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1. INTRODUCTION

Warning: This is a first draft of the lecture notes and should be used with a lot of care!
The notes are updated quite frequently as the lectures progress - please check the website for
updates. Also, I would appreciate any comments or corrections.

In this course, we consider nonlinear wave equations. This can take the form of a scalar equation or a
system of equations. A scalar wave equation takes the form

n
1 _ —1\pv _
Z: g On(V/=detglg™)"0,9) = F(6,06), (1.1)
where ¢ is a Lorentzian metric on I x R™ and the unknown function ¢ : I x R® — R, where I C R is an
interval (i.e., a connected subset of R with at least two points), which will be thought of as a time interval.
We will call this an equation in (n + 1)-dimensions or in n spatial dimensions. We will also frequently say
that this is an equation in R?*!.

We say that g is a Lorentzian metric if it is a symmetric (n + 1) x (n + 1) matrix (thus having real
eigenvalues) with eigenvalues \g < 0 < A1 < Ag < ... < \,,. It thus makes sense to divide by /—det g and
also to define the inverse of g.

We say that the equation is linear if g is independent of ¢ and F' is a linear function of both of its
arguments; the equation is semilinear if ¢ is independent of ¢ and F' is a nonlinear function; and the
equation is quasilinear if g is a function of ¢ and/or 0¢.

We will be mostly interested in the Cauchy problem for (1.1). Suppose we label the coordinate of the
interval I by t or 2° and the coordinates of R™ by (z1,...,x,) and assume that g has the property that
9(0r,;,0;) is a strictly positive definite matrix for 4,5 = 1,..n. We can then pose data on the {t = 0}
1
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hypersurface, i.e., we prescribe (¢, 9;¢) [{;—0} to be some appropriate functions. The Cauchy problem asks
for a solution to (1.1) such that the restrictions of ¢ and 9;¢ to the hypersurface {t = 0} are precisely the
prescribed functions.

More generally, we are also interested in system of equations. Consider ¢ : I x R™ — R™ satisfying the
equation

> ﬁ%(%(g;lwmn = Fi(¢,00), (1.2)

p,v=0
where I =1,...,m.

Wave equations occurs naturally in many physical theories. We now look at a number of examples, many
of which we will consider in the course.

Example 1.1 (Linear wave equation, D’Alembert 1749). Let ¢ : I x R™® — R.

m

O = =076+ > 02,6 =0.

i=1

Example 1.2 (Maxwell’s equation, Maxwell 1861-1862). Let £ : I x R?> — R? and B : I x R®> — R? be
(time-dependent) vector fields representing the electric and magnetic field. The Maxwell’s equations are
given by

O:FE =V x B
OB =-V x FE
V-E=0
V-B=0.

A priori, they may not look like wave equations (they are not even second order!). However, if we differentiate
the first equation by 0y, use the second and third equations, we get

OE; =0
for ¢+ = 1,2, 3. Similarly,
0B; = 0.

Thus, given initial data (E, B) [{4—0}= (E°, B®) which are divergence-free, we can solve

OF, =0, 0OB; =0
(Ei, 0: ;) [pi—0y= (E7, (V x B®)i), (Bi,0:Bi) l{i=0y= (B, =(V x E°);).

Exercise: Show that the solution indeed satisfies the Maxwell equations.

Example 1.3 (Irrotational conpressible fluids, Euler 1752). A fluid in I x R? is described by a vector field
v: I xR3 — R3 describing the velocity of the fluid and a non-negative function h : I x R® — Rx( describing
the enthalpy.
Define the pressure p to be a function of the enthalpy p = p(h) such that
(1) p>0,
(2) p:= 3 >0,
2

(3) 7 = p(g5) " > 0.

We call p the density of the fluid and 7 the speed of sound. The Euler equations are given by

Bt (0 =~ 0
Sip+ V- (pv) =0,
for ¢ = 1,2,3. We say that a flow is irrotational if V x v = 0. In that case, we can write v = —V ¢, where

¢ is defined up to adding a function of time.
The first equation in (1.3) gives

dp 1

2 _
v(at—2|v¢| —h) =0.
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Since we have the freedom to add a function of time to ¢ (which does not change v), we can choose
9 1o 0o
— -z —h=0.
ot 2 Vel
Then the second equation in (1.3) gives
200y 200 D0 20006 00 P
(9t2 8332 6758331 8.731' ij 61‘L61‘] 85516901 '

Here, we have use the convention that repeated indices are summed over.

Example 1.4 (Einstein vacuum equations, Einstein 1915). The Einstein vacuum equations describe the
propagate of gravitational waves in the absence of matter and take the form

Ric(g) =0

where the Lorentzian metric ¢ is the unknown. In a coordinate system, these equations take the form
(Exercise)

Ric(g) = —%(g_l)“’a@iﬁgw —~ %(g_l)“ﬁaiygaﬁ + %(g_l)“ﬁaiygﬁu + %(9‘1)“ﬁ6§ugw + Fu(g,99),
where F,,,(g,0g) is a function of g and its derivatives. Here, we summed over repeated indices, where the
indices run through 0,1, 2, 3.

This does not look like a wave equation (because of the second to fourth terms)! However, as we will see
later in the course that a more careful choice of coordinates allows one to rewrite this system as a system of
nonlinear wave equations.

Example 1.5 (Wave map equations). Let ¢ : [ x R* — S§™ = {z € R™*! : |2| = 1}. The wave map
equation is given by the following system of (m + 1) equations:

06 = (0,00 — Y 0:6™ 0ih),
=1

where T denotes the transpose of a vector in R™*1,
Exercise: Show that this is well-defined, i.e., suppose that |¢|?> = 1 and ¢{¢; = 0. Then, if a solution
¢ exists in I x R™, then |¢|? =1, i.e., ¢ is indeed a map to the sphere.

We will begin the course by studying the linear wave equation. As we will see, the solution for the Cauchy
problem for the linear wave equation can in fact be written down explicitly. Nevertheless, we will single out
3 4+ 1 properties here:

(0) Existence and uniqueness of solutions for the Cauchy problem.
(1) (Conservation of energy)

B0 =5 [ (00 + Y00 (t.)da.
i=1

is independent of time.
(2) (Dispersion) For smooth and compactly supported initial data, the solution ¢ satisfies a decay
estimate )
sup [@](t, ) < C(1L+1)""7
x

for some C' > 0. (One may immediately ask: how can conservation and decay happen at the same
time? The answer is that the support of the function grows and therefore even the pointwise value
of ¢ is decaying, the L? norm is conserved. This is why the phenomenon is called dispersion.)
(3) (Finite speed of propagation) If (¢, ¢1) = (0,0) in {y € R™ : |y — x| < ¢}, then ¢(t,x) = 0.
On the other hand, for nonlinear equations, things are very different!

(0) One has a general theory for existence and uniqueness of local solutions.

(1) There is a wide range of large time behaviour:
(a) Some solutions (to some equations) behave like linear equation and disperse;
(b) Some are global-in-time but do not disperse;
(¢) Some are not global-in-time.
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(2) Restricting to small and localized initial data, the solutions behave like their linear counterpart for a
long time. However, even in this case, the global behaviour can be very different from that of linear
solutions.

2. LINEAR WAVE EQUATION VIA FOURIER TRANSFORM

We use the Fourier transform to study the wave equation on I x R™:

O¢ =0
{@5’ 0:) I{t=0y= (b0, $1)- (2.1)

2.1. Review of Fourier theory. Let us briefly review some elements of Fourier theory. To begin, let us
define some function spaces:

Definition 2.1. Define the following function spaces:

(1) Let U € R™ be an open set. Define C*°(U) be the space of all functions f : U — R which are
smooth.

(2) Let U C R™ be an open set. Define C°(U) = {f € C(U) : supp(f) C U is a compact set}.

(3) Let the Schwartz space S(R™) be

S(R™) := {f € C=(R") : sup |*” f| < Cyp for all multi-indices a, 3}

Here, we have used the multi-index notation, i.e., for a = (a1, a2, ...ap, ), we denote by x® the function

' - .- xpr and 0 the differential operator 097 ...00™.
(4) Forp € [1,00), let LP(R™) be the completion of S(R™) under the norm || f|| 1o ®n) := (fga [f[P(2) dx)%
(5) In the p = oo case, let L°°(R™) be the space of functions f : R™ — R which are bounded except on

a Lebesgue measure 0 set. Define the norm to be || f|| Lo mn) := esssupzern|f()].

Definition 2.2. Given a function f € L'(R"), define the Fourier transform by the formula
f(&) = A fla)e ™ da.

For convenience, we will also use the notation F(f) := f . The following are the basic results that we will
use:

Theorem 2.3. (1) (Fourier inversion formula) Define the inverse Fourier transform by

a) = [ gle)me .
For f such that f, f € L*(R"™), we have
(fy=1 (2.2)

almost everywhere.
(2) The Fourier transform maps the Schwartz space onto itself.
(3) (Plancheral theorem) Let f € L*(R™) N L*(R™). Then

122y = 1112 gen-

As a consequence, the Fourier transform extends (by density) to an isometric isomorphism : L>(R™) —
L?(R").
2.2. Returning to the linear wave equation. We now apply this to the linear wave equation. For the

purpose of this discussion, let us from now on only consider initial data (¢o, ¢1) € CP(R™) x CX(R™) C
S(R™) x S(R™). Taking the Fourier transform of the wave equation and noting that

F(0:9)(§) = 2mi&ip(E),
we get

—07 (&) — Am*|E[H(€) = 0.
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The general solution to this ODE is given by

o(t, &) = A(§) sin(2mt[¢]) + B(§) cos(2mt[¢]).
The initial conditions imply that

A©) = S8 B = dole)
30,6 = S sin(zm]€) + dn(e) cos(zmle). 2.3)

We have thus shown the existence of a solution! In fact, as long as we require the solution to be sufficiently
regular such that all the above operations make sense, this is in fact the unique solution. At the very least,
it is easy to see that if the initial data are such that

(6,0:0) I{1=01€ H'(R") x L*(R™),
then this is the unique solution such that
(6. 0i¢) € L=([0,T]; H'(R™)) x L([0,T]; L*(R™)).
We will now show the properties of the solution. First, the conservation of energy:

Proposition 2.4. For (¢g, 1) € CX(R™) x C°(R™) and ¢ the unique solution to (2.1),

1 n

B®) =5 [ (00 + > (0:6))(t. )i
" i=1

is independent of time.

Proof. By Plancherel Theorem,
B =5 [ (@) + Yo (2rd)?)(t. e,
" i=1

We shall show that in fact the integrand is independent of time. First,
R . . 2
0617 = (1) cos(@mtlé]) — do(€)2rlé] sin(2rtlg]) )
Also,

- ﬂ__A2_ﬂ_2 2 (;31(5)

=1
=[1(€)| sin® (2x|€[¢) + 4m2 (€[] do (€)|* cos® (2r[&[¢) + 4m|€]do (€) b1 (€) sin(2mt[€]) cos(2mt[€]).

Summing, we get

sin(2mt[€]) + o (€) COS(Zwt€I)>

0:01 +)_(2169)* = |1(&)* + 4m*I€ | o (6) 7,
i=1
which is manifestly independent of t. ]

We then look at the decay of ¢ in t. Why do we expect the solution to decay'? The reason is that as ¢
becomes large, there are more oscillations in sin(27t|£]) and cos(27t|£]). Before we proceed, we first rewrite
the solution:

o om0 B0 Wl©) _bie), »

d.) = (8 oL ) (24)

We first prove a slightly simpler decay result which hold in the region {|z| < R}, but the estimate
degenerates as R becomes large.

) + 6727rit|§| (

LOf course we argued previously that this is due to dispersion in physical space, but we want to see this in Fourier variables.
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Proposition 2.5. Fiz any R > 0. For (¢o,¢1) € C(R"™) x C°(R™) and ¢ the unique solution to (2.1),
there exists C = C(¢o, ¢1, R) > 0 such that
C
t <
‘qﬁ( 733)' = (1 +t)"71
whenever x| < R and t > 0.

