gauge, and that are also in (three-dimensional) Coulomb gauge at each slice {t} x Y;
that is,

W(Z)={(a,¢) e T(Z,p*(iT*Y ®9S)) | a(t) € kerd*, Vt},
where p : Z — Y denotes the projection. Note that an arbitrary configuration (a, ¢) €
C(Z) cannot always be moved into W (Z) by a four-dimensional gauge transformation;
instead, we can move it into temporal gauge, and then Coulomb project in each three-
dimensional slice. Further, on W(Z) we could consider an action by the group of
slicewise constant gauge transformations

GEC(Z) = C=(I; 8",

with u € G&8(Z) acting by (a(t), #(t)) — (a(t), u(t)d(t)).

As we saw in Section 3.3, the global Coulomb projections of Seiberg-Witten tra-

jectories are the solutions of

d C
(30) (5 +X%%) (a(®), 6(t)) =0,
where (a,¢) € W(2).

Note that the equations (80) are invariant under the action of constant u € S*, but
not under all of G&“(Z). This is similar to what happens in C(Z): the Seiberg-Witten
equations are invariant under the whole group G(Z), but once we move to temporal
gauge and write the equations as a gradient flow, we are only left with the action of
G(Y), constant in t.

In view of this, a better analogue of C(Z) is defined using the following notion:

Definition 5.2.1. — A configuration (a(t) + a(t)dt, ¢(t)) € Q1 (Z;iR) ® T'(ST) is
said to be in pseudo-temporal gauge if for each t, the component a(t) is constant as
a function on'Y .

We let C8€(Z) consist of pairs (a(t) + a(t)dt, ¢(t)) in pseudo-temporal gauge, and
such that (a(t), #(t)) is in slicewise Coulomb gauge, i.e.:

d(a(t)) =0, d*(a(t))=0, Vtel.
The elements of G&(Z) act on C&“(Z) as usual gauge transformations:

w: (a(t) + a(t)dt, ¢(t)) — (a(t) + (a(t) — u(t)_ld%y))dt,u(t)qb(t)).
Consider the process of moving an arbitrary configuration in C(Z) into pseudo-
temporal gauge by an element of G(Z), and then applying slicewise global Coulomb
projection to land in C8€(Z). Under this process, the Seiberg-Witten equations turn
into:
d c
(s1) (5 +X%%) alt), 6(1) + (0. a6 (1)) = 0.

for (a(t) + a(t)dt, ¢(t)) € C8°(Z). These equations are invariant under the action of
GeC(2).
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Of course, every solution of (81) can be transformed into a solution of (80) by
moving into temporal gauge. Most of the time we will work with solutions of (80),
i.e., trajectories of X8, However, when considering infinitesimal deformations of such
trajectories (as we shall do in Section 5.9, for example), it is important to allow the
more general pseudo-temporal gauge in order to obtain a good Fredholm problem.

By analogy with the section F : C(Z) — V(Z) from Section 4.1, we write F&°(a, ¢)
for the left hand side of Equation (81). We view F&¢ as a section

FeC . 8C(7) — vEC(2),

where V&C(Z) is the trivial W(Z) bundle over C5¢(Z).

It is worth comparing V&¢(Z) to the bundle V(Z) from Section 4.1, whose fibers
were ['(Z ;iAiT*Z @ S7). In our setting, we identify self-dual imaginary two-forms
on Z with sections a = (a(t)) of p*(iT*Y"), via sending a section a to xa + dt A a,
where * here denotes the Hodge star operator on Y. We then impose a Coulomb
gauge condition d*a(t) = 0 for all ¢. Further, the bundle S~ can be identified with
p*S. Thus, the fibers become W (Z), as in our definition of V&% (Z).

If Z is a compact cylinder, then starting from the space W(Z) we can consider
Sobolev completions Wj,(Z) and blow-ups W7 (Z) and W} (Z). The space W[ (Z) is
a subset of the Banach manifold AW/kT (Z), the latter of which is obtained by removing
the condition s(¢) > 0; compare with (46). Similarly, we can define C,%C(Z ), its o and
7 blow-ups, and a Banach manifold C~,§C’T(Z).

The tangent space to W (Z) can be completed to T;W(Z) (for j < k), which is a
trivial bundle with fiber W;(Z). The tangent bundle to C5(Z) is denoted T;2°(Z),
and has completions ’7;50(2 ). There are blown-up analogues 7;gc"g(Z ) and 7}gC’T(Z ),
the latter of which we think of as a bundle over CNI%C’T(Z ). Similar constructions can
be done for the bundle V(7).

If Z is an infinite cylinder, we will also consider L

denoted kalOC(Z),C}fSOC(Z), and so on.

2

J10c completions. These are

5.3. Controlled Coulomb perturbations

In Section 4.2 we discussed how one can perturb the Seiberg-Witten equations by
a formal gradient q. In Coulomb gauge, a perturbation is an S!'-equivariant vector
field

n:W — TEC.

We write ° and ' for the connection and spinor components of 7.

We are interested in perturbations n that are g-formal gradients of functions f :
W — R. Given such an 7, by applying it slicewise in ¢ on a cylinder Z =1 x Y, we
obtain a section

(82) 0:CE(Z) = VEC(Z),  ia(t) + alt)dt, ¢(t) = n(a(t), ¢(t)).
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We require that 7) preserves Sobolev regularity. We will also need properties of n

analogous to some of the very tameness properties of ¢. (Compare Definitions 4.3.1
and 4.4.2.)

Definition 5.3.1. — Suppose that n = (n°,n') is the g-formal gradient of an S*-
equivariant function f: W — R. Let 1 be the induced four-dimensional perturbation.
We say n is a controlled Coulomb perturbation if for all integers k > 2, and all
compact cylinders Z = [t1,ta] X Y,
(i) 7i defines an element of C2(C2°(Z),VEC(2));
(1) The first derivative D) € C%(C,%C(Z),Hom(ngC(Z), VEC(Z))) extends to a CFP
map into Hom(ﬁgC(Z),ngC(Z)), for all integers j € [—k, kl;

Remark 5.8.2. — In [KMO7|, Properties (ii), (iv), (v), and (vi) in Definition 4.3.1
are used to get bounds on the stationary points and trajectories of X;. When we
do finite-dimensional approximation, we have a priori bounds since we restrict to the
ball B(2R). Therefore, there is no need to include analogues of these properties in
Definition 5.3.1 above.

We recall that the infinitesimal global Coulomb projection of the Seiberg-Witten
vector field X = grad £ is given by X8¢ = [ + ¢, where [ and ¢ are defined by (39)
and (40) respectively. Suppose that q is an abstract perturbation given by the formal
gradient of a function f. Let

(83) Mq (Cl, QS) = (Hﬁc)(a,zﬁ)q(a’a d))

be the infinitesimal global Coulomb projection of q. The infinitesimal global Coulomb
projection of Xy = &X' + q is then

quC = ch —+ Nq>
which is the gradient of (£ + f)|w with respect to the metric § introduced in (36).

Lemma 5.3.3. — Let q be a very tame perturbation. Then, nq is a controlled
Coulomb perturbation.

Before proving the claim, we will need to prove some additional properties of the
infinitesimal global Coulomb projection.

Lemma 5.8.4. — Fiz j € [~k,k]. Then,

(a) the map Ie° T, — 7;50 is functionally bounded as a map from Cx(Y) to
HOIH(Cj (Y), Wj);

(b) if X € Ci (Wi, Cr(Y)) satisfies that DX : Wi, — Hom(Wy,C(Y)) extends to an
element of Ci~ ' (Wi, Hom(W;,C;(Y))), then D(1EC o X)) : Wy, — Hom(W;, W;)
is also in C’f"b_l;

(c) the analogues of (a) and (b) hold for I xY as well for I C R a closed interval
(with T8 applied slicewise).
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Proof. — (a) Let (a, ¢) € Cr(Y'). By definition,
() 0, (b, ¥) = ((b), €7 ((GA"B) + ¥).

We are interested in showing that this expression has L? norm bounded in terms of
the L norm of (a, ¢) and the L? norm of (b,4). This is clear for the first term 7(b),
because 7 is a linear, continuous operator taking L? forms to L? forms. For the second
term, the continuity and bilinearity of the Sobolev multiplication L? X Li — L? gives
bounds

(Gd™0)oll 2 < CIGA™b] 2[4l -
We then use the linearity and continuity of Gd* to bound HGd*bHL]z in terms of ||b||L§.
The functional boundedness of the exponential map gives a bound on ¢4 ¢, Using the
Sobolev multiplication again, we get the desired L3 bounds on eCCA((Gd*b)gp + 1)).
(b) By Lemma 3.2.1, we have that I1° is smooth and therefore we are only inter-
ested in functional boundedness. Precisely, to show that ’D(H%C o X)isin Cf ', we
need to check that Dm(H§C o X) is functionally bounded for all m = 1,... n.

We first consider the case m = 1. Let (a,¢) € W and (b,v) € W;. It is straight-
forward to compute

(84)
Do, (TE 0 X) (b, 0) = (7(Dia ) X° (b, ), D) X (b, 0) + (G Do ) X (b, 1))

+ (Gd* X (a, ¢))¢).

Since X and DX are functionally bounded (the latter as a map from Wy to
Hom(W;,C;(Y))), we get bounds on X(a,¢) and D, X (b, ) in terms of the
Lj norm of (a,¢) and the L3 norm of (b,1). To obtain the desired L7 bounds on
(84), as above, we apply the continuity and bilinearity of the Sobolev multiplication
2% 2 I2.

Finally, we give the argument for the second derivative (as this will illustrate the
appropriate Sobolev norms) and allow the reader to complete the proof by induction.
We consider the derivative of D(Hﬁc o X)), which we think of as a map from Wy to
Hom (W), x W;,W;). Again, let (a,¢) € Wi, (b,90) € W;. We also denote an L?
tangent vector to (a, ¢) by («, (). Direct computation shows

D2, 4 (5 0 X)((, ), (b,)) = (m(DE, 4 X°) (@1, ), (b, %)),
(GA" (D2, 5 X°)((0,C), (b,16))) + Gl* (D) X (b, )¢
+ (D2, ) X1 (@,0), (0,1) ).

Again, the functional boundedness of X and DX together with Sobolev multiplication
give the desired result.
(c) Similar arguments apply to establish the four-dimensional analogues. O
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Proof of Lemma 5.5.3. — First, note that if q is the L?-formal gradient of f : C(Y) —
R, then 7q is the g-formal gradient of the restriction of f to W.

Since 714(a, ¢) = (H%C)(a’(b)q(a, ¢), the result follows by combining Lemmas 3.2.1
and 5.3.4 with the corresponding Properties (i) and (iii) of q in Definition 4.4.2, since
q is a very tame perturbation. O

5.4. Trajectories in global Coulomb gauge

Let q be a very tame perturbation and 7, the induced controlled perturbation in
Coulomb gauge.

Let us write X8¢ = ((XE8°)0, (XE°)!) where, as usual, the superscript 0 denotes
the form part and the superscript 1 denotes the spinorial part. The vector field quc
on W induces a vector field quC,a on W7, given by

(85)  XEC(a,5,6) = ((XE)°(a, 56), Aq(a, 5, 8)5, (XE) (@, 5, 0) — Aqgla, 5, 0)0),

where

(86) (‘Xf‘qgé)l(aa S, ¢) = /0 D(a,srd)) (quc)l(ov ¢)d7‘,
and
(87) Aq(a,s,0) = Re(g, (XE9) (a, s,0)) 2.

Since quc =115%o Xy, we have that quc,g = 11897 o 7.
Lemma 5.4.1. — The vector field quC,o’ W7 — 77501"7 is smooth.

Proof. — We write X&¢ = 180 (X 4q). Lemma 3.2.1 shows that T15° : 7;,_; — T,
is smooth. Since X = grad £ and q are smooth as maps from Cr(Y) to Tr—1, we get
that Xfc Wy — 775_01 is smooth. Hence, the induced vector field on the blow-up,
quc,a’ is also smooth (compare [KMO7, Lemma 10.2.1]). O

We are interested in the dynamics of the vector field quc’d on W7.

Every stationary point of X7 on C?(Y) can be moved into W7 by the global
Coulomb projection. Conversely, every stationary point x of quc,o on W7 is also
a stationary point of X7, since A7 lands in KF and infinitesimal global Coulomb
projection induces an isomorphism from K7 to K287, Thus, 18- induces a bijection

(88) {stationary points of Xé’}/g — {stationary points of quc’”}/Sl.

Note that the condition of being irreducible, boundary stable, or boundary unstable
is preserved by this bijection. By contrast, a trajectory () of quc’” on W7 is not a
trajectory of Xy; still, we have:

1. From now on, by trajectory we will always mean a trajectory of finite type as in Section 3.3.
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Proposition 5.4.2. — The trajectories of Xfc’g on W7 are precisely the global
Coulomb projections of the trajectories of X7 on the blow-up C°(Y). In fact, global
Coulomb projection induces a bijection

(89) {trajectories of Xg}/g — {trajectories of quc’”}/s%

where G acts on trajectories x(t) by three-dimensional gauge transformations, constant
m t.

Remark 5.4.3. — Because q is a very tame perturbation, every Lz trajectory of
Xy is gauge-equivalent to a smooth one. Furthermore, every trajectory of Xfc’g is
smooth.

Proof of Proposition 5.4.2. — 1If v is a smooth trajectory of X7, its global Coulomb
projection 4’ is a trajectory of II8%7 o Ay, which is exactly Xfc’g.

Conversely, given a trajectory 7 of X§0’07 we can lift it to a smooth trajectory ~*
of X7 as follows. Consider the submanifold O(v)x C C7(Y) consisting of all points
that are on the gauge orbits of points on v. Thus, any © € O(y); can be written
as © = u - (to) where u is an L7 | gauge transformation on Y and ¢, € R. The
vector v; = X (z) is in the local Coulomb slice K7 ;. Consider the push-forward
(u™1),vs, which is in the local Coulomb slice to u™! -z = I18¢(z). Now, u™! -z is
part of the trajectory v, and hence is smooth. Therefore, (u™").v, = (XJ)y-1.5 is
also smooth. Pushing it back by the L? 41 gauge transformation u yields the vector v,
which we now see that it must be in L%. Thus, the vectors v, form a true vector field
on the Banach manifold O(7);. By integrating this vector field starting at a smooth
point x € O(7)g, we obtain a lift v% of v. We can do this for any k, and obtain the
same lift; hence, 4 is smooth.

In the above construction, note that the lift v is unique up to transformation by an
element in G. Indeed, in four-dimensions, after moving to temporal gauge, there are
only gauge transformations which are constant in ¢. (Compare [KMO07, Proposition

7.2.1].) O

Using the formula (67) for (H%C’U)(QVS@), we can describe the trajectories of Xfc’a
more explicitly, as the paths (a(t), s(t), #(¢)) in slicewise Coulomb gauge that satisfy

%a = — X da — 527'((7'(@5, Qs)) - ﬂ-(qo(av S¢))7
(90) %5 = 7Aq(a7 S, Q‘))S,

d
%Qﬁ = 7Da¢ - ql(a’a S, ¢) + Aq(a7 S, ¢)¢ - SZGd*(T(QS, ¢))¢ - Gd*(qo(av S¢))¢
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Alternatively, we can write the trajectory equations as

d
o=~ vda— sPr(r(6,9)) -~ 7(a" (@, 59)),
d

(91) 55 = —Aq(a,s, ¢)s,

d ~
i(b = _Da(b - 82£<¢)¢ - 77;(@; S, d)) + Aq(a7 S, d))(b
= _D(b - El(av S, ¢) - ﬁé(aa S, ¢) + Aq(aa S, ¢)¢7

where £(¢) is as in (40), and we use 73 (a, 5,¢) to denote fol D(a,sr¢)7q (0, d)dr.
By making use of G&8(Z)-equivariance as in (82), the equations defining the flow
of X897 define a section

(92) FEOT L CEOT(Z) — VECT(2),

so that in temporal gauge we have

C,r C,o

It follows that the space of trajectories of Xfc’g modulo the action of S! is the zero
set of .7-"§C’T modulo the action of G&8(Z). As in Section 4.5, it will be useful to
consider the extension of .7-'50’7 to C897(Z), so that we may differentiate this map.

5.5. Hessians

In Section 12.4 in [KMO7], Kronheimer and Mrowka study the derivative of the
vector field X7 on C7(Y). At each z € C7(Y), this is an operator between the local
Coulomb slices:

Hess‘qim CKp e = K14

called the Hessian (in the blow-up). The Hessian is needed in Floer theory for several
reasons. First, the non-degeneracy of a stationary point = is expressed in terms of
the surjectivity of Hessgym. Second, we need to study Hessians at all points (not
necessarily stationary) in order to construct the operator

d (e
(93) pr + Hessy,
which can be applied to vector fields along a path v in C?(Y"). If v is a flow trajectory
for Xy, then the surjectivity of d/dt + Hess] indicates that the moduli space of
trajectories is regular at . Also, for arbitrary v (not necessarily a flow trajectory),
we need the operator (93) to describe the relative grading of stationary points, and
to construct orientations on the moduli spaces of trajectories.

We will do the same analysis in global Coulomb gauge. We will first define a g-
Hessian before the blow-up, at irreducible points (a, ¢) (that is, those with ¢ # 0).
We will then construct a g-Hessian on the blow-up, well-defined at all points.
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5.5.1. The Hessian at irreducibles. — We start by recalling the original Hessian
at irreducibles, as defined in Section 12.3 of [KMO7]:

(94) Hessg o, = IIC 0 DXy : Ko — K10

This formula applies to any = = (a, ¢) € Cr(Y) with ¢ # 0.

Remark 5.5.1. — When z is a stationary point, we can actually drop the projection
ITI¢ from the formula for Hess, . This is because X, is a formal gradient, so it is

orthogonal to the gauge orbits; therefore, it can be viewed as a section of Kj_1, and
its derivative at a zero point must automatically land in the local Coulomb slice.

The g-Hessian is defined as:
(99 Hoss], = T80 0 DR K€ K356

Here, D9 denotes the connection on 78° induced by the § metric on Wj,. To put this
in context, recall that the derivative of a vector field is well-defined at a stationary
point z, but when x is not stationary it depends on the choice of a connection in the
tangent bundle. In (94), we simply viewed the vector field X; as a map into affine
space, and took its derivative as such. Doing the same thing in global Coulomb gauge
would mean using the connection D induced by the ordinary L? metric. However,
quc is the g-gradient of (£ + f)|w, and taking its ordinary derivative Dm)(qgc would
yield an operator that is not symmetric. It is more natural to use the connection D9,
which is explicitly given by the formula:

(96) DI(X) = 115° o D(TI'C (X)) o TI°IC.

Here, X is a vector field on Wy, and II°'C(X) is a section of T over W,. We implicitly
extend II°C(X) to a G 41-invariant vector field on the whole configuration space
Cr(Y); this allows us to take its derivative in the direction I1°¢'°(Z), for some Z.

Let us check that the formula (96) produces a connection compatible with g. If
X,Y and Z are vector fields on Wy, we have:

Z(X,Y)5 = ZRe(II°(X), TI°(Y)) 1.2
= 1I°°(Z) Re(T”°(X), IC(Y))
= Re((
= Re((DIX)(2), (V) 12 + (I°(X), (DIY)(Z)) 12
= Re(II“((DYX)(2)), (V) 12 + (I°C(X), IC((DIY)(2))) 12
=Re((DIX)(2),Y); + (X, (DIY)(Z))5-

Here, we have implicitly extended IT°'“(X) and II°'“(Y") to Gy ,-invariant vector fields
on the configuration space. The second equality above is true because the function

Re(IT"°(X), I°(Y)) 2

D(IIC(X)))(I9(2)), I (Y)) 2 + (I19(X), (DI (Y) (I19(2))) 2
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is G +1—invariant, and therefore its derivative in the direction Z — HelC(Z) € Jg
vanishes. For some of the other equalities, we used repeatedly the fact that the
L? inner product with something in the enlarged local Coulomb slice is unchanged
by applying either I12° or M°C to the other factor. This last fact is true because
both of these operations consist in adding a vector in J;7, and such vectors are L?
perpendicular to the enlarged local Coulomb slice.

One can also check that the connection D9 is torsion-free:

(DIX)(Y) — (DTY)(X) = TE o D(IFIC(X)) (I (¥) — T o D(IIEC(¥)) (I X))
= TEC e (), IO
= [X,Y].

To see the last equality, it suffices to check how the respective vector fields act on
Gp4q-invariant functions on the configuration space. On such functions f, the action
of a vector field does not change if we apply II°€ or I18€ to that vector field (because
this means changing it by a vector field in a direction tangent to Gy, +1)' The equality
follows easily from this observation.

Remark 5.5.2. — It follows from the above discussion that D7 is the exact analogue
of the Levi-Civita connection on the infinite-dimensional manifold W with respect to
the g-metric. Therefore, when we compute the g-Hessian of a real-valued function on
W, we will obtain a symmetric operator.

From Section 3.2 we know that the projection 1s¢ maps K¢ isomorphically onto
78C, with inverse II°'C. Since quc = Hich, we also have X, = H‘SICXC%C. From

here, in view of (96), we can obtain a simpler formula for the Hessian Hessf;’@:

g _ tra8C elC , 3agC agC
(97) Hessy , = I35% o D, Xy o II™ 1 K57 — IG5 .

Remark 5.5.3. — The vector field Xfc points g-orthogonally to the S!-orbits on
Wi_1. Hence, when z is a stationary point of Xc;gc, the image of Dqugc must be
contained in ICZg_Cl. Further, in this case the derivative of X§C is independent of
which connection we use. Therefore, when x is stationary, we can write
g G c c
(98) Hess , = D, X8C = DIXEC : KB — K2 .
It is shown in [KMO7, Proposition 12.3.1] that Hessg , is a Fredholm operator of
index zero. Similarly, using the g-Hessian we have:

Lemma 5.5.4. — For any © = (a,¢) € Wy with ¢ # 0, the operator Hessg,z :
ICZgE — lCig_(iT is Fredholm of index zero. Therefore, it is surjective if and only if it
18 1njective.
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Proof. — We see from (97) that Hessg’m is the conjugate of Hessq,, by the isomor-
phism T128¢ : ), — ICZgIC, with inverse II¢C (see Lemma 5.1.5). Since Hess, , is

Fredholm of index 0, so is Hessg’m. O

At this point it is helpful to recall the proof of [KMO07, Proposition 12.3.1], which
says that Hessq . is a Fredholm operator of index zero. That proof will serve as a
model for some of our later arguments.

We start by recalling [KMO7, Definition 12.2.1]:

Definition 5.5.5. — An operator L is called k-almost self-adjoint first-order elliptic
(k-ASAFOE) if it is of the form

L=ILo+h

where

— Lo is a first-order, self-adjoint, elliptic differential operator (with smooth coef-
ficients) acting on sections of a vector bundle E —Y;

— h:C®(Y;E) — L3(Y; E) is a linear operator on sections of E that extends to
a bounded map on L3(Y; E) for all j with |j| < k.

For |j| < k, note that a k-ASAFOE operator Lo + h is Fredholm of index zero
when viewed as a map L3(Y; E) — L7 (Y E). Indeed, this statement is true for Lo
(by ellipticity and self-adjointness), and adding h is just a compact perturbation.

Note that Hessq, is not k-ASAFOE, because it does not act on all sections of a
vector bundle. The remedy in [KMO07] was to introduce an extended Hessian

Hessqs : Thw @ L3 (Y3iR) = Tho1., & L (Y;iR)
by the formula

(99) Hessg . = (Df”Xq df) .

d; 0
Here, d, encodes the infinitesimal gauge action at = (a, ¢):

and its adjoint

can be used to define the local Coulomb slice K, by the condition d} = 0.

The extended Hessian is a self-adjoint k-ASAFOE operator acting on sections of
the bundle 7Y & S @ iR. With respect to the decomposition 7. @ L? (Y;iR) =
Tja ®Kjz® L?(Y;iR), with j = k for the domain and j = k — 1 for the target, we
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can write (2)

hy ha d,

I—Te;sq,x = | hs Hessq, 0

d; 0 0
Here, the h; terms preserve Sobolev regularity and hence are compact as maps L7 —
L?_,. (As an aside, note also that the h; terms are zero at stationary points.) Thus,
dropping h1, hy and hs from the expression above yields a Fredholm operator of index
0. In turn, since the h; are compact, this shows that Hessy , must be Fredholm of
index 0.

5.5.2. The Hessian on the blow-up. — We now define the analogous Hessian on
the blow-up. In Section 12.4 of [KMO7], the Hessian on the blow-up is defined by:

o  _ 17lC,o o VYo . o o
Hessy , = 1,77 o D X] : KF . — K _q 5

Note that since C7(Y") is only a submanifold of a vector space, the derivative of the
section Xy mneed not land in its tangent bundle 7,7 ;. What we actually mean (3)
by Dg X{ is the composition of the derivative in the larger vector space with the L?
orthogonal projection onto 7, ;. To obtain the Hessian, we further project to the
corresponding local Coulomb slice by T\

To show that Hess? . is Fredholm of index zero, Kronheimer and Mrowka intro-

q,r
duced the extended Hessian in the blow-up:
—0 Dexg dg
(100) Hess, , = ( dgqu 0 ) .
Here,
(101) d7(§) = (—d¢,0,£9),
(102) A7t (b, r,9) = —d"b+is? Re(io, ) +i|¢[* Re py ((ig, ¥)),

so that Kf = ker dzt, JJ = imdg are the local Coulomb slice and the tangent to the
gauge orbit, as in (45). Note that on the blow-up, dZ'' is not quite the adjoint to dZ,
just as the decomposition 77 = J7 & K is not L? orthogonal. Therefore, unlike the

—— — T — 0
extended Hessian Hessg ,, the operator Hess, , is not symmetric. Moreover, Hess

does not a priori act on sections of a vector bundle, but rather on the subspace of
T ® L? (Y;iR), where we have the condition Re{¢, )2 = 0. Nevertheless, we can
combine the 7 and 1) components of (b,7,1) € 77, into

Y =9 +ro,

2. In [KMO7, Equation (12.7)], the term h; was inadvertently missing.

3. In [KMO7], the notation D is used instead of D?. We use D’ to distinguish this derivative
from the L? derivative D in the ambient vector space L2(Y;iT*Y) @ R & L?(Y;S), which we will
also work with.
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and then we can think of Ife\ss:’x as acting on sections of ¢7*Y © S @ iR. It then
becomes a k-ASAFOE operator (hence Fredholm of index zero), and starting from
here one can show that Hessy , is Fredholm of index zero—much as in the proof
of Lemma 5.5.4. Further, when x is a non-degenerate stationary point, Hessg@ is
invertible and has real spectrum (even though it is not self-adjoint). See [KMO7,
Section 12.4] for details.

Let us now move to global Coulomb gauge. Fix = (a, s,¢) € W?. In this setting,

we define a g-Hessian in the blow-up by:

g,0 __ 1128C,0 g,0 vgC,o . yagC,o agC,o
(103) Hess§ g = II5; o D7 X} : IC,WC — IC,G_LI,

where
(104) DI X =197 o D7 (L1997 (X)) 0 IO

is the connection on 78%7 defined by analogy with (96).
Since X897 = 11897 0 X7, in view of Lemma 5.1.6(a) we have X7 = I1°/¢:2 0 X5,

Therefore, we can re-write the blown-up g-Hessian as
(105) Hess?7 = 11257 0 DI XY o I

Remark 5.5.6. — When z is on the blow-up locus (i.e., s = 0), we know from
Lemma 5.1.5 (b) that the anticircular global Coulomb slice coincides with the local
Coulomb slice and T!¢7 = 112897, We see from (105) that Hessg:g agrees with the
ordinary blow-up Hessian Hessg ,.

Lemma 5.5.7. — (a) For any x € W, the operator Hessg:g s Fredholm of index
zero.
(b) When x is a non-degenerate stationary point of Xfc’g, the operator Hessg:g 18

invertible and has real spectrum.

Proof. — When z is reducible, we have Hessg:g = Hessg ,, and the corresponding
results for Hessy . were established in [KMO7, Section 12.4].

When z is irreducible, Hessz:g is conjugate to Hessg’z via the blow-down map.
Thus, part (a) is a consequence of Lemma 5.5.4. For part (b), since z is stationary,
by (97), we have that Hess] , = DgXC%C, and the latter operator is invertible and

self-adjoint (being a formal Hessian). The conclusion follows. O
Let us also mention:
Lemma 5.5.8. — The map Hessz"’ : ICZgC’U — lngfjl’g is a continuous bundle map.

Proof. — This follows from the continuity of the factors in (105). In particular, recall
that I1°8C is the composition of I18°? with the projection (74) onto K*8%7. The
continuity of I18%7 can be proved by an argument similar to that in Lemma 3.2.1.
As for the projection (74), it can be seen from that formula that it is a continuous

HelC,a

operation. Finally, is continuous by the same arguments as in Lemma 3.2.3. [
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5.5.3. The split extended Hessian on the blow-up. — For the purposes of this
book, it is helpful to work with a different extended Hessian than the one in (100).
Precisely, we replace (102) with an operator

dPoT T, = L3(Y5iR),
defined as follows. We decompose the domain 77, = K7, & J7, into three summands
K;w@‘]fg"’@‘];f, and also decompose the codomain L3 (Y;iR) into (im d*);_; ®iR
(that is, into functions that integrate to zero and constant functions). With respect
to these decompositions, we let

0 0 —d*
1 sp,o,t _
(106) @ = (0 iheorn 0 )

where —d* acts on the first component of (—d¢,0,£¢) € J;:f, and i Re(i¢, )2 acts
on the last component of (0,0,itp) € jjgf’a, t € R. Note that [|¢|: = 1, so
i Re(i¢, it¢) 2 simply equals it.
One can also write a more compressed formula for d5P?:f. Recall from (66) that
HI(S’:¢)(b, r,p) = (b—d{,r, ¢ + (), for some ¢ = {(x,b,7,9) : Y — iR. Then:
&P (b, 7, 00) = d"dC + iy ().
Note that the kernel of d3>*'f is the local Coulomb slice K¢, just as for dZ'f.

7,27

We now define the split extended Hessian in the blow-up to be

o (Dgxg dg

(107) Hess, , = det

) T @ LE(Y5iR) = T2, ® L3 (Y3iR).

At any z, by combining ¢ and r into 9 = 1 4+ r¢ as in the case of Hess, ., we see

) q,2
that Hess??;: is a k-ASAFOE operator. We also have:
Lemma 5.5.9. — If x is a non-degenerate stationary point of quC,a} then I—Te\ss:?;

1s tnvertible and has real spectrum.

Proof. — The argument is similar to that in [KMO7, proof of Lemma 12.4.3]. The
operator Hessqlig:7 has a block form where one block is Hess? , and the other is

q,T
0 de
1 .

It is established in [KMO7, proof of Lemma 12.4.3] that the operator Hessg , is
invertible and has real spectrum. To justify that (108) is invertible and has real
spectrum, it suffices to prove that the operator d3»>fd? is self-adjoint and strictly
positive.

To see this last fact, we compute

a;Potdi(€) = APl (—dg, 0,60) = A& + py (€).
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With respect to the orthogonal decomposition L7 | (Y;4iR) = (imd*);_1 @ iR, we

have
X A 0
d>7idg = .

Both diagonal entries, A and 1, are self-adjoint and positive on the respective sum-
mands. This completes the proof. O

Remark 5.5.10. — We could have defined a split extended Hessian in the blow-
down as well (at irreducibles), but we had no need for that construction.

5.5.4. The g—extended Hessian on the blow-up. — We now construct another
extended Hessian in the blow-up, using the g metric. The definition is somewhat
similar to that of the split extended Hessian in Section 5.5.3 above. Precisely, we set
e (Sw 0 DIXY 0 5! dg>

(109) Hess, ,

dgft 0

Here, S; is the shear map from (79), and to define dg’% 2T — L?_l(Y; iR), we use
the decompositions

o agC,o C,o 0,0 . . * .
T =K& " ededy, L (Y;iR) = (imd"); ; &R,

and set
7 0 0 —d*
11 dyt = :
o) =0 s o)
Alternatively, we have the formula
(111) A7 (b,r,9) = —d*b + ilip, ¥ + (Gd*b)g);.

Observe the kernel of d7'T is the anticircular global Coulomb slice K?ic’”
the conditions d*b = 0 and (i¢, )5 = 0.

At any x, by combining ¢ and r into ¥ = ¢ + r¢ as before, we would like to

claim that }fe;s

is invertible and has real spectrum at non-degenerate stationary points. It turns out
z:; is only (k — 1)-ASAFOE, so we will
have to be careful. To establish these properties, we will use a different operator
g0
q,z
Section 5.9 and is described in the following lemma.

, given by

Z’U is a k-ASAFOE operator as a first step to proving that Pfe;sz’w

T

that if = is not a stationary point, then Hess

which agrees with Hess, . at stationary points. This operator will also be useful in

Lemma 5.5.11. — Let x € W and 1 < j < k. Consider the operator HJ :
T ® L?(Y;iR) =T 1. L?_l(Y;iR) given in block form by

o _ ((D2XEE7) oIEST dg
T dof 0/
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(a) Under the identification of T7, & L3(Y;iR) with L3(Y;iT*Y @S@R) and likewise
for j — 1, the operator HS is (k — 1)-ASAFOE with linear part

*d 0 —d
—d* 0 0

(b) when j =k, the operator HZ differs from Lo by a compact operator from L3 to
Ly

(¢) if x is a stationary point of quc,a’ then H is k-ASAFOE;

(d) if x is a stationary point of Xégc’g, then HS = I-E;sﬁ:i.

Proof. — (a) For notation, we write L7 : 77, ® L3(Y;iR) — 77, , ® L7_,(Y;iR)

for the operator induced by Ly. Our goal is to show that HJ differs from L by

bounded operators from L? to L? for 1 < j <k —1. (Technically, we must show that

these are induced by operators from C* to L?, but this will be clear from the explicit

description.) We break up the analysis of HZ into how it acts on L?(Y; iR), 7;"55‘7

and J7.7. In fact, we will show the difference is bounded from L3 to L? even when

j =k, except for one term.

First, consider 8 € L3(Y;iR). We have that #J(3) = (=dp,0, 8¢). Then, we have
HJ(B) — L7 (B) = B¢, which is bounded as a linear map from L3 to L3 by Sobolev
multiplication whenever 1 < j < k since ¢ € L%.

Next, let v = (—d¢&,0,£9) € J;:f. Then, since v is in the kernel of the infinitesimal

global Coulomb projection 18, we have
H(v) = (0,d7T(v)) = (0,d"dg) € Ty, & L2, (V3iRR).

In the second component, HZ(v) and L?(v) agree. Thus, it remains to show that the
component of L7 (v) landing in T;Z1,5 is bounded from L? to L? for1 <j<k-—1.

We have

L7 (v) = HZ(v) = (0,Re(D(£9), ¢) 12, D({h) — Re(D(£9), @) r20) € Tf 4 ;.
This differs from v — (0,0, D(£¢)) by a bounded operator from L? to L, so we focus
on D(p) = p(d§)d + €D¢. Since v € L?, we see that d€ € L? and thus p(d€)¢ is
bounded in L? by Sobolev multiplication. Therefore, v — (0,0, p(d§)¢) is bounded
from L? to L? (even if j = k). For the term £D¢, we note that D¢ € L7 |, so the map
(—d€,0,8¢) — £D¢ is bounded as a linear map from Lf to L? as long as j < k — 1.
This establishes the desired form for v € ijf.

It thus remains to compare HZ and L7 on 7;%00 Let v = (b,r,¢) € 7;3:;:0 First,
note that the component of 7 (v) landing in L3 (Y7;iR) is given by i(i¢, ¢); which
is bounded as a map from 7;%?0 to L? (Y;iR) for j < k; this is compatible with the
fact that L7(b,r, 1) has no component landing in L?fl(Y;iIR{) since d*b = 0. Thus,

—
it remains to focus on the component of HJ(v) contained in 77,. Since Hess, , is

1,z
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k-ASAFOE with linear term also given by Lo, it suffices to show that D7 X7 differs

from DI X§C’U by bounded operators from L? to L?. Direct computation shows

X (a,5,0) — X9 (a,5,0) = (dGd*q°(a, s4),0, —(Gd*q°(a, s¢))8) .
Recall that to compute D, we compute the L? derivative as a map into the affine
space L2(Y;iT*Y) @ R @ L3(Y;S) and then apply L? projection to 0z We first
compute the affine derivative

(P(a,s.6)Xy = Dia,s.0)XE77) (b,7,0) = (dGd* Dy 59" (b, 79 + 519), 0,
— Gd™D(4,54)9° (b, 79 + s¥)p — Gd*q°(a, sp)V).
Projecting, we obtain
(112)
( X =Dl qucva) (b, 7, 1) = (dGd*Dq 109" (b, 76 + 510), 0,
— Gd*D(q,5609" (b, 7¢ + 510)p — Gd*q" (a, s¢) Y+
Re(Gd*q°(a, s¢)1, 9) 126).

Here we are using that Gd*D(, ,)q° (b, r¢ + s1)¢ is real L? orthogonal to ¢ since q"
is purely imaginary. This operator is seen to be bounded from L? to L? for j < k
since ¢ is tame and because G raises Sobolev regularity by 2.

(b) From the above argument, we saw that HZ differs from L by a bounded map
from L? to L7 for all 1 < j < k, except possibly for a single term: (—d¢,0,£¢) — £D¢
where (—d¢,0,&9) € ;7,:; By postcomposing with the compact inclusion of L? into
L?qa we have the desired result, except for this exceptional term. In this case, since
D¢ € L%_l, we have that this operator is bounded as a linear map from L%_l to
L? . Therefore, we precompose with the compact inclusion from L2 to L? | to
obtain the desired compactness.

(c) As in the above case, we previously showed that HZ differs from L° by a bounded
map from L? to L? for all 1 < j < k, except for the term involving D¢. If z is a
stationary point of quc’”, then we know that ¢ is actually in L7, and thus D¢ is
contained in Li, and the argument proceeds with j = k.

(d) Let = be a stationary point of Xfc’a (and hence also X7). By (109), it suffices
to show that S, o DJAXY o St agrees with D;‘L’.quc’” o 1897 on 77, First, suppose
v € J;,. Then, we have that S, ' (v) = v. It then follows that S,0Dg X7 oS, (v) =0,
since v is tangent to the gauge orbit at a stationary point. This agrees with with the
fact that the kernel of II8%7 is 7°7.

Next, consider the case v € ﬁgga Since S, 1(v) — v is contained in J;7, we have

J,x

that D7 X7 o S tw) = D7 X7 (v). Further, since x is a stationary point, we have that
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DX (v) € K7

7,27

and therefore S, (Dg Xy (v)) = H%C’”Dg)(c‘l’(v). Thus, it suffices to
prove that

(113) [ES DI X7 (v) = DIXED? (v).

Since DIXEY (v) € TES?, we have that (113) is equivalent to

J,x
(114) 97 DI XY (v) = IESTDIXED (v).

Thus, we can establish (114) if applying infinitesimal global Coulomb projection to
(112) vanishes. We split (112) into two parts. The first term is

(0,0,Gd*q’(a, s¢)¥ + Re(Gd™q°(a, s¢)1, ¢) 126).

Since z is a stationary point of X7, we have that —q°(a,s¢) = xda. Therefore,
Gd*q°(a,sp) = 0 and the above expression vanishes. Thus, it suffices to show that
infinitesimal global Coulomb projection vanishes on the remaining term

(dGAd* D (4,5500° (b, ¢ + 51),0, —=Gd* D4 5409° (b, 70 + 51) ).

This term is contained in J7,, which is precisely the kernel of the infinitesimal global
Coulomb projection. This completes the proof. O

[ea

With the above lemma, we can now show that I-fe;s‘gz shares two important prop-

x

. R —— sp,0
erties with Hess; , and Hess , .
Lemma 5.5.12. — If x is a non-degenerate stationary point of quc’”, then }Tegsizz

is invertible and has real spectrum.

Proof. — At stationary points, with respect to the decomposition 77, = Kf . & J7,,
the derivative D, Xy takes the form

Hessy, 0
0 0/)°

Recall from Remark 5.1.7 that S, maps K7 to K?ic,a and preserves J7 . There-
fore, after conjugating by the shear S,, we have

Hess?? 0
—1 7
S, 0 DIXT 0§, = < o 0> 7
. o C,
with respect to the decomposition IC??_ IV
We deduce that the operator Hessijz has a block form where one block is Hessﬂ:g
and the other is

0 de
115 b .
s (2%



80 CHAPTER 5. REDUCTION TO THE COULOMB GAUGE

By Lemma 5.5.7, Hessg;g is invertible and has real spectrum. It remains to check that
(115) is invertible and has real spectrum. As in the proof of Lemma 5.5.9, we do this
by checking that dgvfdg is self-adjoint and strictly positive.

Indeed, we have

a71dg (&) = A&+ py (€)]lig]|2-
In block form with respect to the decomposition L?_l(Y; iR) = (imd*);—1 ® iR, we

have
A 0
dsPoidg = ( : ) :
0 [ligl3

Both diagonal entries are self-adjoint and positive. (Note that ¢ is nonzero, because
it was normalized to have unit L? norm.) [

5.5.5. Interpolations. — In the proof of Proposition 5.9.2 below, we will need to
interpolate between the extended Hessians H/egs:;x and PTeEsz:Z, by going through
k-ASAFOE operators that are still invertible and have real spectrum.

We can do this in two steps. First, we interpolate linearly between H/cgs:,aC and the

sp,o

split extended Hessian I-fe;sqx .

