REVIEW ON FOURIER ANALYSIS AND SOBOLEV THEORY

(1) Given a function f € L'(R™), define the Fourier transform by the formula

f& = [ fla)e ¢ da.
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Show that if f(x) = e=™le* where a > 0, then f(€) =a %e "a . (Hint: Start with n = 1. First
prove that if z®h € L', then

9°h = [(2miz)*h].
we2 A
Using this identity, prove that for f defined above, et f(&) is independent of €. Then conclude the

n =1 case using the fact that [ e~ dy = a_%.)
(2) (Fourier inversion formula) Define the inverse Fourier transform by

)= [ g,

In :chis exercise, follow the steps below to show that this name is justified, i.e., for f such that
f, f € LY(R"), we have

(fy=1r (1)
almost everywhere.
(a) First show that

| J©9©)de= | [@)ila)de.
(b) Show that

(fY(@) =lim | e~mlel+2nio fe)ge.
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(c) Let g(&) = e~ mle*+2miz-€ Show using problem 1 that
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(d) Let ¢ be a smooth function such that f]R" ¢ = 1. Show that if § is an LP function, then

Jrn By)e " p(F2) dy converges to f(x) in LP as € — 0.
(e) Combine the previous parts and conclude (1) using

/ e~ dy = 1.

(3) (Plancherel’s theorem) Let f € L'(R") N L?(R™). Show that

1Ny = 11l gen-

(Hint: Use 2a.)
(4) Show that the Fourier transform maps the Schwarz class into itself. Here we recall that the Schwarz
class is defined as

S:={feC>®:sup |x0‘85f| < Cy plor all multi-indices «, 5}.

Here, we have used the multi-index notation, i.e., for a = (a1, as, ...a., ), we denote by x® the function
x{' - ... - oy and Jy the differential operator d37...05n. (Hint: Use the formal identity

(@07 fy = (=1)l*l(2mi)PI-1*lag (P ).)
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(5) Define the function space H*(R™) as the completion of C2°(R™) under the norm
||fHHs(Rn) = |||§\sf||L2(Rn)-

First, show that this is indeed a norm. Then, show that when s is a non-negative integer, there
exists a constant C' (depending only on s) such that

C7 N 0% flla@ey < Mf iy < C D 10%F Il 2 eny-
la|=s |a]|=s

(Here, we have used the multi-index notation as before). Also, define H® as the completion of
C2°(R™) under the norm

1 W[ ars ey == 1L+ 1€D)° Fll L2 e
and show that if s is a non-negative integer, we have
c! Z 10 fllL2®ny < Il s @ny < C Z 0% fll L2 (mny-
la|<s lal<s

(6) (Hausdorff-Young) Prove that for p > 2

[ llze @y < IFNl Lo @y
where 1 < p’ < 2 is defined via the relation % + ﬁ = 1. (Hint: Consider the case p = co. Then use
Plancheral’s theorem together with Reisz-Thorin interpolation theorem.)

(7) (Sobolev embedding theorem I) Prove that there exists a constant C' = C(n,s) > 0 such that for
every f € H*(R") with s > %, we have

I fll oo mny < Ol fll s (mny-

(Hint: Use the Hausdorfl-Young inequality and the Plancheral theorem.)
(8) (Sobolev embedding theorem II) Show that when ]% =1- > and p < oo, there exists a constant
C = C(n,p) > 0 such that
I flle®ry < Cllfllms@®n)-

(Hint: Use the Hardy-Littlewood-Sobolev inequality:
1
[|f * EG ey < CllfllLr@n)

for%:%+";—a,1<p<q<00,0<a<”~)