Proof. We will only consider the case n = 3 and the integral

I = / e2mi(tlel+z-g) PLIS) ¢1 ©) S e
RS 2mil¢]
(Of course, according to the (2.4), there are four such terms to consider.) We make a further simplication
that we only consider ¢ > 1, since it is clear that |¢(¢, )| < C using the fact that ¢;(£) € S.
To proceed, we rewrite ¢ in polar coordinates (|¢],&g,&,) defined by the relations

P =&+ &5+, & =[¢lcos&y, & = [¢]singycosé,.
In this coordinate system, the volume form is d€ = |£]? sin &pd|€|dEgdE,,.
The key point is to notice that
L0 N oritle] _ omitle]
Griag) ¢ ~°

for every non-negative integer N. Using this, we can integrate by parts in €| to get

9 ¢1( ) .
= — 2mit|§] _ = 2mix-€
= /]R ‘ 27mt8|§| ( |f|> sin Egd|¢|déodE,,

= [ it e (amia - 961(6) + () + Il 1(6) ) sinodelaade,

Notice that there are no boundary terms arising from the integration by parts since gzgl(f) is in Schwartz
class and |£|¢1(€) vanishes at |£| = 0. Note that we have thus gained a power of t! We integrate by parts
one more time to gain another power of t. Notice that this time we have a boundary term at || = 0:

I=-— / e2mintel L a(emf <<2m~§)é1<5>+¢31<)+|5| ()))Sinéedlidfed&a
o ol¢|

8732 O]
27r21t2¢1(€ 0)
:_/RS e%it\s\ﬁezm.g <(27”|225)¢1(£) 47T|ZZ| £¢1(£) -+ e f)6|§| "
1€+ g 1l 61 (6) ) sinGadlaods, + 5331 (€ =0)

The boundary term in particular does not allow us to integrate by parts again. We thus simply bound
each of these terms. Using the fact the ¢; € S, it is easy to see that
C(1+R?)
2
as desired. ]

1] <

Of course, the above decay bound is not uniform for all x € R™. The following theorem, on the other
hand, gives a uniform decay rate. Notice that the decay rate obtained is weaker?:

Theorem 2.6. For (¢g,$1) € CP(R™) x C°(R™) and ¢ the unique solution to (2.1), there exists C' =

C(o, 1) > 0 such that

C
su o) < ———=
IERB" [9(2, @)l (1+t) =

fort>0.

2N0v01rtholcss7 as we will see in the Example Sheet, it is sharp!
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Proof. We give a proof that works when n is odd. As before, we will again only consider n = 3 and the term

_ 2mi(t|€]+a-€) $1(8)
! /Rs ‘ 2mife] %

Without loss of generality, we assume that z = (0,0, «) for some o € R. Let p = /& + £3. We use the
coordinate system (&3, p, &), where &y is given by

pcosy = &1

o)

We now try to repeat the argument in the proof of Proposition 2.5 with % replaced by 95 The key point

is of course that 6%62””'5 = 0 so we do not get a dependence on x. We first note that

okl _ »
ap ¢
and thus for every non-negative integer N, we have

( S )N g2mitle] _ c2mitle]
2mipt Op

Using this, we can integrate by parts in p. Notice that the volume form is d§ = pdpd€yd€s. We thus have

, . 1 5 , 1 di(p=
r=— [ emdeniee L (G8)) gagag, + [ ereiedeamios LA 208 g,
R3 2mit Op \ 2mi it 2mi

where the last term is a boundary term at p = 0. It is easy to see that both terms are bounded in magnitude
by %, uniformly in . O

Remark 2.7. The proof we gave above would not give the desired result when n is even. In fact, in that case
the same proof only gives the weaker decay (Exercise)

C
sup |p(t,7)] < ———=-
zER™ (1 + t) 2

Nevertheless, the decay rate as stated in Theorem 2.6 still holds with a more refined analysis.

3. LINEAR WAVE EQUATION VIA FUNDAMENTAL SOLUTION AND REPRESENTATION FORMULA

[The treatment of this section is largely inspired by the very nice lecture notes of Oh, which are available
at https://math.berkeley.edu/~sjoh/pdfs/linearWave.pdf]

In this section, we present a different point of view in solving the linear wave equation (2.1), namely we
consider the fundamental solution, i.e., we look for a distribution E € D'(R™) such that

OE = b. (3.1)

For reasons that will become clear later, we will look for the forward fundamental solution E4, which in
addition to satisfying (3.1), also verifies

supp(E4) C {(t,z) eRx R": 0 < |z| < t}.

The goal will be to write down a representation formula in physical space® for the solution to the Cauchy
problem for the linear wave equation (2.1). Before that, let us briefly review some elements of distribution
theory.

3In view of (2.3), we can of course write

sin(2mt|€])

¢(t7x) =¢ *( 271_‘5'

Y+ ¢o * (cos(27t|E])).

The point, however, is to derive this in physical space.
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3.1. Review of distribution theory. We begin with some definitions:

Definition 3.1. (1) A distribution in an open set U C R" is a linear map u : C°(U) — R such that
for every compact set K C U, there exists C' > 0 and k£ € NU {0} such that

lulp)] < C Y sup [0%p(x)]

la|<k reEK

for all ¢ € C(K). We will also write the pairing as < u,p >. Denote the set of all distributions
on U by D'(U).

(2) Let V.C U C R™ and u € D'(U). Define the restriction of u to V, denoted uy, by uy (¢) := u(p)
for every ¢ € C°(V).

(3) Let U CR™ and u € D'(U). Define the support of u, denoted supp(u), as the set of all points in U
having no open neighbourhood to which the restriction of u is 0.

(4) Let U C R™ and u € D'(U). Define the distributional derivative 9%u as the distribution such that
< 0%, >=(=1)7lol <y, 0% >.

We will need some basic facts about distributions, which we will not prove.

Proposition 3.2. (1) (Approzimation by C° functions) If U C R™ is open and u € D'(U), then there

ezists a sequence u; € CX(U) such that uj — w in D'(U), i.e., for every ¢ € C2(U), it holds that
Sy ujo =< u, @ >.

(2) (Composition with smooth maps) Let U € R™ and f : U — R be a smooth map such that df # 0.
There exists a unique continuous map f* : D'(R) — D'(U) such that f*u = uwo f whenever u is
a continuous function. Given a distribution w € D'(R), this can be defined as the limit of u; o f
where u; — u and u; € CP(R) (whose existence is guaranteed by the previous part). We will abuse
notation to write f*u as uo f even for general u € D'(R).

(3) (Chain rule) Let u € D'(R), U € R™ and f : U — R be a smooth map such that df # 0. Then the
distributional derivative satisfies the chain rule d(uo f) = (0f)(u' o f).

Proof. For proofs of the first two statements, we refer the readers to [L. Hormander, The Analysis of Linear
Partial Differential Operators I, Theorem 4.1.5, 6.1.2]. The last statement is easily justifiable using the
second statement. ]

Our next goal is to review the convolutions of distributions. First, define
Definition 3.3. Let u € D'(R") and ¢ € C°(R™). Define (u * ¢)(x) =< u, p(x — ) >.

Extrapolating from the definitions for functions, the idea is to define the convolution of distributions
uy * ug as the (unique) distribution such that (uy * ug) * ¢ = uy * (uz * @) for every ¢ € C3°(R™). This may
not always be well-defined, but it is well-defined if appropriate support properties are satisfied:

Lemma 3.4. (1) Let u € D'(R™) and ¢ € CX(R™). Then ux p € C°(R™) with O(u* ) = (Qu) x v =
ux* (0p) and supp(u* ) C supp(u) + supp(y).

(2) LetU : C(R™) — C*°(R™) be a linear map such that for every p; — 0, we have U(p;) — 0. Assume
moreover that U commutes with all translations, i.e., for every h € R™ and every ¢ € C*(R™), we
have U(mh(@)) = h(U(p)), where 7, : C°(R™) — C°(R™) is defined by m,(¢)(x) := ¢(x —h). Then
there exists a unique distribution u € D'(R™) such that ux @ = U(p) for all ¢ € C°(R™).

(8) Let uy,us € D'(R™). If (—supp(ui)) N (supp(us) + K) is compact for any compact set K, then there
exists a unique distribution u € D'(R™) such that u* ¢ = uy * (ug * ) for every ¢ € C°(R™).

Proof. Part (1) is straightforward and will be omitted. For part (2), define u by u(y) := (U())(0) for
p € C°(R™), where ¢ € C°(R™) is defined by ¢(x) := ¢(—z). It is now straightforward to check that for
every h € R™,

(U())(=h) = (ta(U(#)))(0) = (U (7r()))(0) = (u* (1r()))(0) = (u* ©)(=h).
For part (3), the support properties are used to justify that u; * (ug % ¢) is well-defined. More precisely,

in order to justify that, we need (—supp(u1)) N (supp(us * ¢)) = (—supp(u1)) N (supp(uz) + supp(v)) to be
compact, which is guaranteed by the assumption. The existence of u follows then by part (2). |
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Next, we briefly discuss the theory of homogeneous distribution, which turns out to play an important
role for the fundamental solution to the linear wave equation. First, a definition:

Definition 3.5. We say that a distribution h € D'(R\ {0}) is homogeneous of degree a if for every ¢ €
C(R\{0}),
<h,p>=X"<h,px>, where p)(z) := Ap(Azx).
For a € C such that Re(a) > —1,
v} = Ligzoya”

is a homogeneous distribution of degree a. To analytically extend this, notice that

Ewi =az?y!
for Re(a) > —1. However, there are poles at the negative integers. In order to deal with this, define
. 2
== 3.2
such that (Exercise)
d a a—
%XJr(m) = X+ 1(33) (3.3)

(Let us recall here that I'(z) := fooo t*~te~tdt and that I'(a + 1) = al'(a) for all a € C.) We will be most
concerned with the cases where a is either an integer or a half integer. Let us note that following properties:
Lemma 3.6. (1) For any k € N,
_ k—1
@) =8 (@),

where do(x) is the distribution < o, p >= ¢(0).
(2) For any k € N,

_1_p 1 .d ., 1
xX+* (@) = —=(=)"(—=)
+ ﬁ dx ‘Tj-

where derivatives on the right hand side is understood as distributional derivatives.

1 ifx>0
Proof. For (1), it suffices to note that x9 (z) = — . is the Heaviside step function and using
0 otherwise

(3.3). For (2), recall that I'(a)I'(1 — a) = Si(may> Which implies (I'(3))? =, ie., I'(3) = /7. This implies

X;%(x) = —L . The rest follows from (3.3). O
VT

—+ ol

3.2. Returning to fundamental solutions to the linear wave equation.

Definition 3.7. We say the E, is a forward fundamental solution to the linear wave equation on R"*1 if
(1) OFE; = dg as distributions (where &g is defined as do(¢) = ¢(t = 0,2 = 0));
(2) supp(Ey) C{(t,x) eRxR":0 < |z| < t}.

Proposition 3.8. A forward fundamental solution on R"1, if it exists, is unique.

Proof. Let E and E both be forward fundamental solutions. The idea is to justify the following chain of
formal manipulations:

E=Ex«8y=Ex*(0OE,) = (0F)*E, =6y E, = E..

Notice that we have not used the support properties of £ and E; yet! Of course, the key point is that
thanks to Lemma 3.4 and the support properties of F and E, E x (OFE,) and (OFE) * E are well-defined
and that the formal manipulations can indeed be justified. O

Once a forward fundamental solution exists, it can be used to derive a representation formula for the
solution to the Cauchy problem for the linear wave equation:
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Proposition 3.9. Let E, be a forward fundamental solution to the linear wave equation on R™"*1. Then if
(g0, d1) € C(R™) x C*°(R™), the unique solution ¢ to (2.1) is given by

P(t, ) = —Ey * (p1074—0)) — (O E4) * (¢0dg1=0})-
More generally, for O¢ = F, where F' € C°(R™), ¢ is given for t > 0 by the following formula

P(t, ) = —E4 * (¢101=0y) — (O:E4) * (¢00(i=0y) + (Flz>o0y) * By

Proof. Without loss of generality assume ¢ > 0. Let us suppose that we have a solution ¢ and derive
a representation formula. Of course, once we have derived this formula, it also proves the existence of
solutions.