Lemma 5.5.13. — If x is a non-degenerate stationary point of Xfc’g, then for any
p € [0,1], we have that

o —— sSp,o

(1-=p)- }fegsq’w + p - Hess ,

1s tnvertible and has real spectrum.

Proof. — We use a block decomposition as in the proofs of Lemma 12.4.3 in [KMO07]
and of Lemma 5.5.9 above. It suffices to check that

(1= p)-dgiag +p-apotag

is self-adjoint and strictly positive. This is true because both terms are self-adjoint
and strictly positive. O

For the second step, we interpolate between Pfegs:}j: and H/e;big We do this by
considering the family of metrics on 7, given by

gp:(l_p)‘ng"'p'gv p€[071]7

where gr» denotes the L? metric. We consider the gp-orthogonal complements to Jj .
and J7,, which we denote by /C;im and IC;-’:;, respectively. After blowing-up, we obtain
% to J7, and a complement K%'>7 to J;;7. We construct the shear

a complement K77
map S that takes K7 into K7 and is the identity on J7. Further, we let

0 0 —d*

ot —
(116) d2oT = (0 ilig, )y 0

) CKhy @ jﬁf"’ © J;) — (imd");-1 @R,
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so that d%=f = dsPo:T and d1-=f = d%'7. Finally, define

— o (SEoDIXTo(Sp)Th df
(117) Hess, , = .
’ dg,off 0

The same arguments as in Lemmas 5.5.12 and 5.5.13 give the following:

Lemma 5.5.14. — If x is a non-degenerate stationary point of/'\,’fc’”, and p € [0,1],

—po ,
then Hess, , is invertible and has real spectrum.

5.6. Non-degeneracy of stationary points in Coulomb gauge

Recall that an irreducible stationary point = (a,¢) of & is non-degenerate if
X, is transverse to the gauge orbit at x or, equivalently, transverse to the subbundle
Jr—1 at z. We would like to rephrase this condition both in terms of Coulomb gauge
and in terms of Hessians.

Lemma 5.6.1. — Let x € Wy be an irreducible stationary point of quc. The
following are equivalent:

(i) x is non-degenerate (i.e. Xy is transverse to Jy—1 at x),
(ii) Hessqz : Ko = Kir—1,2 is surjective,
(i) quc is transverse to J&C,

; g . yasC agC -
(iv) Hessj , : Kp5 — Ki2 , s surjective.

Proof. — The equivalence (i) <= (ii) is proved in [KMO07, Lemma 12.4.1]. It is a
consequence of the fact that at a critical point, with respect to the decompositions
T, =J;®K; (with j = k for the domain and j = k — 1 for the image), the derivative
D, X, has the block form

0 0

<O Hessws) '

For the equivalence (iii) <= (iv), we apply a similar reasoning: D;‘Z)(qgc vanishes
on J&°, the tangents to the S'-orbits in Wy; therefore, Dg)\,’fc has a block form with
respect to the decomposition 7;50 = J8¢ @IC?C from (60); and the only nonzero entry
in this block form is Hess] ,. (Since we are at a stationary point, note that in fact
DIxEC =D, x50

Finally, for the equivalence (ii) <= (iv), recall from (97) and the proof of
Lemma 5.5.4 that Hess? _ is the conjugate of Hessq, by the isomorphism 1128C | with

q,z
inverse T1¢/C. Hence, one Hessian is surjective if and only if the other one is. O

In the blow-up, we can also rephrase non-degeneracy of stationary points in terms of
the Hessian. Rather than stating the exact analogue of Lemma 5.6.1, let us emphasize
the following result:
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Lemma 5.6.2. — Let x be a stationary point of Xfc’”. Then, x is non-degenerate
= Hessg:g is injective <= Hessﬁ:g is bijective.
Proof. — If z is irreducible, Hessgzg is conjugate to Hess%x via the blow-down (which
identifies K287 with K2¢C) and we may apply Lemmas 5.5.4 and 5.6.1.

If x is a reducible stationary point in the blow-up, we have Hessg:g = Hessg’x; see
Remark 5.5.6. The claim then follows from the analogous statement for Hessg , in
[KMO7, Section 12.4]. O

So far we have only worked with W?. The above constructions can also be phrased
in terms of the quotient W7/S'. Given z € W9, we will write [z] for its class
in W7/S1. Note that the bundles K?gc’a are Sl-invariant and therefore the space
IC?EL.C’U is canonically identified with the tangent space at [z] in the L? completion of
the tangent bundle to W7 /S'. The vector field X7 on W is S'-invariant and takes

values in ,ngicl,a. Thus, it descends to a vector field, denoted X?gc’g, on W¢ /St

Lemma 5.6.3. — We have the following identifications, given by composing global
Coulomb projection with projection to the quotient by S':

(118) {stationary points of Xé’}/gkﬂ = {stationary points of X;gc’”}

and
(119) {trajectories of X7 }/Gri1 —= 5 {trajectories of X260}
Proof. — This is immediate from (88) and (89). O

Let = be a stationary point of Xfc’a, so that [z] is a stationary point of angC,U.

Since X% is a section of K287, under the identification of KZ%Cl’,‘; with the L7 -
completion of Ti, (W7 /S1), the derivative DY, X8O .= DIXEST = DI XEC takes

values in Kzgicli In view of Equation (105), we have

Hessg:g =D}, Xc?gc’”.
The following is then a direct consequence of Lemma 5.6.2:

Lemma 5.6.4. — In terms of the identification (118), non-degeneracy of a station-
ary point x of X7 1is equivalent to the injectivity (or bijectivity) of D"Xé‘gc’a at the
corresponding point [I18%7 (x)] € W7 /ST,

Just as in Lemma 5.6.4 we rephrased the non-degeneracy of stationary points, our
next goal will be to rephrase the regularity condition on the moduli spaces of trajec-
tories of X7 in terms of global Coulomb gauge; that is, re-write it as a condition on
the moduli spaces of trajectories of Xy £%:9  This will be accomplished in Section 5.10.
Before that, as preliminary steps, we will:

— Embed the moduli space of trajectories of Xy £%:% into a larger space of paths
in Coulomb gauge (in Section 5.7);
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— Describe the tangent bundle to this path space (in Section 5.8);
— Linearize the equations that define the moduli space in Coulomb gauge (in
Section 5.9).

5.7. Path spaces

Fix points z,y € W, and a smooth path 7y in W from z to y, such that ~o(t)
agrees with x near —oo and agrees with y near +00. Let Z = R x Y. By analogy with
the definition of C[(x,y) in (48), we define the space of four-dimensional configurations

CEOT (w,y) = {y € LR X Y) | v =0 € L}(Z5iT" Z) x LY(R;R) @ L}(Z;S7)}.
We can write v as a path

V(1) = (a(t) + alt)dt, s(t), ¢(1))-

Recall from Section 5.2 that the condition v € C%S(’)Z(R xY') means that  is in pseudo-
temporal gauge («(t) is constant on each slice), and that the one-form component a(t)
is in the kernel of d*, for all t. Moreover, since we are in the 7 model, we must have
lo(t)||2(yy = 1 and s(t) > 0 for all ¢.

The space C%C’T(Jc, y) embeds in a Hilbert manifold CN%C’T(x,y), defined as above
but using 5,%(;02 (R x Y); that is, dropping the condition s(t) > 0.

Further, in the spirit of Section 5.2, we let W} (z,y) (respectively W,CT (z,y)) denote
the subset of CEC’T(x,y) (respectively C~,§C’T(ac,y)) consisting of configurations with
a(t) =0, i.e., in temporal gauge.

The gauge group

G @)= {u:R > S |1 -ue Ly, (R O)}

acts on CE%7 (x,y) and CE%7 (x, y).
Let BES7 (,y) denote the quotient of C2<7 (z,y) by Q,%S:l(Z). Note that BES7 (z, y)
only depends on the classes [z] and [y] in W9 /S, up to canonical diffeomorphism.

Therefore, we will use the notation BEC’T(M, [y]). The quotient of C~,§C’T(1’, y) by the

same gauge action is denoted BE([x],[y]). One can check that B ([z], [y]) and

E%C’T([m], [y]) are Hausdorff in the quotient topology; compare [KMO7, Proposition
13.3.4].

Remark 5.7.1. — It is important to note that given an element v € C',%C’T(:v,y)7
it cannot necessarily be moved to be in temporal gauge by an element of ggil(z ).
However, we can act by a four-dimensional gauge transformation in g,%ﬁuoc(z ) to
move v to Coulomb gauge, but the result will land in C;‘;’C’T(x, uy), for some u € St.
Since B (x,y) is canonically identified with BEY™ (z, uy), we can still think of [y]
as having a representative in temporal gauge.
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These constructions are similar to those in Section 4.5, where we had a space
B ([z], [y]) of configurations in CJ(z,y) modulo four-dimensional gauge transforma-
tions. One can also consider the corresponding Hilbert manifolds g,:([x], [y]) and
Cr(z,y)-

We would like to relate gg([x}, [y]) to g%C’T([x], [y]). We first define a map

TET : CF (2, y) — CEO7 (IO (), TTEC (1)
by the formula
(120)  (a(t) + a(t)dt, s(t), 6(t)) — TS (a(t), s(t), (1)) + (uy (a(t))dL, 0,0).
Lemma 5.7.2. — There is a well-defined, continuous map
(121) ST 2 BE([a], [y]) — BE7 (2], ), [7] = [TE97 (7)),
This sends BY([x], [y]) to BE™ ([a], [y)-

Proof — Let us first check that [I18©7(v)] does not depend on the choice of rep-
resentative « for the class [y]. Indeed, suppose we change v by a four-dimensional
gauge transformation of the form u : Z — S*. If we ignore the a(t)dt component and
write x(t) = (a(t), s(t), #(t)), we find that u acts on each x(¢) as the three-dimensional
gauge transformation u(t) := ulgyxy. Write u(t) = el with f(t) : Y — iR. Using
(67) and the fact that Gd*df = f — puy (f), we see that

ch,a(ef(t) c2(t) = euy(f(t))HgC;U(m(t)).

From here we get
ECLT (ef ) = ety (1) 18O (),

where the gauge transformation e/ on the left is a four-dimensional gauge transfor-
mation, and e (f) is the slicewise constant gauge transformation obtained by taking
the average of f in each slice. Thus, the class [II8%7 ()] is unchanged.

The fact that slicewise application of I18¢:@

preserves the four-dimensional Li con-
dition can be seen from the formula (67), together with the Sobolev multiplication
rule on infinite cylinders [KMO7, Theorem 13.2.2]. Further, averaging «(t) slicewise
preserves the Li condition by the Cauchy-Schwarz inequality. Continuity of the map
I8CL7 follows from similar arguments.

Finally, since s(t) (and hence the condition s(¢) > 0) is preserved by global Coulomb

projection, we have that B ([z], [y]) is mapped to B%C’T([x], [y]). O

Observe that the map (121) is surjective but not injective. For example, suppose
we have two configurations 7; and 7» that are in temporal gauge and that differ in
each slice by a three-dimensional gauge transformation u : Y — S (non-constant in
t). Then TIECL7 ([y;]) = TI[ECL7 ([45]), but 41 and 7, are typically not gauge equivalent
as four-dimensional configurations.
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Now suppose that [z] and [y] are stationary points of Xy €07 Define M5 ([z], [y])
to be the moduli space of trajectories of Xj' gc’”, considered as a subspace of
B297 ([z], [y]). We can also define M»ed([z],[y]) similarly.

Proposition 5.7.3. — FEvery trajectory of Xc?gc"g on W°/S1 (connecting two sta-
tionary points x and y as in Definition 4.5.5) is actually in B%C’T([:v], [y]). Further,
the map TIBCLT produces a homeomorphism between the moduli space M ([x], [y]) (con-
sisting of gauge equivalence classes of trajectories of X7 ) and M2eC([x], [y]).

Proof. — The equivalence between trajectories of X7 and Xy gC.0 (without the L3
conditions) was already established in Lemma 5.6.3.

Furthermore, as noted in Section 4.5, it is proved in [KMO7, Theorem 13.3.5]
that every trajectory of X7 connecting z and y is gauge equivalent to a trajectory in
Cl(z,y). Thus, if we have a trajectory ~ of Xé’“gc’a connecting two stationary points,
we can lift it to one of X7,
in Cf (z,y). Since the map ECL7T preserves the L% condition, we deduce that v is in
BT ([, ly))- 0

and apply a gauge transformation to obtain a trajectory

Remark 5.7.4. — It also follows from the proof of Proposition 5.7.3 that
M?2C([x],[y]) is identified with the space of trajectories of Xfc’g from z to y modulo
the S' action, and equivalently, the zero set of ]-'§C’T, restricted to C,‘%C’T (z,y) modulo
the action of gfil(Z).

5.8. Four-dimensional Coulomb slices

Fix x,y € W°. We aim to prove that gic’T( [x],[y]) is a Hilbert manifold, and to
identify its tangent space. The discussion here will be modelled on the corresponding
one for the space gg([x], [y]), following [KMO7, Section 14.3|.

Let us first review the analysis for B ([z], [y]). This space is the quotient of CJ (z, y)
by the gauge action. The L? completion of the tangent space to 5;(96731) at v =
(a,s,¢) is
(122) T = {(0,7,9) | Re(o(t), () L2(v) = 0, Vt}

C L3(Z;iT*Z) ® L3(R;R) ® L3(Z;ST).

The derivative of the gauge group action on CNZ (z,y) is given by
Al L7 (Z;0R) = T, di(€) = (—d€,0,£9).

Kronheimer and Mrowka define a local slice for the gauge action, S C 5,2 (z,9),
by the equation:

(123) —d*b + isr Re(ip, 1) +i|p|* Re uy ((ig, 1)) = 0.
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By linearizing this equation, they obtain the four-dimensional local Coulomb slice
which was previously mentioned in Section 4.5:

T 7,7 T
key = kerdy' C 776,'7’
where

(124) A7t (b,r,9) = —d*b + is”Re(ig, ¥) + |6 Re py ((ig, ).

There are also L? completions K7 for j < k. Let J; denote the image of d7. In
[KMO7, Proposition 14.3.2], Kronheimer and Mrowka prove that d’ is injective with
closed range, dfﬁ is surjective, and there is a bundle decomposition

T =] 0 K;.

In turn, this implies that the slices S are Hilbert submanifolds of 5,2 (z,y). Since

they provide local models for the quotient BJ([2], [y]), they deduce that this quotient
is a Hilbert manifold. Furthermore, its tangent space at [y] can be identified with
Kr...-

We now turn to a similar discussion in global Coulomb gauge.

The L? completion of the tangent space to C,%C’T(x, y) at v = (a, s, d) is

TET = {(b,r, ) | dB(t) = 0, d*(b(t)) = 0, Re($(t), % (t)) 12y = 0, Vi}
C Li(Z;ip"(T*2)) ® L} (R;R) @ L3(Z;ST),

where we write b as b(t) + B(t)dt.
The derivative of the action of Q,%f_l(Z) on C,%C’T(x, y) is

T - T T d£
dEOT L (RyR) = T, d50T(€) = (= ~dt,0,£9).
A suitable local slice for this action is S,%%T C CES7(z,y), defined by:
d

(125) £ +i(ig, )5 = 0.
This is already linear, so the same equation defines the corresponding linearized local
slice

KECT = ker dEOmT € TEST,
where

Corf asg ..
(126) dg= (b, 7, ¢) = = + (i, ).

We have L? completions /Cf’(,jy’T for j < k, and we denote the image of d%C’T by ._7]gST

Lemma 5.8.1. — The operator d,gYC’T is injective with closed range, d%c’mi 18 SuT-
jective, and there is a bundle decomposition

gC,7 _ 78C,7 gC,7
TEOT = JEOT @ KECT
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Further,
\7JgC,T _ OgC,‘r n 77—.

The proof of Lemma 5.8.1 is similar to [KMO07, Proposition 14.3.2], so we omit it.

We deduce that E%C’T([x], [v]) is a Hilbert manifold, locally modelled on the slices
SE%T' The tangent space to EEC’T([ZE], [y]) at v can be identified with IC%%’T.

Let us now take a quick look at the map II[ECL7 from (121). With respect to
the smooth structures we just defined, this map is continuously differentiable. Its
derivative

Cl, 7
(127) (e,

gC
Y — K

K JITIEC)7 ([y])

JT', []

is given by the formula
({0 +B(E ), (1), 6(0)) = Theer (IO ey sy (BCE). 0, 0(0)+ (v (1)), 0.0) ),

where IT,xc,- denotes the projection onto IC;‘.C’T with kernel ngC’T.
J

5.9. The linearized equations

Let z,y be non-degenerate stationary points of X7. Recall from Section 4 that the
moduli space M (z,y) of perturbed Seiberg-Witten trajectories can be described as
the zero set of the section

Fq : Cilz,y) = Via(2),

modulo gauge. In temporal gauge, we have Fi = % + &7

Recall that V]_,(Z) is a bundle over the Hilbert manifold 5,2 (z,y), and we have
extended the section F7. In order to understand the local structure of M(z,y), one
needs to study the derivative DI F [ at paths v € M (z,y). Further, to be able to define
gradings and orientations later, one needs to understand D7 F when v is not a trajec-
tory in M (z,y). Much like using the notation D to clarify derivatives in the blow-up,
we write D7 to mean that the derivatives are taken with respect to four-dimensional
configurations (as opposed to three-dimensional derivatives slicewise). The relevant
properties of DI F 7 are analyzed by Kronheimer and Mrowka in [KMO7, Section
14.4]. We will sketch their results, and then do a similar analysis in global Coulomb
gauge, with an eye towards the local structure of the moduli spaces M?&€([x], [y]).

Fix v € C~,Z(x,y), and assume that - is in temporal gauge. Recall the definition
of the tangent space 7,7 from (122). Following [KMO7, Section 14.4], we write an
element of 77, as (V, 3), where V (t) = (b(t),7(t),%(t)) is a path in (a completion of)
T°(Y), and B = (B(t)) is the path in L?(Y;iR) that gives the dt component of the
connection. Vectors in 77(Y) can be differentiated along paths using the covariant

derivative D W d v
7 T
Zy=(= = 10t 2=
dt (dt’dt’ ¢(t) dt)’
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where Hj;(t) denotes the L? projection to the orthogonal complement of ¢(t). We can
then write the derivative DI F7 explicitly:
g

DIF(V,6) = —

V A+ D7XI (V) +dY B,

where d7 is as in (101).
Let us also recall from Section 5.8 that the L? completion of the tangent space

to BE([z],[y]) at v is the space K7, = kerdl!. With respect to the decomposition
(V,B), the map d7'" : T/ — L% |(Z;iR) is given by

dp

71 - =
ariw.p) =2

ot
T dv(t)(V)’

with d%T as in (102).
The local structure of the moduli space M ([z], [y]) is governed by the operator:

(Df/}'g)bqﬁ DKL = VI, (2).
Kronheimer and Mrowka establish the following:

Proposition 5.9.1 (Proposition 14.4.3 in [KMO7|). — For 1 < j < k, the
operator (D;]:;)‘K:}"Y is Fredholm and the index is independent of j.

Sketch of proof. — The main tool is Proposition 14.2.1 in [KMO7], which gives a
Fredholmness criterion for differential operators on infinite cylinders. Specifically, it
deals with operators of the form

(128) Q= %+L0+ht : L3(Z;p*E) — L*(Z;p*E),

where £ — Y is a vector bundle, Ly is a first order, self-adjoint elliptic operator
acting on sections of E, and h; is a time-dependent bounded operator on L?(Y; E),
varying continuously in the operator norm topology, and assumed to be constant A
near the ends of the cylinder Z. The proposition says that if Ly + h are hyperbolic
(i.e., their spectrum is disjoint from the imaginary axis), then @ is Fredholm, with
index given by the spectral flow of the family {Lg + h;}.

Proposition 14.2.1 in [KMO7| cannot be applied directly to the operator
(Df/fg)bc;ﬂ, because its domain is the local Coulomb slice, rather than the space of
all sections of a vector bundle. The remedy is to enlarge the operator, much as in
the proof of Lemma 5.5.4. We take the direct sum

(129) Qy=DlF;@d} T =V, &L} (Z;iR),
previously considered in (49). We can write

De Do xXo d°
(130) Q, = + ( ’Y(t)]L q ’Y(ﬂ) )

dt azl, o
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Further, to deal with the condition Re(¢(t),%(t))r2(y) = 0 that defines T, we
proceed as in Section 5.5.2: We combine the r and 1 components into

P(t) = v(t) + r(t)o(t).
Now Q. is of the desired form (128), with E being the bundle {7*Y &S & iR and
Lg having the block form

*d 0 —d
(131) Ly = 0 D 0
—d* 0 0

In fact, Lo + hy is a slight variant of the extended Hessian from (100). On the two
ends of the cylinder Z we see exactly the extended Hessians at the non-degenerate
stationary points x and y. Recall that at a stationary point (say x = (a, s, ¢)), the
extended Hessian is the operator

0 0 d7
Hessq, = | 0 Hessy, 0
at 0 0

This is written in block form with respect to the decomposition LJQ-(Y; E)=J7o
K¢ @ L3(Y;iR); compare Sections 5.5.1 and 5.5.2.

The extended Hessians at x and y are invertible by the non-degeneracy assumption;
moreover, if we had not used the blow-up, they would be self-adjoint and therefore
have real spectrum. Given the use of 1 imposed from the blow-up construction, the
limiting operators are no longer self-adjoint. Nevertheless, they have real spectrum
by [KMO7, Lemma 12.4.3]. It follows that they are hyperbolic, and the hypotheses
of [KMO7, Proposition 14.2.1] apply. We obtain that Q. is Fredholm as an operator
from L? to L?. Further, if Lo + hy are k-ASAFOE and h; is compact as a map from
L? to L?_l for paths constant near the endpoints, then using elliptic estimates, the
result is extended to show that ()., as a map from L? to LJQ-_ ; is also Fredholm with the
same index. As discussed, strictly speaking, we chose the path v to be constant near
the ends. That case implies the general case by the argument at the end of [KMO7,
proof of Theorem 14.4.2|. Finally, Fredholmness of @, implies that (DL Fg)Ikz s
also Fredholm, of the same index; this follows from the decomposition (129), together
with the surjectivity of d7T (cf. Proposition 14.3.2 in [KMO7]). O

We now move to Coulomb gauge. Consider the moduli space M?¢C([z],[y]) C
B2 ([2], [y]), as defined before Proposition 5.7.3. Recall from Remark 5.7.4 that we
can describe M8 ([z], [y]) as the zero set of

FOm G w,y) » VET (2),

restricted to C5%7 (x,y) and modulo the action of Q,%Sil(Z).
Fix v € €897 (z,y) in temporal gauge (that is, in W} (z,y), cf. Section 5.7). To

understand the local structure of M?8°([z], [y]), we need to study the derivative of the
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section }"§C’T. There are different ways of doing this, depending on what covariant
derivative we choose. The most natural choice is to use a covariant derivative that
involves the g-metric. Specifically, for 1 < j < k, we write

3,7 7gC,7 . 78C,7 gC,7
D“/ ‘Fq 7;7 - ijlw’

(132) D{},ngc,'r(v ﬁ) — £V+ (D§70 XgC,a)(V) + dgC,aﬂ
v ’ dt y() y(t)

where

(133) A0 iR — TES, d87(€) = (0,0,£0)

is the restriction of the operator dJ : L3(Y;iR) — 77, from (101) to constant func-
g,0

tions. Also, 2 - represents the covariant derivative (along a path) for the connection

D9 from (104), that is,

g,0
Doy 8% o D

dt Hch,o(%)

(134) (197 (V).

We could also use the covariant derivative coming from the L? metric. Define

7 gC,7 . 78C,7 gC,7
D’y]:q : 7;’,“/ - Vj—lﬂ’

by

D
T C,r _ o C,o C,o
(135) DIFFT(V,B) = —=V 4 (D5 X557) (V) + 57 6.

While the operator D?Y’T}}%C’T seems more natural, it will be easier to work with
D;}"ﬁcﬁ later on, so we will focus on the latter. When + is a flow trajectory, then
the two operators coincide.

As discussed in Section 5.8, the tangent space to B2S7([z], [y]) has completions
IC?%T = ker d%cm%. From (126) we can write

~ dﬁ ~
eC,m,t _ Y gC,o,71
&= e V)

where, at = (a,s,¢) € W°,
(136) OOt TEDT iR, A0 T(b,ry) = il 0)s.

Note that dzC:f appears as part of the operaicor dot . T — L?fl(Y;iR) from
(110). Precisely, we decompose the domain of d”:f as follows:

c, c, o _ —+eC, ,
Te=Ka 0T ey =T " eJ5

Then, with respect to the last decomposition (where we combine the first two sum-
mands into one), we have

—

(137) d”

0 —d* C,o 0,0 . * .
= (dgCVU’% 0 ) :7;%17 @‘7%& — (1md )j—l @ iR.
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Returning to our operator D;FC%C’T, we consider its restriction to IC%SY’T. The
surjectivity of this restriction would imply that M?28C([z],[y]) is a smooth manifold
near [y], and the dimension of its kernel would give the dimension of M?28C([z],[y]).
As a preliminary step towards this discussion, we establish the following:

Proposition 5.9.2. — Let x,y € W[ be non-degenerate stationary points of X{
(and hence of Xf,lgc’”). Pick a path v € W[ (z,y). Then, for j <k, the operator

7 7eC,7 . k8C:T gC,7
(D375 )‘Kﬁi‘ TGS Vi

is Fredholm. Moreover, the Fredholm index is the same as that of the operator
(D;]—"CIT)|K;7 DK, =V,

Proof. — To establish the Fredholm property, the arguments are similar to those in
the proof of Proposition 5.9.1, with some modifications.
We extend our operator D,:]-'E;C’T so that it acts on sections of a vector bundle.
First, define
T C, C, .
(138) Q° =D FECT @ @20 TEDT 5 VEST @ L2 (R;4R).

J—1y

The codomain of Q%C’g’” can be identified with 7;*55_01’;. However, even after writing
P(t) = P(t) + r(t)p(t) as before, 7;g$7 is still not the space of all sections of a
vector bundle. Indeed, for (b(t) + B(t)dt,¥(t)) € 7;g$ '™ we still have the conditions
d(B(t)) = 0 and d*(b(t)) = 0.

Thus, we need to extend the operator once more. Consider the linear operator

d 0 —d . - . o
(139) R= pr +| 0 ) (imdoy ® imd{yy) — (imdg) ® imd(y))
where the subscript (p) with p € {0,1} denotes the imaginary p-forms on which
the respective operator acts, on each slice {t} x Y. Precisely, im dZ‘l) is the subset
of L?(Z ;4R) consisting of functions that integrate to zero slicewise, and imd) =
kerd(y), since Y is a rational homology sphere.

Next, decompose 77 as

T _ 18C,7 o,T . *
(140) Tin =Ty @ (‘7J’Y ©1m d(l))’
where jjowT consists of time-dependent elements of the spaces J; O,y”( £ from (76). Note
that there is a natural identification

U :imdgy — ._7;,;—
given at each time ¢ by the formula

W(—d¢,0,0) = (—d&, 0, o(t)),
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where ¢(t) is the spinor component of «(t). If we conjugate the operator R by ¥ on
the im d(p) summand, we obtain an operator

0 d°

~ d
141 =Vo—o¥!
(1) R=wozo +<d* 0

) (77 @imdiy) > (77 @y,

Observe that ¥ o £ o U~1(—d¢,0,6¢) = (=% 0, Lg).
Define the new extension of Q%C to be

C
~ Qs 0
(142) Q5 = < 8 R) Ty — Tla 4
with respect to the decomposition (140).

Instead of (140) we could consider the decomposition T = Vi & L3(Z;iR),
where we recall that V7 is the space of four-dimensional configurations with trivial dt
component that are slicewise in 7. With respect to this new decomposition, we can
write

A~ D° M 0 H d7,
(143) Q§C_+( )+<C,T Y
dt 0 0 d,y(t) 0
Here, for a fixed time t, the operator M acts by zero on TECT 7O

i (®) 3 ()
the difference Wo 7 o W™ Do When applied to elements of j e Te () ; that is,

M(—d€,0,6¢) =T15(0,0,£492).
gC,o

Furthermore, with respect to the decomposition 7.7 ) 7; (t)
H from (143) is given by

Do ch o
(144) H=|"® o),
0 0

and equals

@j ) the operator

Note that the third term in (143) is exactly H:(t) from Lemma 5.5.11.

Using Lemma 5.5.11 and the arguments in the proof of Proposition 5.9.1, we obtain
that @%C is of the form (128), with the bundle F = iT*Y & S @ iR just as for Q.
Furthermore, the differential part Lg in @%C is the same L that appeared in (131)
for Q. We write

(145) s = i b Lo+ 75C.

It’s important to note that Ly + h% is not exactly the operator HJ arising from
Lemma 5.5.11, as fzfc also has terms coming from the time derivative of ¢. In the
limit, as t — 400 (i.e., as we approach the stationary points = and y), we do have
from (144) and Lemma 5.5.11 that

J,o

(146) Lo + h&S, = Hess, .
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where H/egsi’a is the extended Hessian from (109). The extended Hessian is hyperbolic
at non-degenerate stationary points; indeed, it has real spectrum by Lemma 5.5.12.
Using the properties of HZ established in Lemma 5.5.11, we can apply Proposition
14.2.1 in [KMO7| together with the arguments in [KMO7, p.256] (mentioned in the
proof of Proposition 5.9.1) and deduce that @%C is Fredholm. As before, first we
establish Fredholmness as a map from L? to L? for paths v which are constant near
the endpoints, and then we extend this to operators from L3 to L7 ; for 1 < j <k
and for all paths. Again the index is independent of j.

We claim that @%C has the same Fredholm index as the operator Q. from (129).
Indeed, we can relate them by a continuous family of Fredholm operators, in two
steps, along the lines of Section 5.5.5. First, we interpolate linearly from @, to the

o =27 (Protd L

SR et o |
v(t)

which differs from @, by having df{p(’t‘;’T instead of d”;. Second, we use the family

()"
of metrics g, from Section 5.5.5 to define operators Q¥ similar to Q%c, such that at

operator

p =0 we have

QR =qr
and at p = 1 we have

QL =QC.

To see that the operators considered during these two interpolations are Fredholm
and have the same index, observe that they are all of the form (128), with the same
differential part Ly. Further, at the endpoints they limit to the interpolations between
extended Hessians that appeared in Lemmas 5.5.13 and 5.5.14, and which were shown
there to be invertible with real spectrum.

We have now shown that Q. and @%C have the same index. To go back from @%C
to Q%C, note that the operator R defined in (141) is bijective. Indeed, it is conjugate
to the operator R from (139), so it suffices to check that R is bijective. We have

R= % + A, where
0 —d
A =
(o 3)

is a self-adjoint operator acting slicewise. Observe that A is invertible because b1 (Y') =
0, and we can find a complete orthonormal system of eigenvectors {a, }, with A(a,) =
AnGpn, A 7 0. An element in the kernel of R would be of the form

E cne_’\"tan, cn €ER.
n
However, any such nonzero element increases exponentially at one of the ends of

the cylinder Z, and hence is not in L?. Thus, ker(R) = 0, and by self-adjointness,
coker(R) = 0.
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Since R is bijective, from (142) we deduce that ngc is Fredholm, of the same
index as @%C (and hence as @)). In the proof of Proposition 5.9.1 we saw that @,
has the same index as (D;qu)‘K;W- In a similar fashion, since d%C’T’T is surjective
by Lemma 5.8.1, we see that (D;]-'C%C’T)bcgc,f is Fredholm and of the same index as

7.7

Q,gy'c’g’” by the same arguments as in [KMO7, Proposition 14.4.3]. The conclusion
follows. O

We summarize the results obtained from the proof of Proposition 5.9.2.

Lemma 5.9.3. — Under the hypotheses of Proposition 5.9.2,
(a) the operators
(DIFEOT)|jser, Q5°, Q5°
are all Fredholm of the same indez;
(b) one of the operators

c, C AeC
(D7 FEO) e, Q2C, Q2
1s surjective if and only if any of the two others is surjective.

Proof. — To establish the relation between (D;F§C’T)|,Cgc,f and Q,gyc’g’” we use
7.7

Lemma 5.8.1, which gives the surjectivity of d%c’mz. To establish the relation
between Q%C and @%c, we use the block form (142) and the bijectivity of R. O

5.10. Non-degeneracy of trajectories in Coulomb gauge

Let us now suppose that v is a trajectory of X7 on C7(Y) between two non-
degenerate stationary points z,y € C°(Y). Recall from Definition 4.5.7 that the
moduli space M(z,y) is regular at v if Q4 is surjective. By [KMO7, Propositions
14.3.2 and 14.4.3], this is equivalent to the operator

(DIF])Ikr .+ Kk = Vi1,

being surjective. (Compare the proof of Proposition 5.9.1.) We rephrase this condition
in Coulomb gauge:

Proposition 5.10.1. — Consider a path v € C[(x,y) in temporal gauge. Write
2° =189 (z), v* = 1189 (y) and 4* = T18C7 (). Then:

(a) The operators (DLF7)|xr , « K, — Vi_;, and (D;b]-"&gc’T)\,Cic,; : lCi?f —
Ped

C,T
Vg ,
k—1,v>

(b) Suppose thaty is a trajectory of X7, so that (V] € B%C’T([mb}, [y°]) is a trajectory
of X257 If (DIF)|kz, is surjective, then so is (D;b]:gc’T)\Kic.;.
Y

have the same Fredholm index.
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Proof. — (a) We can interpolate between the paths v and 4" by a continuous family
of paths {7s}se[0,1], With the endpoints of v, varying on the gauge orbits of x and
y. Thus, the operators @, and @), are part of a family of Fredholm operators
Q~,, s € [0,1]. All Fredholm operators in a continuous family must have the same
index. Combining this with Proposition 5.9.2, we obtain

ind (D F5O ) eze, ) = ind((DL Fp)li; ) = imnd((DIF I ),
as desired.
(b) Recall that in Section 5.7 we defined the map
15C7 : CF (2, y) — CEO7 (%, 1)

and that after dividing by the gauge groups, this induces a map between the respective

quotients:

MECLT B ([al, [v]) — BES ([ )
Note that when we work with gauge equivalence classes in C?(Y'), we have [z] = [2°]
and [y] = [y’].

The derivative of II87 the map
(gCl,T T C,T
(L) Ky — K

was mentioned in (127).

For j < k, observe that inside the completed tangent bundle 7;7 we have the
subbundle V7 consisting of paths (b(t),r(t),%(t)) in temporal gauge. The deriva-
tive (H%C’T)AY maps V] to VfC’T by applying infinitesimal global Coulomb projection
slicewise:

(IECT) (b, 7, ) () = (TEST ) (b(E), 7 (1), 90 (1)).

Consider the diagram

~ Fa
(147) Bi([z], l¢)) ———— Vi
H[EC]YTJ lngc,r
fng,T

BEST ([2°], [y]) ———— VEST .

We claim that this diagram commutes. This can be seen as follows. Choose a repre-
sentative y of [y] € B ([z], [y]) in temporal gauge.

Since the elements of V] are in temporal gauge, we can write F7 = % + &7 and
F§OT = 4 4 x50

Let us also write 7°(t) = I8%7(y(t)) as g(t)y(t), where g(t) is a path of gauge
transformations on Y. Since the (perturbed) CSD functional is gauge-invariant, we
have that X is gauge-equivariant and thus:

(148) XZ(7 (1) = X (g(t)7 (1) = g() XS (v(1)).
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Moreover, direct computation shows that

(149) (B o1y 0 9(1)w = (T1E%7) o).
Since quC’U =159 Xy, applying I18-7 to (148) and using (149) shows that
(150) X597 (0 (1) = (TEX7) o X7 (77 (1) = (TTEX) 5y X (7(1)).
By the chain rule, we have
dy’(t) _ d o oy V(1)
e @(ch’ 0 y(t)) = (IS )50 T
or, for short,
d, c.(d
151 — =T18%7( —~).
Using (150) and (151) we compute
T T d g
FEOT oM (3) = — (") + XFO7(7")
T d T g
= 107 () + IECT (A7)
= 8% (F7 (7))

Thus, the diagram (147) commutes.
Taking derivatives in (147) and using the fact that v and 4° are trajectories of the
respective vector fields, we obtain the commutative diagram

T o4 T
—)
(152) K:k,’y Vk—l,'y
chw[f]l J/chﬂ'
DT ]_-gC,T
ICgC,‘r NP7 a VgC‘,T
k. k=1,

Since the infinitesimal global Coulomb projection 89 is surjective, we see that
the right vertical arrow I8°7 in (152) is also surjective. Using the commutativity of
(152), we get that if (D]F7)[x  is surjective, then so is (D»Tybfgc’T”/cicvvg' O

Recall that Proposition 5.7.3 guaranteed that the moduli spaces M ([z],[y]) and
M?2C([z], [y]) are homeomorphic. Proposition 5.10.1 says more: If M([z], [y]) is cut
out smoothly and transversely by F7, then also M?&°([z],[y]) is cut out smoothly
and transversely by ]-'&gC’T.

So far we have only discussed the usual moduli spaces M([z],[y]). Similar argu-
ments apply to the moduli spaces M™4([z], [y]) between reducibles. The end result
is that we can identify them with the corresponding moduli spaces M?2&“d([z], [y])

in Coulomb gauge, and that regularity of the former implies regularity of the latter.
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5.11. Gradings

From now on we will assume that we have chosen an admissible perturbation ¢, so
that all the stationary points are non-degenerate, and the moduli spaces M ([z], [y])
and M™4([z], [y]) are regular.

Let z,y be stationary points in W?. In view of Lemma 5.9.3, Proposition 5.10.1
and the definition of relative gradings in Section 4.8, we have

(153) gr(e,y) = ind (DIF)|x; = indQ,
= ind (D], F§O7)|cse.r = ind QEF,

where v is any path from x to y (not necessarily a trajectory of Xy ).

Thus, the relative gradings can be calculated directly in Coulomb gauge.

Recall from (58) that the relative gradings of reducible stationary points of A
with the same connection component can be computed in terms of the spectrum of
the operator Dy ,; here, an eigenvector ¢ of Dy , has eigenvalue given by the spinorial
energy of (a,0,¢). It is thus natural to ask how this relates to the analogous setup
in Coulomb gauge. The following tells us that spinorial energy and “Coulomb gauge
spinorial energy” are equal.

Lemma 5.11.1. — Let x = (a,s,¢) € W{. Then,
—1 1
(154) Re(X§ (a,5,6),6)r2 = Re(Xy (a,5,0),0) 2.

Proof. — By continuity, it suffices to establish (154) for irreducibles. We have

—1
Re(XEC (a,5,6), )12 = - Re((X5%)!(a, 56), 6) 12

S

% Re(XL(a, s¢) + Gd*(X0(a, 56)), 6) 12
= éRe(qu (a,s¢), P) 2

= Re<‘/)—(\;1(aa S, ¢)7 ¢>L27

where in the penultimate equality, we use that Re(Gd*(a, s¢)¢,¢d)r2 = 0 since
Gd*(a, s¢) is purely imaginary. O
In light of Lemma 5.11.1, we do not define a separate spinorial energy in Coulomb
gauge.
Consider z = (a,0, ¢) a reducible stationary point of X,;gc’o. Then ¢ is an eigen-
vector of the operator Dﬁg, defined by

—1
DES () 1= D0y (XEO)(0,90) = XEC (a,0,9).

Let p be the corresponding eigenvalue. Since z is necessarily a stationary point of X
as well, ¢ is an eigenvector of Dg , and (a, 0) is a stationary point of X;. In particular,
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D(4,0)X4(0, ¢) is in Coulomb gauge, and thus

$16 = Dqa(¢) = DES(9).
It follows that

—1
(155) Aq(z) = (K57 (0,0), )2 = (ud, d) L2 = i,
which agrees with Lemma 5.11.1. Note that here we do not need to take real parts,
since the relevant operators are self-adjoint at stationary points.

Lemma 5.11.2. — Fiz a reducible stationary point (a,0) of Xfc, For each N € N,
there exist wy,ws > 0 such that the (finitely many) reducible stationary points of
X{?gc’a which agree with (a,0) in the blow-down and have grading in the interval
[-N, N] are precisely the reducible stationary points with spinorial energy in the in-
terval [—w1, wa).

Proof. — This follows from (58) and (155). O

5.12. The cut-down moduli spaces in Coulomb gauge

Recall that in Section 4.7, the U-map on monopole Floer homology was defined
by intersecting the moduli spaces M ([z], [y]) and M*™4([z], [y]) with the zero set 2
of a transverse section ¢ of a complex line bundle E? over B} (B,). The bundle £
was associated to the map Gi.1(B,) — S, u > u(p), where p = (t,¢) is a point in
R x Y. Without loss of generality, let us assume that ¢ = 0.

We will need to modify this definition so that we can relate it to Coulomb gauge.
First, whereas in Section 4.7 we followed [KMOSO07| and used the restriction of
configurations to a standard ball B, around p, we could just as well restrict to any
closed neighborhood N, of p that is a manifold with boundary. It is convenient to take
N, =[-1,1] x Y. Consider the restriction r : By(N,) — Br(B,). On the blow-up,
this induces a map

7 N — BL(By),

r7(a,s,0) = (a5 [14llz2(B,), ¢/ 9]l 22(B,))
well-defined on the open subset .4~ C Bf(N,) consisting of configurations (a, s, ¢)
such that ¢ does not vanish identically on B,. Note that, because of the unique
continuation principle, the moduli spaces M ([z],[y]) and M**4([z], [y]) are contained
in 4. (Here, we identify trajectories with their restrictions to IV, again using unique
continuation.)
Let us pull back ¢ under 7 and obtain a section (r?)*¢ of the bundle

over 4. Intersecting the moduli spaces with the zero set of (r7)*( is the same as
intersecting them with &. Furthermore, we can consider any other transverse section
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of (E), and let &' be its zero set. If we define the U-maps using intersections
with &7, standard continuation arguments in Floer theory show that they are chain
homotopic to the original ones.

Note that (E7)’ is associated to the map Gx41(N,) — S', u — u(0,q). For our
next modification, let (E7)” be the complex line bundle over .4#” C B (N,) associated
to the map

(156) Gri1(N,) — 81, ef s ey (F(0))

where f: N, — iR and py (f(0,-)) is the average value of f on the slice {0} x Y.
We can construct a family of bundles interpolating between (E°) and (E°)”, by
considering the maps

Gri1(N,) = St el e My (£(0,))+(1=A)f(0.q)

Thus, instead of considering sections of (E?)’, we could define the U-maps using
sections of (E7)”, and the results will be chain homotopic to the originals.

The third modification consists in moving from the ¢ model to the 7 model. As
explained in [KMO7, Section 6.3], the two models are equivalent in the following
sense. Consider the open subset % C Bj(N,) consisting of configurations (a, s, ¢)
with ¢[(4)xy # 0 for all £ € [0,1]. As noted in [KMO7, p.463], there is a natural map

0: % = BL(N,).

By unique continuation, the moduli spaces M ([z], [y]) and M™4([z], [y]) restricted to
N, yield configurations in %, which map homeomorphically onto their image under
0.

There is a complex line bundle E7 over B}, (V) associated to the same map (156)
as before. When we pull it back under p and then further restrict to Z N A", we
obtain the restriction of the bundle (E7)"” to 7 NA". Thus, we can equivalently define
the U-maps using the 7 model and intersecting with the zero set 27 of a transverse
section of E7.

We are now ready to make the connection with configurations in Coulomb gauge.
This is done via the global Coulomb projection ITECL7, In (121) the map 18Ch7 was
defined for configurations on R x Y with fixed asymptotics, but the same formula (120)
can be applied to a configuration on N, = [—1,1] x Y. By a slight abuse of notation,
we still write TICL7 for the resulting map Bf(N,) — BECT(N,). Here, BiS7(N,)
stands for the quotient of the space C%C’T(Np) by the gauge group Q%il(Np); cf.
Section 5.2.

Note that there is a natural map

(157) BECT(N,) = Wiy 0/S%, [v] = [(0)],

where the representative «y is chosen to be in temporal gauge.
Consider the complex line bundle E?8€:¢ over wg_, /2 /S, associated to the

S1-bundle Wy, /2 Pick a section (?8€ transverse to the zero section, and such
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that the zero set 2728C of (28C intersects all the moduli spaces M?8C([x],[y]) and
M2eCred([z], [y]) transversely. We obtain cut-down moduli spaces in Coulomb gauge:

MC([a),[y]) 0 275 and MO (g], [y]) 0 25,

Here, we identified M?2eC([z],[y]) and M?*eCred([z] [y]) with their images in
wg /st c I/V,g’_l/Q/S1 at time ¢t = 0, for simplicity. (See [KMO7, Proposition 7.2.1]
for the model unique continuation result for this case.) Alternatively, we could
identify them with their images in BEC’T(NP) under restriction (using unique contin-
uation). Consider the line bundle E28%7 over B%C’T (N,), pulled back from E&
under the map (157). From ¢*2C we obtain a section of £228%7 and intersections of
its zero set with the moduli spaces correspond to intersections of 2°28€ with those
moduli spaces.

Observe that the pull-back of £28%7 under I1E°I7 is exactly the bundle E7 over
BI(N,). Thus, we can pull back the section of E2%7 and obtain a section of E7,
which we can then take to be the one defining the U-maps in the 7 model. We have
a commutative diagram:

M([z],[y]) ——— BL(N,)
H[gC lH[EC],T
M2eC([], [y]) ———— BEOT(IV,),

where the horizontal maps are given by restriction, and are one-to-one (by unique
continuation). Since we have established that TTECL™ : M([z], [y]) — M2 ([z], [y]) is
a homeomorphism, we obtain an identification of the cut-down moduli spaces:

(158) M([a), [y)) N 27 2= M*C([x], [y]) N 2*¢C
and
(159) MY ([, [y)) N 27 2= MPECT([a], [y]) N 278

5.13. Orientations

In Section 4.6 we explained how the moduli spaces M ([z], [y]) can be oriented using
an orientation data set. That discussion can be adapted to global Coulomb gauge. To
orient the spaces M*°([z], [y]), we need to trivialize the determinant lines det(Q%°).
For arbitrary =,y € W7, consider compact intervals I = [t1,to], paths v € WT(I xY')
restricting to x and y on the two boundary components, and Fredholm operators of
the form
(160)

PEC = (Q5C, —I5CH TECT)  TEOT(I x YV) = VEST @ LP(I;iR) © HYOF & HES™
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Here, Q,%C has the same expression as in (138), and H%c’Jr is the composition of

restriction to the boundary with spectral projection onto

HEOH = K150 @ iR C TESI(Y) @R,

with IC??S; - IC?%J; being the direct sum of all positive eigenspaces of the Hessian
Hess{’7 —e for small, positive e. The space HE®™ and the projection 1§~ are defined
similarly, using the nonpositive eigenspaces of Hessg:Z —e. Note that since Hessg;g is
invertible with real spectrum and is a compact perturbation of a self-adjoint and
invertible operator, we see that K?fg’; ) K?’/gg’w_ = IC?%C; (cf. [KMO7, p.313|).

We define an orientation data set in Coulomb gauge 08 to consist of orientations
o[i(]j vl for det(P:“fC) (for any ~), satisfying the compatibility condition

gC  gC _ gC
%allyl " OWllzl T %l le)

An orientation data set in Coulomb gauge produces orientations on the moduli spaces

M€ ([z], [y]) and M2eCred([z], [y)).

Proposition 5.13.1. — An orientation data set o (as in Section 4.6) naturally
induces an orientation data set 08€ in Coulomb gauge, such that the homeomorphisms
constructed in Proposition 5.7.3,

M([z], [y)) = M€ ([«], [y)),
are orientation-preserving, and so are the homeomorphisms

M4 ([z], [y]) = MECred([z], [y]).

Proof. — Fix an orientation data set o. This trivializes the determinant lines det(P,),
for the operators P, from (51). Let us focus on trajectories y € W7 (I xY). We seek to
trivialize the corresponding operators P§C. To go between P, and Pffc, we follow the
steps in the proof of Proposition 5.9.2, but considering operators defined on compact
cylinders, and with spectral projections added at the boundary. Specifically, we can
deform P, into an operator of the form

pec _ (Pvgc 9)
v o J)’
where J is the analogue of R from (141), with spectral projections added at the
boundary. One can check that J is bijective. Hence, a trivialization of det(P,) gives
one of det(]S)fC) and then one of det(P§C). The resulting trivializations are compatible
with concatenation, and hence combine into an orientation data set in Coulomb gauge.

The fact that the homeomorphisms are orientation-preserving is immediate from
the construction. O

Observe that Proposition 5.13.1 also implies that the identifications (158) and
(159), between the cut-down moduli spaces, are orientation-preserving.
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5.14. Monopole Floer homology in Coulomb gauge

The work done in this chapter allows us to rephrase the definition of monopole
Floer homology in terms of configurations in Coulomb gauge.

We fix an admissible perturbation q. The generators of CM can be taken to be
some of the stationary points [z] of the vector field Xy €57 on W /S1: precisely, those
that are either in the interior of W°/S1, or on the boundary and stable. Indeed, by
(118), these are in one-to-one correspondence with the generators €° U €* considered
in Section 4.7. Further, since the original generators are non-degenerate, so are the
ones in Coulomb gauge, in the sense that ker(DJ Xy £0:9) — 0 at cach stationary w;
see Lemma 5.6.4.

To define the differential on CM, we can use the moduli spaces M 28C([z], [y]) and
M2eCred([z], [y]), consisting of trajectories of X;‘gc’g. By (119) and Proposition 5.7.3,
these are in one-to-one correspondence with the moduli spaces of monopoles consid-
ered in Section 4.7. Moreover, by Proposition 5.10.1, since the original moduli spaces
are regular, so are the ones in Coulomb gauge. Specifically, this means that the opera-
tors (D;.Fng’TH KEC (or, equivalently, Q£°) are surjective for all [y] € M?2([z], [y]),
except in the boundary-obstructed case, where the cokernel has dimension 1.

As shown in (153), we can define the relative gradings between generators [z] and
[y] in Coulomb gauge by the index of the operator Q,gyc, where 7 is a path from x to
y in W7 and that these are the same relative gradings as in CM.

Moreover, we can orient the moduli spaces M?*C([z],[y]) and M?2eCred([z], [y])
using an orientation data set in Coulomb gauge, as in Section 5.13; see Proposi-
tion 5.13.1.

With this in mind, we define the differential & on cM by the same formulas as
(52), (53), and (54), but using the moduli spaces M2&€([z], [y]), M?2eCred([z], [y]),
instead of M ([z], [y]), M"**([], [y))-

Finally, the Z[U]-module structure on CM can also be described in Coulomb gauge.
We apply the equivalences (158) and (159) established in Section 5.12. Thus, the U-
map is given by the formulas similar to (55), (56), and (57). For the new formulas,
we instead intersect the moduli spaces M?*8C([z], [y]), M?&Cred([z], [y]) with the zero
set 2°28C of a generic section of the complex line bundle £28%7 over W7 /S1.



CHAPTER 6

FINITE-DIMENSIONAL APPROXIMATIONS WITH
TAME PERTURBATIONS

6.1. Very compactness

Since monopole Floer homology is defined using a perturbation g, we must define
an analogue of the Floer spectrum using this perturbation as well. In order to do
this, we must recall a more general setting in which the spectrum can be defined.

Definition 6.1.1. — Let Y be a closed oriented Riemannian three-manifold with
b1(Y) = 0, with a spinor bundle S. Let W = kerd* & I'(S) C C(Y) be the global
Coulomb slice from Section 3.2.

A smooth map n : W — W s called very compact if for all integers k > 5 and
compact cylinders Z = 1 X Y, the following two conditions are satisfied:
(a) The map n induces a continuous, functionally bounded map

’ﬁ : Wk,1<Z) — kal(Z), and
(b) We can extend the differentials

W x HW—>VV, (301, s 0m) = (D)2 (V1y ooy Um)

i=1

to continuous maps
Wk(Z) X Wk—l—il (Z) X ... X Wk—l—im(Z) — Wk—l—Zis(Z)-

By the argument mentioned in Remark 4.3.2 (that is, working with configurations
which are constant in the R direction), we obtain the analogous regularity statements
on Y as well. We call such a map 7 very compact because condition (a), applied with
k instead of k — 1, guarantees that the induced map n : W — Wj is functionally
bounded, and therefore 1 : W), — Wj._; is compact (in the sense that it takes bounded
sets to precompact sets).

One example of a very compact map is the map ¢: W — W from (40).
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Proposition 6.1.2. — Letn: W — W be a very compact map. Fizk > 5. Suppose
that there exists a closed, bounded subset N of Wy, such that the finite type trajectories
of l +n on Wy, that are contained in N are actually contained in W NU for an open
set U C N. Then:

(i) For A > 0, trajectories of | + p*n contained in N must be contained in U.

(i1) We can define the Floer spectrum SWENIN gsin (3). This is independent of
A up to stable equivalence.

(iii) Furthermore, if 1 is S*-equivariant, then the Floer spectrum can be constructed
equivariantly, and is an invariant up to S*-equivariant stable equivalence.

We omit the proof of Proposition 6.1.2, as it is analogous to that of [Man03,
Theorem 1|. In particular, part (i) corresponds to [Man03, Proposition 3]. The
results in [Man03| were for the special case where n = ¢, N = B(2R), and U = B(R),
as in Chapter 3. The properties of ¢ used in those proofs were exactly those listed in
Definition 6.1.1.

Remark 6.1.3. — Very compactness was defined in [Man07, Definition 4]. There,
condition (a) only required that n : Wy — Wj_1 be a compact map. Proposition
5 in [Man07] claimed that Proposition 6.1.2 is true under this weaker hypothesis.
However, this is in fact not sufficient. In [Man03], Step 1 in the proof of Proposition
3 requires functional boundedness of 17 to bound the derivatives of trajectories, and
Step 3 requires continuity of 7 in order to do elliptic bootstrapping on I x Y.

For future reference, we state a key lemma that is needed for the proof of Propo-
sition 6.1.2(i). Its analogue is contained in the proof of Proposition 3 in [Man03].

Lemma 6.1.4. — Let I C R be a closed interval (possibly R). Under the hypotheses
of Proposition 6.1.2, suppose we have a sequence of eigenvalues X\, — oo and a
sequence of trajectories 7y, : I — W of | + p*nn, such that v,(t) € N for all t €
I. Then there exists a subsequence of v, for which the restrictions to any compact
subinterval M T' € I converge in the C> topology of W(I' x Y) to a trajectory of
l+n.

The following will allow us to define a Floer spectrum which incorporates the
perturbations used in defining monopole Floer homology.

Proposition 6.1.5. — Let q be a very tame perturbation. Then the map ng =
% : W — W from (83) is very compact.

Proof. — Recall from Lemma 5.3.3 that 74 is a controlled perturbation, in the sense
of Definition 5.3.1.

1. For closed intervals I, I’ C R, we write I’ € I if I’ is compact and contained in the interior of
1.



6.1. VERY COMPACTNESS 105

Thus, to prove Property (a) in the definition of very compactness, we simply apply
part (i) of Definition 5.3.1, with k& — 1 instead of k. This says that 7, extends to a
continuous, functionally bounded map from Wj_1(Z) to Wy_1(2).

For Property (b), without loss of generality, assume that i, is the largest of the
integers i;. Let us study the regularity properties of the derivatives of q. We apply
[KMO7, Proposition 11.4.1(ii)], which states that for p > 2, the map

D™q: (z,v1, ..., Um) = DIG(v1, ..., Om),

extends to a continuous map from C,(Z) X ... x C,p(Z) x C;(Z) to C;(Z), for 0 <
j < p. For clarity, this product is written to be compatible with the formula above,
so the copy of C;(Z) in the domain consists of tangent vectors and the left-most
Cp(Z) consists of the point where we are computing the higher derivative. We let

k—1 ifm=1,
p:

j=k—-—1—14, and

E—1—-—max{is|s#m} ifm>2.

Note that since k—1 > 4, k—1->_i5 > 0, and 4,,, = maxi,, we have that k—1—is > 2
for any s # m, so p > 2. Thus,

'DmCA] : Cp(Z) X ... X Cp(Z) X Ckflfim(Z) — Ck,1,7;m(2)

is continuous. By pre-composing with the continuous inclusions of Cx(Z) and
Cr—1-i,(Z) into Cp(Z) for s # m and post-composing with the continuous inclusion
of Ck—1-4,,(Z) into Cr_1_~;,(Z), we get that D™q extends to a map

Ck(Z) X Ck,1,¢1 (Z) X ... X Ckflfim(Z) — Ck,l,zl-s (Z)

The requirement (b) in the definition of very compactness now follows from
Lemma 3.2.1. O
We want to apply Proposition 6.1.2 to [ and
Cq = C+1yq.
Since both of the terms ¢ and 74 are very compact, so is cq. However, observe that
very compactness is only one of the requirements needed to do finite dimensional
approximation. The others are smoothness and boundedness for flow trajectories,
as in the statement of Proposition 6.1.2. (The containment in W NU C W in the
statement guarantees smoothness.) In our setting, we know from [KMO7, Proposition
13.1.2 (i)] that for a tame perturbation, the perturbed Seiberg-Witten trajectories,
and thus their global Coulomb projections, are smooth. With regard to boundedness,
in Proposition 6.1.2, we want to take U to be the open ball of some radius R > 0 in
W, and N to be the closed ball of radius 2R. This is exactly what was done for the
unperturbed Seiberg-Witten trajectories in [Man03]. It follows from Proposition 1 of
that paper that Seiberg-Witten trajectories inside B(2R) live inside B(R), provided
R was chosen large enough. The same proof works for perturbed Seiberg-Witten
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trajectories, since they satisfy similar compactness properties, as detailed in [KMO07,
Section 10.7].

Therefore, we are now able to define an analogue of the Floer spectrum with the
finite-dimensional approximations of I + ¢, instead of [ + c. We will denote this new
spectrum by SWF (Y, s).

Proposition 6.1.6. — Let q be a very tame perturbation. Then SWFq(Y,s) and
SWEF(Y,s) are S*-equivariantly stably homotopy equivalent.

Proof. — This is similar to the proof that SWF(Ys) is independent of the Rieman-
nian metric on Y; see [Man03, Section 7|. The key ingredients are the fact that we
can interpolate linearly between q and 0 such that the hypotheses of Proposition 6.1.2
are satisfied, and the fact that the homotopy type of the Conley index is invariant
under perturbations. O

Remark 6.1.7. — It is worth comparing very compactness with the condition of
being controlled, as in Definition 5.3.1. If q is very tame, both of these conditions are
satisfied by 74; see Lemma 5.3.3 and Proposition 6.1.5. There is some overlap between
the two conditions: for example, part (a) in the definition of very compactness is
implied by part (i) in the definition of a controlled perturbation. However, neither
condition is stronger than the other: part (b) in the definition of very compactness
has no analog in the controlled condition; and part (ii) in the controlled condition has
no analogue in very compactness due to the constraints on functional boundedness.

When working with the perturbation 4, we will need to use both very compactness
and the controlled condition. Very compactness is needed to do finite dimensional
approximation, and the controlled compactness is necessary to study the properties
of stationary points and trajectories in these approximations.

From now on, we always assume that our perturbation ¢ is both very tame (Def-
inition 4.4.2) and admissible (Definition 4.5.8). For the existence of such ¢, see Sec-
tions 4.4 and 4.5.

6.2. Strategy for the proof of Theorem 1.2.1

In order to relate monopole Floer homology to the spectrum, it suffices to instead
work with SWF(Y, s) by Proposition 6.1.6. This latter invariant is clearly closer to
monopole Floer homology due to the presence of the perturbation. However, we still
need to relate the vector field [ + ¢4 used for monopole Floer homology to [ + p’\cq
on W* . We will consider a vector field on W}, defined by taking finite-dimensional
approximations of the non-linear part of Aj:

(161) quf =1+preg=1+c+n),
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where 173‘ = p’\cq — ¢. We will see that 77;‘ is very compact. Further, X ;ic induces a
vector field X ‘;ﬂc '“ on the blow-up W7 and thus a vector field X;fc’o on the quotient
we /St

At this point we give an outline of how the proof of Theorem 1.2.1 is going to go.

For N > 0, let €[_y ] be the set of stationary points of X(?gc’g of grading in
[N, N]. Their S*-orbits form sets of stationary points of quc’g on W7. Let O_n,n
denote the union of these orbits. We fix N sufficiently large so that the projection of
O(_n,n] to the blow-down W contains all the stationary points of Xfc; in particular,
¢_n,n) should contain all the irreducibles. Further, we assume that no reducible
stationary point that is boundary-stable has grading less than —N. This ensures that
the truncated chain complex 5]\/4§N(Y,5, q) is generated by €;_y n). Note that the
homology of 5]\//[§N(Y75, q) agrees with ﬁ]l//[(Y, 5,q) in degrees < N — 1.

Let

(162) N ={z e WY | dpz(z, O-n,n)) < 20},

where dLi denotes L7 distance, and § > 0 is chosen sufficiently small such that

the only stationary points of quc,a that are contained in A are those in O_N,N]-
Similarly, let

(163) UZ{I‘GW,?|dLi(CC,D[_N_’N])<5}C./\/‘.

Thus, N'/S! and U/S* are closed, resp. open, neighborhoods of C_n,N) In wg /St

agC,o

Granted this, we will construct a chain complex C* determined by X , and

q)\
which will be identified with CM <x(Y;5,q). The chain groups of C* will be gen-

erated by the stationary points of Xjf;c’” that live in A//S! (and hence in U/S*);

in particular, this includes all irreducibles [(a, s, ¢)] such that (a,s¢) € B(2R). We
will see that these stationary points will necessarily be contained in the finite dimen-
sional approximation (W*)?/S'. The differential on C* will be defined analogously
to monopole Floer homology (only counting trajectories that are contained entirely
in (W*)9/S%). That this will actually be a chain complex will come from a Morse-

Smale stability condition—since we have non-degeneracy of the stationary points and
regularity of the moduli spaces for Xy ¢C:9 e will show that this holds for X;Kgc’g
as well, provided that A is sufficiently large. Using the inverse function theorem, we
will find a correspondence between the stationary points and isolated trajectories of
X;fc"’, on the one hand, and those of A7 899 on the other. This will give an ex-
plicit identification between C* and cM <~n(Y,s,q). Here we are using the work of
Chapter 5, where we rephrased CM in Coulomb gauge. By the setup, we will be able
to relate the respective orientations of the moduli spaces, gradings, and U-actions as
well.
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However, C* can also be identified with a truncation of the Morse complex (for
manifolds with S! actions) for B(2R) N W* as in Section 2.8. It follows from Equa-
tion (22) that the homology of this Morse complex is isomorphic to H. EM(SVVFq (Y,s)),
for some M > 0. We can assume that M > N, and we get that -

HM <y 1(Y,5,0) = HSy_ (SWFq(Y,5)).

By letting IV tend to infinity and applying Proposition 6.1.6, we obtain the desired
isomorphism in Theorem 1.2.1.

With the above strategy in mind, it will suffice to do most of our analysis (i.e.
compactness and non-degeneracy of stationary points and trajectories) in W7 rather
than in the quotient W°/S'. We are able to do so due to the compactness of the
residual gauge group S*.

6.3. Finite-dimensional approximations of perturbations

In order to carry out the strategy mentioned above, we need to understand the
properties of the perturbation

A b A A
Ng =pcqg—c=(p-c—c)+png,
and in particular of the term p’\nq. For notation, given a sequence A, — 0o, we write

7, for p*». Recall that ©; is a constant such that ||p’\x||L§ < O;lz] 12 for all = € W
and we take ©y = 1.

Fact 6.3.1. — (a) For all \, the smoothed projection p* extends to a continuous,
linear map p* : W; — W; such that |[p*|| < ©; for all j. (Here, ||p*| denotes the
norm of p* as an operator on W.)

(b) If \n — o0, then m, = p*» — 1 in the strong operator topology on W; for all j.

Lemma 6.3.2. — If q is a very tame perturbation, then p’\nq is a controlled Coulomb
perturbation for all A.

Proof. — Lemma 5.3.3 says that 7, is controlled. The claim now follows from
Fact 6.3.1(a). O

Lemma 6.3.3. — The maps cy, p>‘nq, p)‘ccl and né are all very compact.

Proof. — This follows from the very compactness of ¢, together with the very com-
pactness of 1y (cf. Proposition 6.1.5), and Fact 6.3.1(a). O

We also need the following result about cq, which is not subsumed in very com-
pactness.

Lemma 6.3.4. — Let Z =1 XY for compact I. For k>3 and 0 < j <k, the map
Dcq : Wi(Z) — Hom(W;(Z), W;(Z))
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is in CFY. Therefore, extending by four-dimensional gauge, we have that
Deq : C§°(Z) — Hom(TFC(2), V¥ (2))
is in Cg.
Proof. — We write c¢q = ¢+ 14. Since 74 is a controlled Coulomb perturbation by
Lemma 5.3.3, we have that Dnq € C5° (Wi (Z), Hom(W;(Z),W;(Z))). Therefore, it

suffices to show that Dc is in Cg° as well. Write z = (a, ¢).
By (40), we see that ¢ is the composition of I8¢ with the vector field

(164) X : Wi(Z) = Cu(2), (a,0) = (7(0,¢), pla) - §).
We can explicitly compute
(D(a,)X) (0, %) = (7(0,9) + 7(¥, 9), p(b) - &+ pla) - )
(DL 6y X) (@, ), (b,9)) = (7(C, ) +7(1,€), p(b) - ¢ + plev) - )
(D}o.syX) = 0.

From this, it is straightforward to apply the Sobolev multiplication L? x L? — L? to
see that X satisfies the conditions of Lemma 5.3.4 with n = co. Therefore, we see
that Dc is in Cg°. O

The vector field ng = X&% 4+ 2 from (161) induces a vector field Xf?’” on the
blow-up. Similar to (91), this is given by the formula
—1
Xff’o(a,s,@ = (XqOA (a,50),Agx(a,s,¢)s, Do+ preq (a,s,0) — Agr(a,s,$))
(165) = (vda + (p*cq) (@, 59), Agh (a,5,0)s,

Do+ [ Plair0ex)! 0,60~ Agp(0,5,6)0),
where
(166) Mg = Re(o, (XE) (0,5,0) 12
For (a,s, ) € W7, we call Agr(a,s,¢) the A\-spinorial energy. As in the case of the

spinorial energy, the A-spinorial energy of an irreducible stationary point of X qgf 7 s

zero. Analogous to the definition of ]-"§C’T in (92), we can use G&“(Z)-equivariance
to extend the equations defining the flow in (165) to define a section

(167) FEOT L CEOT(Z) = VEOT(Z).

In the rest of this section we will describe several results about the dynamics of
quf’o. These will be put to use, for instance, in Chapters 7, 9, 12 and 13, where we
will relate stationary points and trajectories of quf),cf to those of quc,a.

Note that being a reducible stationary point (a,0) of X qgf is equivalent to solving

*da’ + (p)\nq)o(avo) = Oa (P)\nq)l(%o) = 07
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since p*c(a, 0) = 0.
A reducible stationary point (a,0,¢) of X qgfj "7 is determined by a reducible sta-

tionary point (a,0) of X gj and an L2-unit length eigenvector ¢ of the linear operator
Dg» 4, where

(168) Do o(6) = Dia) (XE)H(0.6) = Do+ (1) (Dia0yca (0. 9)).

If (a,0,¢) is a reducible stationary point of X857 then the A-spinorial energy is

simply the eigenvalue of Dgx , corresponding to ¢.
We now establish some important analytic properties of the perturbed equations.

Lemma 6.3.5. — Fix k > 3.

(a) For a bounded subset K C W and a bounded subset J C W; (with 0 < j < k),
the set

{PM(Da,p)ca(b,9)) | (a,9) € K, (b,9) € J A >0}

18 bounded in L?, These uniform bounds also hold if we include A = oo.
(b) For a bounded subset K% C W7 C (kerd*)y @R @ L(Y;S) and a bounded subset
J7 CTE o (with 0 < j < k), the set

{DI(p*cq)7(v) | w € K7, (x,v) € J7, X >0}

s bounded in L2» These uniform bounds also hold if we include A = oo.

1 —~1
(c) If xz,, — x in W7 and X\, —> A (possibly oo) then prrcq (z,) — preq (x) in

—

L3(Y;S). Furthermore, ngﬂ (xn) — ch (z) in L2 _(Y;S). In this case, we
also have Agr, (x,) — Agr(z) and thus ch T (zp) — Xff’a( ) in TEC.

q>\7l
(d) Same as (c), but for four-dimensional configurations on compact cylinders.

Proof. — (a) We have cq = ¢+ 14. In the proof of Lemma 6.3.4, it was shown that
Deq € Cf, (Wi, Hom(W;, W;)). We thus have L bounds on the set

{Dag)calb,¥) | (a,0) € K, (b,¥) € J}.

Fact 6.3.1(a) now gives uniform L? bounds on

{PN(Da,p)cq(b,9)) | (a,0) € K, (b,9) € J A > 0}

(b) Recall that D7 (p*cq)? is computed in two steps. First, we differentiate (p*cq),
thought of as a map to L?(Y;iR) x Rx L2(Y’;S), as opposed to a section of 77ch. Then,
we apply L? orthogonal projection to ’Tgc 7. We also have the analogous construction
when extending to L2 completions. Since HTgC - (b r,p) = (byr, ¥ — Re{), p)20),

we see that HTgC s is L bounded in terms of the Li norm of (a, s, ¢) and L2 norm of

(b,r, ). Therefore we focus on the boundedness of the derivative of (p*cq)? as a map
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to the extended space L?(Y;iR) x R x L(Y;S). From the definitions we compute
(169)

,D(a,s@) (p)\cq)a(b, T, ¢) = (D(a,sqb) (p)\cq)o(bv Td) + Sw)v
—1 —1 —1
Re<p)\cq (CL, 87 ¢)a¢>L2T + Re<p)\cq (CL, 57 (Z))a ¢>L2$ + Re<D(a,S,¢)pAcq (ba Ta ¢)7 ¢>L2Sa

Re(Das.0yp ey (b7, 0), §)126 + Re(pheq (0,5, 6), ¥)120 + Re(pheq (a,5,0), 6)r2)),

—1
where prcq (a,s, ¢) = fol Da,sr¢) (P cq) (0, ¢)dr. Tt follows from Lemma 6.3.4 and
Fact 6.3.1(a) that
— 1 —1
pACq (CL, S, ¢)7 D(a,s,qﬁ)p}\cq (ba T, d))
are L3 bounded in terms of the L bounds on (a, s, ¢) and the L? bounds on (b, r,1).
Sobolev multiplication again provides the desired bounds on (169).

(c) A smooth section of Wy to the L? completion of TW; with j < k induces a
smooth vector field on the blow-up with the same regularity. By Proposition 6.1.5
(which applies for any Sobolev coefficient at least three), we see that if z, — z in

W7, we have c}l(ajn) — c}l(aj) in L?. Applying Fact 6.3.1 gives p*»cq(x,,) — pfA\c/q(x)
in Li as well. Since Xff =1 +p)‘cq and [ : Wi, — Wj_1 are smooth for k > 2, we
obtain the desired convergence results by similar arguments.

(d) The argument is similar to the one for (c). O
It turns out that we can give more explicit bounds on (p’\cq)l:

Lemma 6.3.6. — There exists a constant Cy jnr, depending only on 0 < j <
and M, such that if v = (a,¢) € Wy satisfies |||z < M then |(pPeq)t (z)| L2
Crjmll@llzz for any A.

J

Note that ||¢||L§ < [|#[z2 < M, so Lemma 6.3.6 implies that H(p>‘cq)1(x)||L? is
bounded above uniformly by a constant C’,’€7 JM- We already knew this, owing to the
very compactness of p’\cq. The new content of Lemma 6.3.6 is that it gives a stronger
(linear) bound when ||¢||L? is small.

Proof of Lemma 6.5.6. — Since ||p*|| < ©;, it suffices to find a constant C such that
leg(@)]| L2 < Clloll 2. First, we bound c'. Recall that
J J

cH(a,¢) = p(a) - ¢ — Gd"7(¢, ).

Since a is L2-bounded, Sobolev multiplication implies

Ip(a)- ¢llzz < Cullgllzz.
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Because ¢ is L?-bounded, so is Gd*7(¢,$). Again, by Sobolev multiplication, we
obtain

1Ga*7(6,6)9l112 < Cal .
Therefore, it remains to find bounds on né(a, ¢). We have

1q(a,¢) = q'(a,¢) — Gd*q°(a, ¢)o.
Since q is a very tame perturbation, we obtain L% bounds on Gd*q°(a,¢) and thus
linear bounds on the second term. Therefore, it remains to give linear bounds
on |q'(a,¢)|/z2 in terms of ||¢]| 2. We may write q'( fo (are)q" (0, 0)dr,
because the Sl-equivariance of ' implies q'(a,0) = 0. Since the (a,rgb) are L?
bounded and D, ,¢)q1 is linear in ¢, the very tameness of q implies linear L?—bounds
on D(q.r4)q"(0,¢), depending only on ||q[)HLz Integrating gives linear bounds on
llgt(a, ®)||.2 in terms of ||¢| ;2. This now completes the proof. O
J J

In order to make further connection with the finite-dimensional setting of the spec-
trum, we must ensure that the trajectories of X ng 7 are actually contained in the
finite-dimensional blow-up of W?*, assuming control over the A-spinorial energy. We
begin with the non-blown-up case.

Lemma 6.3.7. — If ~(t) is a trajectory of X;ﬂc contained in B(2R), then y(t) is

contained in W*. In particular, () is smooth for each t.

Proof. — Let v(t) = (a(t), ¢(t)). Fix x with || > X and let 7, (t) be the L? projection
of v(t) to the k-eigenspace of I. It suffices to show that 7,(¢) = 0. Since 7(t) is a
trajectory of XfS’T, we have

—2(t) = 10 (0) + (1) (1(1))-

Since k| > A, we see — v, (t) = 1(7x(t)) = K7, (t). Thus, 7. (t) = e~ *7,(0). Suppose
that 7, (t) # 0. Therefore, 7,(t), and thus (t), are unbounded in the L2-norm on Y
as |t| increases. This contradicts v(t) € B(2R) for all t. Therefore, 7,,(¢) = 0 and ()
is contained in W*. O

We seek an analogous result to Lemma 6.3.7, but in the blow-up. Apart from the
2R bound on the projections of trajectories in the blow-down, we will also need to
assume a bound w on the absolute values of spinorial energies Aq. With N, N and
U as in Section 6.2, note that A4 is bounded on the compact set O[_x v}, and hence
it is bounded on its neighborhood N. The boundedness can be explained as follows.
Since q is controlled and our choice of k guarantees that £k — 1 > 2, we have that A,
is continuous on W¢Z_,. Therefore, A4 is bounded on N since it is a compact subset
of WZ_,. We shall choose w > 0 so that any point 2 € N has

(170) Ag(z)] < w.
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Lemma 6.3.8. — For sufficiently large A\, the following is true. If v(t) =
(a(t), s(t), p(t)) is a trajectory of Xffj’” contained in B(2R)? and the \-spinorial
energy of y(t) is in [~w,w] for all t, then (a(t),¢(t)) € W for allt € R. In
particular, (a(t), ¢(t)) is smooth for all t € R.

Proof. — Fix A > w. Fix k with |g] > X and let (a.(t), ¢« (t)) be the projection
of (a(t),¢(t)) to the r-eigenspace of I. Since (a(t),s(t)p(t)) is contained in W* by
Lemma 6.3.7, we have that a.(t) = 0. It suffices to show that ¢.(¢t) = 0. Let
v(t) = Aga(a(t),s(t), ¢(t)). Since (t) is a trajectory of Xff)’o, we have by (165) that

~20(6) = Do) + Pey (al?), s(6),6(0)) ~ v(Do(1)
= Dg(t) +/0 Da(t),rs(t)o()) (0 ca) (0, $(8))dr — v(t)e(1).

—1
Since prcq(z) € W for all # € Wy, we have that the projection of prcq (a(t), s(t), (t))
to the k-eigenspace of D is trivial. Therefore, we have

—£64(8) = Déu(t) — (D0a(1) = (5 v()9u ).

By assumption, x — v(t) > 0 for all ¢. If ¢.(t) # 0, then [|¢x(t)| £2(y) is unbounded.
However, [|¢.(t)|z2(yvy < |¢(t)||2(vy = 1, which is thus a contradiction. O

For future reference, we will write L (Y) (resp. L?(Z)) to refer to the LZ-norm of
any relevant object, e.g. a connection, spinor, etc., on Y (resp. Z). f Z =1 xY,
we note that L2, (Z)-convergence implies pointwise L3(Y')-convergence, uniform on
compact sets of I. We will also write x, a, s, ¢ (without ¢) if we want to treat this
object as a section of a bundle over I x Y instead of as a path of sections over Y.






CHAPTER 7

STATIONARY POINTS

Throughout Chapters 7-13 we fix the following;:

— a very tame, admissible perturbation ¢; this means that q is very tame in the
sense of Definition 4.4.2, the stationary points of Xfc’” are non-degenerate,
and the associated moduli spaces of trajectories are regular; we will impose
additional conditions on q in Proposition 7.4.1 and in Proposition 10.0.2;

— a Sobolev index k > 5;

— a bound R > 0 such that all the stationary points and finite type trajectories
of X&° are contained in B(2R) C W;

— avalue N > 0 specifying a grading range [N, N|, a closed neighborhood A/ and
an open neighborhood U C N of the set of stationary points of quc’” in that
grading range, as in Section 6.2; we also assume that the projection of N to the
blow-down is contained in B(2R) and that N is chosen large enough to contain
each reducible stationary point (a,0, ¢) of Xfc’o where ¢ is an eigenvector of
Dy, o, with smallest positive eigenvalue;

— a strict bound w on the absolute values of the spinorial energies of points in N,
as in (170).

In analogy with the finite-dimensional setting, for M C W, we will use M? to
denote the closure in W of the preimage of W — (ker d* @ 0) under the projection
from W7 to W; and similarly for Sobolev completions. In particular, we can talk
about B(2R)?. Note that N is a subset of B(2R)’.

Recall that it is our goal to identify some of the stationary points and trajectories
of X;”gc’” with those of chf;c’”, for X sufficiently large. In this section, we deal with
stationary points. First, in Section 7.1 we show that the stationary points of Xﬁfc’a

contained in N'/S?! are close to stationary points of X;gc’g in N'/S1, for \ sufficiently
large. Then, in Section 7.2 an inverse function theorem argument shows that inside
N /S, the stationary points of X:{Kgc’a are in one-to-one correspondence with those
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of A7 €09 In Section 7.3 we prove that the nearby approximate stationary points
are non-degenerate. (This will be needed later, when we define a Morse complex for
X;fc’a.) In Section 7.4, we study stationary points outside of N'/S1. We rephrase
these results with gradings of stationary points in Section 9.1.

As before, if we have a sequence \,, — 0o, we write m,, to denote p*».

7.1. Convergence

We first point out a convergence result for stationary points in W (not in the
blow-up).

Lemma 7.1.1. — Suppose that x, is a sequence of stationary points for qug mn
B(2R) where A, — 0o. Then, there is a subsequence that converges in Wy to x, a
stationary point for Xfc. Further, if x,, are reducible, so is x.

Proof. — This follows from applying Lemma 6.1.4 to constant trajectories, noting
that ¢4 is a very compact map by Proposition 6.1.5. If z,, = (a,,0) € B(2R) is a
sequence of reducibles, then clearly the limit must be of the form z = (a,0). O

We now need an analogous compactness result on the blow-up. It turns out that
very compactness of cq is not sufficient; we will use some of the other properties of
controlled Coulomb perturbations to do this.

Lemma 7.1.2. — Fize > 0. There exists b > 0 such that for all A > b the following
is true. If x € N C W7 is a zero of Xéﬂc’”, then there exists ¥’ € N such that

XE99 (1) = 0 and x, 2’ have L2-distance at most € in L2(Y;iT*Y) &R & L2(Y;S).

Proof. — Suppose this is not true. Then, we can find a sequence A, — oo and
corresponding zeros x, = (an, Sn, Pn) of ng;g in A, none of which are within L%—

distance ¢ of a stationary point of Xfc’o in /. We will contradict this by finding a
subsequence converging to such a stationary point.

Since the z, are in N, which is Li—bounded, we can extract a subsequence that
converges to some z = (a, s, ¢) in Lz_l. Further, after passing to another subsequence,
we can assume the x,, are either all reducible or all irreducible.

First, suppose the z,, are reducible, that is, s,, = 0. By Lemma 7.1.1, the conver-
gence a, — a is in the stronger L? norm. Moreover, a € (ker d*)y is such that (a,0) is
a stationary point of Xfc. Recall that ¢,, are eigenvectors for Dy, ,, with L?-norm
equal to 1. We claim that ¢ is an eigenvector of Dq o = D +D(4,0)(¢q)*(0,), and that
the convergence ¢, — ¢ is also in L3.

Let x, be the associated eigenvalues for ¢,, i.e., the \,-spinorial energies of z,,.
Since z,, — x in L} _,, by Lemma 6.3.5 (c) we have |A4(z)] < w. By applying
Lemma 6.3.5 (c) again, this time to the \,-spinorial energies of z,, we see that
Agan () — Ag(x). Therefore, we also have a bound w’ > w on [Agx, (zn)| = |Knl.
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After passing to a subsequence, we can assume that the k,, converge to some value k.
Then, we have

Ko P = qun Jan ((bn)
(171) = D¢ + Dia, 0)(Tncq) " (0, 6n)
= Don + Wn(D(an,O)cq(Ov¢n))l‘

Now, since (a,,0) converges to (a,0) in L7 and (0, ¢,,) converge to (0,¢) in L7 |, the
very compactness of ¢, guarantees that Dy, 0)cq(0, ¢n) converges to D4 0)cq(0, ¢) in
L? . As m, — 1 in the strong operator topology on Wj,_1, we must also have

1 1,
T (D(amO)cq (07 ¢n>) — (D(a,O)Cq (07 ¢>) m Lifl'
On the other hand, we have
Knbn — KO in L.

Finally, we have that D¢,, — D¢ in Li72, because ¢, — ¢ in Lifr Since the
convergence of wnD(amo)(cq)l(O,¢n) and Kp¢, is in L?_,, we must in fact have
that D¢, — D¢ in L2 | by (171). Thus, ¢, converges to ¢ in L? and k,¢, =
Dyrn g, (¢n) = Dq.a(¢) = k¢ in L. Thus, ¢ is an eigenvalue of Dg 4, so z = (a,0, ¢)
is a reducible stationary point of quc,a' Since N is closed in the L? norm and the
convergence z,, — x is in L%, we get that x € N, providing the contradiction.