Plisoy =(dLiis0y) * 60 = (BLiiz0y) * (OEL) = (¢lyioy) * (—07E4) + (AdLyisoy) * By
=(¢Lyi0y) * (=07 E1) + (37 ¢l iis0y) * By
— (0pluzoy) * (O By) — ($0—0y) * (O Ey) + (871 uso0y) * By
— (010gi—0y) * By — (¢dg1=0y) * (O Ey).

The representation formula in the case [l¢ = F can be derived in an identical manner. O

The forward fundamental solution £ can be given in terms of x4 (recall (3.2)). More precisely, we define

n—1
X; 2 (t*—|z|?) first as a distribution on R" ™!\ {0} using* Proposition 3.2.2. We then note that by Lemma

3.6, X;%l(ﬁ —|x[?) can be written as x;%l t2—z*) = # for some distribution® u € D’(S*~11),
where S"~ 11 is the topological n-sphere given by S" =11 := {(¢,2) € RxR" : t>+|z|?> = 1}. Since m
is integrable with respect to (|z|? +12)% dy/|z|2 + t2 in R"*!, we can therefore extend X;%l( 2 —|z]?) to a
distribution on the whole of R™! by < 77 (£ — [z]2), ¢ >i= [ i:ZiW (2|2 + )% d\/|z]2 + 2,

where u is as above and ¢ S is the restriction of ¢ to the constant 4/|x|? 4 t2-hypersurface.

Proposition 3.10. The unique forward fundamental solution is given by
1—n
_n=1
(8~ [al?).

Partial proof. The support properties are obviously satisfied. It therefore suffices to show that OE = d.
We will actually not prove this here, but will simply prove OF, = ¢,do for some constant ¢, # 0. Notice
that even if we do not get the precise numerical value of the constant, this would already be enough for us
to understand the behaviour of the solutions!

We now compute that away from zero. As a distribution in D'(R™ \ {0}), we have

_n-1 _n=1
O (Lpzopxs 7 (2= 1) = 1O (x5 7 (22— o))

due to the support properties. We then have, using the chain rule,
_n=1
Lz O (X5 7 (2 — o)
_ntl 2 2 n _n+4l 9 9
=Lusoy | —02txs = (= [2l?) =2 O (zixy * (£ =)
i=1

-2 2 2 . — 22 2 2
Lo (<204 DG F (@ = o) 402 — o (@ = o) =0,

where the last line is due to the identity (which originally holds for Re(a) > —1 but then holds for all « € C
by analyticity)

Ey(tz) =—

zxg  (a+ 1)z o+l

Lla+1) F(a+2) = (a+ Dx§™.

a __
Xy =

4Notice that we have to remove {0} since df = 0 there for f(t,z) = t2 — |z|.
5Strictly speaking, we have not defined distributions on compact manifolds, but it is not difficult to extend the definition of
distributions in s straightforward manner.
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Therefore, OE, is a distribution supported at {0}. In particular, it is a linear combination of the delta
measure and its finitely many derivatives (Exercise). By a scaling argument, we claim that in fact it is a
multiple of §y. To see this, for any A € R and ¢ € C2°(R"1), define ¢y (¢, 7) := p(At, Az). We then have

<UOE;, o\ >=<UE;, ¢ >.
On the other hand,
< 0%, ox >= N < 9960, 0x > .
Therefore OFE, = ¢,d¢ for some ¢, € R. To see that ¢, # 0, we claim that if F is a tempered distribution
(i.e., it is in the dual space of S) for all ¢ € R such that £ =0 on {t = —1} and OF = 0, then E = 0. This
can be justified by the Fourier transform approach in the previous section (Exercise: do this).
|

We can now apply the formula for E, to obtain the representation formulas in dimensions n = 1 and
n = 3. The same method of course applies for all dimensions, but we highlight the n = 1 and n = 3 cases
for their simplicity and physical relevance respectively.

Proposition 3.11 (D’Alembert’s formula). Let (¢g, ¢1) € C(R) x C°(R) be initial data to (2.1) in R*L,
Then the unique solution is given by

olt.0) = 3 onta+0)~dola =10 +3 [ 1

Proof. We compute using X% (t* — [z|?) = Ly2_ |20} that

) x+t
(Lgsopx L (8% = |2[*)) * (¢10(1=0y) = / ]l{tZO}]l{t27|xfy|220}¢1(y)dy:/ #1(y) dy
—00 r—t

Using this, it is then easy to see that

x+t
(O (Lis0p XS (8 — |2%)) * (¢104=0})) * (dod—0y) = 3t(/ do(y) dy) = ¢po(x +1) — po(x — ).
x—t
The conclusion follows from Propositions 3.9 and 3.10. ]
Proposition 3.12 (Kirchhoff’s formula). Let (¢g, ¢1) € C(R3) x C°(R?) be initial data to (2.1) in R3*L,

Then the unique solution is given by

1 d, 1
o(t,x) = 7/ ¢1(Y)doly—aj=1}(y) + 7 (— Po(y)do(jy—ai=1}(¥))-
At Sy —ol=1) dt " Amt J{jy—al=t}
Proof. Recalling that x7'(t? — |z|?) = 6o(t? — |2|?), the key point is therefore to express 1;>0300(t2 — |z[?)
in a more familiar form. For this computation, it is convenient to use polar coordinates (r, 8, ¢) with r = |z|,
rcosf = x3, rsinf cos ¢ = x1. Define dogz := sin 6 df d¢.

Notice that the support of 1g;>0300(t* — |z|*) is contained in {t = |z[}. It is therefore convenient to
introduce the null variables (u,v) = (t —r,t 4 r) so that the support of Ly;>0380(t* — |x[?) lies in {u = 0}.
Note also that da dt = Ldudv and 72 = ©=2°,

Consider a sequence h € C(R) such that hj — Jy as distributions, we have

< Lgmoyhy (82 — [2]?) / / hy (22 — [22)(t, v, w)r2doss (w)drdt
S?

/ /u| /S2 (uv)p(u,v w)( w?” dog2 (w dvdu-/ /ul /S2h @) )(U _SE)QdGSQ( )dvci)—ﬂ
R /0 /S 2 <p(0,v7w)§dosz(w)dv - /O /S plt, 7= t,w)doss (w)rdr.

(Lpsopx (87 — |2[%)) * (¢10(1=0}) / $1(z + tw)doge (w)

1
=— $1(y)dog)y—z=0 (y)-
{ly—z|=t}

Therefore,
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The conclusion follows from Propositions 3.9 and 3.10. O

3.3. Properties of the solution. Using the representation formula that we have derived above, we now
deduce the properties of the solution to the linear wave equation. Again, as mentioned near the end of
Section 1, we are most interested in existence and uniqueness, conservation of energy, decay and finite speed
of propagation.

Clearly, since we have a representation formula, the solution exists and is unique for sufficiently regular
initial data. (Exercise: How regular do the initial data need to be? In what class is the solution unique?)

Using the representation formula, we can now prove the finite speed of propagation, which we did not
show using Fourier methods:

Proposition 3.13 (Finite speed of propagation). Suppose ¢ € C®(R"*1) is a solution to the linear wave
equation with data (¢o, ¢1). If (¢o, 1) = (0,0) in {y € R™ : |z — y| < t}, then ¢(¢t,z) = 0.

Proof. This is an immediate consequence of the fact that supp(E1) C {(t,z) : 0 < |z| < t}. O

In fact, there is a much stronger statement, which holds in odd dimensions higher than 3:

Proposition 3.14 (Strong Huygens principle). Let n > 3 be an odd integer. Suppose ¢ € C°(R"*1) is a
solution to the linear wave equation with data (¢o,d1). If (¢o,d1) = (0,0) in {y € R™ : |x — y| = t}, then

o(t,x) = 0.
Proof. For n > 3 an odd integer, supp(FE+) C {(t,z) : |z| = t}. O

The decay properties of the solution can also be read off from the representation formula. As an example,
we consider the n = 3 case, which follows from Kirchhoff’s formula (Proposition 3.12).

Proposition 3.15. For (¢g,¢1) € C°(R3?) x C(R?) and ¢ the unique solution to (2.1) in R3FL, there
exists C = C(¢o, d1) > 0 such that

5£H§I¢(t7x)\ < )

fort>0.

Proof. We will prove the proposition in the case ¢g = 0. The general case can be treated similarly. By
Kirchhoff’s formula,

1
oen =g [ e )

For t € [0,1], since Area({ly — x| = t}) = 4nt?, we have ¢(t,z) < C'sup, |¢1(y)| < C for some constant
C > 0. For t > 1, notice that since ¢; has compact support, Area({|y—x| = t}N(supp(¢1))) < C. Therefore,
sup, |6|(t,x) < % O

Remark 3.16. In general, one can also use the representation formula to show the following decay rate for
t > 0 for the solution arising from smooth and compactly supported initial data in R"*1:

C
n—1 7

Sgp\¢|(ta$) < m

where C' depends on the initial data. We leave this to the reader.

Remark 3.17. The compact support condition can be relaxed to some sufficiently strong decay as |z| —
co. However, it cannot be dropped completely. For instance, in R3*!, there exist initial conditions with
(¢, b1) € C°°(R3) x C>°(R3) such that |¢o|(x)+]|p1|(z) — 0 as |x| — oo, but the solution sup, |¢|(t, ) — oo
as t — oo. (Exercise)

Recall that when we study the linear wave equation using Fourier transform, the difficult property to
prove was the finite speed of propagation. Now, the difficulty property to prove is the conservation of energy
(which as we recall is an easy computation using the Fourier transform). This shows that each of the different
methods has its strength.
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4. ENERGY ESTIMATES

In the previous lectures, we studied the constant coefficient linear wave equation
O¢p =0 (4.1)

in R™*! by solving the equation explicitly either via the Fourier transform or via the fundamental solution.
In particular, we have shown the existence and uniqueness of solutions, conservation of energy, dispersion
and the finite speed of propagation. We also saw that depending on the property that we wanted to prove,
one representation of the solution may be preferable to the other.

In this section, we will introduce yet another method to study the equation (4.1), namely the energy
method. In fact, we will show that we can prove (almost) all the properties of the solutions we previously
showed using the energy methods. More importantly, as we will see, these methods are more robust and can
deal with situations when the solutions to the equation may not be explicitly available. In particular, they
will make a crucial appearance in the study of nonlinear equations!

We will use the term “energy methods” to refer loosely to methods which are based on L? type estimates.
The most basic example is the conservation of energy:

Proposition 4.1. Let ¢ be a (sufficiently reqular) solution to (4.1). Define E(t) as before as

B0 =5 [ (007 + Y (0:0P)ta)d
i=1

Then E is constant in time.

Proof. Consider

d n
iE(t) = /Rn 0102 + Z 0:0;90;¢

i=1

= [ 00> 00+ 3 avioo
" i=1

i=1
n n
— [ a0y o> o —o.
n =1 i1
Here, we have used the equation in the second line and have integrated by parts in the third line. O

Remark 4.2. Another (completely equivalent) way to look at the proof is to use the identity
0= 0i¢lo

and integrate it in the region [0, ] x R™ with respect to the volume form dxzdt and integrate by parts. We
will take this point of view in some of the results below.