We now assume that our sequence (ay, $p,¢n) consists of irreducibles. If s, >
0 > 0 for all n, Lemma 7.1.1 guarantees that (an, Sn, ¢n) will converge in W to an
irreducible stationary point (a, s, ¢) of X%, since X fg "7 is conjugate to ng via
the blow-down. This is again a contradiction.

The final case is when (ay,, s, ¢») is a sequence of irreducible stationary points in
B(2R)° with s, — 0. By Lemma 7.1.1, in the blow-down we have (ay, sn¢n) — (a,0)
in L?. Since x, € N, we can find an upper bound on [¢nllzz. By Lemma 6.3.6, we
have a constant C' such that

|snl - ||D¢n||Li = HD(Sn(bn)HLi = ||(7Tncq)1(anvsn¢n)“Lﬁ < Clsl-

Thus, we obtain Li 41-bounds on ¢,. After passing to a subsequence, we get
that (an, Sn,¢n) converges in L? to (a,0,4). By Lemma 6.3.5 (c), we have that
ng’o(an,sn,¢n) — X§C’”(a7o,¢), and thus (a,0,¢) is a reducible stationary
point. Moreover, since Ay, (an, Sn, #n) = 0, by taking the limit n — oo we obtain
Aq(a,0,¢) = 0, ie. ¢ is in the kernel of Dy ,. This is impossible, because the
non-degeneracy condition for reducibles requires that 0 is not in the spectrum of
Dg.a- O

Remark 7.1.3. — The proof of Lemma 7.1.2 shows that if the zero z of qufj’a is

reducible, then we can choose the nearby zero z’ of Xfc’” to be reducible as well.



118 CHAPTER 7. STATIONARY POINTS

Furthermore, since Ay (x) is close to Aq(z'), we see that 2’ can be chosen to be stable
(resp. unstable) when x is stable (resp. unstable).

Corollary 7.1.4. — For A>> 0, if x is a zero of Xf?’” in N, then x is actually in
U and |[Agx (2)| < w.

Proof. — We get that x € U by choosing e sufficiently small in Lemma 7.1.2. If we had
a sequence A\, — oo and corresponding z,, € N with Xfﬁ’” (2,,) = 0 and [Agx, (2,,)] >
w, then after extracting a subsequence, and making use of Lemma 7.1.2, in the limit

we would get a zero of X% inside A with |Ay| > w. This is a contradiction. O

Corollary 7.1.5. — For A > 0, all the stationary points of quAC’U in N live inside
the finite-dimensional blow-up (W™).

Proof. — This follows from Corollary 7.1.4 and Lemma 6.3.8. O

Observe that the results of this subsection also apply to the stationary points of
anfc’a and Xc?gc’”7 in the quotient W7 /S,

7.2. Stability

In the previous section we showed that, for A large, the zeros of X;fc’a in A are

close to the zeros of Xy ¢%:%  Our next goal is to show that near each stationary point
of Xy .9 there is exactly one stationary point of X‘?fc’a, again for X large. The proof
will be an application of the implicit function theorem, using the fact that we have
chosen the perturbation q so that the zeros of X227 are nondegenerate.

Recall that p* is (roughly) the orthogonal projection to W?, modified so that it
becomes a smooth function of A for A € (0,00). In order to be able to apply the
implicit function theorem at A = oo, we need to find a suitable identification of the
interval (0, co] with [0,1), so that after this identification we get differentiability at
Zero.

For the present subsection, let us index (with multiplicity) the eigenvalues of { by
(An)n>o0 by the condition that |A,| < |An41] for all n; note that lim, o [Ay| = oc.
Recall that we write

XEC =1+ cq.
Pick a homeomorphism f : (0, 00] — [0,1) with the following properties:
— The restriction of f to (0,00) is a strictly decreasing diffeomorphism onto (0, 1);
= im0 [An [ f([Ansa]) = oo

The second property means that f does not decrease too fast near infinity. We can
achieve it, for example, by requiring that f(|A\,11|) = ﬁ + % for large n.
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Lemma 7.2.1. — The map
heWex (=1,1) = Wiy, hlz,r)=a—p ("D(z)
is continuously differentiable, with Dh4 0)(0,1) = 0 for all x.
Proof. — Continuous differentiability away from r = 0 is standard, taking into ac-

count that p* are smoothed projections as in (42).
Since h(z,0) = 0, it suffices to show that

lim Lm, r)
r—0 T

= 0,
or, equivalently

lz = p*@)| Lz,
Ao O

The eigenspaces of | are orthogonal in L?. Pick an L2-orthonormal sequence of

(172) =0.

eigenvectors w, for \,. Let us write
T = g TpWn,

for a sequence of real numbers (z,,),>0. We have ||z[|2, =3, |z,|?.

Note that
F(z) = Z A= wn,.

n
Since the L%_l norm is equivalent to the one defined using [ as a differential operator
instead of V, we can write

[EdFP NZZM 2|2, |2 & ZP‘"l%*lenlz.

n j=0

In fact, we have x € Wy, so
l2l72 D Al |n]* < oc.
n

We have

2% 2 H ”2%
5 WP ? < O

m>n

I/\I

o =pP @)z~ Y Pl ) < |/\ E
m>n
for some constant C' independent of x and A,,.

Recall that we chose f so that lim, oo | A |?f(|Ans1]) = 0o. From here we get:
[z = pPl(@)ll 2
noe f([Angal)

The claim (172) follows: For any A >> 0, we choose n such that A € [|A,], |[An+1]], and
then we use the fact that both the numerator and the denominator of the right hand

=0.

side of (172) are nonincreasing functions of A. O
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Let [zo] € W7/S! be a non-degenerate, irreducible zero of X,f,"gc’o. By
Lemma 5.6.4, non-degeneracy means that the linearization

o agC,o\ . agC,o agC,o
Geo] (X&) ’Ck,g[zg] - Kkgil,[zo]

is an invertible linear operator.

Proposition 7.2.2. — Let [z] € W7 /S' be a non-degenerate stationary point of
angC,O" Then, for any sufficiently small neighborhood Uy, of [x] in WZ /S, for
A> 0 (depending on Up,) there is a unique [x)] € Ul satisfying X;fzc’a([xx]) =0.

Proof. — Consider the vector field S : (W7 /S') x (—1,1) — ICZ%CI’U x R given by

S(la].r) = (X255, (). 7).

If we choose a representative x € W for [z], we can write
S([z],r) = ([(157 o (1 +p' " (Deg)o(2))], 7).

Using Lemma 5.5.8 and its adaption to X’ gj "7 together with Lemma 7.2.1, we deduce
that S is continuously differentiable. Furthermore, from Lemma 7.2.1, the derivative
of S at ([x],0) is the same as the one obtained without the factor p! (D that s, it
o agC,o
equals Dt )
0
Note that (W /S')x (—1,1) is a Banach manifold with boundary. Let 2(W¢ /S x
(=1,1)) be its double, equipped with the associated involution ¢. Since S is tangent
to the boundary of (W7 /S') x (—1,1), S extends to the double in an t-invariant way.
We now apply the inverse function theorem to S (on the double) at ([z],0). We get
that there is a unique solution of S([y],r) = (0,7) near ([z], 0), for small » > 0. Define
A = f(r), and write [x)] = [y].
Note that if [z] was irreducible (i.e. in the interior of (W7 /S') x (—1,1)), then the

nearby solution, [x,], is an irreducible stationary point of X;fc’”. If [z] was reducible

, which is invertible by hypothesis.

(i.e. on the boundary of (W7 /S') x (—1,1)), by t-invariance, the nearby [z,] is also
on the boundary (i.e., it is a reducible stationary point of X;fc’a). O

Recall that in Section 6.2 we denoted by €_y ] the set of stationary points of
X297 with grading in the interval [—N, N] (or, equivalently, those inside A'/S"). For
simplicity, we write €z for €[_y, n]. Moreover, we denote by 6/)‘\/ the set of stationary
points of X:‘fc’g that live in N//St.

Combining the results of this subsection and the previous one, we have the follow-
ing:

Corollary 7.2.3. — For A > 0, there is a one-to-one correspondence

E,\:(’:j\v—>€j\/.
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This correspondence preserves the type of stationary point (irreducible, stable, unsta-
ble).

Proof. — There are only finitely many stationary points in €5r. Thus, we can find
€ > 0 such that the neighborhoods chosen in Proposition 7.2.2 around each [z] € €xr
are the balls of L? radius € around those points. We let E;\l([x]) be the unique zeros
of X;fc’” inside those balls. Since the points in €, are actually inside the smaller
open set U/S' C N/S', we can assume that Z;'([z]) are in N'/S! as well. By
Lemma 7.1.2, we get that any stationary point of Xl?fc’” from NA'/S! must be of the
form =5 ' ([z]) for some [z] € €xr. Thus, Z, is a one-to-one correspondence.

The claim about preserving type follows from Remark 7.1.3 and the arguments at
the end of the proof of Proposition 7.2.2. O

From now on, we will generally use 2] to denote a stationary point of Xy g0,
(corresponding to A = 00). If we fix [roo] € €ur, observe that =)' ([zs]), Which is
a stationary point of X;fc’a, is smooth as a function of A; this is guaranteed by the
implicit function theorem. We will write [xy] for 25 ([2ao]).

Finally, note that since the reducible stationary points of quc"’ all correspond to
non-zero eigenvalues, the same holds for the corresponding reducible stationary points
of Xl?fc’”7 assuming A > 0.

It turns out we also can obtain analogous results for reducible stationary points
in the blow-down. This will be useful when analyzing the reducible stationary points
which are in (B(2R) N W*)?, but not in N; see Proposition 9.2.2 below.

Lemma 7.2.4. — Fiz e > 0. For A\ > 0, there is a one-to-one correspondence in
B(2R) between reducible stationary points T, of quc and reducible stationary points
x) of Xf?; further, xx is e-close to x.

Proof. — Tt is straightforward to verify that since the stationary points of Xg gC.0
are non-degenerate, so are the reducible stationary points of XC%C when restricting to
the reducible locus in Wy. By the implicit function theorem, as used in the proof of
Proposition 7.2.2, we obtain that near each reducible stationary point x, of X§C7
there is a unique nearby reducible stationary point = of X qgfj . (This is in fact easier
than Proposition 7.2.2, since there is no need to blow-up or quotient by S'.) On the
other hand, by Lemma 7.1.1, reducible stationary points of X qgfj are necessarily nearby

to reducible stationary points of quc. This establishes the desired correspondence.
Finally, Lemma 6.3.7 implies that x is also in W*. O

7.3. Hyperbolicity

Recall that we chose q such that any stationary point = of Xfcﬂ is non-degenerate,

that is, the Hessian Hessg:g is invertible. By Lemma 5.5.7 (b), Hessfz:g has real
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spectrum, and hence is a hyperbolic operator (i.e., the spectrum of its complexification
is disjoint from the real axis).

For the approximate vector field X’ ff: 7, we define the g-Hessian in the blow-up by
analogy with (103):

9.0 _ 1728C.0 g0 y8Cio . jragCo agC,o
(173) Hess ', = 1827 o DIOXLTT K™ = K2y

As before, if x is a stationary point of Xéic "7, then it does not matter which

e

. . . C . .
connection we use to differentiate X’ fA at x. Therefore, we can simply write

9.0 _ 1728C,0 o y8C,o
HeSSqA@—Hz OD&:XqA .

We will say that z is a hyperbolic stationary point if Hessﬁ’fm is hyperbolic. (Gen-

erally, it will no longer be the case that Hessi ’f’m has real spectrum.)

If z is in NV, then from Corollary 7.1.5 we know that x lives in the finite dimen-
sional blow-up (W*)?. Furthermore, since quf =1 —l—p)‘cq maps W* to W, then z
being hyperbolic (as above, in infinite dimensions) implies that [z] is also hyperbolic
as a stationary point of X;fc’a restricted to the finite dimensional approximation
(W*)? /S, Proving hyperbolicity for these stationary points will be the first step
towards defining Morse homology with X;‘fc’” on (W*)?/S! as in Section 2.8.

Let us start by analyzing the Hessian on the blow-up more carefully.

Writing = (a, s, ¢) € W, we have

(174) 1?(a, s, ¢) = (xda, (Do, ¢) 25, D — (D, ¢) 1> D).

Thus, we obtain for v = (b,r,1)) € 7;%?”

D17 (1) = (sdb, (D, 6) o7 + 2Re(Dib, 6) 125, T (D — (Do, 6) 1216 — 2Re(Dip, 6) 120))
(175)

= (*db7 <D¢7 ¢>L2T + 2Re<D¢’ ¢>L23a Hé(D/I/}) - <D¢a ¢)>sz)

= (*db, <D¢a ¢>L2T + 2Re<Dw7 ¢>L28a D’l/) - <D,(/17 ¢>L2¢ - <D¢7 ¢>L21/J)

where IT denotes L? orthogonal projection onto {¢ € L? | (Y;S) | Re(¢,¢) 2 = 0}.
Here we are using that H(JZ; (¥) = 4 since (b,7,9) € T7,. Again, note that here we are
taking derivatives with respect to the L? metric. Observe that L? bounds on (a, s, ¢)
and L? bounds on (b, r, ) easily give bounds on the r-component of (175).

Recall from Lemma 5.5.7 that Hessg:g has Fredholm index 0, regardless of whether
x is a stationary point. Further, we have that Hessi’fz is a compact perturbation of
Hessg:g (roughly since both jr)’\cq and ¢q are compact as maps from W, to Wy_1), and
thus has Fredholm index 0. Further, since the inclusion ICZ%E — lczgj‘; is compact,
we see that for any z € C, after complexifying,

(176) ind(Hess-‘;’:g —zI)=0.
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Proposition 7.3.1. — For A sufficiently large, the stationary points of quf’g inside
N are hyperbolic. As a consequence, among the stationary points of the restriction of
anfc’g to the finite dimensional space (W*)?/SY, all those in N'/St are hyperbolic
(and hence non-degenerate).

Proof. — Recall from Section 3.4 that we can use an equivalent L? metric on W (and
hence W?), where we use the operator ! in place of the covariant derivatives. The
statement is independent of which metric we use, so we opt for [ in this proof.
Suppose the claim is false. Consider a sequence x, = (an,Sn, Pn) € N of sta-
tionary points of X ffi '“ which are non-hyperbolic, where A\, — oco. Note that we
have L%—bounds on each component of x,. Moreover, by Lemma 7.1.2, there ex-
ists a subsequence of z,, which converges in W to x, a stationary point of quc,a.
By our assumption on ¢, the stationary point x is hyperbolic. Since each x,, is non-
hyperbolic, we may find a sequence of real numbers x,, such that, after complexifying,
Hess?? —ikpl) = 0 by (176), these

grn 2
.. agC
operators have non-trivial kernel, and thus we may find non-zero v, € K32 @ C

—iknI is not invertible. Since ind(Hess{y,
@

such that Hess*z ;‘27% (vp) = iknvy. For the rest of the proof, we drop the complexified
notation for simplicity.

After rescaling, we can assume that [[v, 22 = 1. We will show that there exists a
subsequence which converges in ICZgC"T to a non-trivial element v of ICZ%S "7 for which
Hessg:g (v) = ikv, for some k € R. This will contradict the hyperbolicity of .

We write v, = (by, 7, ¥, ). Our first step is to prove that the x, are bounded, as
are the L}, ;-norms of v,,.

By Lemma 6.3.5(b), we get a uniform bound on the L? norms of I1#8¢:¢

o)
D7 (p*ncq)° (vn). Further, since z, is a stationary point of X507, we can write
T q n)- ) n Yy P qrn
; — 90
(177) itinUn = Hess(y, (vn)
__ 1728C,0 o gC,o
= I°5C7 0 g A (v,,)

= %7 0 DF 19 (uy) + T 0 DT () (un).

By definition, 11697 o D 19(v,) = DI 17 (v,) — an(0,0,id,) for some sequence of
real numbers «,,. The L?-bounds on z,, and v, give L? ,-bounds on D7 17(vy) by
(175). By continuity, I1*87 o D 17(v,) is L -bounded. Because [[¢n )2 > 1,
the sequence «, is bounded. Thus, «,(0,0,i¢,) is Li—bounded.

Now note that (D, ¢n)r2¢, is L2 bounded. By (175), we then have that
D7 19(vn) — (%dbp, 0, Doy, — (D, ¢ ) 1210y) is L7 bounded; here we are using the
observation that the Li bounds on x, and v, guarantee bounds on the r-component
of D, 17 (vy,). Combining this with the above discussion, we have that

1°897 0 DT 17 (vy,) + 1697 0 DI (p*eq) (vy) — (xdbp, 0, Dby — (Db b) 1200
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is L3-bounded. We now see (177) shows that

(178) i/fn(bn>rna 1%) - (*dbn,Tn, Dy, — <D¢na ¢n>L2'(/)n)

is L?-bounded. — However, note that the operator (b,r,¢) + (xdb,r, D) —
(D, b ) 127) is L? self-adjoint. It follows from here that i, v, and (xdby,, ry, D, —
(Dén, dn)r2thn) are (real) orthogonal in the complexification, with respect to the
L? inner product. Given that we are working with the L? inner products that are
defined using [ as the derivative, we see that the orthogonality also holds with respect
to Li. Thus, the L% bounds on the quantity in (178) imply that k,v, is L%—bounded7
and thus the x,, are bounded. On the other hand, we also obtain Li—bounds on
(xdbp, T, Dpy,) and thus the v, are bounded in L3 41 by the ellipticity of *d and D.
K:gC,a

Thus, we can find a subsequence of the v,, that converges in to an element

v, which necessarily has [[v[|2 = 1. Because K387 is closed in the tangent bundle
to W¢Z, we have v € ICZgC"7 as well. After passing to a further subsequence, s, — ,

for some k € R. We have
Hessﬁ;iwn (Un) — Hessg:gn (vn) =197 0 DI (p*eq —cq)7 (vn) — 0 in Lj_;.

By assumption, the sequence Hessg;fl - (vp,) is the sequence ik,v,. Moreover,
Hessgzgn (vy) converges to Hessg:g(v) in L7 | by the continuity of the~Hessian (cf.
Lemma 5.5.8). Thus, there exists a non-zero v € ICZgC’U such that Hess) ,(v) = irv.

This contradicts the hyperbolicity of x. O

7.4. Other stationary points

Proposition 7.3.1 was only about the stationary points in A". Recall that A is a
subset of B(2R)? C W. We do not have any control over the stationary points of
quf’a outside B(2R)?, but we can say a bit more about the ones in B(2R)? (and not
necessarily in V).

First, recall from Corollary 7.1.5 that, for A > 0, all the stationary points of X quC <
in A are actually inside the finite-dimensional blow-up (W*).

Second, by applying Proposition 6.1.2 to N = B(2R) and U being the blow-down
of U, we see that for A > 0, all the irreducible stationary points of X fg 7 in B(2R)°
are actually in i C N,

Some of the reducible solutions to X’ quC '“ are in N, and hence close to reducible
zeros of quc,g with grading in [—N, N]. However, there will be other reducibles in

B(2R)° which may not be in A. We now study these other reducibles. A reducible
(a,0, @) has to satisfy:
—xda = (p*cq)°(a,0)
and
Dy a(@) = D¢ + (1) (Da,0)¢a (0, @) = K6,
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for some x € R. Note that (a,0) € W*, but (a,0, ¢) may or may not be in (W?*)°.

Observe that D, (p*)* and Dy, 0)cq(0, -) are all L? self-adjoint maps on spinors. (We
are using here that the g metric agrees with the L? metric at reducibles.) Nevertheless,
the product of (p*)! and D(a,0)¢q(0, ), and hence the operator Dy ,, may not be self-
adjoint. On the other hand, for the real numbers A} defined in Section 3.4, the
restriction of DqALa to (the spinorial part of) W? is self-adjoint. This is because for
A = A7, the map p is the honest L? projection onto W?; therefore, for (a,0,¢) €
(W) we can write

D + (pA)ID(a,O)Cq(Oa ) =D+ (p/\)lp(a,O)cq(Ov ')(p/\)l,

and the right hand side is self-adjoint.
We will focus on the reducible stationary points of Xff:’g that are in (B(2R)NW?)°
for A = A?. We then have the following strengthening of Proposition 7.3.1:

Proposition 7.4.1. — We can choose the admissible perturbation q such that for
any A € {\}, NS, ...} sufficiently large, the restriction of Xéic’a to (B(2R)NW™)? has
only hyperbolic (and hence non-degenerate) stationary points.

Proof. — As part of the proof of existence of admissible perturbations, Kronheimer
and Mrowka showed in [KMO7, Section 12.6] that for a residual (and hence nonempty)
set of tame perturbations g, the reducible stationary points of A are non-degenerate.
The key point is in the proof of Lemma 12.6.2 in [KMOT7|: There is a large enough
space of tame (in fact, very tame) perturbations q* (given by cylinder functions) that
vanish at the reducible locus, such that in the tangent space to any q* we can find a
dq+ = grad § f, such that the Hessian of J f|y is any chosen S'-equivariant self-adjoint
endomorphism of V' = ker(Dg ,).

We can adapt this proof to X é‘&c 7, and pick q such that all the reducibles are
non-degenerate for a given \. Indeed, we now need to find a 6q- = gradéf such
that the g-Hessian of §f|y is any S'-equivariant self-adjoint endomorphism of V =
keI‘(D(qL)A’a) C W*. Since we are at a reducible, on the spinorial part we have that

.
79

the g-Hessian is the same as the usual Hessian. Further, because A = A?, we have

that p* is the L? orthogonal projection to W*. Hence, we have
Hess(8flw) = p* o Hess(6)lw,

and we can arrange so that this equals any chosen S'-equivariant self-adjoint en-
domorphism of the spinors in W*. From here we get the same freedom in choosing
Hess(6 f|v), for any subspace V' of spinors in W*. The other arguments from [KMO07,
Section 12.6] can then be easily adapted to our setting.

Since A is part of a countable collection {2}, we can find q such that the reducibles
are non-degenerate for all such A\. Note that non-degeneracy implies hyperbolicity for
reducibles, because the relevant operators are self-adjoint.
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Since the irreducible stationary points of quf:’” in B(2R)? are actually in U C N,
by applying Proposition 7.3.1 we can arrange so that these irreducibles are hyperbolic
as well. 0

Proposition 7.4.1 will be useful in showing that the vector field Xff’” in (B(2R)N
W) is a Morse-Smale equivariant quasi-gradient. We can then construct a Morse
homology group from it, and show that it is the same as Morse homology in N'N(W*)7,
in a certain grading range [—N, N|. Indeed, we will show that all the other reducible
points in (B(2R)NW™)? cannot be in this grading range; see Proposition 9.2.2 below.
Before we can discuss and define gradings on stationary points as in Section 2, we
must first establish that X’ gj is indeed a Morse quasi-gradient. This is the subject of

the following section. We return to discuss gradings on stationary points of X ;ic 7 in
Chapter 9 and the Morse-Smale condition in Chapter 10.



CHAPTER 8

THE APPROXIMATE FLOW AS A MORSE
EQUIVARIANT QUASI-GRADIENT

Throughout this chapter we assume that the eigenvalue cut-off A is of the form A}
for i > 0.

Note that quc = | + ¢4 is the gradient of the £, functional with respect to the g
metric. However, the maps p* are defined in terms of projections with respect to the
usual L? metric. As discussed in Remark 3.4.1, the vector field

Xffj =1+pie,

on W is neither the L? nor the § gradient of the restriction of Ly to WA, In fact,

there is no reason for the derivative of X’ U;gAC at stationary points to have real spectrum

(as it would happen for a gradient vector field, with respect to any metric).
Nevertheless, in this chapter we will be able to prove the following.

Proposition 8.0.1. — We can choose the admissible perturbation q such that for
all X = Ay with i > 0, the vector field qufj on W* N B(2R) is a Morse equivariant
quasi-gradient, in the sense of Definition 2.6.1.

As discussed in Section 2, having a Morse-Smale equivariant quasi-gradient suffices
in order to construct (equivariant) Morse homology; the first step towards this is
establishing the Morse condition (cf. Definition 2.6.1). The additional Morse-Smale
condition on trajectories will be shown in Chapter 10.

In view of Lemma 2.6.2, to check that X’ fAC is a Morse equivariant quasi-gradient
we need three things:

— that the stationary points of XC?AC’U are hyperbolic;

— that the operators D, X :’10 at reducible stationary points = are self-adjoint;

— part (d) of Definition 2.6.1.

Hyperbolicity of the stationary points was already checked in Proposition 7.4.1.
Self-adjointness of the operators D, X fc =1+ pADmcq at reducibles follows from the
fact that the metrics § and L? coincide there.
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We are left to verify part (d) of Definition 2.6.1. Sections 8.1-8.6 below are devoted
to proving this.

Proposition 8.0.2. — For each A > 0, there exists a smooth function
F\:W*NB(2R) =R
such that
L yec C c
(179) I < A (XE0) < 4.
In particular, dF) (qufj) > 0, with equality only at the stationary points of quf,

Remark 8.0.3. — In the statement of Proposition 8.0.2, the constants % and 4 are
quite arbitrary. They could be replaced (at the expense of increasing A) by é and C,
for any C' > 1.

8.1. Control away from the stationary points

Since we know that quc is the g-gradient of the perturbed CSD functional L,
the first guess is to take F to be L£4. Then, the desired condition holds away from
neighborhoods of the stationary points:

Lemma 8.1.1. — Fix ¢ > 0. Then, for all A > 0, we have

C C C
(180) XEC|2 < dLy(X5C) < 4]l X502

1
7l
at any point in W> N B(2R) which is at L%71 distance at least € from all stationary
points of ng in B(2R).

Proof. — We suppose this is not true. Then there exists sequences A, — oo and
z, € WA NB(2R) such that x,, is L7 | distance at least ¢ from each stationary point
of X ng cand (dLq)q, (X qggl ) violates (180). Without loss of generality, we assume that
the first inequality in (180) is violated. (The case of the second inequality is similar.)
Since the z,, are L7 bounded, we can extract a subsequence which converges in L} |
to some element x. We see that

(ALq)e, (XEC) = (dLq).(XEC),

. c C C

Since dLq(X5") = || grad Lq |2 > 0, we see that | X5~ (2)]|2 < $[|A5 (2)[|2. Therefore,
x is a stationary point of Xfc. This implies that x is in B(2R). For A > 0, by the
work of Section 7.2, we have that = has L? distance (and thus L? _, distance) at most
€/2 from a stationary point x of ng. Since the ,, converge to x in L} |, they are
eventually within L7 ;| distance € of z), for n > 0. Since z,, is a stationary point

of X qggl , this is a contradiction. O
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However, L, does not satisfy (180) in the neighborhoods of stationary points. If it
did, then by Lemma 2.6.4, any stationary point of Xff:, i.e., zero of l—i—p)‘cq, would be
a critical point of Lq|y». We can write the g-gradient of Lq|ya as l—&—p@'gcq, where ;55‘
is the g-orthogonal projection from W to W?*. (Compare Remark 3.4.1.) However,
in general, the condition (I + p*cq)(z) = 0 does not imply (I + ﬁg‘cq)(x) = 0.

8.2. The function F)

To construct the desired function F) as in Proposition 8.0.2, we need to alter £,
near the stationary points of X qgf: .

Let us first introduce some notation. Given a point 2 € W, its S'-orbit can be
either a point or a circle. In particular, the stationary points of Xfc come in finitely
many such orbits, which we denote by O!,..., O

Throughout the rest of Chapter 8, we will fix some ¢ > 0 sufficiently small such
that it satisfies the following.

m

Assumption 8.2.1. —

(a) The L | distance between any two orbits 07, ol (7 #J') is at least Te;
(b) If an orbit O7 consists of irreducibles, then the L? norm of a point in O is at
least 4e.

In Section 8.5 we will add another assumption on e. However, Assumption 8.2.1
above suffices for the results in the current subsection.

With e fixed, we will state our results for A being sufficiently large. Of course, how
large A is may depend on e.

It follows from Proposition 7.2.2 and Lemma 7.2.4 that, for A > 0, there is a
one-to-one correspondence between the orbits of stationary points of quc, on the one
hand, and the orbits of stationary points of X qgf inside B(2R), on the other hand.
Further, this correspondence preserves the type of orbits (reducible or irreducible).
Let O}, ..., OF be the latter set of orbits, with Oi corresponding to ©7. By choosing
A sufficiently large, we can arrange so that, for all j, the orbits 07 and (’)i are within
L?_, distance € of each other. In view of part (a) in Assumption 8.2.1, this ensures
that Oi and Oil are at least L? | distance 5¢ apart, for j # j'.

Next, consider the neighborhoods v2.(O3) of O, consisting of points at L7 ;| dis-
tance at most 2e from these orbits. Because of our choice of ¢, all these neighborhoods
are disjoint from each other. As an aside, note also that these neighborhoods may
well go outside of B(2R), since the latter ball is taken in the L? metric.

Pick a point :cJA on each orbit Og\. We define functions

Wl v (0F) = S*
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as follows. If xf\ is reducible, so that Og\ = {96%\}7 we simply set wg\ =1. 1If x& is
irreducible, so that Oi is a circle, we ask that wi(m) . xﬁ\ be the point on (’)i that
is at minimal L? distance from z. To make sure that wf\ is well-defined, we need to
check that this point is unique. The closest point is not unique only for points in
the L?-orthogonal complement to the plane Span(@i). However, if z € vy, (Oi), then
there is some 2’ € Og\ within L7 | (and hence L?) distance 2¢ from x. By part (b) in
Assumption 8.2.1, together with the fact that Oi and O7 are within L, (and hence
L?) distance e from each other, we see that the L? norm of 2’ is at least 3e. This
shows that 2’ cannot be perpendicular to x, and the claim about the uniqueness of
the L2-closest point to z follows.
Explicitly, when mi\ is irreducible, we can write

Re(z, #}) 2 + i Re(x,iz) ) 2

((Re(x, x§\>L2)2 + (R€<.T, ix§>L2)2)1/2 '

(181) W} (z) =

Note that the original orbit 07 is at Li71 distance at most € from Oi, and hence
is contained in vo.(0%). Let 2, be the point in O7 that is closest in L? distance to
the chosen basepoint 3 € O4. Then, also @ is the L?-closest point to 2, in O; in
other words, we have

W (ad) = 1.

Let h : [0,00) — R be a smooth, non-increasing function such that h(xz) = 1 for

x <1 and h(zx) =0 for z > 2. Set

H WA = [0,1], Hi(x)=h(e"dp (x,0%))

where dr2  denotes L? | distance. Note that Hﬁ\ is identically 0 outside of 1/26((91),

and is identically 1 in the smaller neighborhood 1/6((91).
We now define

Ty : WA > W
by
(182) Ta(z) =z + Y H{(z) wi(2)- (2], — )
j=1
and finally set
(183) Fyx:W* SR, F\=LgoT)h.

The function F) is the one we will use to prove Proposition 8.0.2. Before analyzing
this function, we give a more qualitative description for the benefit of the reader.
Observe that Ty and F are S'-equivariant, by construction. In the smaller neigh-
borhood VE(OK\), if we restrict to the affine space perpendicular to Oi at xi, we
have wf\ =1 thQre, and hence the map T) is given by translation by x1_ — m& In
particular, T)(z3) = zJ,. More generally, T) takes the orbit O} to O7. In fact, we
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can view 1/6((’)1) as a disk bundle over O§\7 with the projection map given by taking
the L? closest point on the orbit. Then, we can say that inside v, ((’)j ), the map T
consists of fiberwise translations, arranged so that C’)i is taken to (93 Further, T is
the identity outside vo.(03), and in the intermediate region v, (O%) \ ve(O), it is
given by some interpolation between fiberwise translation and the identity.

The resulting function Fy : W* — R agrees with the perturbed CSD functional £,
outside v (O /\) whereas near OJ we have arranged so that the points of OJ became
critical points of F. Effectively, this was accomplished by translating Og\ to 07, and
using the fact that (7 consists of stationary points of Xfc, i.e., critical points of L.

8.3. Control in the intermediate region

Since F)\ agrees with £, at any point with L% | distance at least 2¢ from a sta-
tionary point of XEF, Lemma &8.1.1 implies that dF,\(Xéic) > 0 in this region. In
the current subsection, we will be able to use the same arguments to show that
dF\(X ff: ) > 0 as long as the distance is at least €, thus gaining control in the inter-
mediate region Vge(Oi) \ Ve (Og\) For notation, we will sometimes write g(x) for the
inner product given by g on T,,W. We begin with a technical lemma.

Lemma 8.3.1. — Consider a sequence ,, in B(2R) which converges in L?_, to
some x € Wi_1. Then if A\, = 00, (dF), ) (qugl) — (dLq).(XEC) in R.

Proof. — We first compute that for any 2/,
(dF)ar (v) = (dLq) 1, (@) (Dar Tx) (v)
= (XE%(TA(2")), Do TA (V) (-

We claim it suffices to show that T, (z,) — = and (D%TA”)(quSL (7)) — XE°(x),
each in L?_,. Indeed, since the g(x,)-metrics converge to g(z), this will imply that
(dF\,)a (quxn) converges to (X2 (x), quc(x»g(x), which is exactly (dﬁq)?c()(fc). ‘

We begin by analyzing the continuity of T, using (182). Note that |H3| and |w]]
are bounded above by 1. Since \,, — oo, then z7_ — i — 0in L%_l by the discussion

after Corollary 7.2.3. Therefore, we have Ty, (z,) — = in L} _,.
Thus, it remains to analyze D,T. We have that

(D T\ (v) = v +Z (dH])a(v)  wd (@) - (Too — 2a) + Y Hi(2) - Dol (v) - (T0s — 2.
J
Note that |(dHi)z(v)| < (C/e)|lvllzz_, for a constant C' independent of ,j, and A.

(More precisely, C' is the C%-norm of h'.) Also, wf\ is a C'l-function when restricted
to v2.(O3) whose denominator in (181) is bounded below by 3€?, since any point in
O3 has L? norm at least 3e. From this, it is easy to obtain bounds

(184) D (0)] < C'Jloll 2 < C'Jloll

k—1
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independent of € B(2R),j, and A. Therefore, (D, Ty, )(v,) — v in L?_, for any
sequence v, which converges to v in Li72 and is Li71 bounded. Since X EAC () —
XE%(x) in L2, and ngy (z,,) is L | bounded (because the z,, are L? bounded),
we have that (D%TA”)(quSL (zn)) — Xff:(x) in L? ,. This suffices to complete the
proof. O

With the above lemma, we now establish the analogue of Lemma 8.1.1 for F).
Proposition 8.3.2. — Fiz € > 0 satisfying Assumption 8.2.1. For A > 0, we have
(185) A2 < aFy(XEC) < 4 2EC)3
at any point in W* N B(2R) which is at L% | distance at least € from any stationary
point of X j&c )

Proof. — Suppose that the conclusion is not true. Then, there exists a sequence
A — oo and a sequence x, € W** N B(2R) which are L | distance at least €
from any stationary point of qug and (dF,\n)xn(quSL) violate (185). Then, there
exists a subsequence of the z,, which converges in Lﬁ_l to an element x € Wy_1.
By Lemma 8.3.1, we see that (dL,).(XE°) must be at most %Hquc(x)Hg or at least
4HX§C($)||§. Since (dLy)(XEC) = || grad L4]|2, we get that = is a stationary point
of Xfc, and thus € B(2R) C Wj. Since the z,, converge to = in L? ,, they are
eventually within L? | distance €/2 of a stationary point of quc. For A > 0, there
is a stationary point of X’ qgfj within L?_, distance €/2 of x. This contradicts the fact

that the z,, are not within Li71 distance € of a stationary point of X qgfi . O

8.4. The L? and § metrics

A more detailed analysis will be needed to prove the inequality (179) in neighbor-
hoods of the stationary points. This will be done in Section 8.5. As a preliminary
step, since X l;g;c is an L? approximation to the g-gradient of Lqlw», we will prove a
few results relating the L? and § metrics.

Let us recall the definition of g from Section 3.3. For z = (a,¢) € W and
(b)), (', 4") € Tiq,4)W, we have

((b,0), (b, 0)) g = (TGS, (b, 40), TIEAC, (B, 4)) 12,

where ITI°'C is the enlarged local Coulomb projection. Let us also recall the formula
for this projection:

(186) T (b, 9) = (b — dC, v + (),
where ¢ : Y — iR is determined (for ¢ # 0) by the conditions fY ¢ =0 and
(187) AC+161%¢ = ny (|6[°¢) = —iRe(ig, ¥) + ipy (Re(ig, v)).
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The last equality is Equation (31), where we used the fact that d*b = 0 for (b, ) €
T.W.

Lemma 8.4.1. — There is a constant K > 0 such that, for allx = (a, ) € B(2R) C
Wy and (b,v)) € 76’%3 > Wo, if ¢ is the function in (186), then

(188) ¢l < K- lebllzz, -

Proof. — This follows from Lemma 3.2.2 by considering the operator E from L? to
L2 ,. Note that K can be taken to be a constant independent of ¢, because the L?
norm of ¢ is bounded. O

Since [[¢[z2 | < [[¢[[z2, Lemma 8.4.1 also gives L? bounds on ¢ in terms of L?
bounds on .
Our next result is about the equivalence between the L? and § metrics.

Proposition 8.4.2. — There is a constant Cy > 0 such that, for all x = (a,¢) €
B(2R) C Wy, and (b,¢) € 78‘55 >~ Wy, we have

(189) Co " (10,02 < 10, ¥)l5¢2) < Co - [1(b, )| 22

Proof. — We begin with the second inequality in (189). Then, with ¢ as in (186), we
have

1, )3y < [1(b;¥)l L2 + [[(dC, o)l 2
We claim that the right hand side is bounded by a constant times ||(b,)||r2. This
follows by the L? control on ¢ from Lemma 8.4.1 and the fact that the condition
z € B(2R) gives L? (and hence C°) bounds on ¢.

To prove the first inequality, note that if we view II¢/¢ as an isomorphism from
the global Coulomb slice to the extended local Coulomb slice, then its inverse is
the infinitesimal global Coulomb projection, (H%C)z, from (24). Thus, if we switch
notation and now let (b, ) be a vector in the extended local Coulomb slice, the first
inequality in (189) can be re-written as

I(TTE) 2 (b, )| 22 < Co - [[(b,9) 2
This holds by Lemma 5.3.4. O

Our next goal is to compare the L?- to g-orthogonal projections from W to W*.
Since \ is of the form \?, we have that p* is the L2-orthogonal projection to W?*, and
we write pg‘(ﬁ) for the g(x)-orthogonal projection to W*. (Compare Remark 3.4.1.)

Proposition 8.4.3. — There is a constant Cy > 0 such that, for all x € B(2R) C
Wi, we have

IP3) — P <

where pg(z) and p* are viewed as operators from the L? completion Wy of W to itself.
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We first need a refinement of Lemma 8.4.1. Let us denote by (W*)g the L2-
orthogonal complement to W* inside Wy. In other words, (W?*)g is the L? span of
the eigenvectors of [ with eigenvalues at least A in absolute value.

Lemma 8.4.4. — There is a constant Co > 0 such that, for all x = (a,¢) €
B(2R) C Wy, and (b,9) € (W&, if ¢ is the function in (186), then

C
I€llzz < TQHwHL’L

Proof. — Write ¢ = > 1, where 1),; are eigenvectors of the Dirac operator D, with
eigenvalues k such that |x| > \. Set

(190) D) = Kk 'y

Note that D(D~1(¢))) = 1. Since D is continuous from L? spinors to L2 spinors,

we obtain
A

_ K
[z, < K'[|ID7 ]| 2 < T”¢”L27

for some constant K’. Together with Lemma 8.4.1, this gives the desired inequality.
O

Proof of Proposition 8.4.3. — We need to check that, for all v € W,

Gy
P50y (0) = P*(@)llz2 < == [[vllz2,
where (1 is independent of z, v, and A.
First, if v € W*, then note that pg(r)(v) = p*(v) and the claim is trivial. Therefore,
we can assume that v € (W*)g. Thus, we would like to bound
1P3) (0) = 2* ()22 = P50 (V) 22

We write z = (a, ¢) and

w= pg‘(x)(v) cwh

Recall from Proposition 8.4.2 that there exists a constant Cj, independent of x, such
that |lv]|z2 < Collv]/5() and similarly for w. In this case, we have that

P50 @)z < Bz )5y = CB 0,5 0D)sto

Therefore, to obtain the desired bounds in the proposition, it suffices to prove that
there exists a constant Ky > 0, independent of x € B(2R) and v € (W*)g, such that

Ky
(191) {0, w)g)| < T llollzllwll -

We now focus on proving this inequality.