One immediate consequence of the energy identity Proposition 4.1 is the uniqueness of solutions:

Corollary 4.3. Given initial data
(¢7 8t¢) F{tZO}: (¢07 ¢1)7

if we have two solutions V) and ¢?) to the linear wave equation with the given data such that both of them
satisfy (69, 0,60)) € L=(0, T); H(R)) x L=(10,T}; L2(R™)) for i = 1,2, then

¢(1) - ¢(2)

almost everywhere in [0,T] x R™.
The energy identity in Proposition 4.1 can also be localized in the following sense:

Proposition 4.4. Define, for 0 <t < R,

Ba®=g [ (00 00

Then E(t;z, R) is a non-increasing function of t.
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Proof. We start with 9;¢0¢ = 0 and integrate by parts in the region to the future of {¢; } x B(x, R) and to the
past of ({t2} X Bz, R — t3)) U (Usept 15 ({s} X 0B(z, R — s))). The boundary terms on {t1} x B(z, R —t1)
and {t2} X B(z, R—t3) give E(t1;x, R) and E(t2;x, R) respectively in a way similar to Proposition 4.1. The
key point is that the boundary term on U,ep, +,1({s} X 0B(x, R — 5)) has a definite sign. More precisely,

to : :

— E(ty;2,R) + E(ty; 2, R) — / / ((19) +Z 8:9)?
t, JOoB(z,R—t)

Here, do is the surface measure on OB(x, R —t). It remains to check that the last term is non-positive. To
see this, notice that a simple application of Cauchy-Schwarz gives

<00 + (3 L= 0,07

= ly—al

L0;0)(t, y)do(y)dt.

< + (S0 00 = 0+ Y (000"

ly —af ~

which implies

@0 + Y00 - 2010 Y. L2002 0.
=1 =1

An easy consequence of the localized energy estimates is the finite speed of propagation.
Corollary 4.5. If (¢o, 1) = (0,0) in {y € R" : |y — x| < t}, then ¢(t,z) = 0.

Notice that we have not yet proved the dispersion of the solutions to the linear wave equation using the
energy method. This will be an important topic in later lectures. Instead, we now consider linear estimates
for a more general class of (non-constant coefficient!) linear wave equation. We first define the class of
equations we consider. We study the following equation in R**! with ¢ : I x R* — R:

5a(a*0950) = F (4.2)
(¢a at¢) r{t:O}: (¢07 ¢1)

We require a to be a symmetric (n + 1) X (n + 1) matrix on I x R™ which satisfies
1
B mP| < . 4.3
>l —m| < o (43)

We will also need some regularity assumptions on a®” : I x R® - R, F : I x R® = R, ¢ : R® - R
and ¢ : R® — R. We will state the precise conditions we need later on. For this class of equations, the
conservation of energy does not hold, but we can nonetheless show that some appropriately defined “energy”
has the property that its growth is controlled. To this end, it is convenient to introduce the notation

0¢]* := (01¢)° +Z

Then we have

Theorem 4.6. Let ¢ be a solution to (4.2), then for some constant C = C(n) > 0, the following energy
estimates hold:

sup ||8¢HL2(W (t)

te[0,T

T T
<C <||(¢07¢1)|H1(Rn)><L2(R") +/0 |F||L2(R")(t)dt> exp (C/o |0al| oo () (t) dt) :
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Proof. The proof is in fact the similar to that for the constant coefficient linear wave equation. We use the
identity

¢ (0a(a*P0g¢) — F) =0 (4.4)
and integrate the first term by parts. We consider three different contributions. First, we look at the case
when a = 8 =0:

T
/ 6t¢8t (att 8,5 ¢) dx dt
0 n

R
T
_ /O / n(&a”)(&tﬁf—&—%@(8@)%” dr di (4.5)

T
1 / o (9,0 2dx — * / 0" (0,6)2 dr + - / / (010t (0,6)2 da di.
2 Jiryxmn 2 Jioyxrr 2 Jo Jrs

When we only have i,j = 1,2,...n, we have the following identity (note that we use the convention where
1,7 =1,2,...,n and repeated indices are summed over):

T
/ 0190;(a" 0;¢) dx dt
0 R™

T
==3 | | @000+ 00,00%0,0) dw
>h, ,. (4.6)
= — = / 8t(8z¢aj¢)a” d.’E dt
2 O ]Rn
1

T
=— } / a”&d)aﬂﬁdx — */ aijaiqﬁ@jgbda: + 1 / / (8,5&”)(81@53](]5) dx dt.
2 JiTyxmn 2 Jioyxrn 2J)o Jre

Notice that in the derivation above, we have used the symmetry of a.
Finally, for the term with ¢t and i = 1,...,n, we have

/ [ 060a°00) + 0a0i6)) dad

0 Rn

= /0 / ((2:a™)(019)” + a"°0:(910)” + (0:0"°)(910)(0:0)) de dt (4.7)
T

:/0 / ((0:0")(8:9)* — (8;0™°)(819)* + (8,a™°)(8:9)(9;) ) dux dit.

We now combine the equation (4.4) with the integrated identities (4.5), (4.6) and (4.7) to get

1 1 .
5/ a'(9,¢)*dx — 5/ a* 0;¢0; ¢dx
{T}xR" {T} xR

< 1/ a'(0y¢)*dx — 1/ a'10;¢0;¢dx
{0} xR 2

2 {0} xR"

T
+C / (199111 zy (OF 1l 22 () + Bl oo ey (DI1OGIF 2 gy (1)

By the assumption (4.3), there exists a constant C' > 0 such that the left hand side of (4.8) controls the L?
norm of all derivatives of ¢, i.e.,

1001 L2 ®n) (T)

N 4.9
% / a’(0,¢)%dx — % / a1 0,00 ¢dx (4.9)
{T} xR" {T}xR"

<C
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Combining (4.8) and (4.9), we get
1061172 ) (T)

T
<C)98]32zn)(0) + C / (106 2 ) (I F L2y (8) + 1l o oy (19632 (1))

Now, notice that we can in fact have a stronger estimate on the left hand side which control the supremum
of the L? norm of |d¢| over the interval [0,T]. This is because we can perform the argument above in a
smaller interval of time. Hence,

sup [|96[|7 2 gny (1)
te[0,7)

T
<CJ06]13 g (0) + C / (10611 2y O Fll 2 sn) (8) + 1all e ey (D103 oy (1))

Now, we can use Cauchy-Schwarz to get
T
/o 100l L2 (rn) [| || L2 (2

T
<5 sup 00l () + €37 [Fllpagen
te[0,7] 0

Choosing ¢ > 0 sufficiently small, we can therefore absorb the term & sup, (o 7 ||8¢||2L2(Rn) (t) to the left hand
side to get®

sup (09|72 rny (1)
t€[0,T]

T T
<C|9¢]|7 2y (0) + C(/O IF || L2y (£)dt)? + C/O 10al| ooy (1) |01 72 (e (£)
The conclusion follows from Gronwall’s lemma below. O

We recall here the Gronwall’s lemma:

Lemma 4.7. Let f : R — R be a positive continuous function and g : R — R be a positive integrable function
such that

fH) <A+ / F(s)g(s)ds

for some A >0 for every t € [0,T]. Then

1) < Aexp( [ g(s)ds)
for every t € [0,T7.

Proof. We will actually give two proofs. The main point of the second proof is to illustrate a method that is
known as the bootstrap method. This method will be important later when we consider nonlinear problems.

(1) Differentiating and using the given inequality, we have

G+ [ 100 = 1000 < s+ [ fs)a(s)as)

Integrating, we obtain

A+ [T £(s)g(s)ds ¢
+ Jo ffx Jg(s)ds _ exp(/o o(5)ds).

Use the given inequality again to get the desired conclusion.

Bafter fixing 6 > 0, we then absorb ¢ into the constant C.
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(2) For every € > 0, consider the following condition

o)< 1+ gdep (149 [ tg(s)ds) . (4.10)

Define the subset of [0,T] by B := {t € [0,T] : (4.10) holds for every s € [0,t]}. We will show that
B is non-empty, open and close - thus B = [0, T].
e B is obviously non-empty since 0 € B.
e B is obviously closed by the continuity of f.
e The only difficult part is to show that B is open. By the continuity of f, it suffices to show
that if ¢ € B, then we have

F(t) < Aexp ((1 9 [ t g(s)ds> ,

i.e., a bound that improves over (4.10). To show this, observe that if ¢ € B, then

s <a+ [ i< a++0a [ awen (a+0 [ oo ds

<A (1 + (exp ((1 +e) /Otg(s)ds) - 1)) = Aexp ((1 +e) /Otg(s)ds) .

Therefore, B = [0,T], i.e., (4.10) holds for all ¢ € [0,7] and for all ¢ > 0. Taking ¢ — 0, we thus
obtain the desired conclusion.

O

Using Gronwall’s lemma, we have thus concluded the proof of the energy estimates (Theorem 4.6). As in
the case for the constant coefficient linear wave equation, an immediate consequence of the energy estimates
is the uniqueness of solutions:

Corollary 4.8. The conclusion of Corollary 4.3 also holds for the more general class of (non-constant
coefficient) linear wave equation that is being considered!

For the constant coefficient linear wave equation (4.1), we know that is ¢ is a solution, that ;¢ and
0, ¢ are also solutions. As a consequence, say if the initial data are smooth and compactly supported, all
higher derivatives for ¢ are bounded in L?. In general, of course ¢ being a solution does not imply that
its derivatives are also solutions. However as a consequence of Theorem 4.6, we can also control higher
derivatives of ¢ in L?. More precisely, we have the following corollary:

Corollary 4.9. Let ¢ be a solution to (4.2) and k be a positive integer. Then for some constant C' =
C(n,k) > 0, the following energy estimates hold:

sup [|(¢, 0:®) | mr+ (rr) x Hrx—1 (w7 (F)
t€[0,T]

T
<C(1+7) <(¢0,¢1)||Hk(Rn)XHk1(Rn) +/ '] =1 (e (2)dlt
0

T
+C/( Y 1002a007¢ll e () + D 10560076 e any (t))dt
0

lo]+[B]<k—1 e+ 8] <k—1

T
X exp (c/ |8a|Loo(Rn)(t)dt> .
0

Proof. We first differentiate the equation with 9% to obtain the bounds for
Z sup ||(3g¢7atag@HHl(Rn)xLz(Rn)(t)
jaf <k tE10T)

by the right hand side. It then remains to control
sup @l p2gn) (t)-

te(0,T]
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On the other hand, it is easy to see (Exercise) that

T
ol L2@ny () < C <||¢>0|L2(R") +/O ||3t¢||L2(R")(t)dt> ;

sup
]

which then gives the desired conclusion. (|

5. EXISTENCE OF SOLUTIONS TO GENERAL (NON—CONSTANT COEFFICIENT) LINEAR WAVE EQUATION

In the previous lecture, we showed that if a solution exists, then it must obey certain energy estimates. In
particular, the existence of solution is assumed. Now, we show that in fact using the energy estimates together
with some abstract theory, we can obtain existence of solutions. For technical reasons, it is convenient to
look at a smaller subclass than the previous section. Consider the equation in R™*! for ¢ : I x R® — R

8a (a"‘ﬁé?@(b) =F
(¢, 0:0) I1=0y= (b0, ¢1) € H*(R") x HEZH(R™),

where k € N. We require a®? = a®® for a, 8 € {0,1, ...,n} and
1
af _ af —
Z|a m*| < 0
a, 8

To simplify the analysis below, we assume that a and all of its derivatives (of all orders) are bounded in
[0,7] x R*. F:[0,T] x R — R"™ will be assumed to be in the function space F' € L'([0,T]; H*~(R")).

The main tool that we will use is the Hahn-Banach theorem from functional analysis. Let us recall the
following version of the Hahn—Banach theorem:

(5.1)

Theorem 5.1 (Hahn-Banach theorem). Let X be a normed vector space and Y C X be a subspace with the
norm ||lylly = llyllx for everyy € Y. Suppose f € Y* is a bounded linear functional on'Y, then there exists
f e X* such that f Iy= f and || f|lx~ = || flly~-

Before we state and prove the existence result, we need the following lemma;:

Lemma 5.2. Let
L* := Do (a®POg)).
be defined as the (formal) adjoint of L, which is defined by
Lo := 00(a*PDs9).
Suppose 1p € CX((—o0,T) x R™), then for every m € Z, there exists C = C(m,T,a,b) > 0 such that

T
10z (8) < C / L") gt gy (5)ds

for every t € [0,T7.