8.4. THE L? AND § METRICS 135

For notation, let v = (b,¢) and w = (b',¢’). We write II¢¢(v) = (b — d(, 9 + (o)
and TI¢€(w) = (V' — d{’, ¢ + ('¢). Since w = p’g\(m) (v), we have that v and w are L?
orthogonal. From this, we obtain

(192) (v, w) 50y = (I3 (0), I (w)) 12
= _<dC7 bI>L2 - <b7 dC/>L2 + <dC7dCI>L2 + <C¢7w/>L2
+ (W, ()2 + (o, (D)2

(193) = (d¢,d¢") 2 + (Co, ¥ 2 + (¥, (') 12 + (Ch, (') e,

where the third equality comes from the fact that d*b = d*' = 0. Let us now collect
the relevant bounds on ¢ and ¢’. By Lemma 8.4.4, we have that ||(||12 and ||d¢]| .2 are
bounded above by % 14|l 2 for some constant Co > 0. We do not have L? bounds on
¢’ or d¢’ in terms of 1, since w is not an element of (W*)g". However, Lemma 8.4.1

still guarantees ||¢’|| 2 and ||d¢’|| 2 are bounded above by K - ||¢'|| 2, independent of
A and x € B(2R). This gives:

Cy - K

Cy- K
(194) (¢, d¢) 2] < =5 |2 ]| 2 <

[l L2 [|wl| 2

To establish (191), it remains to bound the other three terms in (193).
Since € B(2R) C Wy, we have a uniform bound on ||¢||co independent of x,
denoted K5. Therefore, using a similar argument as for (194), we obtain bounds

Cy - Ky
3 vl 2 |lwl| L2,

Cy- K- Ky
A

(¢, ¢ ) p2] <

(o, Cd) el <

[l L2 [|wl] 2

Thus, the proof will be complete if we obtain similar bounds for (¢, ('¢)r=. We
must be careful here, since we do not have bounds on ¢’ in terms of % To handle
this, we write

(¥, ¢'¢) 2 = (D(D™14),('d) 2

= (D', D(¢'$)) 12,
where D~! is defined as in (190). Since (b,9) € (W?)#, we have that [|[D™ ||z <
1/l L2. Finally, since ¢’ is L3-bounded in terms of [|¢]|z2, we obtain L?-bounds
on ('¢ (independent of ) by Sobolev multiplication. In other words, there exists a

constant K3 such that | D(¢'¢)||z2 < K3|[¢'| 12, since D is continuous from L? to L.
Thus, we conclude that

K
(¢, ') r2] < TSHUHL?HU)HL%

which completes the proof. O
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8.5. Control near the stationary points

We are now ready to prove (179) in the neighborhoods v.(O}) of the orbits of
stationary points.

Consider the stationary point 7 of X&°. Since z_ is non-degenerate, we have that
when restricted to the anticircular global Coulomb slice, | + Dxio ¢q is an invertible,
self-adjoint operator with respect to the metric g. We will use this to show that
I+ p)‘Dzi cq)(y) grows at least linearly in y when y is L? orthogonal to the S*-orbit

of ] = (a), }); this will be key for establishing the inequalities (179) near a7 .

Lemma 8.5.1. — There exists a constant p; > 0 with the following property. For
A> 0 and any y € Wy with Re(y, (0,i¢3)) 2 = 0, we have
(195) 1+ 9D, c) W)llze > willyll 2
Of course, this lemma implies that we have bounds ||(I+p*D_; cq) (¥)|| 22 > 1]yl 2
PN
as well.
Proof. — For notational convenience, we omit the index j from the argument.

We suppose that this is not true. Then, we can find a sequence y, € W?r
with [|ys[lzz = 1 and Re(yn, (0,idz,))z2 = 0 and a sequence A\, — oo such that
(14 p** D, cq)(yn)ll2 — 0. Extract a subsequence for which y,, converges in L? to
some y € Wy. Since z), — o in L2, the continuity of Dey (Lemma 6.3.4) implies
that

P)‘"D,T,An cq(yYn) = Dy cq(y) in L2

We see that [(y,) converges in L?. Because the L2, limit of I(y,) is I(y), we in
fact have that I(y,) converges to I(y) in L? and thus y, — y in L?, and y # 0.
However, since (I + p*»D,, ¢q)(y,) converges to 0, we see that (I + D,_cq)(y) = 0.
Bootstrapping further shows that y is actually an element of W,.

First, suppose that x, is reducible. In this case, we have contradicted the non-
degeneracy of Zoo, as { + Dy _cq : Wi — Wi is invertible (where we are using non-
degeneracy in the blow-down). Now, suppose that x is an irreducible stationary
point of quc. In this case, we can only say that [ +D,_ cq is injective on the §(z)-
orthogonal complement of the S! orbit of z.,. Thus, we have that y must have
some component tangent to the St orbit of xy, i.e., a multiple of (0,i¢..). Because
Re(yn, (0,i¢x,)) 2 = 0 for all n, we see that Re(y, (0,i¢s))r2 = 0 as well. This is a
contradiction. O

Recall that € > 0 was chosen in Section 8.2 to be sufficiently small, depending on
two requirements from Assumption 8.2.1. We need an additional requirement. For
each j =1,...,m, let u; be the constant as in Lemma 8.5.1.



8.5. CONTROL NEAR THE STATIONARY POINTS 137

Assumption 8.5.2. — For each j =1,...,m and x € v3.(O7), we have
1L
IDacy = Dy call < g

Here, the operator norm is taken in Hom(Wy, Wy), and Cy is the constant from Propo-
sition 8.4.2.

Note that the existence of such an € is guaranteed by the continuity of Dc,, as
Lemma 6.3.4, applied for Sobolev index k — 1 instead of k, implies that

DCq : Wk,1 — HOH’I(W{), W())

is continuous.

Proposition 8.5.3. — Fixz e > 0 satisfying Assumptions 8.2.1 and 8.5.2. Then, for
all A > 0, we have

1
(196) PG < dFA (X)) < 4lXC)3

at any point x € W N B(2R) which is at Li_l distance at most € from a stationary
point of X5C.
q

Proof. — In Section 8.2 we observed that, because of Assumption 8.2.1 (a) on e, the
S1-orbits Oi of stationary points xg\ are at least L? | distance 5e apart from each
other. Hence, their neighborhoods Vge(Oi) are disjoint.

Let x be in 1/6(01) for some j. Then, the only contribution to the summation in
Equation (182) is from that j and, moreover, we have H f\ (z) = 1. For simplicity, we
will omit the index j from :ci, 2, O (’)i, and wi for the rest of this section. Thus,

Th(z) =z +wr(z) (Too — T)-
We now expand dF (X ;ic ):

(dF)o (X () = (dLg) 1, (o) (DaT0) (X ()
= ({1 + ¢) (Ta(@)), (DT + P eg) (@))gm, ()
= ({1 + ¢g) (Ta(@)), L+ PAe) (@) + (Dawn) (4 9eq)(@) - (200 — 22)) (13 (o)

By the S'-equivariance of X ;ﬂc and the S'-invariance of Fy, it suffices to show that
(196) holds when wy(z) = 1, that is, when the L?-closest point to x on O, is exactly
xx. (Of course, we automatically have wy(z) = 1 if z is reducible.) Further, note
that if z is reducible, then D, w) = 0.

We will analyze dF)(X q%c ) by linearizing some of the terms in the inner product
above about xy. We begin by linearizing (I + p*cq)(x). Let y = = — x). Since
wx(z) = 1, we have that y is orthogonal to the S! orbit of x. Since ) is a stationary
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point, we have (I+p*cq)(z)) = 0. Therefore, the difference between (I+p*cy)(y) and
(I 4+ p Dy, cq) () is given by

(197)

(L +p cq)(@r +y) — (L + P Daycq) (y) = Uzn) + PN cq(2a + 1)) — 2 (Daycq(y)
= —p (cq(an) + cq(zx + ) — Daycq(y))

1
(198) 5/wm”m%fmwmww
0

We denote the term in (198) by Sy (y).

Similarly, we would like to linearize (I + ¢q)(Th(x)). We first recall that Tx(zy) =
Too, which is a stationary point of I + ¢4. Second, since wy(x) = 1, we have that
x — x is real L? orthogonal to iz, and hence (Dy, +4,T2)(y) = y for any ¢ € [0, 1].
Therefore, we can write

(L +cq)(Ta(zx +y)) = (L4 cq)(Th(zx +y)) = (L4 cq) (T ()

1
:AU+DRmHWW°@mmEMWﬁ
1
=Au+Dnmﬁwm@m

1
— [+ Deen) Wi
0
We obtain
1
(199) (I +c)(Ta(er +y) = (I + Daq)y) = / (PiocttyCq = DuosCq) (y)dt.
0
We let Ry (y) denote the term on the right hand side of (199).

Using these two linearizations and the fact that {(1 —pg‘(x,))(u), v)
v € W and u, 2’ € Wy, we obtain

§(ar) = 0 for any

(200)
(AF )2 (X2 () (L + Pl (o Do c0) (1) + Fr():

(14 P Doy cq)(9) + Sa(y) + (Down) (1 + peq) (@) - (Too — @2)) 51 (2)):
where Ry (y) and Sy(y) are as defined above. At this point, it is still too difficult to

compare the linear terms to understand this inner product. Therefore, we will alter
our expressions so that the leading terms align. Write

(201) (dF3)o (X5 () = (149 Dayca) () +Ba(y), (149 Day cq) (1) +S2 (1)) g1 ()
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where
(202) Ra(y) = Ra(y) + (P} 1y (2)) ProcCa — P Dy ) (1),
(203) Sa(y) = Sa(y) + (Dewr) (L + preq)(7) - (300 — ).

In Lemmas 8.5.4, 8.5.5, and 8.5.6 below, we will prove that for our choice of € as
in Assumption 8.5.2 and for A > 0,

(204) 1Ba()l2 < 201002”(1 + P Do) (W)
(205) 155wz < 201002||<z + P Do) (W)
(206) IRs()]122 < mlcgn(z + P Do) (W)
(207) 1S3 (w122 < mlcozn(z + P Do) (W)

where Cj is the constant of equivalency between the §- and L?-metrics from Proposi-

tion 8.4.2. This will imply the analogous inequalities with L? replaced by §(T\(z)) and

without the CZ term. Let us see why this will complete the proof of the proposition.
Note that in an inner product space with vectors u, v, w,w such that

1 1 1
2 < — < — Dl < —
(208) ol < gllull, el < Slhull, ) < 5l
we have the inequalities

Dl < lu+ )] < 2 Ju

9\? 11)°
(55) hol? < ta+ v a < (33) Bl

from which we can deduce
%||u+u~)||2 < (u+v,u+w) < 2+ @2
For our case, we take
u=(I+p*Drycq)y), v = Ra(y), w=Sx(y), &= h(y),

and g(T)(x)) as the inner product. Note that u 4+ @ = Xf?(x) The inequalities
(205)-(207) imply that (208) holds and thus

1, ec C C
SIXS ey < APNAR) < 2 X5 G o)

Since Th(x) — =z, the constant of equivalency between the §(Th(x))- and g(z)-metrics
is at most /2 for A > 0. From this, we obtain that

1, . ec C C
ZHqux 12 < dFA(X5) < 4] X5 12,

completing the proof. O
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The rest of the section is now devoted to proving (204)- (207). We do this by a
series of lemmas.

Lemma 8.5.4. — For A\ > 0 and any y € Wy orthogonal to the S' orbit of xx, we
have the following inequalities

IRx(y)| 2 < (L4 p*Daycq) W)l 22

L
2002

1S3 ()]l z2 < (L + p*Daycq) W)l 2

L
2002

Proof. — We will prove the desired inequality for the case of Sy. The case of Ry is
similar. By Lemma 8.5.1, ||(I + p*Ds,cq)(®) |2z > pllyllrz. Therefore, it suffices to
establish the upper bound

s 1t
2 < 5 2.,
(209) 15wl < gogalyle

Since [lyllLz | <eand [|zy — 2o z2 | <€ we get that zx + ty is in v3¢(O) for all

t € [0,1]. Assumption 8.5.2 implies that ||Dy, 4+ycq — Da,cqll < ﬁ. We obtain

1 1
|| 9 ®ernen ~ Dusca)witln < ( J 1A 1esyea - Dmcqndt) ylze
0 0

1]
< 7
which establishes (209). O
Lemma 8.5.5. — For A > 0, the inequality (206) holds.
Proof. — Using Lemma 8.5.4 and the definition of Ry in (202), it suffices to prove
that for A > 0,
1
1037y () Proe €) () = (P Dizycg) (@) 12 < m“(l + P Do, Cq) () 2
0

The proof will be similar to that of Lemma 8.5.4. By Lemma 8.5.1, ||(I +
P Daycq)(W)|lzz > pllyllz2. Therefore, it suffices to establish the upper bound

A A a
(210) ||p§(T%(m))DmoGC —p DzACqH S Ma

where the norm is computed as an operator from Wy to Wy. In view of Proposi-
tion 8.4.2, we have that as an operator from L? to L?, ||p’g\(TA(w))|| < C2, as pg is a
g-orthogonal projection. Therefore,

||pg(Tk(z))wacq - p’\Dmch < ||p3(T/\(w))(D$oGC — Daycq)|l + ||p/g\(TA(z)),DI/\cq - p)‘Dmch
< Cg”DzoGC — Daycqll + IIPS(TM)) *P)\H | Dz cqll-

Since z) — Too in L7 norm, the continuity of Dc, implies that we have uniform
bounds on ||D,, ¢q|| independent of X; further, this implies that | Dy, cq —Dag,cqll = 0
as A — oo. Finally, by Proposition 8.4.3, Hpg‘(Tk(z)) —pM| — 0as A — oco. Thus,
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we conclude that for A > 0, the operator norm of pé\(TA(x))Dzoo Cq — p’\DIAcq is at

B
40C3 -

proof. O

most This proves (210), which we saw earlier was sufficient to complete the

Lemma 8.5.6. — For A > 0, the inequality (207) holds.

Proof. — Using Lemma 8.5.4 and the definition of Sy in (203), it suffices to prove
that for A > 0,

(211) I(Dawr)(l + peq(2)) - (woe —a)llz2 < (U + p*Day cq) () 2.

20C2
By the definition of Sy, we see that

(Dawr) (14 peq(@)) = (Dawr) (1 + P Dy cq) (y) + Sa ().
Recall from (184), [(Dywy)(v)| < C'||v||L2, for a constant C” independent of x €
B(2R). Combining this inequality with Lemma 8.5.4, we have

(Duior )1+ ex())] < C'(1+ g1+ 9Py eq) )l

Since || Zoo — a||L2 — 0, we can choose A > 0 such that

|(Down) (L + P eq(@)] - we — a2 < (L + P Do, cq) ()l 2.

=l
20C2
This establishes (211), and the proof is complete. O

8.6. Proposition 8.0.2 and its consequences

Proposition 8.0.2 now follows by combining Propositions 8.3.2 and 8.5.3. Let us
also give a few corollaries, which will prove useful in the next sections.

From Proposition 8.0.2, together with the equivalence between the § and L? metrics
(Proposition 8.4.2), we obtain

Corollary 8.6.1. — There exists Cy > 0 such that for X\ > 0,
1

(12 1o 1 < AR () < 4Co X

at any x € WA N B(2R).

We have shown that X qgf; is a Morse equivariant quasi-gradient vector field
as in Definition 2.6.1 (on a non-compact manifold, as discussed in Section 2.8).
Lemma 2.6.5 implies the following:

Corollary 8.6.2. — Let v: R — W* N B(2R) be a flow line of Xff, for A > 0.
Then, limy_, _ [v(t)] and lim;_, 1 o [y(t)] exist in (WANB(2R))/S*, and they are both
projections of stationary points of quA .
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There is also the similar result in the blow-up, which is a consequence of
Lemma 2.6.6:

Corollary 8.6.3. — Let [y] : R — (W* N B(2R))?/S?! be a flow line of qu)\C,a} for
A > 0. Then, limg, oo [y(t)] and lim;_, o [y(t)] ezist in (W> N B(2R))°/S!, and
they are both projections of stationary points of ka 7,

In fact, one can say more about the limiting behavior of trajectories of X’ c’lic 7,
Recall that in classical Morse theory, trajectories converge to stationary points with
exponential decay (see for example [AD14, Section 10.2.b]). A similar argument
works for Morse equivariant quasi-gradients as well. In particular, one obtains that
trajectories [y] : R — (WANB(2R)?)/S* of X:‘fc’o from [z,] to [y»] must be contained
in BE7 (2], [ya]). In Chapter 12 we will compute this exponential decay in terms
of F\ more explicitly and obtain bounds uniform in A.

If I C R is an interval and v : I — W* N B(2R) is a trajectory of quAC, its energy

is defined M to be

(213) £() =

t = [ IOt
L2(Y)

Note that our Corollary 8.6.1 gives a quantitative version of the quasi-gradient con-
dition dFy(X fAC ) > 0. A consequence is the following result, which will be useful to
us in Chapter 12 when we establish exponential decay results for trajectories. It says
that the energy of an approximate trajectory is commensurable with the drop in Fj:

Corollary 8.6.4. — There exists Cy > 0 such that, for any A > 0 and any closed
interval [t1,t3] C R, the following holds. If 7y : [t1,t2] — W N B(2R) is a trajectory
gC
quA , then
1

(214) 47005(7) < Fa(v(t2)) — Fa(v(t1)) < 4Co€(v).
Proof. — Note that

ta d to C

F(1(t2)) = Bay(0) = [ dBs(G0)de = [ am (2o e)ar

t1 t1

Therefore, the result follows from (213) and Corollary 8.6.1. O

1. Our definition of energy differs from that of [KMO7| by a factor of two.



CHAPTER 9

GRADINGS

Having established in the previous chapter that X quC is a Morse equivariant quasi-
gradient for A = A? > 0, we are able to define the chain groups of a Morse complex
for X:&gc’a on (B(2R) NW™)? /St as described in Section 2.6. (After establishing the
Morse-Smale condition in Chapter 10, we will see this indeed gives a complex.) In this
chapter, we relate the gradings of stationary points of X;fc’” with the gradings of

the stationary points of Xy’ £%:7 - An important subtlety here is that stationary points
of X;fc’g can be thought of as living in the infinite-dimensional manifold W7 /S* like

those of X897 or in the smaller finite-dimensional manifold (B(2R)NW*)? /S, and
thus there are two ways to define relative gradings. In Section 9.1, we equate these
two relative gradings and relate them to the relative gradings for stationary points of
Xé‘ £C:% in an appropriate grading range. In Section 9.2, we define an absolute grading
on stationary points of X:‘fc’g (a shift of the Morse index) which we relate to the
absolute grading grg on the stationary points of Xy G

Thus, the work of Chapter 7 together with the claimed grading correspondences
will establish an identification between the chain groups of the Morse complex for
X;fc’a with the monopole Floer complex in an appropriate grading range. This is
summarized for the reader’s benefit in Section 9.3.

9.1. Relative gradings of stationary points

We would like to define relative gradings on stationary points of X‘?fc’o in V'/S?
using the analogs of the discussions in Section 4.8 and Section 5.11.
First, recall from (167) that we have a section

FEOT C8OT(2) = VEOT(2).

We can take the covariant derivatives of this section, D%T}' fS’T and DI F; C%AC’T, just

as in (132) and (135). These agree in the particular case where v is a trajectory of
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X qgfj 7. As discussed earlier, it will be easier to work with DIY}"?AC’T, so we focus on
this operator.

Lemma 9.1.1. — For 1 < j < k and A > 0, the following is true: for any
[Too], [Uoo] € €n and each path [y,] € B,%C’T([x,\],[yk]) with representative vy €
CECT (x5, yn), the operator

T gC,7 . gC, 1 gC,7
(D3 Fx Dlgser 1 K550 = Vitily,

is Fredholm, with index equal to gr([Zeo], [Yoo))-

Note that here we do not need the assumption that A = A? for the nondegeneracy of
[7:], [ya], since we have that [z,], [y] are contained in N'/St (cf. Proposition 7.3.1).

Proof. — Recall from Proposition 5.9.2 that the relative grading between [z,,] and
[yoo] is given by the index of (D;fqgcﬁﬂlcgc,r. Recall further from Lemma 5.9.3 that

the index of (D§f§c’7)|,cgc,7 is the same as that of the operator
7.7

AeC .
Q"/ : 77"/ = Ell’v
from (142). We can define a similar operator

eC . TT T
Q ! 7}1%\ - T;

Ya,q* J=L
by using the perturbation q* instead of g, and the path ~, instead of 7. The same
arguments as in the proof of Proposition 5.9.2 show that Qfg o is Fredholm, so is

(D7, FES’T)|Kgc,T, and they have the same index. Thus, it remains to show that the
PERDN

operators @iiq » and CA)%C have the same index.

Standard arguments show that the index of the operator @%C is independent of
the choice of ~, for v a smooth path which is asymptotic to zo, and y,. Similarly, it
suffices to look at the index of @iiq , for one choice of ). We choose v and ) to be
constant outside of the interval [T, T]. As in (145), we write

N d .
Q8 = = + Lo + hf°,

t
~ d R
gC gC,A
Q’)’MqA o £+L0+ht ’

We will define an intermediate operator @intv)‘ interpolating between these two oper-
ators. Choose 3(t) a smooth bump function which is 0 outside of [-T —2,T + 2] and
is identically 1 in [-7 — 1,T + 1]. Define

QintA — (1—B(t)) - 0% |+ B(t) - @50-

X4

We will compare Q™" to Qi(; o» and Q=C.
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gC

We begin by comparing @inw‘ to @\w e

compact operator. Notice that

Q%0 — QM = B(6)(QEC _, — Q=C) = B(t)(AES — 5©).

Ix,9* Tx,97

We will show that they differ by a

For each t, h8%* — hEC is continuous as a self-map from L2(Y;iT*Y & S @ iR) for
each 1 < n < j; therefore, this is compact as a map from L2 (Y) to L2_,(Y). Since
B(t) is smooth and the terms flfc”\ and ﬁtgc vary smoothly in ¢, we have that the
four-dimensional map B(t)(h8%* — hE°) from L2(I x Y) to L2_,(I x Y) is compact
whenever [ is a compact interval. While the inclusion of L2(R x Y) into L2 _;(RxY)
is not compact since R x Y is unbounded, we have that 8(t)(h8“* — h8%) is compact
as an operator from L2(R x Y) to L? (R x Y)) because 3 is compactly supported.
Therefore, Q" and @iiq , differ by a compact operator, and hence have the same
index.

We now compare @i“t”\ to @%C. We write

QM — Q5° = (1 - B(1)(QE ,» — QE°).

Let us analyze this difference more carefully. When this operator is non-zero (i.e.,
when |¢t| > T + 1), we have that Qint:A — @%C is given by (1 — B(t)) (R0 — h8%)
when t < =T — 1 and (1 — ﬂ(t))(izioo — hyoo) when t > T 4 1. We will argue that
(1—B8(1)) (R8> —h89), considered as operators from L3(RxY) to L3(RxY), converge
to 0 in operator norm as A — co. The same argument will apply for fzf_%’s — 71‘3_%0,
and this will imply that @int?’\ — @%C converges to 0 in operator norm as A — oo.
In turn, this will imply that for A > 0, the operators Q’gyc and @i“t*)‘ must have the
same index, completing the proof.

Because v and vy limit to stationary points of Xfc’g and X(f’fj’g respectively, (146)
yields that for t < =T — 1,

— 570

(215) (1— B (SN — ) = (1~ B(1)) (Hessyr ,, — Hess, )

and similarly for ¢t > T + 1.

Recall that Hessy , = H7 by Lemma 5.5.11(d). Combining the arguments of
Lemma 5.5.11 with the formula for Hessg , in [KMO07, p.209], the operator norm
(in three-dimensions) of the difference

—_ g,O'

Hess'n  —H
essgx ,, — Hessg ,

from L2 to L2_, can be bounded in terms of the L2 norms of y — Tog, Dr(s..) (190
1

¢q) = Dray) AT 0 prcq), and D, _T¥C 0 ¢q — D, T1°IC op/\cql, where (2o ), ()
denote the images in the blow-down. Note that since the two extended Hessians
have the same first order term, Lg, the difference necessarily lands in L?(Y); more
generally this difference induces a bounded operator from L2(Y) to L2(Y) for any
1 <n <j. Foreach 1 <n < j, the terms mentioned above converge to 0 in Li(Y) as
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A = 00! T\ — X converges to 0 by the implicit function theorem, while the other two
terms converge to zero by combining the arguments of Lemma 6.3.5 together with the
continuity of II°'“ and its derivatives (Lemma 3.2.3). It follows that the norm of

. 78CA _ 78C
Ay = hECA — jEC

thought of as an operator from L2(Y) to L2 (Y, converges to zero as A\ — co. We
must extend this to obtain the analogous convergence on R x Y.

Precisely, we seek to show that the norm of (1— 3(t))A,, thought of as an operator
from L3(R x Y) to L7 (R x Y), converges to zero as A — oo. Since 3(t) is smooth
and compactly supported, it suffices to consider A itself. Using the analysis on the

operator norms from L2(Y) to L% _,(Y) above, we have that for n € L¥(R x Y,

n—1

j—1
ANy = 3 [ AN DIt

n=0

j
< Z/RCA|\17(”>(75)||2£§,H<Y>dt
n:O

= CA||77(t)||2L§(RxY)’

where C — 0 as A\ — oo. This gives the desired convergence in operator norm and
completes the proof. O
gC

N Y2597
converges to Q%C in operator norm; and hence the two operators have the same index.

Remark 9.1.2. — We expect that, with more work, one could show that @

This would give an alternate proof of the above lemma, without using the intermediate
operator Q.

We define a relative grading on the stationary points of X:‘fc’g in N'/S! by

(216) gr([ea], [va)) = Ind (D] FE0 7 po),

for any path v from z) to y,.
Lemma 9.1.1 immediately implies the following

Corollary 9.1.3. — The correspondence =y : Cj)‘v — & from Corollary 7.2.3 pre-
serves relative gradings.

Recall from Corollary 7.1.5 that for A > 0, the stationary points of X;fc’g con-
tained in A//S! are contained in (WW*)?, so we are able to treat these stationary points
as living in finite dimensions. We would like to relate the above grading computations
to the Morse indices in finite dimensions. We remind the reader that although X fAC
is a Morse equivariant quasi-gradient, X’ afc’” is not a Morse quasi-gradient itself in
any obvious way. However, as discussed in Section 2.6, we can still do the analogous

constructions in Morse homology.
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roposition 9.1.4. — Let |x)], |yr| € e stationary points o x - en,
P ition 9.1 L N/SY b / / X807 Th
gr([z,], [yr]), where this grading is computed in infinite dimensions, is equal to the
ifference in gradings of [x)], [yx] thought of as stationary points of X*¢°7 restricte
di in grading ya] thought tationary point X;gc" tricted
to (B(2R) N W*)°/S™.

Proof. — We begin by studying the relevant operators. Let
v:R = (BRR)NW)7, 4(t) = (a(t), s(t), $(1))
be a path between stationary points z,yx € (B(2R) N W?*)?. Let also Z =R x Y.
On the one hand, we have the Fredholm operator

(217) Q3¢ =DIFET @ dZOTT TE (wa,yn) = VIS, (Z) @ L) (R iR).

This is similar to the operator Q%C from (138), but uses the perturbation q* instead
of g. (For simplicity, we do not include the perturbation in the notation.)
We now restrict Q,gyc to

(218) TESAT = {(b,r, ) € T (wa,ya) | (b(t),3)(t)) € W™ for all ¢}

After defining fofj (Z) similarly, we get an operator

(219)  QEON =DIFET @ dEOTT  TEIN (2, yp) = VESTY(2) @ L3 (R;iR).

Recall that the index of Q%C computes the relative gradings between stationary
points of X éiC ’? in infinite dimensions. We will show below in Lemma 9.1.5 that
Q,gyc and Q?YQ)‘ have the same index. Therefore, it remains to show that the index
of Q%C’A gives the relative gradings in the Morse complex on (B(2R) N W*)? /St in
finite dimensions.

Note that the domain of Q%C’)‘ consists of paths (V, 8) : R — T(W™)? xiR, where 3
comes from the dt component of the connection. Similarly, the codomain also consists
of paths (V, ) of this form. We can also view T{, 5 4 (W?*)? as the subspace of W* xR
consisting of three-dimensional configurations ((b, ), ) such that Re(®, ) 2(yy = 0.

The first observation is that the L? norm of V', as a four-dimensional configuration
over Z, is equivalent to its L? norm as a map from R to the finite-dimensional space
W x R. Indeed, in principle the former norm takes into account more derivatives,
corresponding to the directions along Y, whereas the latter just uses derivatives in
the t direction. However, since we are in W?*, the jth derivatives of V(¢) in the Y
directions are bounded (in L?) by a constant (of the order of A) times the L?(Y)
norm of V(¢) itself. This shows that the two Sobolev norms are equivalent. From now
on we will use the latter norm for V, i.e. view V as a map from R to W x R.

By Proposition 7.3.1, the stationary points of Xqﬁgc’” inside A//S? are hyperbolic

(where anfc’a is considered as a vector field in either infinite or finite dimensions).
Thus, the relative Morse index between these stationary points is well-defined. We
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aim to compare Q?YC’)‘ with the operator

o

D o
(220) %7 o (E + DJXfS’ )t T P(xa,yn) = Tj—14P(2r,ya)-

Here, T;,P(zx,yx) is the subspace of L?(R,T(W)‘)") consisting of the paths
V(t) = (b(t),r(t),¥(t)) such that (¥ (t),ip(t))s = 0 for all ¢, as in (70).

Note that the operator (220) can be used to define the Morse index in (B(2R) N
W) /S, Indeed, it is an operator of the form (2), which uses the connection 11287 o
D on the tangent bundle T'((W*)7/S1) = K2eCe,

Let us write

(221) TEOANT = T;, P(a,ya) @ L3(R;iR) @ L3(R; iR)

where the first Lf (R;iR) summand corresponds to the tangent to the S'-orbit (that

is, real multiples of ¢(t)) and the last summand corresponds to 3(¢). The codomain

of Q897 can also be identified with (221), except we use the Sobolev index j — 1.
With respect to the decomposition 7}%’/\’7 = ng’g,)\,r @ L3(R;4R), we have

o o yv&C,o gC,o
D DX dg

222 80X = :
(222) A=+ oty
where the operators d&* and d%c"”% are the ones defined in (133) and (136). We
can further write the entry DX qgs 7 with respect to the decomposition of T;(W*)°
into the anticircular Coulomb slice and the tangent to the S'-direction, as

HagC,a ’DO’XgC,U K.
(223) e 2,
K K3
where the K; terms are compact and K5 = K3 = 0 at the endpoints x,yx. (Because
we use L? projections to W* in X :ﬂc instead of g-projections, X’ qgfj is not a gradient
vector field. Therefore, DX qgf: is not symmetric, and we cannot conclude that the
term K7 vanishes even at stationary points.) However, the tangent to the S!-direction
depends on time, and hence so does this decomposition of T; (W?*). Therefore, adding

%: to DX ff '? does not simply result in adding %: terms on the diagonal of (223).

Let us identify the tangent to the S'-direction with R, such that the generator

(0,0,4¢(t)) corresponds to 1. We would like to understand the difference

De 1128Co o 22

(224) - dt
dt 0 d
dt

If we write an element V € Vig’)"T as a path

V(t) =V C(t) + f(t) - (0,0,i0(t)),
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then the expression (224) applied to V' becomes

(225) e (V) + 10 (0,015,150,

where 1189+ is the projection to the span of (0,0,44(t)), with kernel K#<-. In other
words, if 128€(t) is the spinorial component of V3¢ (¢), then

d 1 agC
HgC,o (D Vagc( )> _ <dtw (t) (t)> (0,0,i¢(t))-

dt lig(®)]13

By the Leibniz rule, we have
d .
= *Wagc(t),wﬁ(t))g

E Re((0,4°5¢(1)), 1(0, i6(1))) L2 (v)

= Re{(0, £ (1), T (0, i6(1)) v, + Re(0, 951,
= (S07(0),i6(1); + Rel (0, 475°()),

Therefore, we can write (225) as

_Re<(07wag0(t))’ ;tHCIC(O Z¢( ))>L2(Y i
Hl(b( )H% (ana ¢(t)) +f( ) (O 0 H¢(t)

Both of these terms involve the time derivatives of ¢(t), and preserve Sobolev regu-
larity L? — L? as long as j < k. We deduce that the difference (224) is compact as
a map from L? to L?—1 for j < k.

We would like to compare Q8°* to the operator

d
dtnelc(o id(t)) L2(v)

d .
£Helc (0,i0())) L2(v)-

o)
at )

17 o (L7 4 Doxs07) 0 0

(226) Q5O = 0 4 qgoe |,
C,o,T d
0 dget

written with respect to the decomposition (221). We will study the linear interpola-
tions aQ%C’)‘ +(1- a)Q,gYC’Sp’)‘. With respect to the same decomposition, this linear
interpolation can be computed at the endpoints to have the form

126C: o D"Xff’” 0 0
(227) OéKl 0 d%C,a
C,o’,~
0 g%t 0

where K is as in (223). First, notice that 1267 oD"XfE"’ as a map from K?gc’” to
577 is hyperbolic at the endpoints, because the endpoints are hyperbolic stationary

K257 is hyperbolic at the endpoints, b the endpoints are hyperbolic stati

points. (It is easy to see that the hyperbolicity for stationary points extends to
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0  dg@e
st 0
Lemma 5.5.12. It is straightforward to deduce from here that (227) is hyperbolic at
the endpoints, for all a. It follows that aQ%C”\ +(1 —a)Q?YC’Sp’A are Fredholm as maps
from L? to L?_l for all & and j < k. This implies that they are Fredholm for j = k
as well. Indeed, the kernel of the map from L% to L?_, is necessarily contained in the

Jj < k as well.) We also have that is hyperbolic by the proof of

kernel from L? | to L? , and thus is finite-dimensional. A similar argument with
the adjoint applies for the cokernel as well. Therefore, Q%Cv)‘ and Q%C’Sp)‘ have the
same Fredholm index, being related by a continuous family of Fredholm operators.
For fixed ¢, both d,gyz’)” and di?t’)”’T are just given by multiplication by nonzero
constants. Thus, we can write the 2 x 2 block at the bottom right of (226) as

(228) % + A(t),

where A(t) is invertible and has real spectrum. Thus, {A(¢)} has zero spectral flow,
and the 2 x 2 block has index zero. In fact, given the form of {A(¢)}, the operator
(228) itself is invertible.

Hence, Q,E@YC’SP’)‘ has the same Fredholm index as the top left entry in (226), which
is the operator (220). This completes the proof, modulo the claim that Q%C and Q%C’)‘
have the same index, which we prove below. O

Lemma 9.1.5. — For A = A} > 0, the index of Q%'C is equal to that of Q%C”\.

Proof. — Since A\ = \!, we have that p” is a projection defined with respect to the

L? (not g) metric.
We begin with some further discussion of the relevant spaces. Define

R = {(b(),0,%(1)) € TET | (b(t),%(t) € (W)}

where (W*)1 is the L2-orthogonal complement of W* in W. In other words, an
element of (W*)+ can be decomposed as a (possibly infinite) sum of the eigenvectors
of [ in W with associated eigenvalue outside of the interval (—A,A). Note that R
does not depend on ~, as v(t) € W?, so (b(t),9(t)) € (W*)+ automatically implies
that ¢ (t) is orthogonal to v(t). Because of this, we have a canonical identification of
R with the space of smooth paths in (W*)+, which comes from simply ignoring the
middle component. It follows that R & ﬂgc”\ﬁ = TWgC’T. Note that elements of R
have no dt component. We define R; C 7;,«;53 '™ as the Sobolev completion of R with
respect to the four-dimensional L?—norm, so that

) TgC,A,T _ TgC,T
R;® Jy iy
There is an analogous decomposition

O, @ L2, (RyiR) =Ry © (VIS @ L2, (RiiR)).
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With respect to these splittings, we can decompose Q%C as

T gC,T
(229) H’Rj_l [¢] D’y(qu )|RJ (zj \ ,
* Q% ’
where the top-right entry of this matrix is zero because X C%AC has image in W?*, and

[Iz,_, denotes the L?-orthogonal projection to Rj—1. Therefore, to show that @
has the same index as Q%c, it suffices to show that Ilg; ,oDJ (fff )| r, is invertible.

We now compute this operator explicitly.
For (b(t),0,%(t)) € R;, it follows from (132) that

gC,A
=

o

T T D o o
(DIFECT)(6(1),0.(1)) = 2 (61, 0, 6(0) + D X7 0(1),0, (1)
d d g (e g g
= (%b(t)a 0, Hé(t)%lﬂ(t)) + D17 (b(1), 0,9(t)) + DYy (0™ cq)? (b(2), 0, (1))
First, note that < (t) and ¢(t) are L?-orthogonal. Next, since p*cq has image in W,
and R;_; consists of paths of configurations orthogonal to WA, it is straightforward
to verify that Iz, , o Dg(t)(p’\cq)"(b(t), 0,%(t)) = 0. Therefore, we have

d
T C,1 o o
HRJ71 o D’Y(]:s;)‘ )|Rj = 7dt + D'y(t)l .

Using (175) and the fact that (¢ (t), D¢(t))r2(yy = 0, one can compute directly that
(D5 yl7)(b(2), 0, 4(t)) = (xdb(t), 0, Dip(t) — (B(t), D(t)) L2(v)Ph(1))-

For notational convenience, let us simply ignore the middle component of
(b(t),0,(t)) in R;. Define

hi s Rj = Ry he(b(t), $(1)) := (0, =(&(t), Db(t)) L2 (v) (1))

Showing that Iz, _, o Dv(]:f N T)|r, is invertible is equivalent to showing the invert-
ibility of

d
%"‘l"‘htiRj—)Rj,l.
First, we prove that &% + [ + h, is injective. Since y(t) € (W) for all

t and [|o(t)[2(v) 1 for all ¢, it follows that there exists ¢ > 0 such that
[{o(t), Do(t)) L2(vy| < A — ¢, independent of t. Suppose that (b(t),(t)) is in the
kernel of 4 + 1 + h; and write (b(t),1(t)) = .o, (be(t),1x(t)), where we are
summing according to the eigenspace decomposition of I. Note that (b, (t), ¥, (t)) is
in the kernel of % + 1+ h; for each k. However, it is straightforward to verify as in the
proofs of Lemmas 6.3.7 and 6.3.8, that since k > A we must have that (b (t), ¥ (t))
must be unbounded either as t — oo or t — —oo. This contradicts (b, (t), ¥« (t))

being an L?—path.

Al

It remains to see that % + [ + h; is surjective. Note that % + I + h; naturally
extends to an operator on sections from R x Y to p*(iT*Y @ S). The formal adjoint
of this operator is —% + | 4+ h¢, which is injective by the same argument as above.
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Therefore, the extension of % + 1+ hy is surjective. Since the formal adjoint preserves

the condition of paths being in (VVA)J-7 we see that % + 14 h¢, as defined on R, must
be surjective. O

So far we have only discussed the relative grading between stationary points of
anfc’a that live in N'/S*. Let us end with a discussion about the reducible stationary
points that are in (B(2R) N W*)?/S*, but not necessarily in A//S?.

For the rest of the subsection we fix A = A} sufficiently large, and a reducible

stationary point (a,0) of X ff: in B(2R). Consider the reducible stationary points of

X;lf;c’” inside (B(2R)NW?*)? /S1 that are of the form [(a, 0, ¢)]. We write x(¢) for the
associated eigenvalues. By Proposition 7.4.1, any such [(a, 0, ¢)] is hyperbolic, when
thought of as a stationary point on the finite-dimensional manifold (B(2R)NW*)7 /S?.
Since X qgs is a Morse equivariant quasi-gradient, we can compute the relative gradings
(in finite dimensions) between these points.

Lemma 9.1.6. — Let [(a,0,9)] and [(a,0,¢")] be stationary points of Xsf’c’a
as above. Assume that k(¢) > k(¢'). Then, the relative grading between these
points, as computed from X;fc’a restricted to the finite-dimensional manifold
(B(2R) N W*)? /S is given by

(230)

ar([(0. 0. 6)]. [(a,0,8)]) = {2@'(/&(@25),/&((;5’)) if K(¢) and k(¢') have the same sign,

2i(k(¢),k(¢")) — 1  otherwise.
Proof. — This follows from Lemma 2.6.2. O

Lemma 9.1.7. — Suppose [(a, 0, P)] is a stationary point ofX;;gC’U that is contained
in (B(2R) N W*)? /St but not in N'/S?t.

(a) If k(@) > 0, then for all stationary points of X;fc’a of the form [(a,0,¢")] that
are contained in N'/S*, we have gr([(a,0,¢)],[(a,0,¢")]) > 2.

(b) If k(@) < 0, then for all stationary points of X:&gc’g of the form [(a,0,¢")] that

are contained in N'/S1, we have gr([(a,0, )], [(a,0,¢")]) < —2.

Proof. — Consider a pair of reducible stationary points [z] and [y] of X7 €07 in
N/S! with the same connection component. It follows from Corollary 9.1.3, Propo-
sition 9.1.4, and Lemma 9.1.6, that the relative grading between [z] and [y] is the
same as the relative grading between [z,] and [y,], considered as stationary points
of X‘?fc’o on (B(2R) N W*)?/S'. Further, the spinorial energies of [z] and [y] are
necessarily close to the A-spinorial energies of [x)] and [y,] respectively. Recall that
[)] and [y,] are necessarily contained in A//S!. Equation (58) and Lemma 9.1.6 give
that in each case, the relative gradings are computed in terms of the orderings by
eigenvalues, which correspond to (A-)spinorial energy. In particular, this implies that
if [(a,0, ®)] is a reducible stationary point of X:&gc’o not in A//S?, then its associated
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eigenvalue cannot sit between those of [x,] and [y,] for any pair [z,] and [y,]. The
result now follows. O

The following is an immediate consequence of the proof of Lemma 9.1.7.

Corollary 9.1.8. — Let [z] denote the reducible stationary point of X‘?gc’o which
has lowest eigenvalue among all reducible stationary points with the same connec-
tion component. Then, [x,] is the reducible stationary point of X;f;c’g with the lowest
positive eigenvalue among those in (B(2R)NW™)? /S with the same connection com-
ponent.

9.2. Absolute gradings

Recall that Theorem 1.2.1 asserts an isomorphism of HS (SWF(Y,s)) with
HM (Y, s) which respects the absolute gradings. As our current strategy for the proof
of this isomorphism is to identify each of these modules in a certain grading range
with the Morse homology of X;fc’g on (B(2R) N W*)?/S!, we need to define an
absolute grading on the stationary points of X;gcﬂ which lines up with the gradings

coming from SWF and from HM.

In Chapter 8, we showed that A’ q%c is a Morse equivariant quasi-gradient. From this,
(22) implies that the Morse complex for X;ifc’a computes the reduced S'-equivariant
homology of the Conley index I* from Chapter 3 in a certain grading range. Since
SWE(Y,s) = E*"(Y’E’Q)CE’W(_A'O)IA, to have a complex whose homology agrees with
that of the reduced S'-equivariant homology of the spectrum, we must shift the
gradings accordingly. Therefore, for [z)] a stationary point of X(?fc’”, define

(231) grSVE ([2,]) == ind([z,] in (W*)7/S1) — dim WM — 2n(Y, s, g),

where n(Y,s,g) is the quantity mentioned at the end of Chapter 3. Therefore, the

Morse complex for X;fc’” with absolute grading given instead by gr3"VF computes

ﬁfl (SWF(Y,s)) in the appropriate grading range by the discussion in Section 2.8.
Thus, to connect the gradings on the Floer spectrum with monopole Floer ho-
mology, we will need to relate the absolute grading gry"F on Qlj\\/ with the absolute

grading gr? from (59) defined on €. This is the subject of the following proposition.

Proposition 9.2.1. — For any A = A} > 0 and [z] € €, we have
(232) grX "V ([2a]) = gr®([a]).

In order to prove (232), let us now recall the precise definition of n(Y,s,g) from
[Man03, Equation (6)]:

e1(t)® = o(X)

(233) n(Y,s,g) = indc(D) — 3
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Here: X is a simply connected, oriented, compact Riemannian four-manifold with
boundary Y (such that the metric is a product near the boundary); t is a Spin®
structure on X such that t|y = s; DT is the Dirac operator on (X,t) with Atiyah-
Patodi-Singer boundary conditions, and associated to a connection extending Ay on
Y'; and indc denotes the index of a complex operator, which is twice the real index
indg. The Atiyah-Patodi-Singer boundary conditions mean that the domain of D™
consists of spinors whose restrictions to Y project trivially to the negative eigenspaces
of the three-dimensional Dirac operator D.

Proof of Proposition 9.2.1. — Let [x] € €° be a reducible generator corresponding

to the lowest positive eigenvalue of the operator Dy ., where [z] = [(a,0, $)]. Corol-
lary 9.1.3 and Proposition 9.1.4 imply that
(234) g} ([2a]) — &3 ([a]) = er((wsc), [yso)),

so it suffices to prove the relation for [z].
Pick (X,t) as in the definition of n(Y,s,g) above. Then, recall from Section 4.8

that

aa(t)? — o(X)

. —bH(X) - 1.

gr®([2]) = —gr. (X, [z]) +
We seek to show that
(235) gr.(X,[z]) = indg(D") —b"(X) — 1 — ind([zx] in (W*)7/S*) + dim W0,

The quantity gr,(X,[z]) is the virtual dimension of the Seiberg-Witten moduli
space on X (with an added cylindrical end) with asymptotics given by x. Following
the proof of Lemma 28.3.2 in [KMO07], we can compute gr, (X, [z]) by using a reducible
configuration on X. It then becomes the index of an operator with two parts: one
is a perturbed signature operator, and the other is a perturbed Dirac operator. The
former would have index —b*(X) — 1 if the perturbation q were zero, but in general it
differs from this by the index of a signature operator on the cylinder [0,1] x Y, with
boundary data (0,0) and (q,a). This index can be computed as the spectral flow of
the family
( 0 ~d > (QUYHiR) @ QN(Y5iR) — QO(YiR) @ QLY iR), ¢ € [0,1]

—d  *d+ 2tDq,000°) ’ ’ ' B T
By a compact perturbation that keeps the endpoints fixed, we can change this family
of operators into

0 —d*
(236) (_ o D(ﬂyo)q()) . telo,1].

Since (a,0) is a stationary point, we have that

0 0
D 0=
(.0)4 (0 D(a,@)’?S)
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with respect to the decomposition of imaginary one-forms into ker d & ker d*. Hence,
(236) decomposes into a 3 x 3 block form, where one block is constantly (_Od ’g*)
and the other is

*d + 2tD(a’0)n2 s kerd* — kerd*, t€[0,1].

Since ( 0 d _g* ) has no spectral flow, we have reduced the computation to the spectral

flow of this last family. Let us denote the spectral flow by SF(q)°.

The second contribution to gr, (X, [z]) comes from the index of a perturbed Dirac
operator Da‘:a — Ao, where Daﬁa is an APS operator but with Dg , on the boundary,
unlike DT = Da“, o- Here ) is the eigenvalue corresponding to z, and the domain of
D;ﬁa — Ao consists of spinors whose restrictions to Y project trivially to the eigenspaces
of Dy, for eigenvalues < Ag. Since Ag is the lowest positive eigenvalue, the domain
is the same as the one we considered for D in (233). The two operators D;fa and
D$a — A differ by a constant (hence compact) term, and hence have the same index.
Note that

indg (D ,) — indg(D*) = SF(q)",
where SF(q)! is the spectral flow of the perturbed Dirac operators on Y as we move
from (0,0) to (q,a). Note that at a reducible stationary point (a,0), we have that
Da1/J+D(a70)q1(0, Y) = D?/H—D(a,o)(cq)l((), 1), or in short, D%g = Dy . In particular,
we can compute this spectral flow in Coulomb gauge.

Therefore, we have

gr. (X, [z]) = indp (D) = b*(X) — 1+ SF(q)” + SF(q)".
To obtain (235), it remains to show that
(237) dim WM —ind([2y] in (W*)7/S) = SF(q)° + SF(q)".

We now analyze the terms on the left-hand side of (237). The first term,
dim W0 is the number of negative eigenvalues of [ (counted with multiplic-
ity) between —\ and 0. The second term requires a more careful analysis. Write
[A] = (ax,0,¢5). By Corollary 9.1.8, [x)] has lowest positive eigenvalue among
stationary points in (B(2R) N W*)? /St of X:‘fc’a with connection component ay
(and not just among those in A’/S'). By Lemma 2.6.2, ind([z,] in (W?*)?/S') is the
sum of two parts. The first is the number of negative eigenvalues of the linearization
of I+ p*cq restricted to the connection summand of W, i.e. xd+D(,, 0)(p*cq) (-, 0).
The second part is the number of negative eigenvalues of the linearization of [ + p)‘cq,
restricted to the spinorial summand of W*, at (ax,0), i.e. D + D4, 0)(p*cq)'(0,").

Putting it all together, we find that the left-hand side of (237) is the spectral flow
from I to | + p* Ay, where

A)\(bv 1/1) = (D(aA,O)Cg (bv 0)7 D(aA,O) Cé (Oa 1,[))),
when considered as operators on W*. However, since \ is of the form A3, this is the
same as the spectral flow from [ to [ + p*A\p*, considered as operators from Wj, to



156 CHAPTER 9. GRADINGS

Wi_1. Thus, to establish (237), it remains to show that there is no spectral flow from
I+ p*A\p* to 1+ A, as operators from Wy, to Wy,_;. For the rest of the discussion,
we will only consider operators from Wy to Wy_1. Further, all these operators will
have index zero (being compact perturbations of ), and hence for them injectivity or
surjectivity is equivalent to invertibility. Due to the block form of these operators, this
fact remains true if we restrict the operators to either their connection or spinorial
components.

Since [z] is a non-degenerate stationary point of Xy’ gc’”, we have that [ + A, is
injective. (This follows from Proposition 4.5.2 and that this operator is index 0.) By
Proposition 7.4.1, we have that [x,] is a non-degenerate reducible stationary point of
anfc’a, and from this it follows that [ 4+ p*Ap” is injective. Since A,, and p*Axp*
are L? self-adjoint, it suffices to show that for A > 0 and ¢ € [0,1], [ + k) is injective,
where h) is the compact operator

h) = tp* Axp™ + (1 — 1) Ase.

Note that for any sequence v, which converges to v weakly in Wy, any sequence
t, € [0,1], and \,, — oo, we have

hm (vn) = Aco(v) in Wi_1.

Now suppose that [ + hi‘" is not injective for some sequences t, € R and A\, — oo.
Let v, € Wy with [[v,|[z2 = 1 be such that [ + hf‘: (vp) = 0. The v,, converge weakly
in W), to some v and as discussed, h?: (vn) converges in Wy _1 to A (v). Thus, we see
that I(v,) converges in Wj_;1 to I(v). In particular, v, converges in Wy to v, which
consequently has [|v[|z =1, and (I + Ax)(v) = 0. This contradicts the injectivity of
I+ Aco. The relation (237) follows. O

Having established Proposition 9.2.1, we can rephrase Lemma 9.1.7 as the following.

Proposition 9.2.2. — Any reducible stationary point of X;fc’a in (B(2R) N
W) /St which is in the grading range [—N, N] is contained in N'/St, assuming
A=A} for some i > 0.

9.3. Conclusions

Recall, from the discussion at the beginning of Section 7.4, that approximate irre-
ducible stationary points are necessarily in A//S!. Therefore, using the fact that =y
is grading preserving and the fact that irreducible stationary points have vanishing
(A\-)spinorial energy, it follows that there exists N > 0 such that all irreducible sta-
tionary points of anfc’a have grading in [—N, N] for all A = A? > 0. Here, recall
that we grade the stationary points of anfc’g using griW¥, defined in (231). We can
now summarize the results of this section in the following.
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Proposition 9.3.1. — Let q be a very tame, admissible perturbation, and fix N > 0
such that all irreducible stationary points of Xsfc’o have grading in [—N, N] for all
A=A} > 0. For all A\ = X} > 0, there is a one-to-one correspondence =y between:
— the stationary points of X;fc’g in (B(2R) NW™)? /S* with grading in [N, N],
including all irreducibles, and
— the stationary points of angc,a with grading in [—N, N, including all irre-
ducibles.
This correspondence preserves the grading, as well as the type of stationary point
(irreducible, stable, unstable). Furthermore, all the stationary points of X‘?fc’” n
(B(2R) N W*)?/S* with grading in [N, N| are hyperbolic.

Proof. — The conclusion follows from Corollary 7.2.3, Proposition 7.3.1, Corol-
lary 9.1.3 and Proposition 9.2.2. O






CHAPTER 10

THE MORSE-SMALE CONDITION FOR THE
APPROXIMATE FLOW

Recall that in Chapter 8, we established that X’ qgf} is a Morse equivariant quasi-
gradient vector field on W* N B(2R). In this chapter, we show that it is also Morse-
Smale, in the sense of Definition 2.6.7. Recall, from Lemma 2.1.2 and the discussion
at the end of Section 2.8 that the Morse-Smale condition can be rephrased in terms
of the surjectivity of a linear operator. In our setting, let

v:R— (W*NB(2R))° c (W),

be a trajectory of X quC 7, going between two stationary points x and y. Regularity of
the moduli space at [y] is equivalent to the surjectivity of the operator

e De "
(238) 807 o (— + DOXETT) : Ty P2, y) = Tjo1 4P, y)

which has already made an appearance in (220). Again, while it may seem like a
more natural choice to work with an operator where the derivatives are given by a
connection coming from the g-metric, the choice of connection does not matter at a
trajectory.

Alternatively, we can view « as a path in the infinite dimensional space W?. The
corresponding linearized operator is

(239) DIFET  TE) (w,y) = VECT(2).

Lemma 10.0.1. — The operator (238) is surjective if and only if the operator (239)
18 surjective.

Proof. — We use the notation and the results from Lemma 5.9.3 and the proof of
Proposition 9.1.4. By the analogue of Lemma 5.9.3 with q* instead of q, surjectivity of
(239) is equivalent to that of the operator Q%C from (217). In the proof of Lemma 9.1.5
we gave a block form (229) for Q%C, and we also showed that the top left block is
invertible. This implies that Q%C is surjective if and only if the operator Q%C’A from
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(219) is surjective. Finally, Q?YC’)‘ can be related to (238) through (226), using the
invertibility of the operator (228). O

Thus, we can work with the operators DI F. gS’T. Note that we should only ask for
their surjectivity when ~ is boundary-unobstructed. When ~ is boundary-obstructed,
we require surjectivity of its summand (DTY]-' ff "7)9_ which acts on the spaces of paths
in the boundary of (W*)?. Similar arguments as above apply for the boundary-
obstructed case as well.

Proposition 10.0.2. — We can choose the admissible perturbation q such that for
any A € {\}, NS, ...} sufficiently large, the following holds. Given any flow trajectory
v for the restriction of Xff’” to (B(2R) N W*)°, we have that:

(i) If v is boundary-unobstructed, then D;ffS’T 18 surjective;
(i) If v is boundary-obstructed, then (D,;}"ff’f)a is surjective.

Proof. — This is similar to the proof of transversality for moduli spaces of trajectories
in [KMO7, Section 15]. So far, we have chosen an admissible perturbation qo so that
the stationary points of both Xfoc’o and Xff’g inside B(2R)? are non-degenerate;
cf. Proposition 7.4.1. Consider the blow-down projections of the stationary points of
quoc "7 these come in a finite number of S!-orbits. Pick disjoint open neighborhoods
of those orbits, and let U be the union of these neighborhoods. By Lemma 7.2.4, for
A large, the blow-down projections of the stationary points of X c;g())\C 7 from B(2R)°
land inside U. Consider the set of perturbations

Puv={a€P|alv=qlv}

We can find an open neighborhood v(qg) of qo in Py such that for all q in this
neighborhood, we have the same set of stationary points for quC,o‘ and X ic 7 as for
o, and therefore we still have nondegeneracy for them.

We now claim that for a residual set of perturbations q in v(qg) C Py, the desired
surjectivity conditions hold. Since we work with a countable set of )\, it suffices to
prove this for some fixed A, sufficiently large. We define a parametrized map

M : CE7 (2,y) x v(do) = VEST (2), M(1,q) = F&7(7)-

When + is reducible (i.e., contained in the reducible locus), there is a similar map
(9M)? acting on the space of paths in the boundary.

To prove our claim, it is enough to check that the derivative of 91 is surjective at
all points (,q) in 9M~1(0) when 7 is irreducible; and that the derivative of () is
surjective at reducibles. The proof of these facts is entirely similar to the proof of
Proposition 15.1.3 in [KMO7]. O

Let us now put the results of Chapters 7, 8, 9, and the current one in context.
Recall that it is our goal to establish an isomorphism between HM (Y,s) and the
(singular) equivariant homology H? ' (SWF(Y,s)). To do this, for each N > 0, we will
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establish an isomorphism between the truncations HM <n(Y,s) and H gﬁv(SWF(Y, s))
by passing through an intermediate group, the S'-equivariant Morse homology of
Xﬁfc’g on (B(2R) N W*)?/S! as defined in Section 2. This group can be defined by
Propositions 8.0.1 and 10.0.2 for A = A} with ¢ > 0. We have established in Section 2
that the homology of this Morse complex in an appropriate grading range will be
isomorphic to the (singular) Borel homology ﬁﬁ;\,(SWF(Y,s)). Thus, it remains to
identify the S'-equivariant Morse homology of Xsfc’a with monopole Floer homology
in the corresponding grading range.

At this point, for A = A} with ¢ > 0, we have established in Proposition 9.3.1 a
correspondence between the stationary points of Xy 897 and X;IEC’U with grading in
the interval [N, N]. Thus, using the results of Chapter 5, we have an isomorphism
on the level of graded chain groups (but not yet on homology) between cM <~n(Y,s,q)
and the S'-equivariant Morse complex for X:‘fc’g.

This leaves us with one major step, which is to construct a chain complex iso-
morphism between the S*-equivariant Morse complex and cM <~ (Y,s,q) by relating
the trajectories of ngc,a to those in finite dimensions; this will be analogous to the
correspondence on the level of stationary points we have established in this section.
This is the focus of Chapter 12 and Chapter 13. Before doing so, in the next section
we do some technical work which will allow us to relate paths between stationary
points of XfAC’J to paths between stationary points of XC%C’J.






CHAPTER 11

SELF-DIFFEOMORPHISMS OF CONFIGURATION
SPACES

In Section 7.2, we established a correspondence Ej : @j\\[ — € between stationary

points of X;fc’” and angc,a. Our goal is to be able to do this for trajectories as well.

In this case, the trajectories live in different path spaces: trajectories of Xy 899 Jive

in BT ([2o], [yoo]) While we will see in Chapter 12 that trajectories of X;fc’” are

in BfC’T([xA], [ya]). Therefore, we need a way to relate these different spaces. In this
section, we will extend the correspondence from Corollary 7.2.3 first to a family of S*-
equivariant self-diffeomorphisms of W7, and then to self-diffeomorphisms of W7 (I x
Y) for I C R and to other path spaces. This will be needed in Proposition 12.5.1 and
Proposition 13.1.2. The construction of these maps will use a setup similar to that of
the function T’ defined in Section 8.2.

Before stating the first result, we need some preliminaries. In this section, in
order to make statements about the smoothness of functions with respect to A as a
parameter, we do not restrict to the case that A = A?. We will not use the results of
Chapter 8 or Chapter 9, so this will not be a problem. For each stationary point z .,
of Xfc’g in V' let z denote the stationary point of quAC’U which is L? closest t0 oo.
(For an explanation of the well-definedness of x see Section 8.2.) In what follows,
we will abuse notation and say that a function G, which depends on A, is smooth in
A at and near infinity if there exists € > 0 such that G;-1(,) depends smoothly on
r € [0,¢€), where f : (0,00] — [0,1) is the homeomorphism from Section 7.2.

Lemma 11.0.1. — For A\ > 0, there exists an S'-equivariant diffeomorphism =y :
W§ — W§ satisfying:
(1) Ex sends T to T for each stationary point o, € N,
(i) Ex restricts to a self-diffeomorphism of W7 for any 1 < j <k,
(ii1) Let E be the identity. Then, for 0 < j < k, Ex : W7 — W7 and all its
derivatives are smooth in A at and near infinity.

Further, =y extends to the double Wg and the analogous properties hold.
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Note that since W is not an affine space, we do not have a natural notion of
higher derivatives. However, we can think of W7 as naturally being embedded as
a submanifold of the linear space Wp where we remove the conditions s > 0 and
l¢llz = 1. (The same is true for the double W;’.) Of course, /Wj = W; x R. We
will then treat =) as a map from W7 to Wj. After defining =), it will be clear that
this extends naturally to an L? neighborhood v(WY) of W7 in Wj. We can make
sense of higher derivatives of Z\ on v(W7), since this is an open submanifold of a
linear space, and these are the derivatives we will talk about (and measure in norm).
Further, since we may consider elements of W7 as elements of the linear space Wj, it
makes sense to take differences of elements there and take their L? norms.

We will give the proof of Lemma 11.0.1 in Sections 11.1 and 11.2 below. We
will then use this to obtain a number of important technical consequences for dif-
feomorphisms of path spaces. Note that given a path v in W7, we may apply =\
slicewise to obtain a new path Z,(v) in W7. We will study the regularity of =
on four-dimensional configurations. Before restating it, we need some discussion and
terminology.

In parts (ii)-(iv) of the following proposition, we will discuss the smoothness of
Ex: W (zx,yx) = W] (Zeos Yoo) in A This a priori is not defined, as the domain space
is changing. We postpone the discussion for what we mean by this in Section 11.3.3
(given after the statement of Proposition 11.3.7) for expediency.

Proposition 11.0.2. — Let =) be as above. Fix stationary points Too and Yoo of
Xfc’” in N and let zx and yy be the stationary points of quAC’U which minimize L?
distance to To, and yo, respectively. Then for A > 0 and 1 < j < k, we have the
following:

(i) for a compact interval I C R, the map =y induces an S'-equivariant diffeo-
morphism of WJT(I X Y) which is smooth in A at and near co and preserves
WI(IxY),

(ii) Zx induces diffeomorphisms from /VVJT(xA,y,\) to /Wv/jfr(zoo,yoo), which vary
smoothly in X at and near oo,

(i1i) Ex induces a diffeomorphism from gfc’T([xA], [ya]) to gfc’T([xoo], [Yoo]),

(iv) the diffeomorphisms =y : gfc’T([:m], [yr]) — gfc’T([xooL [Yoo]) from the above
item lift to smooth (in domain and also with respect to A at and near oo) bundle
maps

Ex)x

gC, gC,T
Vj VJ’

J |

BEOT ([aal. loa)) — B ([oc). [ysc)-

(1

If [xoo] # [Yoo], the analogous statement also holds for gfc’T([xoo], [Yoo]) /R.
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As for the case of W7, there exists a similar way to discuss the derivatives of =
in four dimensions. We will think of WJT(I x Y') as naturally being embedded as a
submanifold of the linear space Wj([ x Y'), where we remove the conditions s(t) > 0
and [|¢(t)| z2(yy = 1. Following the discussion above, it turns out that = will extend
to a neighborhood of WJT (IXY)in /V[7j (IxY). For simplicity, we will work in the larger
affine space to compute derivatives and measure the distance between configurations.
This will not affect any statements about smoothness or regularity.

Before giving the proofs of Lemma 11.0.1 and Proposition 11.0.2, let us state two
immediate corollaries of the latter. The first follows from part (i), by continuity:

Corollary 11.0.3. — For 1 < j <k, if a sequence y, € WJTJOC(I xY') converges to
some Yoo, then Zx, (7n) = Yoo for any sequence A, — 0o.

The second corollary follows from part (ii) of Proposition 11.0.2:

Corollary 11.0.4. — For 1 < j < k, v0 € W] (%0, Yoo), if a sequence v, €
WT(xx,,yn,) with A, — 0o satisfies

—

H'Yn - :;3(70)“L?(RXY) — 0,
then

1Ex. () =0l L2@xv) = 0.

We now give the organization of the rest of this section. In Section 11.1, we give
the construction of =Z). In Section 11.2, we prove the desired properties of =) in
Lemma 11.0.1. In Section 11.3, we prove parts (i) and (ii) of Proposition 11.0.2.
Finally, in Section 11.4 we prove parts (iii) and (iv).

11.1. The construction of =)

Lemma 11.1.1. — For A\ > 0, there exists an S'-equivariant diffeomorphism Ey :
Wg§ — WS which sends x5 to o for each stationary point o, of Xégc’g in N.

The construction will be similar to that of the diffeomorphism 7’ used in Section 8.2
to define F\. Since the blow-up is not a linear space, there is not a notion of translation
like for the definition of Ty, so we will work in charts (in the directions orthogonal
to the St orbits). The reader may note that here we are working with W, while
in the definitions of Ty and F) from Chapter 8, we only worked with Wj_;. The
explanation for this is that the function F) incorporated ¢, which is not well-behaved
as a map from Wy — Wy (since it contains quadratic terms), so we would not have
been able to analyze F in lower Sobolev regularity.

A more minor distinction is the following. To construct T (z), we used the function
wy defined in (181) to find which element of the S'-orbit of an approximate stationary
point ) the point « is closest to, and then translate x by wy(z)(2e —x)), Where 2o
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minimizes L? distance to z,. To define = (z), we will compare = to x, instead of
Z), and then translate. The reason for this is that we will work with local charts, and
it is simplest to work in charts around the same point (z.,) for every A, as opposed
to defining =y in terms of different charts for each A and tracking the changes.

For notation, we choose representatives xl_,..., 2™ for the m orbits of stationary
points of angC,o’ in V.

Proof of Lemma 11.1.1. — We will first define =) on an S'-invariant neighborhood
of ¢ in W{ for a fixed 4; for now, we omit the index i. Write Too = (Goo, Soo; Do )-
Consider the submanifold

Uﬂﬂoo = {((I,S,¢) € Wg | Re<¢vi¢oo>L2 =0, <¢a ¢oo>L2 > O}-

Note that U,__ is not open, as it only consists of configurations which are (real)
orthogonal to the S'-orbit of z,. We will define an S'-equivariant self-diffeomorphism
of St- U, which takes z) to z and is the identity outside of a smaller S Linvariant
neighborhood of ... We will then obtain the desired diffeomorphism =, by repeating
this construction for each orbit of stationary points of Xfc’g, and taking Z to be the
identity outside of these neighborhoods.

First, we observe that there exists a diffeomorphism G,_, from U,_ to the Hilbert
manifold with boundary

Voo ={(a,5,¢) € (kerd*)o @R & L*(Y;S) | s > 0, (¢, oo} 2 = 0},

given by
¢
Gy :(a,s,¢)— (a,s,ifgboo).
(:5.9) CXmE
We remark that V,.__ is a submanifold of %ggoj We have that G, (Zoo) = (Goo, S, 0).
Denote this vector by z.,. Note also that in the definition of G,_, have that
Re(d, poo)r2 = (b, o) r2, since ¢ is orthogonal to the S-orbit of ¢o,. Observe

also that the inverse of G__ is given by the formula

Pl 5 )
¢+ doollrz /-

Since z) = (ay, sx, ¢x) and 7o, minimize the L? distance between their S!-orbits,
we deduce that x., — x, is necessarily orthogonal to the S'-orbit of x.,. Further, for
A >0, [|[ 200 — xa|| L2 is arbitrarily small, and thus (¢y, i¢o)r2 > 0, so x is contained
in U,_, . Let z) denote the image of x under G,_ . We will construct an interpolation
between translation by z., — z) (which may not be defined near the boundary of V. __

G, (as,0) - (a,

if 2o is irreducible) and the identity.

Pick 0 < § < 3 (independent of \), such that an L? ball of size § around the origin
in V,__ has the following properties for A > 0. First, this ball must contain G5__ (z)
and be disjoint from a d-ball around G,_ (z2) or G5 («%), should they be defined,

for any n # 7 in N. Further, if z, is irreducible, we choose § such that the § ball



11.1. THE CONSTRUCTION OF Z=Ej 167

is contained in the interior of V,_. By our choice of 9§, if (a,s,¢) € U, satisfies
(P, Poo) 12 < %, then G,_(a,s,¢) is not in this ball. It is in this ball where we will
interpolate between the identity and the translation from z) to Ts-

Let o : [0,00) — [0, 1] be a smooth bump function which is 1 on [0,4/2] and 0 on
[0,00). We can now define a map Y from V,__ to V,__ given by

(240) Tx:ze (L=alldlle2)llz + alll$l2)(z 4+ 200 = 23),

where we write z = (b, r, ).
By the choice of §, we have that this induces a well-defined map on V,
in the case that z, is reducible, the s-component is unchanged, and when z, is

- since
irreducible, we have chosen the §-ball such that translation does not happen near the
boundary. Again, we point out that this map is translation by z., — z) inside of an
L? ball of size §/2 in V,.__ and is the identity outside of a § ball. In particular, we see
that z, is taken to z.

By the work of Chapter 7, we have that

(241) Ty = Too In L? for all j as A — oo
and thus
(242) Zx = Zoo IN L? for all j as A — oo.

We claim that for A > 0, the map Y in (240) induces a diffeomorphism of V__.
Indeed, since z) — 2.0, for A > 0, the derivative of T is close to the identity,
and thus is an isomorphism at each point. The map is thus a local diffeomorphism,
which is the identity outside of a ball. This is necessarily a self-covering map of a
simply-connected space, and so we deduce that this is a global diffeomorphism.

We can now use G, to define the self-diffecomorphism =y on U,_. Since
Gy (x)) = 2\ and Gy (o) = 2oo, We see that

2y = G;olc oYTroG,,
takes z t0 Too-

It follows by the construction that x, is taken to x). We then extend =) to a
diffeomorphism on the S! orbit of U, __ as follows. Define a function wy, : S*-U,_ —
S*, similar to wj in (181), by

Re<¢7 ¢OO>L2 + { R€<¢, i¢(x>>L2
((Re<¢)7 ¢00>L2)2 + (Re<¢7 i¢oo>L2)2)
Note that we, has the property that if z € S1-U,__, then weo(z) -2 € U,_ . Therefore,
we extend =y to the S* orbit of U,__ by conjugating by weo:

(243) Woo(T) = R

T Woo () + Ex(woo () - ).

By construction this extension is S'-equivariant. By repeating the above construction
for each stationary point z%_, we extend =, to neighborhoods of every stationary point
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of N. Note that Z, is the identity near the boundary of each such neighborhood. We
finally extend Z) to a diffeomorphism of all of W{§ by the identity outside of these

neighborhoods.
It is now clear from the construction that =, is an S'-equivariant diffeomorphism
of W§. O
For future reference, we describe an explicit formula for =Zy. Let us first introduce
some notation to help express =, more compactly. For each i = 1,...,m, define a
function g; : W§ — [0,1] by
bi(x) 0 if = (a,5,0) & ST U
o s — Whe(@)dhllrz)  if o= (a,5,¢) € S U

Further write xf\ = (aﬁ\, sf\, qbf\), where x’)\ is the stationary point of X’ ff "7 correspond-
. . . i ¢7 . . o . . .
ing to zl,. We also write v§ = W — ¢5,- Note that G,:_(z}) = (a}, s}, v})-
We get

(244) E\:WS - W
(a,5,0) = (a+ 3 Bil@)ake —af), s+ Aila)(she — 4),

¢ — 32 Bi(2) (¢, ¢ho)r2 - v} )
16 =22 Bi(x)(¢, dio)r2 - villrz /-
Here we take as notational convention that we do not worry about the well-definedness
of w!, when f3; is zero. Observe that for each z, 3;(z) is non-zero for at most one i.
We now discuss the extension of =) to the double as claimed in the lemma. Recall
that a stationary point x., is reducible if and only if the approximate stationary
point = is. From (244), we therefore see that for v € W§ with s < 1 (ie. s
much smaller than the smallest value of s for z irreducible), the map Z) preserves
the s-component. In particular, =) preserves and is tangent to the reducible locus.
It follows that =) extends to the double I/Tfé’ as claimed. It will be clear that the
arguments below establishing the desired properties of =y for W extend to AW/g .

Remark 11.1.2. — Tt is worth noting that almost all of of the pieces of = are just
determined by the spinorial component of x. Further, in the end result, the formula
for =) only uses the function w in the bump-like functions ;.

11.2. Three-dimensional properties of =)

We now show that =, has the stated properties in Lemma 11.0.1. After that, we
will establish some additional bounds that will be useful for Proposition 11.0.2.
We begin with the first item in Lemma 11.0.1.
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Proof of Lemma 11.0.1(i). — It is clear from the construction of =, that each z¥ is
mapped to z¢_. The S'-equivariance then implies that z is mapped to ., for any
stationary point x of XfAC’U in V. O

11.2.1. Smoothness properties. —

Proof of Lemma 11.0.1(ii). — First, note that the functions 3;, w’,, and ¢
(¢, ' ) > are smooth on L? for any 1 < j < k, since the L? inner-product is, and
zt, € L}. At each step of the construction of Zy, where Z is not the identity (or in
other words, some f3; is non-zero), we are simply scalar multiplying by w’_, which is
non-zero, or by adding a multiple of 3; or (¢, ¢’ )2 times z’_ or ¢% . Since z%,z%
are in L, these (invertible) operations necessarily preserve the condition of being an
L? configuration for 1 < j < k, and we have the desired result. O

At the beginning of this section, =) was claimed to extend to a neighborhood of
W2 in Wj. This is clear from the explicit description of =) given in (244) since
wherever =) disagrees with the identity, we have that (§; # 0 for precisely one i, and
in this case (¢, w’! ¢’ )12 is real and positive (in fact, at least 1/2); from this it is
easy to see that =y extends to a neighborhood of this point in Wj, when we expand
the target to Wj as well.

The following completes the proof of Lemma 11.0.1.

Proof of Lemma 11.0.1(iii). — Since =) is defined by extending a self-diffeomorphism
of Uyi_ by S 1 and the space Uy:_ is defined independently of A, it suffices to show
that Zf-1(,y|y,, 1is smooth at and near r = 0. Recall from Corollary 7.2.3 that
the correspondgonce 7 = [Ty-1(y] is differentiable at and near r = 0. It is easy to
check that this lifts to a smoothness statement without quotienting by S*, due to
the condition that Re(z -1y, iz’,)r2 = 0. Using (244), we see the only terms in
Ef-1(y) or its derivatives which depend on r are smooth functions of z¢-1(,y, and thus
differentiable at and near r = 0. This gives the desired smoothness statement. O

11.2.2. Some three-dimensional bounds on =). — Before moving on to the
four-dimensional properties of =) in Proposition 11.0.2, we study a few additional

properties of Z. For notational simplicity, we work in a neighborhood S* - U,: for

some i. For the rest of this subsection, we again omit the index ¢ from the notation.
It is clear from (244) that the complication in =y is in the spinorial component.
We begin by simplifying the notation and then establishing a few key bounds. We

write

(245) Inx) =0 — (¢ o) L2 - B(x) - v
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Too*

and thus we can express the spinorial component of =, as 0 ff ﬂ for x € S* -
L2
Therefore, =) can be written a bit more succinctly as

(246) Ex(a,s,¢) = (a—&-ﬁ(aﬂ)(am —ay), s+ B(2)(s00 — 51), ||ff?()|)|L2> '

We point out some bounds that will be useful for us when proving Proposi-
tion 11.0.2. By the work of Chapter 7, we have that [lzx — 2|z — 0. It is
then easy to see that for A > 0, since ||¢oo||z2 = 1, we have

(247) Joallz — 0.

From (247), using that the spinorial component of an element of W7 has unit
L?-norm, we can also deduce that for A > 0:

(248) < [l @)llzz <

N =
Do o

11.3. Four-dimensional properties of =)

In this section, we prove Proposition 11.0.2. For the rest of this section, we let j
be an integer such that 1 < j < k. Before proceeding, we remind the reader that the
L?—norm of a four-dimensional configuration v on I X Y is expressed as

2wy = / 5 s .
n=0

11.3.1. Sobolev multiplication and superposition operators. — In order to
study how Zy acts on paths in W] (I x Y), we will need some elementary variants of
Sobolev multiplication and superposition operators. Many of these are well-known or
easily deduced from the definitions and Sobolev multiplication. We include the proofs
so as to reference them for analogous results later on that are less standard.

Lemma 11.3.1. — Let I CR. Then, taking inner products induces smooth maps
(249) Wi(I xY) x Wi(I xY) = LI(LR), (v(t),n(t) = (v(t),n(t)) 2(v),
W,

(250) (IxY)x W; = LA(LR), (v,7) = (7,2) 2(v)-

Proof. — While the smoothness of (249) is a special case of Sobolev multiplication,
we provide a proof, since it makes the second claim easier to justify and we will use
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similar techniques throughout the rest of the section. We compute

2

J
d’n
2 —
70 iz = 3w emhzzen [,

dz dn % 2
- Z/‘Z ( > dt7. tTL*’L >L2(Y)‘ dt
n\ (n dn  dri diz  driz
<3 2, () () G dmon (G gzl

n=011,i2=

- zj—: Zn:_ <11> (12> /H(;l;ll

Let us focus on a fixed term in the final term above, i.e., we fix a value of n, i1, i».
Note that n < j, so one of n — 4 or i; is bounded above by 2. Without loss of

dTL*iQ

dTL*il
L2(Y) H dtn—i2

L2(Y) H dtn—i

d*
L2(Y) H dtiz 7‘

d

generality, it is ¢;. Since 7 > 1, we have that

j 1

Imhz5=y
(I_n fact, j —i1 > 1, because j and i; are integers.) We deduce that the composition of
jt% cWi;(IxY) = W;_;, (I xY) with the restriction map to a slice W;_; (I xY) —
L2({t} xY) is continuous. From here we see that there exists a constant C;, , depending
only on Y and I, such that

dh
HChT’Y(t)Hm(Y) < Cilvllezxyy, forallt el
We can repeat the same argument for io or n — iy. Again, without loss of generality
we assume that i, < 2, and we obtain bounds
di2
I 7 Olz2vy < Cullvllezxyy, foralltel
Therefore, we may write
n dqn—i dt2 dn—rz
b= 2 (D)) L5 ool Gl N o N
||<’y’n>L2(Y)”L?(I) = 4‘20 <i1 dein ! L2(Y) dn—ix ! L2(Y) deiz | L2(Y) din—iz ! L2(Y)
11,12=
n n n m—iy n—iz
< 3 (a)ln)cc Pl N et
- “Zo<11)<2) QHWHLZ‘“Y)/ dir=i "z llden=2 M e vy
11,12=
n n n dn— i1 dn—ig
< - .
- z:_ (Zl) <12> uC ||7HL2(1XY)’ dtn— 11’7‘ L2(1xY)Hdt”*12n‘ L2(IxY)
() ()

Ciy z‘z||7H%§.(1xy)||n||%§(1xy)’

\.;M

dt.
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where in the penultimate inequality we have used Cauchy-Schwarz. An analogous
inequality holds if we instead replace i1 or is with m — i; or n — iy respectively,
depending on their values.

By summing over the relevant constants, we obtain a bound

||<’Y>77>L2(Y)||L§(I) < CH’YHL;‘?(MY)H77||L§(Ixy)7
where C' is independent of v,n. It follows that slicewise inner products define a
bounded, bilinear map. Such a map is necessarily smooth.

For (250), we can repeat the proof above. Note that an element of Wj does not
determine an element of /V[7j (I xY) if T is not compact. However, for each term
analyzed in the above argument, we only needed that one of the terms involved
(either a derivative of vy or of 1) be L?(Y') bounded uniformly in time, with the other
term square-integrable in time. In this case, the three-dimensional configuration in
Wj is constant in time, and has bounded L?(Y) norm (since j > 0), so we have the
desired result. O

Lemma 11.3.2. — Let I CR. Then, pointwise multiplication induces smooth maps
(251) Li(LR) x Wi(I xY) = Wi(I xY), (g,7) + g7,
(252) LI(IR) x Wy — Wi(I xY), (9,7) = g7-

Proof. — The argument is similar to that of the above lemma. We begin with the
first equation. Recall that for any v € W;(I xY'), we have a norm for (¢, y), defined
for any (t,y) € I x Y; we write this function as |y|. We compute

J n ;
d’ :
2 n—i
97112 = / ‘ (9)VTy
oz =2 [, |2 0

= n n di ; d ;
< g . i n—iy . 4 \via=Pvig
B ('Ll) (’62) /Ixy dt (9)V ’Y‘ dtt2 (9) 7

i1,i2=0

2

We can now apply the same argument as in the first part of Lemma 11.3.1 to obtain
a bound

||9’7||L§(Ixy) < K||9||L§(I)H7||L_’;?(Ixy)»
where K is a constant independent of g and . This shows that pointwise multiplica-
tion is continuous. Smoothness again follows by bilinearity.

The second equation can be obtained by applying the same modifications to the
proof as in Lemma 11.3.1 to establish (250). O

The following lemma is standard. We include a proof for completeness.

Lemma 11.3.3. — Let I C R be an interval, and h : R — R a smooth function.
Consider the transformation of C*°(R) given by

H:g—hog.
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(a) If I is compact, then H induces a smooth map from L?(I; R) to L?(I; R).
(b) The same holds true for arbitrary I (not necessarily compact), provided that
h(0) = 0.

Proof. — (a) We use Faa di Bruno’s formula for the higher derivatives of a composi-
tion:

an
dtr

h(g(t)) =Y Clma,...omp) - B m) (g(1)) - T (67 (8) ™

i=1

(253)

Here, the sum is taken over all n-tuples of nonnegative integers (my,...,m,) with
1-m+2-mg+---+n-m,=n,
and the constants C(myq, ..., my) are

n!

C mi,...,mM = .
(M1 -m) mqlllmimyl2imz  m Inlma

Let g € L?(I;R). We first want to show that h o g is also in L?(I;R), that is, the
nth derivative £-h(g(t)) is in L*(I;R), for all 0 < n < j.

We claim that each summand in the expression (253) is in L?. Indeed, since g is in
L? and j > 1, we have that g is continuous. Further, since h is smooth, we see that
the expression h(™1++m=)(g(t)) is continuous in ¢, and therefore bounded (because
I is compact). Moreover, unless i = n, the factors ¢(¥)(t) are in L?; hence, by Sobolev

multiplication, their product is also in L?, and thus in L?. It follows that

(254) ) (o)) - [T (00 (0)™ € 22,
i=1
as long as m,, = 0, since h("1 1+ +tmn) 5 g is bounded. In the special case m,, > 0, we
see that m,, = 1 and all the other m; must be zero, so (¢ (¢))"" = g™ (t) is still in
L2, and we get the same conclusion.
We have shown that H maps L?(I;]R) to L? (I;R). To see that H is smooth, we
compute its derivatives:

(255) (D"H)y(é1,...,&) = (D og) &+ &

When g,&1,...,& € L? (I;R), by applying the fact we just proved with h(") instead
of h, and making use of the Sobolev multiplication L? X LJZ — L?, we get that
(D"H)y(&1,. .., &) is in L7, as desired.

(b) If T is non-compact, we still have that h("1+*mn) and g are continuous.
Further, by the Sobolev embedding theorem, g € L? implies that ¢ is bounded.
Therefore, it is still the case that h(™1++7n) o ¢ is bounded. We also have the
Sobolev multiplication L? X L? — L? for j > 1, so the same arguments as before show
that (254) holds, provided that not all m; are zero.
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When n = 0 and all m; are zero, the constant function 1 = [}", (g(i)(t))mi is not
in L2. Nevertheless, we claim that A1+ +7)(g(t)) .1 = h(g(t)) is in L2. To see
this, we make use of the hypothesis 4(0) = 0. The derivative of h at 0 is

(256) K(0) = lim —~ € R.