Proof. For m > 1, this is simply a consequence of the energy estimates (Corollary 4.9). We now carry out
an induction for the cases m < 0. Assume that the result holds for some mg + 2, we wish to prove the same
result (with a possibly different constant) for mg. To this end, consider

U= (1 - A)_1¢7
defined using the Fourier transform. Then, there exist C' > 0 depending on mg, T, a and b such that

L7 — (1= A)L"W| = [L*(1 - A)¥ — (1- AL <O( Y [9°w)).

1<]a|<3

Therefore,
IL* || grmo+1.gsy () < C (1L rmo-1 sy (8) + [ W] rmo+2 gy (1)) -
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Therefore, by the induction hypothesis,
|| zrmo+2 (ma) (£)

T
SC/ (L™ o1 () (8) + [ ]| prmo2me) (s)) ds
t

T
<c / A PE—n,
t

where in the last line we have used Gronwall’s lemma, noting that the constant is allowed to depend on T
This implies

|41l zrmo rs) (t) < C||¥|

T
otz (£) < O / | L* ] smoms o (5)ds.
t

We are now ready for the main result in this lecture:

Theorem 5.3 (Existence of solutions to the linear equation). Let k € N. Given F € L*([0,T]; H*~1(R")),
there exists a solution

(6, 0e0) € L>([0,T); H*(R™)) x L=([0, T]; H* 1 (R"))
solving (5.1).

Proof. We begin with the case where (¢g, 1) = (0,0). Let L*(C°((—o00,T) x R™)) denote the image of
CP((—00,T) x R™) under the map L* : C°((—00,T) x R") — C((—00,T) x R™). For every element
L*p € L*(C*((—o00,T) x R™)), define a map to R by

T
L*1/H—>/ VFdvdt =< F,p > .
0 Rn

(Note that this is well-defined because of uniqueness for L*y = f with zero data at t = T, a fact that we
proved using energy estimates.) Notice that by the assumption on F' and Lemma 5.2, we have the bound

T T
[ v <OC[ 1P s 00 sup 6w )
o Jre 0 t€[0.7]

T
<C [ LWl o).
0

Using the Hahn-Banach theorem (Theorem 5.1), there exists a function ¢ € (L'((—o0,T); H *(R")))* =
L>®((—00,T); H*(R™)) with ¢ = 0 for t < 0 that extends the map above, i.e.,

< F¢>=<¢,L"Y >
for every ¢ € C°((—o0,T) x R™). Therefore, ¢ is a solution in the sense of distribution. Finally, we use the
equation to show that ¢ € C*([0,T]; L*(R™)) and therefore (¢, d:¢) [(1—oy= (0,0). This concludes the proof
in the special case where (¢g, ¢1) = (0,0).

We now consider the general case where (¢g,¢1) € H¥(R™) x H*~'(R") are prescribed. Let u be a
function in [0, 7] x R™ such that
(’ll,, atu) {{t=0}: (¢07 d)l)
At the same time, solve
Ln=F —Lu

with initial data

(na 87577) {{t:O}: (07 0)
Then letting ¢ := n + u gives the desired solution. It is easy to check using the energy estimates again that
(¢, Or) is indeed in the desired function space. a

Remark 5.4. Notice that the above theorem gives only the existence of solutions in the sense of distribution.
Nevertheless, using the Sobolev embedding theorem, if we assume that the initial data is sufficiently regular,
then in fact the solution can be understood classically.
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We recall here the following standard Sobolev embedding theorem which we referred to in the remark
above. It will also make a few more appearances later.
Theorem 5.5 (Sobolev embedding theorem). For every s > %, there exists C' = C(n,s) > 0 such that

D]l oo mny < Cll@ s mm)
for all ¢ € H*(R™).

6. LOCAL THEORY FOR NONLINEAR WAVE EQUATIONS

We consider quasilinear wave equations in R"*! for ¢ : I x R™ — R of the form

0u(a(8)036) = F(6,09) 6

(¢, 0:9) I(1=0y = (¢0, 1) € H*(R") x H*"1(R"),
where k € N is to be specified later. We require that a®? = a?® for o, 8 € {0,1,...,n} and satisfy

1
> la® = m®| < oo, a(0) =0, F(0,0)=0 (6.2)
B
and”
a®® R =R, F:RxR" = R are smooth functions of their arguments. (6.3)

As a consequence of (6.3), we have
Y sup [07(a*)|(x) < Can (6.4)
o, <N l7ls4

and

sup |8;7PF|(J?,p) < CAJ\/‘. (65)
lyl<n lzhlpllisA

We now state the main theorem of this section, which is a local existence and uniqueness theorem for this
general class of equations.

Theorem 6.1. Fiz a and F satisfying the assumptions above.

(1) (Existence and uniqueness of local-in-time solutions) There exists®
T =T([|¢oll rrn+2®nys Ol zrnsr(®ny) >0
such that there exists a (classical) solution ¢ to (6.1) with
(6, 0v9) € L=([0, T]; H" 2(R™)) x L([0, T]; H"H(R™)).
Moreover, the solution in unique in the function space
(¢,010) € L>=((0, T]; H"*(R™)) x L>((0, T}; H™(R™)).
(2) (Continuous dependence on initial data) Let qﬁgi), gbgi) be sequences of functions such that gb(()i) — o
in H"2(R") and ¢§l) — ¢1 in H"TL(R™) as i — oo. Then taking T > 0 sufficiently small, we have
(6 = ¢,0:(¢D — @)l Lo (0,755 (R")) x L= (0,7} =1 (R)) — O
as i — oo for every 1 < s < n+2. (Here, ¢ is the solution arising from data (¢o, ¢1) and ¢ is the
solution arising from data (gbg), ?)).)

Remark 6.2. An evolution equation is said to be well-posed in the sense of Hadamard if existence, uniqueness
of solutions and continuous dependence on initial data hold. Theorem 6.1 therefore implies that the equation
(6.1) is locally well-posed.

We now turn to the proof of the theorem:

7Here7 it is understood that a®? are functions : R — R for every o, 8 € {0,1,...,n}.
80f course T also depends on a and F' but we will considered them fixed for this theorem.
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Proof. (1) This part of the theorem is proved by Picard’s iteration. By a density argument, it suffices
to assume that (¢o, 1) € S x S. Define a sequence of (smooth) functions ¢() for i > 1 such that

oM =0
and ¢\ is defined iteratively for i > 2 as the unique solution to
3a(aaﬁ(¢(i—1))aﬁ¢(i)) = F(¢U=1, 9pl—1)
(6D, 0:0) T =0y = (do, ¢1)-

We will show two properties of the sequence (¢, 9,¢(?). First, for T > 0 sufficiently small (de-
pending only on |[[¢ol|gr+2(rn) and |[¢1]|gr+1(mn)), the sequence is uniformly (in ) bounded in
L*([0,T); H"2(R™)) x L>([0, T); H*t1(R")), i.e.,

(6.6)

(6, at¢(i))||L°°([0,T];H"+2(]R"))><L<>O([07T];Hn+1(]Rn)) <C (6.7)

for some C' > 0 (depending on n, F, a, ¢o and ¢1, but independent of ¢). Then, we show that for

T > 0 chosen to be smaller if necessary, (¢(*),9,¢() is a Cauchy sequence in L>([0, T]; H'(R"™)) x

L((0, T; L (R™)).

(a) We begin with the first part, the idea is to use the energy estimates. Obviously, it suffices to
prove that there exists some A > 0 such that

(@071, 8,0 || Lo (f0. 19 2 () x Lo ([0, 1) o1 () < A
= H((b(i)vat¢(i))HLO"([O,T];H"JrZ(R”))><L°°([0,T];H"+1(]R")) <A

To this end, we assume
1@, 010 ) e o, rysrm+2 ey x Low (0,771 () < A (6.8)

for some A > 0 to be chosen below. In fact, it is convenient to use the bootstrap method® and
assume also that

16D, D) | Lo (0,777 +2 R ) x L ([0,T]s et (R ) < 4A. (6.9)
Of course, we can make this assumption as long as at the end we can improve the constant in
(6.9).
Our next goal is to apply the energy estimates in Corollary 4.9 to improve the bound (6.9).
Recall that to apply Corollary 4.9, we need bounds on

T
/ > 08 F(@ D, 0D | Lo (1) dt, (6.10)

0 0<|a|<n+1

T
/0 S Y loaz (aF(64)) 0076 e () dt (6.11)

[v|+lo|<n+1 .8
and

T
/O S Sl (a7 (61 1)) 00076 |y () dt. (6.12)

[v[+lo|<nt1 a8
lo|<n

To obtain such bounds, we need to use the smoothness of F' and a as well as the Sobolev
embedding theorem (Theorem 5.5). First, for F (i.e., for the term (6.10)), we want to prove
the following bounds

Claim 6.3. There exists B = B(A,n, F) > 0 such that for ¢t € [0, 7], we have
> losF (60D, 060V 2 (t) < B. (6.13)

0<|a|<n+1

9Recall the discussions of the bootstrap method in the proof of Lemma 4.7. What it allows us to do is to prove an estimate
by first assuming it as a bootstrap assumption and then improving the bound.
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Proof of Claim. To see this, we first expand the derivatives and note that by the chain rule,
Theorem 5.5 and (6.5),

S os P60, 06| L2 (1)

0<|af<n+1
< > 10026 D@+ Y 00520005260 2 en (¢)
0<]a|<n+1 0<|a |+|az|<n+1

+cubic terms + ... 4+ terms of order n + 1) .
Consider for instance the quadratic term
> 100216 D902V || L2y (2).
0<|ay|+|az|<n+1

Notice now that either |a;| < 24 or |ao| < %, So we can assume without loss of generality
that |oq| < 2L, On the other hand, since 2 + 2 < n + 1, we can apply Theorem 5.5 to get

Yo 1002 ey <C Y 00260 agen (1)-

0<]ay [<2FE 0< el <n+1
Therefore,
> 100516 D0052 60D | paeny (1) <C Y (1005 AUV 2 gam (1),
0<|aq [+|az|<n+1 0<|a|<n+1

In a similar manner, we can treat all the higher order terms to get

> 05F (@D, ) 2 (1)

0<||<n+1

<C 141" V2@ + Y. 1100565V L2gm (1) < B,
0<|a|<n+1
where in the last line we have used (6.8). O
In a similar fashion, we can also obtain bound the terms (6.11) and (6.12):
Claim 6.4.
[(6.11)] 4+ |(6.12)| < B
for some B = B(A,n,F) >0
We will not carried out the details of the proof of this claim, but just note that it is carried out
in a similar manner as the proof of Claim 6.3 and that we need to use the bootstrap assumption
(6.9) in addition to the induction hypothesis (6.8). Notice that for the term (6.12), there can
potentially be two J;-derivatives, which however can be exchanged to either 0;0, or 0,0, after
using the equation and applying the estimates in Claim 6.3.
Moreover, we have the following bound using Proposition 5.5 and (6.8):
Claim 6.5. _
S 10: (a*(69D)) ey < B
[v|=1
We now apply the energy estimates in Corollary 4.9 and use the estimates in Claims 6.3, 6.4
and 6.5 to obtain
16, 84 ) || oo ([0, Hr-+2 (R y) x Low ([0,T]; Fn 1 (R )
SC (H (¢0, ¢1)|‘H"+2(R”)XH"+1(R") + BT + CBTQ) X eXp(CBT)
In order to fix notations, let’s call the constant in the above inequality Cy and assume without

loss of generality that Cy > 2. Here is the key point: while B can be very large and depends
on A, we can choose T > 0 to be sufficiently small (depending on A) such that

(BT + CoBT?) exp(CoBT) < |[(¢o, ¢1)| ro+2 (@) x srmsr (mn)
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and
exp(CyBT) < 2.
With T chosen as above, we thus have

18, 06| oo (0,77, Frn+2 (n ) x Low ((0,7); Hn+1 (R ) SACO || (D0, D1)[| Frnt2 (n )y prmt (e -

Now, let’s choose A = 4Co||(¢o, ¢1) | zrn+2(®r)x Hnt1(rr)- We have thus shown the desired impli-
cation

1@, 010 o o,y +2 @)y x L= (0.7 141 Ry S A
= [1(6), 88| Lo (0,73 12 (®my) x Lo (0,7 1 (R < A

for this A, provided that T > 0 is sufficiently small depending on A. In particular, we have
improved the constant in the bootstrap assumption (6.9). On the other hand, A depends only on
|| (92507 (,251) HHn,Jrz(Rn) x Hn+1(R™) and therefore T indeed depends only on || (gf)o, ¢1) ||Hn+2(Rn)><Hn+1(Rn),
as desired.
We have thus finished the first part of the proof.
We now move to the second part in which we show that the sequence is Cauchy in a larger
space L ([0, T); HY(R™)) x L>°([0,T); L2(R™)). To this end, for every i > 3, we consider the
equation for ¢(¥ — ¢li—1);

Da (a7 (67) 95 (01 — 6(71))

== 0a((@*?(017D) = a®(¢7%))) 050 7V) (6.14)

—i—F(qS(i_l),(“)qS(i_l)) _ F(¢(i_2)76¢(i_2)).