Recall that g is bounded, so there is some K > 0 such that |g(¢)| < K. Let M be the
supremum of h(t)/t over the interval [—K, K]. From (256) and the continuity of h,
we see that this supremum is finite. Therefore, we have

Ih(g(t))] < Mlg(t)],

for all t € R. Since g € L2, this easily implies that h o g is in L?.

We have now shown that H maps L?(I;R) to L3(I;R). To check that H is smooth,
it remains to show that the expression (255) is in L?(I;R), when ¢,&1,...,&. €
L?(I ;R).

By Sobolev multiplication, the product £ =& ... &, isin Lf. For 0 <n <7, we
need to verify that

dm n n\ d° dn—s
A% o) — & w .
(257) T (17 09) - €) SEZO <S) T eg) s Sog

is in L2.

For s # 0, the arguments above (based on Faa di Bruno’s formula), applied to
h(") instead of h, show that the s derivative of h(") o ¢ is in L?. Further, since
n—s<n<j, the (n— s)™ derivative of ¢ is in L?. It follows that (257) is in L.

In the special case s = 0, the expression h(") o g is bounded, and ddT:f € L?, so we
again get that their product is in L?. This concludes the proof. O

Let I C R and e > 0. Consider the subset L?(I;R) inside L3(I;R) consisting
of functions with values in (¢,00). Note that for this subset to be non-empty, the
interval I must be compact. Further, since j > 1, L?(I ;R<.) is an open subset of
L?(I ;R).

Lemma 11.3.4. — Let I C R. The map z — % induces a smooth map H :
L3(I;Rs.) — L3(I;R), given by H(g)(z) = ﬁ. A similar statement applies to
T /.

Proof. — Let h : R — R be any smooth function such that h(z) = 1/x for > e.
Then, the result follows from Lemma 11.3.3(a), applied to h. The same argument
works for /x. O

With this, we can study the regularity of the L? norm as well.
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Lemma 11.3.5. — Let I CR. Lety e Wj(I xY') have ||y(t)| 2vy > € > 0 for all

t. For a meighborhood of v in /I/I?j(l x Y), the association y — ||v||12(y) is a smooth
map to L3(I;R).

1
Proof. — Writing ||v||z2(v) = (fy,*y)l%iQ(Y), the result follows from Lemma 11.3.1 and
the second statement in Lemma 11.3.4. O

Finally, we have

Lemma 11.3.6. — Let I C R be compact. Postcomposition with the bump function
a induces a smooth map L?(I;Rzo) — L?(I; R>o) given by g — aog.

Proof. — This is an immediate consequence of Lemma 11.3.3(a). O

11.3.2. On L? regularity of =, for compact cylinders. — With the above
technical lemmas established, we can now prove the first part of Proposition 11.0.2,
which concerns the L? regularity of =) on compact cylinders. First, recall from
Lemma 11.0.1 that =), extends to W;’. There is an obvious involution ¢ on Wf
given by (a, s, ) — (a, —s, ¢), such that Zx(a, —s, ) = Ex(i(a, s, 9)) = t(Ex(a, s, P)).
When discussing the terms involved in Ej, we will suppress this from the notation;
for example, if (a,s,¢) has s < 0, we will write B;(a, s, ¢) instead of B;(c(a, s, @)).
Since = is t-equivariant, it is easy to verify that this will not affect any smoothness
or regularity.

Proof of Proposition 11.0.2(1). — Let I be a compact interval. The idea is to apply
the technical lemmas proved above on Sobolev multiplication and superposition op-
erators to the explicit formula for =y in (244). Fix v € W]T(I x Y'), where we write
v(t) = (a(t),s(t), ¢(t)). Recall that [|y(t)||L2(y)y = 1 for all £ € I. We break =, into
elementary pieces and study their regularity.

First, observe that (¢(t), ¢.,) L2(vy € L3(I;R) by Lemma 11.3.1. By Lemma 11.3.2,
we have that (¢(t), pL,) L2(v) - v} is in L.

Note that whenever y(t) € S* - U,:i_, we have [(¢(t), ¢L) L2(v)| > 1 by our choice
of the d-balls in the definition of Zy. (Here we are using that there exists u(t) € S*
such that u(t) - ¢(t) € U,i_.) Using Lemma 11.3.4, formula (243), and the Sobolev
multiplication L3(I;R) x L3(I;R) — L3(I;R), we can deduce that w’ () € L3(I;C).
Consequently, it follows from Lemmas 11.3.2; 11.3.4, and 11.3.6 that 8;(v) € L? (I;R).
Therefore, we see by Lemma 11.3.2 that

(a+ Bi()(al — a), s+ Bi(N (st — s3), F3(7))

is in Wj(l x Y). The slicewise L? norm of the spinorial component of this path is
bounded below by 1/2 by (248). Therefore, we see that

() ) ’

(a +Bi(7)(at, —ad), s+ Bi(7)(sk — s3), 7 ) Nz2 vy
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is contained in Wj(I x Y) by Lemmas 11.3.2, 11.3.4, and 11.3.5. This expression is
Ex(7) by (246), as 8,(y) =0 for any n # i, when 3;(y) # 0.

The smoothness of =) follows from the relevant smoothness established in the
sequence of technical lemmas above about Sobolev multiplication and superposition
operators. To see that Z is a diffeomorphism, we can apply similar arguments to
show that E;\l satisfies the same regularity and smoothness properties.

We now show that =) depends smoothly on A, at and near infinity. If we change the
definition of =, by varying z% smoothly, the arguments above (i.e., the application
of Lemmas 11.3.1-11.3.6) show that we will vary the induced diffeomorphism in a
smooth way. This only applies for small variations of 2% whose spinorial component
stays slicewise in the L? ball of size  around ¢’_, but that is all we will need. By
Corollary 7.2.3, we see that x;-1(,) is smooth at and near r = 0, and thus we obtain
that Z;-1(,) is smooth at and near r = 0.

It remains to verify that = preserves W (I x V) (i.e. E\ preserves the condition
s > 0). This is trivial since = takes W{ to W{. O

11.3.3. On L? regularity of =,. — Before studying further regularity properties
of =), we need to introduce some further notation, generalizing the construction of
WT(xx,yx)- Let I CR be an interval. Given a path ¢ € Wjio.(I x Y) (analogous to
the smooth reference path 7o in defining W7 (zx,yx)), we define

Wi(IxY,¢) = {7 € Wjioe(I x Y) | v — ¢ € W;(I x Y)}.

We equip this space with the L? metric (not Li 10c)- Note that many different functions
can induce the same space. Further, note that Wj(I x Y, () is a Banach manifold,
since we have an affine identification with ﬁ/\j(l xY).

Towards studying the map =) on WJT(.T)\,yA)7 we will begin with a regularity
result for paths in /V[75’ that are contained entirely in some neighborhood of an orbit
of stationary points (or their involutes under ¢). As usual, for an element z € /W\j, we

will abusively write x for the induced constant path in ijloc(I xY).

Proposition 11.8.7. — Fix a stationary point z_ of Xéﬁgc’g as in the construction
of Ex, and let xf\ be the corresponding stationary points of X§§C7U. Let T > 0. Let

v e WJT([T, o) x Y,24) be such that B;(v) = 1. Then,
(a) in a neighborhood of 7 in Wj([T,oo) x Y,x%), 2\ induces a smooth map to
W;([T,00) x Y,z,), and
(b) this family of maps is smooth in X at and near infinity.
An analogous result applies for the half-cylinder (—oo, —T] x Y.
We postpone the proof of Proposition 11.3.7, but do explain what we mean by

smoothness of =) in A, since the domain of the function is changing. Fix a reference
path yo in W7, ([T, 00) x Y') which agrees with 2 for ¢ > 0. Note that =5 (70)
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provides an Liloc reference path which agrees with z for ¢ > 0 by the work of

Section 11.3.2. Then, =) induces a map,
Wj([T,00) x Y) = W;([T,00) x Y), v = Ex*(70) = Ex(7) = 70,

defined in a neighborhood of v — =" (7o), where v € W;loc([T, o0) x Y) satisfies

y—Z5 () € /Wj([T, 00) X Y). Since the domain and target of this map are constant
in A, we can make sense of smoothness in A at and near oo. There is an analogous
notion of smoothness in A for maps from W]T (zx,yx) to W]T (oo, Yoo ) (assuming they
extend to neighborhoods in the relevant larger affine space), which is what is meant
in Proposition 11.0.2(ii) and Proposition 11.3.7. More generally, given f : Wj’loc(f X
Y)— /Wj,loc(l xY'), one can analogously define smoothness in 7 of the family of maps
f: Wj(I xY,y) — Wj(l xY, f(7)). One can check that these notions are independent
of the choice of reference path.

Before proving Proposition 11.3.7, we use it to complete the proof of Proposi-
tion 11.0.2(ii).

Proof of Proposition 11.0.2(i1). — Let v € W]T(aroo,yoo). First, we establish that
Ex(y) € W]T(xoo,yoo). Fix a reference path -y from x, to Yo, which is constant
outside of [T, T]. Write 2% (respectively z™) for the indexed stationary point from
the construction of Zy that is in the orbit of ., (respectively y).

We have that Ex(vy) € W]T (R x Y) by Proposition 11.0.2(i). Since v €

Jloc

W](moo,yoo), we have that 7 — 7o has finite L3(R x Y') norm, with j > 1. Thus, we
see that for £ > 0, we must have that ||7(¢) — Yool £2(v) is sufficiently small so that
7(t) is contained in S*-Uyn and S, (y(t)) = 1. A similar statement applies for ¢t < 0,
where we see that 3;(v(t)) = 1.

By Proposition 11.3.7, we see that
Ex(V[1,00)) € W([T,00) X Y, Zx(Y0l17,50)))-

A similar statement applies for (—oo, =T]xY as well. Since y|_r 7] € /W]floc([—T, T)x
Y'), we can put these three pieces of v together to see that v € WN/]T(JUOO, Yoo )-
We will use a similar argument for smoothness. We provide the argument for

the existence of the first derivative of Zy; the higher derivatives are similar. Let
neT,W;(RxY,v)=W,;[R xY). We would like to see that

Ex(y+1h-n) —Ex() ‘

258 li
(258) im .

h—0

2
L2(RXY)

exists. This limit needs to be taken with respect to L?, and not L?,ZOC. As before, we
have that ||(t)||L2(y) is uniformly bounded in ¢, because of the L3(R x Y') bounds on
n. Therefore, for h sufficiently small, we have that v+ h-n(t) is in St - Ugn fort > T,
where we can choose T' independent of h. A similar statement applies for ¢ < —T.
Therefore, by Proposition 11.3.7 the above limit exists in the L? topology when we
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replace R X Y with [T, 00) x Y and with (—oco, —T] x Y. By Proposition 11.0.2(i), we
have that the limit in (258) exists when we replace R with [T, T]. This establishes
the existence of the limit on L3(R x V).

The smoothness of Zy in A at and near infinity can again be deduced by a similar
argument, applying Proposition 11.0.2(i) for a fixed compact interval and Proposi-
tion 11.3.7 outside of this interval. O

Before moving on to Propositions 11.0.2(iii) and (iv) in the final subsection, we
will give the promised proof of Proposition 11.3.7. This will be proved using similar
techniques as for Proposition 11.0.2(i); however, since we work in a region where some
Br =1 (and all other 5, = 0), we do not need to worry about w’ and thus our job
will be easier.

We need one more technical lemma about superposition operators before giving
the proof.

Lemma 11.3.8. — Fix xz € Wj non-zero and I C R. There is a smooth map
0 Vo) o T (1), o
||=’EHL2(Y) H’Y||L2(Y)

defined in a neighborhood of any v € Wj(I x Y, x) with ||v(t)|z2(vy > € > 0 for all
t € I. Further, this family of maps is smooth in x.

Proof. — Without loss of generality, we assume that ||z][z2(y) = 1. (We can reduce
to this case by dividing both v and z by ||z||z2(v).)
Let

CI:’Y—JTEW]'(IXY).
We are interested in showing that the following quantity is in ﬁ/\j(I xY):
gl (t+=
—_ = —
Y2 (v) 1€ + @l L2¢v)
— ¢ (¢ + all Ty = D)+ - (¢ + allThy, — 1)+ €.
Since ¢ € /Wj(l xY)and z € /V[7j, in view of Lemma 11.3.2, it suffices to show that
(259) ¢+l — 1€ LR,
Set
9= I¢+ T2y = 1= (O revy + 206, 2) L2y
By applying Lemma 11.3.1, we see that g € L?(I; R). The expression in (259) can be
written as h o g, where h(y) = (y + 1)~'/2 — 1. Note that h(0) = 0. Thus, we can
apply Lemma 11.3.3(b), and deduce that h o g € L3(I;R), as desired.
Smoothness with respect to 7 follows from the smoothness statements in Lem-

mas 11.3.1, 11.3.2 and 11.3.3(b).
Similar arguments can be used to prove smoothness with respect to x. O
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With the above lemma, we can prove Proposition 11.3.7.

Proof of Proposition 11.8.7. — Recall that by our assumptions on the path v, we
have that 8;(y) = 1 for some index 4, and S,(y) = 0 for all n # i. Writing v(¢t) =

(a(t), s(t), d(t)), we have

o(t) + (o(t
);

; L) L2(vy - Vi )
S o(t) + (o(t )2

Ex(y) = (a(t) +al, —a},s(t) +s .

bio) L2 vy - villLe(v)
N GI0)
XY@ L2y

The result now follows from applying Lemmas 11.3.1, 11.3.2 and 11.3.8 using the

Recall that the spinorial component of Zy(y) in this case is written as

lower bounds given in (248). O

11.4. Extensions of =) to other path spaces

With the main technical results established, we are easily able to extend =) to
larger path spaces to complete the proof of Proposition 11.0.2 by proving parts (iii)
and (iv).

Proposition 11.0.2(iii). — Recall from Section 5.7 the space C?;gC’T(x,y). This space
is larger than Wf(:c, y) due to the condition of pseudo-temporal gauge as opposed to
temporal gauge. Since gfc’T([acA], [ya]) is the quotient of é;gC’T(x,\,y,\) by the gauge
group fol (R xY), we will extend =) to a diffeomorphism

E)\ : é;gc,'r(x)\’ y)\) — é;gc"r(moovyoo)v

which commutes with the action by G; +1(R x Y), and this will induce the desired
diffeomorphism for ch T

Let (a(t) + a(t)dt, 5(t), (1)) € CE(2x,y2), where (a(t), s(t), @()) € W] (2r,y2)-
By Proposition 11.0.2(ii), we have that 2y (a(t), s(¢t), #(t)) € CfC’T(xOO,yOO). We now
define

Ex(a(t) + a(t)dt, s(t), p(t)) = Exla(t), s(t), 6(t)) + (a(t)dt, 0,0).

Since Z) induces a diffeomorphism from 17[/7 (zx,yx) to WJT (oo, Yoo ), 1t is clear that
=, induces a diffeomorphism from CNJgC’T (zx,yx) to CNJgC’T(a:OO,yOO). Thus, it remains
to see that this induced map respects the (four-dimensional) gauge action. Let u €
gff{ (R xY). For notation, we will write u(t) - V(¢) to mean the path obtained by
applying u(t) pointwise.
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Using the S'-equivariance of = : W]‘»’ — WJ‘.’, we have
u-Ex(a(t) + a(t)dt, s(t), o(t)) = u- (Ex(a(t), s(t), (1)) + (a(t)dt,0,0))
= (™ %a1,0,0) 4 u(t) - Eaalt). s(0). (1)) + (1), 0,0)

dt
= (~u Ba,0,0) + 2 (a(t), 5(0) u(t) - 6(0)) + (a(0)dt,0,0)
= (w4 alt)dt + at), s(1), ult) - 6(1))

dt
=Zx(u- (at) + a(t)dt, s(t), d(1))).

It follows that Zj induces a diffeomorphism from g;?TC’T([a:AL [ya]) to E?C’T([xoo], [Yoo])-
O

Proposition 11.0.2(iv). — We would like to show that =y induces a bundle map

gC,7 gC,7
; _ s P°
VJ VJ

J J

BEST (@a,yn) —— BEY (200, Yoo )-
which is a diffeomorphism on the fibers.

Here, we recall that the bundle VfC’T(R xY) over gfc’T([x], [y]) comes from quo-

tienting the bundle VfC’T (R xY) over 5?077([33]’ [y]) by the gauge action. Therefore,

it suffices to show that =, induces a ff’f (R x Y')-equivariant bundle map

gC,m =X gC,m
: S SN VS
v Vi

J J

55077-(!%)\7 y)\) i> 55077-(!@0071/00)7
which is a diffeomorphism on the ﬁbgrs.
Recall that the bundle VJgC’T over C]E?C’T(:z:, y) has fiber over (a(t)+a(t)dt, s(t), ¢(t))
consisting of paths in (b(t),r(t),v(t)) satisfying Re(o(t), v (t))r2(yy = 0 for all t.
In other words, if we write y(t) = (a(t),s(t),d(t)), then the fiber over (a(t) +

a(t)dt, s(t), ¢(t)) consists of paths n such that n(t) € 7;g$(’5 for all .

Since E : W7 — WY is a diffeomorphism, we have that for any € W7, we have
an induced linear isomorphism

e

—_ C,o C,o
(260) D,=x: 7;gx 7;5

JEA (I) !
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Therefore, for an element n € ngc’T which sits over (a(t) + a(t)dt, s(t), ¢(t)), we can
define Zy(n) by pushforward. More precisely, Zy(n) is the path in V]gC’T given by

(Dacey ()60 Zn) (10(t))-

By construction Zy(n) sits over 2 (a(t)+a(t)dt, s(t), ¢(t)), and thus we have a bundle
map. It is not difficult to check that (). induces a diffeomorphism of the fiber over
(a(t) + a(t)dt, s(t),¢(t)), as (E3'). provides the inverse. The gauge-equivariance
follows from the gauge-equivariance of = on C8%7.

The analogous result for g;‘gcﬁ([moo], [Yoo])/R now follows from the above argu-
ments together with the fact that if [xs] # [yoo), then the R-action is free on
B ([00), [y )) and BECT (], ). 0






CHAPTER 12

CONVERGENCE OF APPROXIMATE TRAJECTORIES

In this chapter and the subsequent one, we establish the analogous results of Chap-
ter 7 for flow trajectories instead of stationary points. In this section, we focus on
results related to the convergence of approximate trajectories to honest trajectories
as A — 0o. We now return to the case that A = A > 0; we will often omit this
assumption from the discussion.

12.1. Convergence downstairs

We start by discussing trajectories of X’ gAC in the blow-down. There are two kinds
of convergence results that one expects. The simpler one is C%, convergence of pa-
rameterized trajectories, and the more refined one is convergence of unparameterized
trajectories to a broken trajectory. We already know that the former kind holds:

Proposition 12.1.1. — Let I C R be a closed interval, and v, : I — W be a
sequence of trajectories of ng, contained in B(2R), where A, — oo. Then, there
exists a subsequence of 7y, for which the restrictions to any subinterval I' € I converge

in the C* topology of W(I' X Y) to v, a trajectory of quc.

Proof. — As discussed in Section 6.1, I + ¢, satisfies the hypotheses of Proposi-
tion 6.1.2. Thus, the result follows from Lemma 6.1.4. O

In particular, when I = R, the conclusion of Proposition 12.1.1 is convergence
in the C}%, topology of W(R x Y). We denote the resulting topological space by
VVIOC(R X Y)

We now seek to show that a sequence of unparameterized trajectories for the ap-
proximate equations converge, in a certain sense, to a broken trajectory of quc. It
will be convenient to work in the quotient W/S!. Given z € W, we write [z] for its
projection to W/S!. If x is a stationary point (of Xfc or qufj), we will say that [z]
is a stationary point class.
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Furthermore, given an interval I C R and a trajectory v: I — W of quc or X quc ,

we consider the associated parameterized trajectory class
M eWd xY)/st,

where S! acts by constant gauge transformations. If I = R, we can further divide by
reparameterizations (translations in the domain R), and obtain the unparameterized
trajectory class

] € WR xY)/(S* x R).

When I = R, Lemma 16.2.4 in [KMO7], translated into slicewise Coulomb gauge,
shows that any parameterized trajectory class [y] of quc with finite energy admits
limit points [z] and [y] at oo, with [z] and [y] being stationary point classes of X&gc.
Corollary 8.6.2 gives the analogous result for trajectory classes of X 50 , provided these
come from trajectories contained in B(2R). Since the limit points are unchanged
by reparameterizations, we can also talk about the limit points of unparameterized
trajectory classes.

Definition 12.1.2. — Fiz [z] and [y], stationary point classes of quc' An (unpa-
rameterized) broken trajectory class of quc from [z] to [y] consists of

— an integer m > 0, the number of components;

— an (m + 1)-tuple of stationary point classes of Xfc: [x] = [zo]s- -, [Tm] = [¥]
— an unparameterized trajectory class [V;] of X§C from [x;—1] to [x;], for every
1=1,...,m.
We will represent broken trajectory classes by the tuple [¥] = ([%1],- - -, [Yml])-

Next, we want to say what it means for unparameterized trajectory classes of
ngl to converge to a broken trajectory class of quc, as A\, — oo. This is done
in Definition 12.1.3 below, which is inspired by the construction of the topology on
the space of broken trajectories of Xy, in [KMO7, Section 16.1]. Given a trajectory
v:R — W and s € R, recall that we write 7,y for the translate, (757)(t) = 7(s + t).

From Proposition 7.2.2 and Lemma 7.2.4, for any stationary point class [z] of quc7
there is a corresponding (nearby) stationary point class of X' quC , which we denote by
[z,], and similarly in the blow-up. We also recall from the discussion between Corol-
laries 8.6.3 and 8.6.4 that for A > 0, trajectories [y,] of X;§C’U in (W*NB(2R)?)/S*

connecting stationary points [x,] and [y,] are contained in B%C’T([:J:A], [ya]). In par-
ticular, such trajectories satisfy lims—, oo [7772] = [V2,] and lims—, o [T 7] = [1,]
in B%S&Z(R x Y) analogous to Definition 4.5.5. We have the analogous result in the
blow-down as well. We will use these facts implicitly throughout the next two sections.

Definition 12.1.3. — Fiz [z] and [y], stationary point classes of XC%C. For A\, —
. . . o gC .
o0, consider a sequence of unparameterized trajectory classes [Yu] of X7\, coming
from trajectories
Yo : R = W 0 B(2R)
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and such that the endpoints of [¥y] are the stationary point classes [z, ] (respectively
[yr,]) of ng that correspond to [x] (respectively [y]).

We say that [Vy,] converges to the broken trajectory class [Yoo] = ([Yoo1s - - - 5 [Yoo,m))
if, for each i =1,...,m, there exist sequences of real numbers (sp_ ;)n>0 with

Sn,l < Sp2 < < Spm

and

Sn,i— Sp,i—1 —» 00 as M — 00,

such that the translates [Ts, ,vn] converge to some representative [Yooi] of [Yoo,i] in
the quotient topology of Wiee(R x Y)/St.

Proposition 12.1.4. — Fiz [z] and [y], stationary point classes of Xfc, Fiz a
sequence A\, — 00 and a sequence of unparameterized trajectory classes [¥,] of ng,
going from [xx,] to [yx,], and such that the representatives v, of [¥n] are contained
in W N B(2R). Then, there exists a subsequence of [,] that converges to a broken

trajectory class [Y,] of quc’ in the sense of Definition 12.1.3.

Proof. — The proof is essentially the same as [KMO7, Proposition 16.2.1]. We pro-
vide an outline.

Since the energy E(v) of a trajectory v of X qgfj is unchanged by constant gauge
transformations, we can talk about the energy £([]) of the respective parameterized
trajectory class. Similarly, since the functions Fy constructed in Chapter 8 are S'-
invariant, we can talk about the drop in F) for a parameterized trajectory class. In
view of Corollary 8.6.4, the energy and the drop in F) are commensurable.

Fix a compact interval I, constant C' > 0, and a neighborhood Ul of each sta-
tionary point class [z] of quc, where [z] is thought of as a constant trajectory class
in W(I xY)/S!. Using Proposition 12.1.1, for any other compact interval I’, we can
find € > 0 independent of A such that if [y] is a trajectory class of X qgfj with energy
at most C, and with energy at most e when restricted to I’, then [y]|;xy is contained
in some Up,). (Compare with Lemma 16.2.2 in [KMO07].)

Next, observe that, since the trajectory classes [y,] go from [zy,] to [y, ], and

[, ] =[], [yn] = [y], Fx, = Lq as n — oo,

we have that the drop in F), along [y,] is bounded. Hence, the energy of [y,] is
bounded, by a constant K independent of n. With ¢ > 0 chosen as in the previous
paragraph, we find that, for each n, there are at most 2K /¢ integers p such that

E(lmpmlli-1.1) = E(lymllp-1.p41)) > €

Therefore, for all other p, we must have [7,7,] € U}, for some stationary point class
[z] of AEC.
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Starting from here, for each n > 0, we decompose R into finitely many intervals
I = [a}, b?] of fixed length, and intervals

i i 9%
J(r)l = (—OO,UffL Jzn = [ ?7a?+1]7 J:rlz = [b:}rwoo)’

with the length of each J;* going to infinity as n — oo, and the number m of intervals
being independent of n. The restriction of [y,] to each J!* lies near a stationary point
class of quc, and these point classes provide the breaking points of the limiting broken
trajectory class. By applying Proposition 12.1.1 to the restrictions of [y,] to I, we

can arrange that they are convergent in Cp,.. This gives the required convergence to
a broken trajectory class. O

12.2. Convergence of parameterized trajectories in the blow-up

We now move to the blow-up W7. We are interested in showing that the trajectories
of X857 are close to those of Xfc’”, given appropriate control on the A-spinorial
energy. The goal of this subsection is to establish the following convergence result for
parameterized trajectories. Before doing so, a quick notational remark. Sometimes we
will be interested in studying the image of a path in W7 /S* in the blow-down. When
doing so, we will use the notation " for the path upstairs and ~y for the blow-down.

Proposition 12.2.1. — Fizw > 0 and a compact interval I = [t1,t2] C R. Consider
a smaller interval I, = [t; + €,ty — €] for e > 0. Suppose that

- I — (WA N B(2R))°

. . . c,
is a sequence of trajectories of X% 7

RV where A\, — co. Furthermore, suppose that at

the ends of I. we have
A (7t +€)) Sw, Agan (15(t2 =€) 2 —w,

for all n. Then, there exists a subsequence of v, for which the restrictions to any
gC,o

I' € I. converge in the C™ topology of W™ (I. xY') to v", a trajectory of Xg 7.

Remark 12.2.2. — The analogous compactness result for trajectories of Xy is The-
orem 10.9.2 in [KMO7]. However, there are a few differences between the statement
of Proposition 12.2.1 and [KMO07, Theorem 10.9.2]. Of course, the main one is that
our result deals with trajectories of the vector fields X ngL’U,
vector field Xfc’” in Coulomb gauge. Another difference is that in [KIMO07, Theorem
10.9.2] one requires a bound on the energy of trajectories, that is, on the drop of the

perturbed Chern-Simons-Dirac functional £4; this is unnecessary in our setting since

which approximate the

our trajectories are assumed to be in B(2R)?, which automatically gives bounds on
Lq. Also, in [KMO07, Theorem 10.9.2], the assumption is that q is a k-tame pertur-
bation, and the conclusion is convergence in Lz 41+ In our setting, q is tame (for all
k), and we will use bootstrapping and a diagonalization argument for subsequences
to get convergence in C*°. Finally, in [KMO7, Theorem 10.9.2], the conclusion is
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convergence after gauge transformations. In our setting trajectories start in temporal
and slicewise global Coulomb gauge; the remaining gauge consists only of constant
transformations in S'. Since S! is compact, there is no need to change trajectories by
gauge before they converge. Compare the remark after Corollary 5.1.8 on [KMO7,
p.110].

Before proving Proposition 12.2.1, we need a couple of lemmas. The first is the
following unique continuation result, analogous to [KMO7, Proposition 10.8.1]:

Lemma 12.2.3. — Let y(t) = (a(t), ¢(t)) be a trajectory of XfAC in B(2R) for some
A€ (0,00]. If ¢(t) =0 for some t, then ¢(t) = 0.

Proof. — Since v(t) is a trajectory, we have
d
== 0(t) = Do(t) + (pcq) (1(1)):

Furthermore, ~(¢) is continuous and thus (p*cq)*(y(t)) is a continuous path in
Li(Y;S) as well. By [KMO07, Lemma 7.1.3], it suffices to show that ||(p*cq) ! (v(£)) | 2 <
C||#(t)|| 2 for all ¢. This follows from Lemma 6.3.6. O

The second result we need is the analogue of [KMO07, Lemma 10.9.1]:

Lemma 12.2.4. — There is a constant C' > 0 such that, for any A > 0, any interval
[t1,t2] C R, trajectory 4™ : [t1,ta] — B(2R)? of ng*g, and any t € [t1,ts], we have
d

T C
e (07 (1) < C-IXE ()l 3 v,
where v is the projection of v in the blow-down.

Proof. — This is similar to the proof of Lemma 10.9.1 in [KMO07]. Note that the
bound in [KMO7] involved a function {((¢)); in our case we can take this to be a
constant, because we assumed that v(t) C B(2R). O

Proof of Proposition 12.2.1. — The argument follows that of Theorem 8.1.1 and The-
orem 10.9.2 in [KMO7| nearly verbatim. We give the argument for completeness.

Write 77 (t) = (an(t), sn(t), ¢n(t)). First, by Proposition 12.1.1 we can find a
subsequence of the blown-down sequence v, (t) = (an(t), $n(t)¢n(t)) for which the
restriction to any I’ € I converges in all L}(I’ x Y)) norms. Choose I' such that
I. € I'. In particular, we have bounds (and convergence) for all L? (I’ xY) norms on
a(t). Therefore, we will now focus on the convergence of s, (t) and ¢, (t).

By Lemma 12.2.3, each trajectory is either slicewise reducible or irreducible. After
passing to a further subsequence, we can assume that 47 are all of the same type. We
first consider the case that ~7 (¢) are irreducible for all n and ¢. If the limit of v, is
irreducible, we are done using the result in the blow-down. Therefore, we assume that
the limit is reducible for all ¢. It will be useful to simultaneously think of s,,(t)¢,,(t) as
a four-dimensional spinor z,®,, where z, = |[$n®n|lL2(1 xv) and [|®n][z2(7. xy) = 1,
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50 2,y = spdn. (We have z, # 0 since s,(t) # 0 for every t € I'.) The subtle
change from I’ to I, when computing L? norms will be used shortly.

Since v, is an approximate trajectory in the blow-down, so is ¢?+,, and therefore
we see that

—D*t(e?2,®,) = (p)‘”cq)l(an,ewznq)n)7
for all §. (Here DT denotes the Dirac operator in four-dimensions for the trivial
connection induced by Ag.) By differentiating with respect to 6 and evaluating at
0 = 0, we obtain
—D¥(2,9,) = D,, (p/\ncq)l(()’ 2n®y),

and thus by complex linearity,

_D+((I)n) =D,, (p/\ncq)l(ov D).

By Lemma 6.3.5, the L?*(I’ x Y) bounds on ®,, and LZ(I’ x Y) bounds on 7,
give that the right-hand side is L?(I’ x Y') bounded. By ellipticity, we see that ®,,
is L2-bounded on any interior cylinder. We can do further bootstrapping to obtain
L? (I x Y) bounds on the four-dimensional spinor ®,, for all j. In particular, we can
arrange for a further subsequence for which ®,, converges in all Lf (I X Y') norms to
a spinor ® with [|®||z2(7 xy) = 1.

By Lemma 12.2.4 and the bounds on Ay, at the endpoints of I, we see that
Agan (75 (t)) is uniformly bounded in n and t € Ic. Since —Agx, (77, (t)) = % log s,,(1),
it follows that there exists a constant K > 0 independent of n and ¢ € I, such that

sn(t) =2 Kllsnllr2(1.) = Kllsndnll2(1.) = Kzn.
(We used here than ||¢,(t)||z2(yy = 1 for all £.) We deduce that
@5 (@) llL2(vy = K >0

for all t. Since ®,, converges to @ in all L3(I. x Y') norms (and thus uniformly in all

L3(Y') norms), we see that ¢, (t) = % is bounded in all L?(I x Y') norms by
Lemma 11.3.8. It follows that we have the desired convergence for the ¢,,.

We now focus on the convergence for s,. Of course, rather than obtaining bounds
on L? (I X Y) norms as above, we could have used any intermediate cylinder with
I. c I” € I'. We in fact opt for I, since we will need to bootstrap again to get
L?(IE) bounds on s,,. By (165) and (166), since both 7, (¢) and ¢, (¢) are bounded in
all L(I” x Y') norms, we see that Agx, (77 (t)) is bounded in all L3(I") norms. Since
~r(t) is a trajectory of Xfﬁ"g, (165) shows that

d T
— 50 (t) = —Agx (9 (t))sa())-
Note that for all n and ¢ € I, 0 < s,,(¢) < 2R, so we obtain uniform bounds on % s, (t)
by the bounds on s, (t) and Agx, (v} (t)). We may continue to bootstrap using (261)
together with Sobolev multiplication to obtain bounds on s,, in all L?(IE) norms, and

(261)
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consequently convergence in C'*°. This completes the proof in the case that the 7]
are irreducible.

Now, we consider the case that 47 (¢) is reducible. As in the irreducible case we have
L3(I') bounds on Ay, (77 (t)), by Lemma 12.2.4 and the bounds at the endpoints. In
this case, choose s (t) to solve

d . . "
— 2 5n(8) = Agan (an(t), 0, 6 (1)) 57, (1),

where we ask that 0 < s} () < M for all t € I and n. Since this is a one-dimensional
ODE defined on a compact interval, we can easily arrange for such a solution. It is
straightforward to verify that

} (i i ng) (an(0),55,(1)0n(1)) = Do ,0) (™" ) (0, 8 (1)

We can now repeat the same arguments as above to obtain the desired convergence
of ¢n(t). O

Corollary 12.2.5. — Fizw > 0 and a closed (possibly non-compact) interval I C R.
Suppose that v7 : I — (W*» N B(2R))? is a sequence of trajectories of Xfﬁ:o, where
An — 00. Furthermore, suppose that [Agx, (v (t))| < w for all n and t € I. Then,
there exists a subsequence of ! for which the restrictions to any subinterval I' € I

converge in the C™ topology of WT(I' X Y') to ", a trajectory of Xfc’g,

Proof. — This follows from Proposition 12.2.1, by a diagonalization argument. [J

When I =R, we let W (RxY) be W™ (R xY) with the C;2, topology. Then, the

loc
conclusion of Corollary 12.2.5 is convergence in W[ (R x Y)).

12.3. Near-constant approximate trajectories

This subsection contains several technical results, analogous to the ones in Sections
13.4 and 13.5 of [KMO7]. We will use these to study the moduli spaces of broken
trajectories of Xsfc’”, leading up to Propositions 12.4.1 and 12.5.1 below.

We start by establishing the analogue of Lemma 13.4.4 in [KMO7], which gives
bounds on the distance of a trajectory from a constant trajectory on [t1,t2] X YV in
terms of L. Write I = [t1,t5]. We follow the notation of Sections 8.2 and 8.5. More
precisely, given a stationary point oo = (@00, Poo) Of quc, there is an associated orbit
O, of stationary points of Xffj. We define z) = (ay, ¢») to be the point in O, which
is L2 closest t0 Zoo.

Lemma 12.3.1. — Fix a stationary point Teo = (Gso, Poo) 0Of quc, which we treat as
a (constant) trajectory of quc on I xY . There exists an S*-invariant neighborhood U
of oo in Wi (I XY) and a constant C independent of A > 0 satisfying the following.
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If v € U is a trajectory of quf, there exists a constant gauge transformation u € S*
such that

[y = zallLz1xy) < CEA(Y(t2)) — Fa(v(t)))-

Proof. — In [KMO7, Lemma 13.4.4], Kronheimer and Mrowka choose a gauge trans-
formation of « that moves it into the Coulomb-Neumann slice through z.,. In our
context, since we prefer to work with ~ in slicewise global Coulomb gauge, we choose
u € S so that

Re(u . 'y(tl)7 (0, 7;¢)\)>L2(Y) =0.
To suppress u from the notation, for the rest of the proof, we assume Re(y(t1), (0,idx)) 12(v) =

0, so that u = 1.
We have

to to d
@2 sl = [ - aaBidtt [ 15
t1 ty

In view of (214), it suffices to bound the right-hand side by a constant times

:12 ||%’yH%2(Y>dt, or equivalently, :12 ||X§S(’y(t))||%2(y)dt. Since the second term in

(262) is already of this form, it suffices to bound the first term, i.e., to find a constant
C such that

to ta d to
C
[ - alpd<c [CIgBamdi = [ IR GO

t1 t1 t1
By our choice of q, we have that o, and z, are non-degenerate stationary points
of XC%C and X fg , respectively. There exist constants C’ > 0 and § > 0 (independent
of A) such that for |z — 2x[[z2(y) < §, we have

(263) o= aaldary < € (10 @)y + | Refa, (0,i92) 2n )

by an argument similar to that in Lemma 8.5.1, where we do not include the second
term on the right-hand side if x is reducible. Indeed, if z is real L? orthogonal to
(0,i¢y), then the inequality follows directly from the non-degeneracy of X’ qgf . More
generally, we use

|z — zallL2(vy < ez — zallz vy + llz — ewaLf(Y)
c i
< CNX (@) lL2vy (1 —e 0)|||CUHL§(Y)
< O X5 (@) vy + C' | Rea, (0,i63)) L2(v,

Re<$7(0)i¢/\)>L2(Y)
H$HL2(Y) ”i¢>\”L2(Y) ’
the last inequality, we use that z is L? bounded and that for irreducibles, the ¢, is
uniformly L? bounded above and below.

We therefore choose the neighborhood, U, in the statement of the lemma by ex-

where 6 is the angle between z and (0,i¢), i.e. sinf = To see

tending a d-neighborhood of z in L?(I x Y) to be gauge invariant.
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By (263), for a trajectory v € U, we have the desired bounds in the case that z
is reducible. If x is irreducible, it remains to bound

to
/ Re(y(t), (0, i6)) 12 Pt

ty
in terms of ft L2, y)dt. We write
to to
[ 1Retr(0) 0,i0mhincn Pt = [ [Rea(e) = (00, 0,i0m)ncv P
t1 t1

to
<c / I(8) = ()12

gc’/ |\/ ds|\L2(Y dt
12
gc’/ (t—t1) / |— ’y||L2(y)dsdt
t2 tz
(t2 —t1) / / ’YHLz(Y dsdt
tl tl

—c<t2—t1>/ ST

ty
where the fourth line follows from Cauchy-Schwarz. This completes the proof. O

In [KMO7, Sections 13.4 and 13.5], Lemma 13.4.4 is the starting point for a se-
quence of results about trajectories in neighborhoods of stationary points. In our
setting, Lemma 12.3.1 above gives analogous results, by essentially the same argu-
ments. We state the main results below, but omit the proofs.

First, by bootstrapping, we obtain the following from Lemma 12.3.1, analogous to
[KMO7, Proposition 13.4.7].

Lemma 12.3.2. — Fiz a stationary point xo, of quc, which we treat as a (constant)
trajectory of quc on I x Y. There exists an S'-invariant neighborhood U of oo in
Wi(I xY) and a constant C independent of A >> 0 satisfying the following. If v € U
s a trajectory of ng, there exists a constant gauge transformation u € S' such that

-y —axllz,, (rxv) < CEA(Y(t2)) = Fa(v(t))),

for any compact interval I' € I.

Next, we have two results about trajectories in the blow-up. These are the ana-
logues of Proposition 13.4.1 and Corollary 13.4.8 in [KMO7] respectively.

Proposition 12.3.3. — Let o, € B(2R)? be a stationary point of Xglgc’”, Ty a
nearby stationary point of Xff’a, and I' € I = [t1,t2]. Then, there exists a constant
C and a gauge-invariant neighborhood U of the constant trajectory to in W7 (I xY),
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independent of X, such that for every trajectory 4" : I — (W* N B(2R))? of Xq%cﬁ
which belongs to U, there is a gauge transformation u € S* such that:

(1) if oo 1s irreducible, then

lu-A" = zallez, (rxyy < C(EA(r(0)) = Fa((t2)))

k1

(i1) if v is Teducible, then

he- 3™ =@alliz., vy € € (Ar (1)) = Agp (1(22)) + (Fa(r(01)) = A (E2)) )

k+1

Proposition 12.3.4. — Let 2o, € B(2R)? be a stationary point of quC’U and xy
the corresponding stationary point of Xff’”. There is a constant C and a gauge-
invariant neighborhood U of the constant trajectory in Wi ([—1,1] x Y') obtained from
blowing down =, independent of A > 0, with the following property. Ify™ : [—1,1] —
(WX N B(2R)) is a trajectory of Xff}’” whose blow-down ~ is in U, then

IAn (70| < OG-0 = ()Y

For trajectories that converge to stationary points at the ends, we are able to

Nl

obtain exponential decay on the value of F near stationary points in the blow-up,
analogous to that in [KMO7, Proposition 13.5.1]. Since F) : W* N B(2R) — R is
Slinvariant, we obtain an induced map from (W* N B(2R))?/S! to R. By a slight
abuse of notation we will use F) for this induced map as well. Recall from Chapter 7,
for every stationary point [z.] of X7 €99 with grading in [~ N, N], we have a unique
corresponding stationary point [z,] of X;gc’” for A > 0.