Since a is continuously differentiable, we can use (6.4), the bound (6.7) obtained in part (a)

and mean value theorem to show that there exists some C' > 0 (depending on initial data but
independent of i and T') such that

0a((*(871) = a7 (67))936 )| < €[00~ = 972)
which implies using (6.7) again that
10 ((a*F (1) = a*F (¢72))) D50 V)| L2@m) (1) < CLA(G ™ = ¢ 2| L2 gn) (1)

for every ¢ € [0, 7). Similarly, using (6.5), (6.7) and the mean value theorem, we have

1E (641, 06070) = F(687, 06| 2y (1) < OO = 60 D) || L2y (1)
for some C' = C(||(¢o, ¢1)|| g+ ®mnyx mgF-1(Rny) > 0. It is important that C is independent of i.
(®R™) (®™)
Also, using the bound in part (a), we have,
19(a*? (D)) || oo ey (1) < C.
Therefore, applying Corollary 4.9 to (6.14), (noticing that the data for ¢(* and ¢(*~1) coincide
if i > 2), we get

sup [[(0 — ¢V 0,0 — 0,0V || 1 ey 12 (e (£)
t€[0,T]

<CT sup (@07 — ¢l 9,807 — 8,02 || g1 () 1.2 ) (2).
te[0,T

By (6.7),

sup (6@ — 6™, 8,0 — 9,6™) || i1 (mn)yx 2wy () < Ci.
t€[0,T]
Therefore, choosing T to be sufficiently small, we have for i > 3,
j i— 1 i i
sup |69 — 60 1oy (1) < 5 sup (167 = 65D oy (8),
te[0,T) t€[0,T]

which implies

sup [|¢ — ¢V || gy (£) < 277201
te[0,T]



24

JONATHAN LUK

From this the Cauchy property follows straightforwardly.
Now since (¢(¥),9;¢() is Cauchy in L>®([0,T]; H'(R™)) x L>=([0,T]; L?(R™)), there exists a limit

(¢,0¢¢) € L=([0,T); HY(R™))x L*°([0, T]; L?>(R™)). The uniform (in i) bounds in L>([0, T]; H"T2(R™))x
L ([0, T); H™1(R™)) implies that the limit in fact lies in the smaller space (¢, ;¢) € L>([0, T]; H"?(R™)) x

L>=([0, T]; H*F1(R™)). (One may argue as follows: for almost every t € [0,T], (¢, d:6D)(t) €
H" 2(R™)) x H""1(R™) uniform in i and therefore by Banach-Alaoglu, a subsequence has a weak
limit in H"*2(R")) x H"}(R™). By uniqueness of limits, this limit must agree with (¢,9,¢)(t).)
This concludes the proof of existence. The proof of uniqueness can be carried out easily by consid-
ering the equation satisfied by the difference of two solutions. However, we will not carry out this in
detail since uniqueness can alternatively be derived from the continuous dependence of initial data
that we will prove immediately below.

Pick some i € N sufficiently large and we bound the difference ¢ — ¢ using the energy estimates.
The equation for the difference is given as follows:

0a(a®? () (8" — ¢))
=—0a((a*P(¢') — a*F($))90) + F (69, 0¢") — F(¢,00).

Applying the energy estimates, we get that the following holds for some C' > 0 independent of ¢ and
for all ¢t € [0, T

sup [[(6 — ¢, 010" — 0,0 || 1 (mry x L2 8n) (5)

s€[0,t]

<C (n(asé” — 0,8t — 1)l 1 @nyx 12 mm) + / 184 ((a°? (60) — a®®($))050) | L2 (s (1)t

t
+ [ IP@9,069) = F(0,00) 12 0.
0
Now, applying the bounds for ¢ and ¢ that we obtained in part (1) of the theorem, we get

Sl[lop] () — 6,008 — 0:8) || ;1R x L2 () (3)
se|0,t

<C (|( (()l) - ¢07¢1Z) — ¢1) || 51 (R x L2 (R +/ (D — ¢, 0,0 — at¢)||H1(R")xL2(Rn)(t)dt> .
0
By Gronwall’s inequality, we thus have that for some C = C(T') > 0,
sup (6 = 609 — 01) oy (8) < Cl(68 = d0, 81 = 61|y L2(en)-
telo,
Since the right hand side — 0 as i — oo, we get that as i — oo,
sup () — ¢,0:0") — 8:)|| 1 ny 2wy () = 0.
t€[0,T)
To obtain the result in general for 1 < s < n + 2, simply observe that

sup [[(67 — ¢, 0.0 — 8,0) || e (mn ) x pro—1 () ()
t€[0,T]
nt2—s
<C sup (||(¢(l) — ¢, 000" — 3t¢)||H1(Rn)xL2(Rn)(t)) e (6.15)
t€[0,T]

s—1

X (||(¢(i) — ¢, 040" — 5t¢)||Hn+2(Rn)an+1(Rn)(t)> o,
Now that the estimate (6.15) because of the general functional inequality

][y (6.16)

for some C' = C(s1,82,8,n) > 0, where 0 < 81 < 8 < 89, 01 + 602 = 1 and 6151 + 0352 = s.
The functional inequality (6.16) can be proven by taking the Fourier transform and using Holder’s
inequality (Exercise).

[
1911 £2 emy < Cllnll e, @n)

O
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In Theorem 6.1, we have constructed a unique L>([0,T]; H**2(R"™)) x L>([0, T]; H**(R™)) solution
for T > 0 sufficiently small. For physical theories, we in fact want to construct smooth solutions. It is
therefore useful to have the following “persistence of regularity” statement, which states that as long as we
have a L*([0,T]; H"2(R™)) x L>°([0,T]; H"*(R™)) solution, “all higher regularity of the initial data is
propagated”.

Theorem 6.6. (Persistence of reqularity) Given initial data (¢g, 1) € H"T2(R™) x H"TH(R™) to (6.1), let
T, :=sup{T > 0 : there exists a unique L>([0,T]; H"T2(R"™)) x L>=([0,T]; H"*1(R")) solution} > 0

be the maximal time of existence. (Notice that Ty > 0 by Theorem 6.1.)
(1) If (¢o,¢1) € H™(R™) x H™ Y(R") for some m € N with m > n + 2, then the solution (¢,0:¢) €
Lee([0,T); H™(R™)) x L*°([0,T]; H™1(R™)) for every T < T..
(2) If (¢o, 1) € N_y (H™(R™) x H™ Y(R™)), then the solution is smooth in [0,T,) x R™.

Proof. We first show the statement for persistence of H™ regularity. We proceed inductively in m. Assume
that the conclusion holds for some m — 1 > n+ 2. We will show the conclusion for m. Again, we use energy
estimates:

sup [|(@, 9@ rm (rn) x rrm—1 (rn)
te[0,T)

T
<C <||(¢O,¢1)Hm(R")me—l(R”) +/o ([[1F[| rm—1 ey (£) + |0al] grm—1 gn) () dt)

Our goal is to show that in fact

I rm-s gy )+ D0 D 11007 (a*0(6)) 907 ll12(1)

[v|+lol<k—1 a8

can be estimated linearly in terms of sup,ci ) (¢, 0:®) || rm (n ) Hrm—1 (R7), Which then allows us to apply
Gronwall’s lemma to obtain the desired estimates in H™(R™) x H™~!(R"™). This is possible since m is
sufficiently large, and we can use Sobolev embedding together with the induction hypothesis to control the
lower order term. More precisely, we have

Y OFF(,09)|12(1)

0<|al<m—1

<c| > logelat) + > 10821 68022 ¢ || 2 (t)

0<|a|<m 0<]aq [+]az|<m—1

~+cubic terms + ... + terms of order k — 1)

We look for instance at the quadratic term. We assume without loss of generality that oq| < 251, On the

other hand, since m > n + 3, we have mT’l + 5 <m — 2. Therefore,

> 10021 A2 || 2 () (1)
0< oy [+ |az|<m—1
<l D 11002 ]l ny (1) ST 11002l (1)
0<]aq <t 0<|az|<m—1

2

<CI[(®, 0:) | rm—1 ey x =2y (D) (@, Ot D) | Frm () x F1m =1 @) (B).-

By the induction hypothesis, for every T' < T, we have

sup ol gm-1@ny(t) < C
te[0,T]
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and this term is indeed linear in ||@|| gm®ny(t). The term with a can be treated similarly. Therefore, for
every fixed T < T, the following holds for every t € [0, T]:

sup [[(¢, 0cd) || rm (mrnyx rrm—1 (n)
s€(0,t)

t
<C(T) <||(¢0a¢1)||Hm(]R")><HmI(Rn) +/ Sl[tp) ||(¢73t¢>||Hm(Rn)meI(Rn)(S)d8> .
0 s€|0,t

Gronwall’s lemma implies the desired conclusion. Finally, the smoothness statement in (2) follows from the
Sobolev embedding theorem (Theorem 5.5). O

Remark 6.7. From now on, we will use the terminology “maximal time of existence T.” loosely. It will always
mean the maximal time of existence such that a L> ([0, T]; H"T2(R"™)) x L>([0, T]; H"*1(R")) solution exists
in [0,7] x R™ for every T' < T,. Nevertheless, by Theorem 6.6, this coincides with the maximal time of
existence of a solution with higher regularity.

In general, it is of course a very hard question to determine the maximal time of existence T, for a given
initial data set to a given equation. The local theory, however, allows us to say that if T, < oo, then it must
be the case that some norms blow up as the time T, is approached. We will give the precise statements in
Theorem 6.10. Before that, we state a technical lemma that we will not prove:

Lemma 6.8. (Schauder estimates) Let s > 0 and F : R™ — R be a smooth function with F(0) = 0.
Then, if ¢ : R™ — R™ belongs to the space ¢ € L>°(R™;R™) N H*(R™;R™), there exists a constant C' =
C(F, |9l Lo ®nsrmy, s,m,m) > 0 such that
[ E(@) 12y < Clll 7 mn meom).-
Lemma 6.9. For s > 0, there exists C = C(n,s) > 0 such that
I+ (O, @) e mny < CUIfll s+ @y |9l oo ) + gl £rs @) L f 11000 () )-
We now state and prove our main result on the breakdown criteria, which can be viewed as a characteri-

zation of the maximal time of existence T:

Theorem 6.10. (Breakdown criteria) Given initial data (¢, 1) € H" 2(R™) x H" 1(R") to (6.1), let T,
be the maximal time of existence. If T, < oo, then all of the following holds:
(1)

htngl*lf (0, )| 2 () x s mr) (1) — 00.

(2)

tmsup [ 3 000l 0+ 3 10020l e qan(®) | > o
2T \jel< 22 ol <[ %)
(3)
lim sup Z 10%@|| Loo (mny (t) — 00.

=T <1

Remark 6.11. Clearly, (3) implies (2) in Theorem 6.10. However, we state these separately since the stronger
statement (3) requires the use of the Schauder estimates which we have not proved. In the rest of the notes,
we will also avoid applying (3) for the same reason.