Proposition 12.8.5. — Let [zs] be a stationary point of X;gc’g with grading in
[N, N]. There exists 6 > 0 such that for X > 0, and for every trajectory [v] :
[0,00) — (WA N B(2R))?/S* of X‘?fc’g with limg oo [779] = [x2] in LE,,,, there
exists tg such that for t > tg

([ (1)) = Fa(faa]) < Ce™,
where C' = Fx([v(t0)]) — Fa([zx])-

Here is a related result in the blow-down, which is the analogue of [KMO07, Propo-
sition 13.5.2].

Proposition 12.3.6. — Let o, be a stationary point of quc. There exists a neigh-

borhood U of [1] in B(2R)/S' and a constant § > 0 such that for A\ > 0 and any

trajectory v : [t1,ta] — WANU of Xff in L2([t1,t2] X Y), we have the inequalities
—Co?71) < Fy(4(1)) = Fa([ea]) < Cre 2071,

where
C1 = |Fx(v(t1)) = Ex([za])], Co = [Fx(v(t2)) — Fx([za])]-
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For a trajectory -y of XC%AC’U, let us introduce the quantities

K= [ M‘dt, Kol = [ (““*(”)+dt,

dt dt
which a priori may be infinite. Here, f* denotes max{0, f}. Note that K is finite if
and only if K 4 is finite. Further, if the result is finite, and ~ is a trajectory from
) to yy, then

(264) Agr () = Aga(ya) = Ka(v) — 2Ky (7).

We will also use K /{ and K /{ 4 torestrict the domain of integration to any subinterval
ICR.

The exponential decay bound from Proposition 12.3.6, combined with Lem-
mas 12.2.4 and 12.3.2 give the following analogue of [KMO07, Corollary 13.5.3].

Corollary 12.3.7. — Fiz xy, a stationary point of Xfc. Given a constant n, there
is a gauge-invariant neighborhood U C Wi ([—1,1] x Y') of the constant trajectory xso
with the following property for X > 0. Let J C R be any interval and J' = J+[-1,1].
If we have a trajectory 7 : J' — (W NB(2R))? of Xffj’” such that Ty are contained
in U for allt € J, then K;\’,+(77) <.

12.4. Convergence of unparameterized trajectories in the blow-up

Our goal in this subsection is to prove analogues of the results in Section 12.1 in
the blow-up. Similarly to the stationary point classes in the singular space W/S*
that appeared Section 12.1, we will now consider stationary points [z] € W7 /St of
the vector fields X;’gc’” or X:&gc’a. We have parameterized trajectories

[V e WT(IxY)/S!
of X‘?gc’g or Xsfc’g, and also, if I = R, unparameterized trajectories
5] € WT(R x Y)/(S* xR).

Unlike in the blow-down, we omit the word “class” since the relevant objects arise
from actual vector fields on the (smooth) quotients by S*.

We will only consider trajectories of X797 that limit to two stationary points.
(Lemma 16.3.3 in [KMOT], translated into slicewise Coulomb gauge, gives conditions
for this to happen—but we will not need it here.) For trajectories of X*6%7 Corol-
lary 8.6.3 shows the existence of limiting points, provided that the trajectories are
contained in (W* N B(2R))°/S*.

Finally, analogous to Definitions 12.1.2 and 12.1.3, we have the notions of unpa-
rameterized broken trajectories and convergence to them. In particular, convergence
to a broken trajectory is defined in terms of the convergence of some parameterized
representatives in W (R x Y)/S™.
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The main focus of this subsection is the following.

Proposition 12.4.1. — Fix [x] and [y|, stationary points of angc’” with grading in
[-N, N]. Fiz \,, — oo, and a sequence of unparameterized trajectories [¥y,] of X;ff’g,
going from [x.] to [yx,], and such that the representatives v, of [¥,] are contained
in (W*» N B(2R))?. Then, there exists a subsequence of [y,] that converges to an

unparameterized broken trajectory [¥..] of X;‘gc’o.

Lemma 12.4.2. — Fix x and y stationary points of quc’”, There exists C > 0
such that for all A > 0 and trajectories ¥™ from xy to yx, we have K\(y7) < C.

Proof. — This is analogous to [KMO07, Lemma 16.3.1]. We outline the proof. We will
show that any sequence 7, of trajectories from x, to yy, has K (77) bounded, as
long as A, > 0. Note that since z, (respectively y, ) are Li close to x (respectively
y), it suffices to obtain uniform bounds on K, 1 (7)) by (264), since we have bounds
on the A,-spinorial energies of x), and y,,. Consider the projections 7, of the
trajectories v7 to the blow-down. Following the proof of Proposition 12.1.4, we find a
decomposition of R into a finite number, independent of n, of intervals of two types:
J%, on which =, is close to a constant trajectory as in Corollary 12.3.7, and I’, which

/{Z (). For the

intervals I! of fixed length, we can apply Lemma 12.2.4 to give uniform upper bounds
on %Aqxn (7 (t)). Since the lengths of the I’ are fixed, the values Kiz + are bounded.

Thus, we obtain the desired bounds on K, (77). O

have a fixed length. Corollary 12.3.7 gives uniform bounds on K

Lemma 12.4.2 in fact gives uniform bounds on Ag» for approximate trajectories,
which we now establish.

Lemma 12.4.3. — There exists a constant C' > 0 independent of X > 0 with the
following property. Ify is a trajectory ofoF’U contained in (W*NB(2R))?, and going
between two stationary points in the grading range [—N, N, then |Agx (y(t))| < C for
all t.

Proof. — Since there are only finitely many stationary points of anfc’a in the grading

range [—N, NJ, it suffices to establish the result for trajectories v of X qgf’ "7 between
xy and yy for a fixed pair of stationary points. We have from (264) that

[Agr () = Agr (v(0)] = [KL " (7) = 2857 ()]
< 3K\ (7)
<3C,
where C' is the constant from Lemma 12.4.2. Since the x) are all Li close to the

Sl orbit of a fixed stationary point = of Xfc, we have that [Agx(zy)| is bounded
independent of A > 0. O
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The following is the analogue of [KMO07, Lemma 16.3.2|, and has a similar proof.
It is a consequence of the convergence of parameterized trajectories in the blow-up,
Corollary 12.2.5.

Lemma 12.4.4. — For each stationary point x of quc’”, choose a gauge-invariant
neighborhood U, C W (I xXY') of the associated constant trajectory. Further, let I' be
any other interval with non-zero length. Then, there exists € > 0 such that for A > 0,
if v € M(yx,yy) for stationary points yx,ys of quf’a in the grading range [—N, N|
satisfies KT (7) <, then v|;xy € U, for some x.

Proof of Proposition 12.4.1. — Lemma 12.4.3 guarantees that A x, is bounded for all
trajectories between [z,,] and [y, ] contained in (W*N B(2R))°. Therefore, we may
repeat the argument of Proposition 12.1.4, where we now apply Corollary 12.2.5 and
Lemma 12.4.4 in place of Proposition 12.1.1 and we require that where we see bounds
involving terms of the form £7(v), we also have analogous bounds on K7 (7). O

Corollary 12.4.5. — Fiz e > 0. For A > 0, the following is true. Suppose that

[vA] is a trajectory of X;fc’g from [z,] to [yn], such that either

1. [ya] is not boundary-obstructed and gr([x,],[ya]) =1 or
2. [v2] is boundary-obstructed and gr([x,], [yx]) = 0.

Furthermore, suppose that the gradings of [x)] and [yy] are in [-N, N]. Then, [y,] is
e-close in Wi i0e(R X Y) /S to [y, a trajectory of X257 with grading in [-N, N].

Proof. — We argue by contradiction. Suppose there exists a sequence of trajectories
[ya, ], where A, — oo, which are always at least distance e from trajectories of X287
Without loss of generality, none of the trajectories are boundary-obstructed. A similar
argument for the index 0 and boundary-obstructed case follows similarly. By Propo-
sition 12.4.1, there exists a subsequence such that the unparameterized trajectories
converge to a broken trajectory [¥,] from [zso] to [yoo], Which is necessarily index 1
by Proposition 9.3.1. It remains to show that this trajectory is in fact unbroken.

We suppose that [Y] = ([Yoo1]s - - - [Yoo,m]) With m > 2. By our non-degeneracy
assumption, one [y ;] must be be index 1, while the other trajectories must be index
0. Note that an index 0 trajectory must be boundary-obstructed (or else the moduli
space is necessarily empty), and thus there can be at most one such trajectory. In
particular, we see that [Yo] = ([Yoo,1]s [Yoo,2])- Since we are assuming that the trajec-
tories [ya,] are not boundary-obstructed, it follows that one of [Yoo 1] Or [Yoo,2] go€S
from boundary-unstable to boundary-stable or one of [zoo] or [yoo] is irreducible. In
either case, we have that that one of the components of [] is an irreducible tra-
jectory (see [KMO7, Proposition 14.5.7] or the discussion at the end of Section 4.5).
This implies that M ([Zso], [Yoo]) must contain an irreducible trajectory. This con-
tradicts [KMO07, Corollary 16.5.4|, which implies that if M([zso], [ys]) contains a
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once-broken trajectory in the compactification and contains an irreducible trajectory,
no component of the broken trajectory can be boundary-obstructed. O

12.5. Convergence in L?

In Chapter 7, we used the inverse function theorem to find approximate stationary
points near stationary points of quc’g. There we defined identifications =) between
Q:f{/ and €y, which we extended to self-diffeomorphisms of W in Lemma 11.0.1 and
then to self-diffeomorphisms of path spaces in Proposition 11.0.2. We now use these
self-diffeomorphisms to improve the Li) 1oe cOnvergence from Proposition 12.4.1 to L%
convergence.

Proposition 12.5.1. — Let [y,] : R — (W NB(2R))?/S* be a sequence of trajec-

tories of X;ff’” between stationary points [xx,] and [yx,]. Further, suppose that the

unparameterized trajectory [V,] converges to [Yoo|, an unbroken trajectory of X‘?gc’a
from [zso] to [Yso]- Then, after possible reparameterization, Zx, ([yn]) converges to
[Yoo] in B,%C’T([xoo], [Yoo]), where [Yoo] s a representative of [Foo].

Proof. — We choose representative trajectories , of X’ qgg "7 and oo of quc’g of the
trajectory classes such that +, converges to 7. (This is easy to arrange, since these
are only Sl-equivalence classes.) This means there exists a sequence s,, € R such that
Ten¥n — Yoo N L ;.. Since we may reparameterize Zy, ([vn]), we assume that no
translations are necessary. Therefore, we are interested in showing that there exists

a sequence of gauge transformations u, : R — S* such that

lun - Zx, (Yn) — 'Yoo”Li(RxY) — 0.
Fix € > 0. We will show that [|Ex, (n) = Yool L2 (mxy) < € for n > 0. Write 2o and
Yoo for the limit points of vo.
First, since 7, — Yoo in L} (R X Y), we also have that =) (yn) = 7Yoo in
L%ZOC(R x Y') by Corollary 11.0.3. In particular, for any 7' > 0, we have for n > 0,
IEx,. (n) = YoollL2 (-7, 1) x ) < €/2.
Therefore, it suffices to show that we can find T' > 0 such that for n > 0,

(265) IZx, () = Yooll L2 ([1,00)x v) < €/4,
k

and likewise on (—oo, =T x Y. We will establish the bounds for [T, c0) x Y'; the case
of (—oo,—T] x Y follows in the same way.
We first claim that there exists T' > 0 such that for n > 0,

(266) IZx, (vn) — yooHLi([T,oo)xY) <¢/8.
By Corollary 11.0.4, we have that it suffices to establish

(267) [Vn = Yn,ll 22 (1,00)xv) = 05 1 — 00.
k
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This is an analogue of [KMO7, Theorem 13.3.5], which implies that there exists
a gauge transformation of ., which lands in B2 ([zs], [yao]). However, we will
explicitly keep track of the L7 bounds and the necessary gauge transformation. First,
by Proposition 12.3.3, there exists a constant gauge transformation u!, € S* and a
constant C, independent of i and A, such that if y, is reducible, then
(268)

”uiz")’n*ykn

Bai-ir2er) S C (Mg (i = 3) = Agna (4 8)) + (P, (i = 3) = o, (i + 3)))
and if ¥ is irreducible, then
(269) [, - Y — y/\nHLi([FQ,Hz}xY) S C(Fx, (i =3) = ), (i + 3)).

In Proposition 12.3.6 we have established the exponential decay of Fi, (y,(t)) in-
dependent of n. Further, by Proposition 12.3.4 and Proposition 12.3.6, we obtain
uniform bounds on Agx, (i — 3) — Aga, (i + 3) which decay exponentially as i — oo.
We thus see that for any T" > 0,
Z ||U:z “Yn — yAn,HLi([i—Q,i—&-Q]XY) <C(T)
i>T
where the constant C'(T") > 0 depends only on T (i.e., independent of n) and converges
to 0 as T — oo. To get the desired L3 ([T, 00) x Y) bounds on v, — v, , it suffices to
prove that
> llul - ya, — Yo ll L2 (ji=1/2,i41/21x ) < C(T),
i>T
for some constant C’(T) that converges to 0 as T — oo. Without loss of generality,
assume ¥, is reducible (the irreducible case is similar). By (268), we have

1) ™ ya, = () ™ -yl (i—1/2041/21x )

< Nun) ™y, = Wl Lz icayzigjzon + 1)

Y, — '7nHLi([i71/27i+1/2]><Y)
= ||“:z Y — ykn”Li([ifl/Z,iJrl/Q]xY) + ||Ufz+l “Yn T~ Yx, ||Li([i71/2,i+1/2]><Y)

< ||u21 Y — Z//\n||L§([¢—2,z'+2]xY) + ||Ufz+1 “In T Y, HLi([ifl,iJr?)]xY)

< c((AqM (i = 8) = Agan (i +3)) + (Agrn (i — 2) — Agan (i + 4))

+ (P, (6= 3) = By (i +3) + (B, (i - 2) - By, (i +4)}).

The bounds from Proposition 12.3.4 and exponential decay of Proposition 12.3.6 show
that

Z ()™ -y, — (up™) ‘Lz (im1/2,i41/21xv) < C'(T),

i>T
with C'(T) — 0 as T — oo. We would like an analogous inequality without the
inverses. Note that if u,u’ are in S*, and y = (a, s, ¢), we have that

u'y_u/'y:(oa()?(u_ul)(b)'
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Since |u —u/| = Ju™! — u/7Y|, we see that

1) ™ oy, = (i) Ty, ez o121 21600 = lunyn, —un™ v, n2 (i 1/2,601/210) -

Therefore, we have

> k- ya, —un™ -y,
i>T

L2 ([i—1/2,i+1/2)xv) < C'(T).

In particular, this implies that as i — oo, uf, converges to some u,, € S* (uniformly
in n), and we see that

Z [wn - Ya, — Un - Yr, ‘|Li([i71/2,i+1/2]><Y) <C(T).

i>T
Therefore, it remains to establish that u, = 1 for each n. This follows since by the
construction of v}, in Lemma 12.3.1, we have that Re(ul, - v, (i —2), (0,i¢n)) 2(y) = 0
and limy_, 4 o0 Y0 (t) = ya,, = (an, ¢n). We have now established (267) and thus (266)
as claimed.

As mentioned above, [KMO7, Theorem 13.3.5] gives u : R — S! such that u -
Yoo — Yoo 18 in LE([T,00) x Y). In the above argument, we obtained an analogous
result where we did not need the four-dimensional gauge transformation. By using
the analogues of the results of this section for trajectories of Xfc’a in place of X éic 7,
we can repeat the above arguments to obtain the stronger statement for v., as well,
i.e., that ||7e — yoo||L%([T7OC)Xy) < 00. (As explained at the beginning of the proof
Lemma 12.3.1, we work in a different gauge slice instead of the Coulomb-Neumann
slice, which allows the arguments of this section to pin down the gauge transformation
precisely.) Therefore, for 7' >> 0, we have that

Yoo — yoo||Lg([T,oo)xy) < €/8.
Combining this inequality with (267) we obtain (265), which completes the proof. [

We can use Proposition 12.4.1 to make more refined statements in the case of an
approximate trajectory with small index.

Lemma 12.5.2. — Fiz e, N > 0. For A > 0, the following is true. Let [y)] be a
trajectory from [zy] to [yx] such that either

1. [ya] is not boundary-obstructed and gr([x,],[ya]) =1 or

2. [v2] is boundary-obstructed and gr([x,], [yx]) = 0.
Furthermore, suppose that the gradings of [x,] and [yx] are in [—-N, N]. Then Zx([7,])
is e-close in L2 (R x Y) of [], a trajectory of Xf;”gc’” from [Too] to [yso] with grading
in [-N, N].

Proof. — The argument is the same as for Corollary 12.4.5, except after applying
Proposition 12.4.1 to extract a convergent subsequence in L%’loc, we improve this to
L? convergence (after composition with Zy) using Proposition 12.5.1. O



CHAPTER 13

CHARACTERIZATION OF APPROXIMATE
TRAJECTORIES

In this chapter, using the inverse function theorem, we will identify the moduli
spaces of isolated approximate trajectories (in a fixed grading range) with those of
actual trajectories. We will also produce similar identifications for the cut moduli
spaces used to define the U-actions in Morse and Floer homology. Furthermore, we
will show that all these identifications can be chosen to preserve orientations.

13.1. Stability

Let [£o0] and [yso] be two stationary points of X287, with grading in [-N, NJ;
in other words, we have [Ts], [Yoo] € €xr. We assume that their grading difference
is one and that we are not in the boundary-obstructed case. (Recall that boundary-
obstructed means that [2..] is boundary-stable and [y is boundary-unstable.) Since
q is an admissible perturbation, the moduli space

M ([woc]s [ysc]) = M5 ([2ec], [yoc]) /R
is a finite set of points. We can view M?*C ([24], [yso]) as the zero set of the section
induced by ]:ffc’T on the bundle V&%7 (R x Y) over B2Y7 ([250], [¥oo]) /R, restricted to

BECT ([20], [yoo] ) /R-
Consider the nearby stationary points of X;fc’”

[2A] = EX ([zo0]), [ya] = 257 ([yeo))-
We also have a moduli space of approximate Seiberg-Witten trajectories in
(B(2R) N W*)e:
MO ([a], [ya]) = M€ ([a], [ya])/R-

By Corollary 9.1.3, the relative grading between [x,] and [y,] is also one. Further,
by Proposition 8.0.1 and 10.0.2, for A = ¢ with i > 0, M?8C([z,], [y]) is regular
and consists of finitely many points. Our main goal in this subsection is to prove:
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Proposition 13.1.1. — For A = A} > 0, there is a one-to-one correspondence
between the moduli spaces M?8€([xo0], [Yoo]) and M€ ([z,], [y])-

The proof has two parts. First, we show that in a fixed neighborhood of any
[v] € M?2°([z], [yso]), there is a unique approximate trajectory. Second, we show
that no other approximate trajectories between [x)] and [y,] exist.

We start with the first step. This is a stability result, similar to what we established
in Proposition 7.2.2 for stationary points.

Proposition 13.1.2. — Suppose [Too], [Yso] € Cnr have gr([Too, [Uso]) = 1, and we
are not in the boundary-obstructed case. Fiz a trajectory [yes] € M®C([#os], [Yoo]),
and a small neighborhood U of [ys0] in B,%C’T([a:oo], [Yoo])/R.

Then, for XA > 0, there exists a unique trajectory [y\] € Magc([xx], [ya]) such that

Ex(n]) e U.

Proof. — Recall that, because we do the blow-up construction in each time slice, the
space BiC’T([xoo], [Yoo]) is not even a Banach manifold with boundary. However, it is
a subspace of the Banach manifold EEC’T([xOO], [Yoo]), which consists of (equivalence
classes of) paths (a(t) + a(t)dt, s(t), ¢(t)), with s(t) allowed to vary in all of R.

By Proposition 11.0.2(iv), the map =) gives rise to a bundle map (Z,). that is
part of a commutative diagram

VEOT(R x V) — 2, VECT(R x Y)

| J

Zx

BECT (2], [yal) /R —= BECT (0], [Yo)) /R
We define a map
S BEST ([2oo), [Woo)) X (=1,1) = VEST(R x V) x R
by the formula
S(0r) = (Bn)- 0 FET 02310, 7).

where }f?’T is as in (167) and we wrote A = f~1(|r|), with f : (0,00] — [0,1) being
the homeomorphism from Section 7.2.
By Proposition 11.0.2, we get that the section S is differentiable. Observe also that

S(1,0) = (FE47 (1), 0),

because E is the identity. Therefore, the derivative of S at ([yo],0) can be written

T C,r
DLFa " )
0 I

By our assumptions on q and Proposition 5.10.1, we get that D[T%o]}fc’T is surjec-
tive. It is Fredholm index one when viewed as a map with domain IC;%07 the tangent

in block form as
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space t0 B2 ([Zoo], [Use]) at [Yoo), and range K%g’fﬂw. In our setting we divided by

R, so it becomes a map of index zero. Since it is surjective, it must be invertible.
Given the block form above, it follows that D(T[%o] 0)5 is also invertible.
We now apply the inverse function theorem. For r > 0 small (that is, for A > 0),

we obtain a unique solution [y] € U to the equation S([v],r) = (0,r). We then let

[l =E31 (D).
Because E) is a diffeomorphism, we see that ffS’T([WA]) = 0. Since [y,] has a tem-

poral gauge representative in CEC’T (zx,yx) for some representatives x,y, (see Re-
mark 5.7.1), we see that [y,] gives the desired trajectory from [x,] to [ya].

Let v» be a temporal gauge representative of [y»]. We need to check that it
actually takes values in (B(2R) N W*)?. We can repeat the argument above with
the Sobolev coefficient k + 1 instead of k. The resulting ) in this case must be the
same due to the uniqueness guaranteed by the implicit function theorem. Since we
use the Sobolev coefficient k + 1, we have that Z,([y,]) must converge to [y] in an
L? 4+1(RxY) neighborhood. Since any temporal gauge representative of y is contained
in B(R)?, we see that Zx(v,) is contained in B(3R/2)? for A > 0. It is easy to see
from the construction of =y in Chapter 11 that v, must be contained in B(2R)°.
Further, we see that the values of Agx(7x) are uniformly close to those of Ay(), and
thus uniformly bounded. By Lemma 6.3.8, we see that v, is contained in (W?*)° for
A > 0, which completes the proof. O

Remark 13.1.3. — If the trajectory [ys] from Proposition 13.1.2 is contained in
the reducible locus, then so is the nearby approximate trajectory [y,]. This follows
from the invariance of the constructions in the proof under the obvious involutions

on BEST ([z4], [ya]) and VEOT (R x Y).

We are now ready to complete the proof of Proposition 13.1.1 with the second step,
which is to show that there are no other approximate trajectories between [z)] and

[yx]-
Proof of Proposition 153.1.1. — Let

Magc([xoo]v [yoo]) = {[’Vclm]v ceey [’Vowé]}

For each ¢/ =1,...,m, Proposition 13.1.2 guarantees the existence of a neighborhood
U* of [y%,] and a unique approximate trajectory [v5] with Z,([74]) € U*.

We need to check that there are no other approximate trajectories in M€ ([z,], [ya])-
Assume we had sequences A\, — oo and [v,] € M?8C([zy ],[yx,]) such that [v,]
is not of the form [fyf\n] for any n and ¢. By assumption, each )\, is some A!. By
applying Proposition 12.5.1 we can find a subsequence of the [, ] such that Ey, ([v,])
converge to some [v5 ] in L2. (We require that the A, be of the form ! since we are
invoking results of Chapter 12, which used this assumption throughout.) This means
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that the =y, ([vn]) live inside U* for large n, and we obtain a contradiction with the
uniqueness statement in Proposition 13.1.2. O

We have an analogous result for the boundary-obstructed case.

Proposition 13.1.4. — Let [Tx], [Yso] € Cn be in the boundary-obstructed case,
and suppose gr([Too], [Yoo]) = 0. For A = A} > 0, there is a one-to-one correspondence
between M5 ([zoc), [yoc]) and M ([2,], [ya]).

Proof. — The proof is similar to that of Proposition 13.1.1, but with an application
of the inverse function theorem in the subspace of EEC’T([:EOO}, [Uso])/R consisting of
reducible paths. In this subspace, the corresponding linear operator will again be
index zero, and in fact invertible. O

13.2. The U-maps

In Section 4.7 we gave the definition of the U-maps in monopole Floer homology, in
terms of cut-down moduli spaces M ([z], [y]) N2 and M ([z], [y])NZ; cf. Equations
(55) and (56). Moreover, in Section 5.12 we identified these cut-down moduli spaces
with similar ones in Coulomb gauge:

(270) MPEC([a], [y]) N 275 and MPECT([], [y]) 0 2°EC.

Here, 222C is the zero set of a section (28C of the natural complex line bundle E28%-2
over W¢ /St C Wkil/Q/Sl. The section is chosen so that the intersections in (270)
are transverse.

We would like to further identify the moduli spaces from (270) with those consisting
of approximate trajectories, that appear in the construction of equivariant Morse
homology in finite dimensions; see Section 2.7. To obtain the cut-down moduli spaces
in the approximations (W*)? /S, we simply consider the restriction of (8 to those
spaces.

Recall from Chapter 10 that we chose the perturbation g such that, for all A €
{A$, A3, ...} sufficiently large, all the moduli spaces of flow lines for Xff’” on (B(2R)N
W2)9 /St are regular. Since there is a countable number of such moduli spaces, we
can choose the section (?8C such that it intersects all these moduli spaces (including
the non-approximate ones) transversely. This implies that we can define the U-maps
on the corresponding Morse homology groups as in Section 2.7.

We now focus on the cut-down moduli spaces of the form

MU ([a], [y)) N 275 and MO (1], [ya]) 1 275,

for [Zoo], [Yoo] € €ar. These moduli spaces suffice to determine the U-action in gradings
from —N to N.
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Proposition 13.2.1. — (a) Suppose [Too), [Uoo] € €nr have gr([Too], [Uoo]) = 2 and
are not boundary obstructed. For A = A} > 0, there is a one-to-one correspondence
between M?8C([x50], [Yoo)) N Z°28C and M?8C([z,], [ya]) N 2728C.

(b) Let [Too], [Yoo) € Cpr be Teducible stationary points with gr([Tso], [Uso]) = 1 and
boundary obstructed. For A = A} > 0, there is a one-to-one correspondence between
M (1], [yoc]) ) 275C and MASCHA([2], [y]) 0 2775

Proof. — Part (a) is the analogue of Proposition 13.1.1, and its proof is similar. Since
the grading difference between [z,] and [y~] (and hence also between [z] and [y,])
is two, the cut-down moduli spaces in question are zero-dimensional. Consider a
trajectory
[ € M (2], [yoo]) N 2.

Recall that the intersection is taken at time ¢ = 0, that is, we have [y(0)] € 272sC.
The fact that the moduli space M€ ([z4], [yso]) N 2°28C is cut out transversely at
[v] can be rephrased in terms of the invertibility of the linear operator

T C,7 C . C,7 C,7 C,o
MFe T O D) Ty (ool lyee]) = ViZT 1 (2) @ Efigy

An application of the inverse function theorem shows that in a neighborhood of [7]
there is a unique element of M?8€([z,], [yx])N2728C (after applying the corresponding
diffeomorphism =,). This produces at least as many elements of M?*2C([z,], [yx]) N
228C as there are in M€ ([, [Uoo]) N 2°28C. To see that there are no more, notice
that, given a sequence [v,] € M8 ([zy, ], [yx,]) N 228C with A, — oo, the sequence
Ex, ([7n]) admits a convergent subsequence, and the limit must be an element of
M0 (2], [goc]) N 275

Part (b) is the analogue of Proposition 13.1.4, and again the proof is similar. [J

13.3. Orientations

Recall that in Section 5.13 we oriented the moduli spaces of trajectories of X§0’07
using an orientation data system 08C in Coulomb gauge. This was based on trivi-
alizing the determinant lines det(P&C) for the operators P£C from (160). The same
procedure, but using operators P§C defined with the perturbation q* instead of g, can
be used to orient the moduli spaces of trajectories of X’ qgfj '? (in infinite dimensions).

We would like to relate the orientations of the moduli spaces of trajectories of X’ qgf: 7
to the orientations in (finite dimensional) Morse homology and to the orientations of
used in the definition of monopole Floer

e

the moduli spaces of trajectories of X&C’FC
homology (recast in Coulomb gauge). For the moduli spaces of approximate Seiberg-
Witten trajectories in the setting of finite dimensional Morse homology, we use the
third construction of orientations discussed in Section 2.2, in terms of a specialized
coherent orientation (cf. Definition 2.2.1). This is based on trivializing determinant
lines det(L.), for the operators L., defined in (7).
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To relate the operators P§C (with perturbation q*) and I~/7, we proceed as in
the proof of Proposition 9.1.4. Indeed, p$C is the analogue of the operator Q%C
considered in that proposition, and i.y is the analogue of (220); in both cases, what
is different here is that we work on compact cylinders and add spectral projections on
the boundaries. Recall from the proof of Proposition 9.1.4 that we have an orthogonal
splitting Q€ = L, ® F,, where F, : L3(R; (W*)1) — L2_ (R; (W*)*) is defined by

Fy(b(0), 9(0)) = Cb(e) + »d(b(t)), “Sa6(6) + Dib(t) — (6(0), Do(D))120:(1).
Write ﬁ, for the analogous operator on the compact cylinder coupled with spec-
tral projections. Note that while the operator ﬁv depends on the path, the domain
and target do not. We also write ﬁg for the analogous operator without the term
(6(t), Do(t)) 21)(2). B

We seek to show that there are trivializations of det(F;) which respect concatena-
tions of paths. First, note that the spectral decomposition of (W*)+ corresponding
to F:, is independent of 7; indeed, since ¢(t) € W* and v (t) € (W*)*, we have that
[{o(t), Dp(t)) 2t ()| z2(vy < A (E)llz2(y), while [[D(t)||z2vy = Al (#) [ 22(v) and
the claim follows. Further, we have the same spectral decomposition for any convex
combination of ﬁ, and F‘O. Note that (1 — r)ﬁo + Tﬁ, differs from Fy by a compact
operator. Thus, we have a homotopy between Fv and ﬁo through Fredholm opera-
tors, which induces an identification between det(ﬁy) and det(Fp). This identification
can easily be seen to respect concatenations. Therefore, we have an identification of

det(Fy), for each v,with a fixed determinant line bundle (independent of ~) which
respects concatenation. Thus, we can find compatible trivializations of det(ﬁy) by
simply fixing a trivialization of det(ﬁo).

The above discussion shows that a trivialization of det(P§C) is equivalent to a
trivialization of det(fn,) in a way which respects concatenation of paths. It follows
that an orientation data system in Coulomb gauge gives rise to a specialized coherent
orientation on the finite dimensional approximation (B(2R) N W?*)?/St. Once we fix

these orientations, we obtain the following.

Proposition 13.3.1. — The bijective correspondences described in Proposi-
tions 13.1.1, 13.1.4 and 13.2.1 are orientation-preserving.

Proof. — From the above construction, we see that, on the moduli spaces of approxi-
mate Seiberg-Witten trajectories, the signs defined using P§C (with g*) coincide with
those defined using iv-

Further, as A varies on an interval [Ag, oo] (including infinity), the moduli spaces
M?2C([5], [ya]) form a continuous family, carrying determinant line bundles given by
det(P,%C). These bundles vary continuously, so the trivialization at any finite A agrees
with the one at oo, under the correspondence from Proposition 13.1.1.

The same argument applies to the other two correspondences. O
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THE EQUIVALENCE OF THE HOMOLOGY THEORIES

We are now ready to prove the results advertised in the Introduction.

Proof of Theorem 1 2.1 — Recall that the goal is to establish an absolutely graded
isomorphism between Hfl (SWF(Y,s)) and HM(Y,s). First, by Proposition 6.1.6, we
have that

(271) HS (SWF(Y,5)) & HS (SWF,(Y, 5)),

where SWF (Y, s), defined in Section 6.1, is the analogous construction of the Floer
spectrum using Xff =1+ p>‘cq instead of [ + p*c. Here, we require that q is a
very tame, admissible perturbation satisfying the conclusions of Proposition 7.4.1,
Proposition 8.0.1, and Proposition 10.0.2. Recall that

SWF,(Y,s) = £ (Vsa)Cg- W A

where I qA is the equivariant Conley index constructed from the flow of [ + p’\cq, anal-
ogous to I* constructed in Section 3.5.
In Propositions 8.0.1 and 10.0.2 we showed that for A = A? > 0, ng is a Morse-

Smale equivariant quasi-gradient on W* N B(2R). Thus, we can construct a Morse
complex (Cy,dy) for Xsf’c’g on (W* N B(2R))?/S! as defined in Sections 2.5 and
Section 2.6. By (22), we have that

(272) HE' (1)) = Hy(Cy, D),

for 0 <i < ny—1, where ny is the connectivity of the pair (I, (I f(Ig‘)Sl)U*). Note
that this isomorphism respects the Z[U]-module structures on each of the homologies.
By shifting gradings, we can rephrase (272) as

(273) ﬁzsl (SWFq (Yvﬁ)) = Hi+dim W(—’\YO)+2n(Y75,g)(O>\a ék)v
for —dim W20 — 2n(Y,s5,9) <i < ny — 1 —dim W0 — 2n(Y) 5, g). Set
My == min {dim W) £ 20(Y,5,9), ny — 1 —dim WM —2n(Y,s,9)},
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so that the isomorphism in (273) holds in the grading range [—M), M,].
We claim that My — oo as A = A} — oo. It is clear that dim WEA) 5 0, s0
what we need to check is that

(274) ny — dim WO 5 o0,

Let us investigate how the connectivity of the pair (I&\, (Ié‘ — (Ié‘)sl) U *) changes
as we increase A. Fix a sufficiently large eigenvalue cut-off © = A?. (Recall that
this implies that neither p nor —p are eigenvalues.) For A = A} > p, it is proved in
[Man03, Section 7] (for g = 0, but the same argument works for any q) that

(275) I3~ T AT(1) N

Here, 1(1)*) is the Conley index associated to the isolated invariant set {0} in the
linear flow induced by I on the complementary subspace to W* in W?*, that is, on
WA= @ W (A | Let us decompose this complementary subspace according to the
sign of the eigenvalues, and also according to the type of eigenvectors (connections or
spinors). Specifically, let

a? = dim(W N N ker d*), v = dim(W N N 1(S))
a"* = dim(W A" A ker d*), b = dim(W A0 A T(S)),
where dim denotes the real dimension. Then, the Conley index of the linear flow is
I0)®N ~ DR), A DCH7 )y A R A (CE)T

We used here the standard notation in homotopy theory: If V' is a vector space,
then D(V), is the union of the unit disk in V with one disjoint basepoint, and V¥ is
the one-point compactification of V.

Using (275), and keeping track of the fixed point sets in each Conley index, we
obtain

(I (1)S") = (DR AD(C ) AR B (1), DR ) As™ R (1)),
Observe that when we change a pair (X,Y) into (D(R)+AX, D(R);+AY), (D(C)4+A
X,Y), (ZRX, ¥RY), or (XX,Y), then the connectivity of the pair (X, (X-)U *)
increases by 0, 2, 1 and 2, respectively. Therefore,
ny =mn, + 2bi’)‘ + a4 ot
Since dim W20 = dim W(=#0) 4 g 4 2p"* we see that
ny — dim W) = — dim W0 4 2bi’>‘ — 00 as A = \] — 0.

This proves (274), and we conclude that M) — oo. Thus, the isomorphism (273)
holds in a grading range that gets larger as A = A} — oo.

While the chain groups of Cy consist of stationary points of X;ﬁgc’”, the natural
gradings from Morse homology are not the absolute gradings on stationary points that
we have been working with throughout this monograph. Recall that the absolute
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grading gri"F on stationary points of anfc’g defined in (231) includes a shift by

—
dim W20 4 2n(Y, s, g). Therefore, we define the complex CM (Y, s,q) by taking
the Morse complex (Cy, dy ) and shifting gradings down by — dim W (%0 4-2n(Y, s, g),

—\
so stationary points have grading given by gr/S\WF. We denote the homology of CM

— A
by HM . With this definition, we have
~ —~ A
(276) HE' (SWFq(Y,5)) = HM; (Y,5,q)

for i € [-Mx, M,]. Therefore, it remains to establish an isomorphism between

m;\(Y, 5,q) and f?]\/li(Y,s,q). In other words, we must relate the Morse homol-
ogy defined in terms of stationary points and trajectories of X;ifzc’g versus the Floer
homology defined in terms of stationary points and trajectories of X7 .

First, by the work of Chapter 5 (more precisely described in Section 5.14), we can
compute CM (Y, s, q) using stationary points and trajectories of Xy £%:% instead of xy.
In a fixed grading range [~ N, N], Proposition 9.3.1 shows that for A = A? > 0, there
is a grading-preserving identification between the stationary points of Xy’ ¢C:% and the
stationary points of X;fc’a in (W*NB(2R))?/S!, and thus we have an identification

between the chain groups 5]\//[/\(1/, 5,q) and 5]\/4(3/,5, q) in the grading range [— N, N].

By the work of Chapter 13, we have established an identification between the
signed counts of index one (respectively boundary-obstructed index two) trajectories
for X8 and for X;gc’”, in the given grading range. Since these are the moduli

— A —
spaces that are counted in the differentials for CM and CM (defined in (11) and
(54) respectively), we obtain a chain complex isomorphism in this grading range.
Therefore, we have that

(277) HM, (Y, 5) = HM (Y. 5)
forie [-N+1,N —1].

By Proposition 13.2.1, the U-maps on these chain complexes, defined in (19) and
(57) for 5]\//[>\(Y, s,q) and 5]\/4(}/,5, q) respectively, must agree in the given grading
range. Thus, the isomorphism in (277) respects the U-action.

Therefore, we have established an isomorphism between HM j\ (Y,s) and HM (Y, s)

Z[U)-modules for i € [-N + 1, N — 1]. Take A > 0 so that M, > N — 1. Combining
this last isomorphism with (271) and (276), we see that

S (SWF(Y,5)) = HM,(Y,s),

for i € [-N 41, N — 1]. Again, this isomorphism respects the U-action. Since N was
arbitrary, we obtain the desired result. O
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Proof of Corollary 1.2.2. — Recall that Bloom’s variant of monopole Floer homology,
HM (Y,s), is defined to be the homology of the mapping cone (with some grading
shifts) of the U-map on 5]\/4(3/,5, q)-

If F is a field, the long exact sequence induced by the U-map on homology shows
that HM (Y,s; F) is isomorphic to the homology of the mapping cone of the U-map
on HM (Y,s; F'), thought of as a complex equipped with the trivial differential. By
Theorem 1.2.1, I;ﬁ\/([(Y, s; F) is calculated as the mapping cone of the U-map on
ﬁf ' (SWF(Y,s); F). Applying the following lemma with Z/p*Z- and Q-coefficients,
together with the universal coefficient theorem, completes the proof. O

Lemma 14.0.1. — Let X be a based, finite S'-CW complex. Then, for any field
F, we have a graded isomorphism

H™(X;F) = H"([Hi (X; F)h 5 Hi2(XGF)).
Here, [C]; means we are shifting the degree of C by 1.

Proof. — Since the diagonal action of S* is free on X A ESY, we have that the orbit
map X A ESY — X Ag1 EST = (X A ESY)/S' is a principal S'-bundle (away
from the basepoint). This bundle is isomorphic to the pullback bundle of the map
m: X Agt ESL — BS'. There is an associated Gysin sequence:

.= HY(X NESL; F) — H" (X Ag1 ESL; F) £ H'YWHX Agt ESLF) — ...,

where e is the Euler class of this S'-bundle. Since the Euler class agrees with the
first Chern class, e is by definition 7*(U), where U is the generator of H?(BS*; F).
Because ES! is contractible, we can rewrite the Gysin sequence as

7 (U)U

o= HY(XGF) — Hi Y(XG F) HIY X F) —

However, cup product with 7*(U) corresponds precisely to the U-action in the F[U]-
module structure on Hg, (X;Z). The Gysin sequence now gives the desired isomor-
phism. O

Proof of Corollary 1.2.3. — This follows from Theorem 1.2.1, given that § and —h
are obtained in the same way from HM resp. HS (SWF); they are both half of the
grading of the lowest nontrivial element in the infinite U-tail of the corresponding
homology group with Q coefficients. O

Proof of Corollary 1.2.4. — By the Seiberg-Witten / Heegaard Floer equivalence
[KLT10a, CGH12b, CGH12a|, the minus and hat flavors of Heegard Floer
homology are isomorphic to oM resp. HM. Thus, the first two isomorphisms in
Corollary 1.2.4 are consequences of Theorem 1.2.1 and Corollary 1.2.2.

To get the isomorphism between HF~ and co-Borel homology, we can apply the
isomorphism between HFT and Borel homology to Y with the orientation reversed.
Indeed, there is a duality between HF ™ (—Y,s) and the cohomology version of
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HF*(Y,s); see [0S04, Proposition 2.5|. Similarly, co-Borel homology is isomorphic
(up to a reversal of degrees) to the Borel cohomology of the dual spectrum, and
SWF(Y,s) is dual to SWF(-Y,s) by [Man03, §9, Remark 2|. Cohomology theories
can be related back to homologies by the universal coefficient theorem.

To get the isomorphism between HF® and Tate homology, note that HF'™ can be
obtained from HF~ by inverting the variable U. Similarly, Tate homology is obtained
from co-Borel homology by inverting U. O
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