Proof. All three of the breakdown criteria will be proven with the following strategy: We assume that the
conclusion fails, which gives use some estimates of the solution. We then apply the energy estimates to gain
enough control of the solution to extend it beyond the time T}, which then contradicts the maximality of 7.
(1) We argue by contradiction. Suppose the conclusion fails, then there exists an increasing sequence
{tm}°_; C R with ¢,, — T} such that

[(®, 0ed) || mrnt2 () x prntr () (Bm) < C

for some C, > 0 independent of m. Theorem 6.1 guarantees that we can find a time of existence T,
depending only on C, (most importantly independent of m!) such that the equation can be solved
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in [tm, tm +T] x R™. By taking m sufficiently large, we can therefore extend the solution beyond T,
contradicting the maximality of 7!
(2) We proceed by contradiction. Assume that T) < oo but

limsup | > (056l () + Y 10056 Loy () | < 0.

t—T.
EERNCTE RSS! lel <[ %]

In particular, this implies that there exists a constant D > 0 such that

sup Z 102 @Il oo mmy (t) + Z 10:03 ¢ oo my (t) | < D.

te[0,T.) lal< 242 lel<| %]

Our goal is to show that this assumption implies that the H"T2(R") x H""1(R™) norm of (¢, ;)
remains bounded as t — T,. We will achieve this in two steps. First, we bound the H"T1(R") x
H™(R™) norm of (¢, d;¢) and then we control its H"T2(R") x H""}(R"™) norm.

To proceed, we now apply energy estimates to the nonlinear equation for ¢ to get

sup || ((rb? at(b) ||Hk(R")ka*1(]Rn)
t€[0,T)

T
<C | [[(Bos P2l mr+ (rrm ) x m1%—1 (R +/ 1 F | e mmy (2) + Z Z 1007 (a*P(4)) 007 ¢||r2(t) | dt
0 Yl+lo|<k—1 a8
T
X exp (C/ |3a(¢>||Lw(Rn)(t)dt>
0
(6.17)

for every T' < T, where C' = C(T}). We first consider (6.17) with k¥ = n+ 1. Now, we bound F' and
Oa as in the proof of part (1) of this theorem. More precisely, we have for some C' = C(D) such that

> 09F(¢,09)|lL2(t)

0<|ar| <k—1

6.18
<o T jeaselem+ Y (10056005 e (t) (6.18)

0<|a|<k—1 0<| a1 |[+|az|<k—1
+cubic terms + ... + terms of order k — 1)

Look for instance at the quadratic term. The key point is that either |a;| or |ao| < | %51]. Without
loss of generality, let’s say |oy| < [%52]. Since k =n+1, [£52] < [2], we have

ST 1100260052 0] agan) (1)

lar|+|az|<k—1

<G| > 1002 ¢l en)(t) Y 1100226 L2 (1)

lea|<[ 5] laz|<k—1

<D > 110952 ¢] r2n)(t)

[az|<k-1

The higher order terms can be treated in an analogous manner to show that every term is at most

linear in
Z 10072 B L2 (mn) (2),

1<]as|<k—1
multiplied by some polynomials in D. A similar argument can also be used to treat the terms

/0 > > 1007 (a%F(¢)) 997 ¢l| 2 (t)dt

[v|+lo|<k—1 o8
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and
T
| 100(@)m e 1
Therefore, as a consequence, we have

sup [|(¢, 9ed) || rn+1 (mnyx o (mn)
te[0,T)

T
<C(D,T.) <||(¢07¢1)||H"+1(R”)><H"(R") +/ (1 +D)n+1”(¢aat¢)|H”+1(R")><H"(R")dt> :
0

By Gronwall’s lemma, we get

sup |[(@, 0i®) || grn+1(mryxzrm (mny SC(D, Te) [ (05 @1)| zrm1 () F1m (R - (6.19)
te[0,7Ty) .

As mentioned before, the next step is to control the H"*2(R") x H"*1(R") norm of (¢,d;¢). We
return to the energy estimates (6.17) with & = n + 2. Again, we need to show that all terms are
bounded at most linearly by |(¢,9:®)l| g mn)x -1 (rn) up to some constant depending on D, T
and the initial data. Now consider the quadratic term in (6.18). The cases where n is odd and n is
even will be treated separately. First, we consider n odd. As before, we can assume that |a;| < |as].
Since k — 1 =n + 1, we have either || < [%] or we have |o], |ao] < [3] + 1.

S 11005600526l an) (1)

[ar]+]oz|<k—1

<O D 110053 Lo m (2) S 119022 1 any (1)

lar|<| 3] laz|[<k—1

+C| D 1005l e ny (1) S 100226 2 en (2)

loa|<[5]+1 loa| <[5 ]+1

<C(D, T., |[(¢o, 1)l zrnsr@mysrrneny) | D 10020l L2y (t)

la|<k-1
Here, to deal with the last term, we have used on one hand that [ 5| +2 < n + 1 so we can control
ZIazISL%Hl 10032 ¢ L2 () (t) using (6.19); and on the other hand that |§] +2+4 5§ < n +2 (using
the oddness of n) so that we can use Sobolev embedding to control ZIMISL%JH 10021 G| oo () (¢)
by > a1<k—1 1007 @l L2(mn)(t). In the case where n is even, if o[ < [az|, we must have [ay| < [F].
Therefore, we can estimate the quadratic term in (6.18) simply by
ST 002 6005 8 e (1)

|1 [+]az|<k—1

<C > 1008 ¢lren@ | [ Do 1100926l 2 (¢)

lon|<[ %] loa|<k—1

<O, 1) | Y 10026l e (1)

o] <k—1

One checks that we can similarly estimate higher order terms in (6.18) and also the term containing
a in (6.17). Therefore, as a consequence, we have

sup H ((b, 8t¢) ||H'7L+2(R7L)><H7L+1(Rn)
te[0,T)

T
<C(D, T, |[(do, o)l rnt2®n)x mot1 () (1 + C(D,T*)/ (¢, 3t¢)||Hn+2(Rn)an+l(Rn)dt> :
0
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By Gronwall’s lemma, we get

?HT) : (0, 0:d) | rmr2(rry x n+1 (mny SC(D, T, [|[ (G0, &1) | 5rnr2(mry x mt1 (m7)) -
te[0,T

We have thus obtain a uniform bound for

(0, 0sd) || et ey x Frmtr (& (F)

when ¢t < T,. This contradits part (1) of this theorem.
(3) Exercise. (Hint: Using Lemmas 6.8 and 6.9.)

7. GLOBAL REGULARITY FOR SUBCRITICAL EQUATIONS

We showed last time that there is a very general local theory for nonlinear wave equations. In general, of
course there are many different phenomena associated to the long time behaviour. Nevertheless, there is a
class of so-called subcritical equations, such that there is a coercive monotonic quantity above scaling (see
discussions below), for which the problem of global regularity for general data is tractable. We look at one
particular example here.

Consider the equation in R3*! for ¢ : I x R® -+ R

O¢ = [6>¢
((b? at(b) r{t:O}: (¢07 (bl)a
where I C R is a time interval. We first show that

Proposition 7.1. As long as the solution remains sufficiently reqular, the following quantity is independent
of time:
3

B() = [ 5007 + 300 t.) + 710l (t. )

i=1

Proof. This is a direct computation. O

Notice that the conservation of a positive quantity alone does not necessarily imply that the solution is
globally regular. It is important to show that this quantity in fact gives sufficiently strong control over the
solution. In the context of this equation, this is in fact manifested in the following Sobolev inequality:

Proposition 7.2. There exists a constant C > 0 such that for every ¢ : R® — R, we have
18]l Lo ey < Clloll o gay-
We are now ready to show that

Theorem 7.3. Assume (¢o, 1) € (H?(R3)x H*(R3))N(C®(R3)x C*°(R?3)). Then (7.1) has a global-in-time
smooth solution.

Proof. We apply the local existence theorem to conclude that there is a smooth local-in-time solution.
According to Theorem 6.1, it suffices to show that for every T', we have the bound

> 1098l qo,ryxrny + Y 100058l ((0.11xr2) < C(T).

o] <2 o<1
By Sobolev embedding (Theorem 5.5), it in turn suffices to prove

(¢, 0:) | oo ([0,17; 4 (R3 )y x Lo ([0,7); 3 (R3Y) < C(T').



30 JONATHAN LUK

We do this in two steps. First, we control the H? norm.

(&, 0cD) || Loe ([0, 17; 12 (R3)) x L= ([0,T]; ' (R3))

T
<C(T) <||(¢07¢1)H2(]R3)><H1(R3) +/0 ||¢'¢-3¢||L2(Rn)(t)dt>
T
<C(T) <||(¢>o,¢1)H2(R3)xH1(R3) +/0 ||¢|L6(]R")(t)”¢|LG(R”)(t)”a¢|L6(]R”)(t)dt>

T
<C(T) <||(¢07¢1)H2(]R3)><H1(]R3) +/0 (E(1))?[1(¢, 3t¢)||H2(R3)><H1(R3)(t)dt> .

Since F is a priori controlled using the conservation law, we can apply Gronwall’s lemma to obtain

(@, 0¢P) | o= ([0,17; 52 (®3)) x L= ([0, 7); 1 (R3Y) < C(T).
Here, of course we have abused notation such that this constant C(7') is (exponentially) larger than the
constants in the lines above. In particular, this implies that ¢ is bounded in L>([0,T] x R?).
We now proceed to controlling the H* norm.

(9, 02 ) || oo ([0, 77 4 (R3)) x Lo ([0,T7; H3 (R3))

T
<C(T) [ 160, o0l emen + 3 /||5§¢'3f¢'5’3¢\|m(w)(t)dt

la+18]+1=3 7°
3
T
<o) | 0w o)l + [ | 3 Iogélemn® | di
0
|a]=1

T
+ / (6l = ey () S 1026 2y (E)dt

ler|=3

T
+/O ol zoqeny(®) | D 105 Sllzo@n (@) | | D 1076l Lo@ny(t) | dt

loe|=1 1Bl=2
Now, the key points are that

(1) ¢ isin L® by the conservation law
(2) ¢ in L™ and 9,¢ in LS using the H? control that we have obtained above.

Therefore, the above estimate is linear in
(6, 0ed) | 14 (m3y x 113 (r3) (1),

ie.,
(6, 0ed) || Loo ([0, 77 2 (B3 )) x L= ((0,7; 3 (R3))
T
<C(E,T) <||(¢o,¢1)|H4(R3)xH3(R3) +/ ||(¢75t¢)|H4(R3)xH3(R3)(t)dt> :
0
We can therefore conclude using Gronwall’s lemma. |

Remark 7.4. Another perhaps more direct way to prove this theorem is to reprove the local existence theorem
and show that if we perform Picard’s iteration in L°°([0, T]; H*(R3)) x L>=([0, T]; L?(R?)), we can show that
there exists a solution in [0, 7] x R3, where T' depends only on [¢0ll 11 (rs) @and ||@1]|L2(gs). Moreover, we
can also show as in the local existence theorem that as long as an H' solution exists, then higher regularity
is propagated. This allows us to conclude using the conservation law.

We now briefly discuss the concepts of scaling and criticality. Notice that the above PDE has two features.
Firstly, it has a conservation law that controls the H! norm. Secondly, it is invariant with respect to the
scaling

oa(t, x) = Ap(At, \x),
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i.e., if ¢(t,x) is a solution, then ¢, (¢, x) is also a solution. Now, here is the key point: if we scale to smaller
length scales, i.e., we take A — oo, then the H! norm — oo. This shows that the conservation law (or
more generally a monotonic quantity) is all the more useful at smaller length scales. We call this property
subcritical. On the other hand, we say that an equation is supercritical if the opposite is true and is
critical if the conservation law scales in exactly the same way as the scaling of the equation.

The concept of criticality is extremely important to predict whether an equation has global regular large
data solutions. Most of the time, subcritical equations have a global regular solution. Critical equations,
lying at the threshold of subcritical and supercritical equations, exhibit a large array of phenomenon - some
of them always have globally regular solutions while some possess solutions that exhibit finite time blow up.
On the other hand, very little is known at all about supercritical equations!

Returning to the equation that we were considering, if we look at a more general class of equations

D¢ = |g[P "¢
in R x R3, we see that the H! norm is always controlled by the conservation law while the equation is
invariant under the scaling
da(t, ) = A\7T (AL, Ax).

The equation is therefore (Exercise) subcritical if p < 5; critical if p = 5 and supercritical if p > 5. Indeed
in the first two cases, it is known that regular initial data give rise to globally regular solutions. (We see
moreover that the full range of 1 < p < 3 can be treated as above!?. However, the case 3 < p < 5 requires
techniques that we will not have time to cover in the lectures. See the Example Sheet for further discussions.)
On the other hand, almost nothing is known regarding large data solutions in the supercritical case!

We end this section with a discussion on the wave map equation from R x R™ to S™ C R™*!. Recall that
it is given by

06 = ¢(0rd"0h — Y _ 0,6T0:9), (7.2)
i=1
with initial data (¢,0:¢) [{t=01= (¢o, ¢1) such that |¢o|?> = 1 and ¢T ¢y = 0. Let us recall the convention
that T is to be understood as the transpose of a vector in R™+L For all n > 1 and m > 1, we have the
following conservation law:

Proposition 7.5. As long as the solution to (7.2) remains sufficiently regular, the following quantity
1 n
E(t) = 5/ (|0:0|? + Z 10:0|?)(t, z)dx
R i=1

is independent of t. Here, we have used the shorthand |0;¢|*> = 0;¢T0r¢ and similarly for |0;¢|*.

Proof. Using the fact |¢|? = 1, we have ¢Td,¢ for a = 0,1, ...,n. Therefore, using the wave map equations,
we have

1 n n
——0,(0,0*0 ;0T 0; 0;(0,6T0;0) = 0. 7.3
Qt( 2 t¢+; ¢ ¢)+; (0r9™ 0;0) (7.3)
Integrating by parts in the region between any two times, we obtain the desired conclusion. (|

On the other hand, the wave map equation is invariant under the scaling

oA (t, z) = d(At, Ax).

Notice that ¢, is indeed a map to the sphere for all A. In particular, the n = 1 case is subcritical; the n = 2
case is critical and the n > 3 case is supercritical. In dimensions n > 2, there exist solutions which arise
from smooth initial data but blow up in finite time'!. On the other hand, global regularity holds in the
n =1 case.

10Note that if p € (1,3), the nonlinearity is not smooth. So in principle we cannot apply the local theory that we had.
On the other hand, it is not difficult to see that one can construct L> ([0, T]; H(R3)) x L ([0, T]; L2(R?)) directly for these
nonlinearities.

HNotice while in both the critical and supercritical cases, the existence of blow-up solutions has been exhibited, in general
the dynamics in much better understood in the n = 2 case.
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Proposition 7.6. (H?(R) x H'(R)) N (C*(R) x C*(R)) initial data for the 1 + 1-dimensional wave map
equation R1TY — S? give rise to global-in-time smooth solution. (Here, H*(R) x H!(R) is understood so
that the map approaches a constant map as |x| — oo, i.e., there exists y € S? such that each component of
(0 =y, é1) is in H*(R) x H'(R).)

Proof. We first make a remark regarding the applicability of Theorem 6.1. Notice that unlike in the setting
in Theorem 6.1, the wave map equations are in fact a system of wave equations as opposed to a single scalar
wave equation. Nevertheless, it is easy to see that the proof of Theorem 6.1 using energy estimates can also
be applied in this case after trivial modifications.

Therefore, using this local existence theorem (Theorem 6.1), it suffices to show that

Z 10% 9| oo (r) < C.
la|<1

When |a| = 0, this is already implied by the fact that this is a map to the sphere, i.e., |¢|> = 1. It turns
out that in 14 1 dimensions, the wave map equation admits many more conservation laws - indeed we have
infinitely many of them! Notice that

D(at¢Tat¢ + ax¢Tax¢) =0.
This is because, using the fact that ¢Td¢ = 0, we have
6752 (at¢Tat¢ + 8I¢Taw¢) :Qatam(athTax(b) = 85 (6t¢T8t¢ + 8I¢Taw¢) :

In particular, this shows that

Z 0% 9| oo (m) < C.

| <1

Remark 7.7. Using
D(0:¢" 046 + 0:6™ 0:9) = 0,

we conclude that for v =t +x and u =t — z, 9,(0, T 04 + 0,6T D, ¢) is independent of u and 8y, (9ypT s +
0.9T0,¢) is independent of v! Hence we have uncountably many conservation laws! Equations with infin-
itely many conserved quantities can typically called completely integrable. Many techniques have been
developed to give very precise information about the solutions to completely integrable equations. However,
of course these techniques are very special and can only be applied to the very restricted class of completely
integrable equations.

We now give an alternative proof of the global regularity of the (1+ 1)-dimensional wave map which uses
the characteristic energy, but not the additional conservation laws.

Proof. Let v =t + x and u =t — z. We first prove the boundedness of the characteristic energy. We start
with (7.3) and integrate by parts in the region

{0<t<TIn{v<w}.
This shows that as long as the solution remains regular in ¢ < T', the following quantity is a priori bounded:

2T —vq
/ 106/, vo)du < Cl (Do, 1) 11wy 2 30

—vg

Similarly, integrating by parts in the region
{0<t < TN {u < up},
we get

2T7u0
/ 10,6 (10, v)dv < Cll(G0, é1) s sy 228

Since ug, vy are arbitrary, we have

2T —v 2T —u
sup/ |8uq§|2(u,v)du+sup/ 10,6/ (u, v)dv < Cll(Jo, d1)ll 11 @y 12 ®- (7.4)

v —v —u
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We now use this and the equation to control the derivatives of ¢ in L>°. More precisely, we write the equation
as

—40,0,6 = $(01¢T 016 — > 0:6T 0:6) = 460,806,
i=1
We can integrate in the u direction to control d,¢, namely, for u + v < 2T, we have

u

Suglaufﬁl(u,v) < Ol (@0, @1)llwr ®) x L (®) +sup/ |0u@|10u @] (v, v)dui".
ve v v

Gronwall’s inequality implies that

sup |0, (u,v) SC”(QS(M¢1)||W1’°°(R)><L°°(R) eXP(CSUP/ |8u¢|(u’,v)du’)

u,vER —v

1
<C|[(¢0, 1) llwr.®)x L ®) eXP(CT 2 [|(do, 1)l 1 () x L2 (R) )

where in the last step we have used (7.4) together with the Cauchy-Schwarz inequality. In a similar manner,
we can also use (7.4) to obtain

sup |9u¢|(u,v) <C(do, d1)[lwr.ee () x L= (®) eXp(CT%||(¢0a¢1)||H1(R)><L2(]R))-

u,vER

Since we have controlled the first derivatives of ¢ on any time interval [0,7T], we apply Theorem 6.1 to
conclude the proof. |

8. EINSTEIN VACUUM EQUATIONS

We now return to the local theory for nonlinear wave equations and show that it gives a local theory for
the Einstein vacuum equations
Ric(g) = 0.
As we mentioned in the introduction, the Einstein vacuum equations a priori do not look like a system of
wave equations. We first recall some basic notions in differential geometry and derive the formula. (Note
that repeated indices are always summed over!)

Definition 8.1. Given a metric g, define the Levi-Civita connection V by

0 oYhs o 0
Viao YP— =X—_— 4 T# XoVP —,
Xegew ™ b Dz dab | oB OxH
where I', ; is the Christoffel symbols given by
1 0 0 0

e, == _1“1/70(1/ A 98y — 5 ,9a8)-:
of 2(9 ) (8xﬁg +8x0‘g’8 oz 8)

Definition 8.2. Define the Riemann curvature tensor R by

8:Va 0 0

- a9 —— _
apy ox7 Fom 327 O Ja? azF O

RY

and
Rﬂa/tv = gB’yR’yayu-

We recall (without proof) some standard properties of the Riemann curvature tensor:

Proposition 8.3. The Riemann curvature tensor satisfies the following properties:

(1)
Rpuaﬂ = RCE,B,MI/ = _Rvuaﬁ = _Rul/ﬁa;

(2)

R;Lua,B + Ra,uu,B + RVOL/_L,B = 0;

(3)
VUR;J,VQB + VMRIJO'QB + vuRap,aB =0.

Definition 8.4. Define the Ricci curvature tensor by
Ricpy = () Ruawp-
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We compute

0 0 0 0
- = P 1P o P _
Vaf/tvagv - Vﬁa“(ruaaxp) ((a NF ) +Fl/aruo’)axp'
We will only consider terms that has two derivatives of the metric.
0 0
Y — v ol
Ruo" = 9. #I‘m + 83:”FW + ...
and thus the Ricci curvature tensor is given by
9] 0
Ricyy = ——17, + —I7,+ ...

Oxt 7 Qxy BV
We can show that in a local coordinate system, the Einstein vacuum equations read

. 1 — le% 1 — (e} 1 — (e} 1 - e}
0= Rlc(g)uu = _5(9 1) 682ﬁguu - 5(9 1) ﬂaiygaﬁ + 5(9 1) Bai,,gﬁu + 5(9 1) Bazugow + Ful/(g7ag)7
(8.1)

where F),, (g, 0g) is a function of g and its derivatives. In particular, if the second, third and fourth terms are
absent, then this is a wave equation and the general local theory for quasilinear equations can be applied. On
the other hand, for a particular choice of coordinate system which satisfies the so-called wave coordinate

condition )

2% = —0,((g"H"'v/—gd,x*) =0 (8.2)
Ve R Y
then indeed the second, third and fourth terms can be re-written as terms having at most one derivatives of
g. Here, we have used g to denote the determinant of g.

To see this, we use the matrix identities

Balg™)" = =(g7 )" (g7") 7" Dagos
and
9a(log | det g]) = (971)" Dagjur-
The wave coordinate condition (8.2) implies

0= 0,((a7*v/=0) = ~v=a (7)) s~ 5™ a0

which, after contracting with g,,, in turn implies

- a I _ @
(g 1)“ augom = 5(9 1) ﬂaagaﬁ.

Now define A\, to be .
Ap = (gil)uaaugom - i(gil)aﬁaagaﬁ
so that A, vanishes if (8.2) holds. Using this, we derive
1

§(gil)aﬁa;2j,ygaﬁ

— (a3 1 — «
== 53/1((9 1) Baugaﬁ) + 5(&1(9 1) B)avgaﬁ
— [0 1 — «
== 0u((97)"0s900) + Ouo + 5 (0u(971)*") DG

-1\« -1\« 1 -1\«
= (07708900 — Dulg™)*")0s 000 + 50971 )*)Bugas + o

-1\ —1\ao [, — 1 _ ao (. —
:_(g 1) Ba,g’#gau+(g 1) (g 1)5paugapaﬁgay_§(g 1) (g l)ﬂpaugapauga6+ap/\a~

In a completely analogous manner, we also have

1 _ «
- 5(9 1) 1665,1/9046
— « — oo — 1 — oo —
== (g 1) Baiugﬁu + (9 1) (g 1)Bpaugopaozgﬁu - 7(9 1) (g 1)ﬂpaugopaugaﬂ + ao/\u-

2
Using the previous calculations, we have thus shown the following result:
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Proposition 8.5. Define the reduced Ricci curvature to be

Riclg) = = 55~ 0 s + 5 (7 (07 Outopsgan + 5 (07 (67) 0utirpOats
) 000 + Frul9,09),
where F' is as in (8.1). Then
Rie(g)yn = Ric()u — 5030 — 50,0,

In other words, if the wave coordinate condition holds, the Einstein vacuum equations become the reduced
Einstein vacuum equations, which is a system of nonlinear wave equations. However, we of course need
to guarantee that the wave coordinate condition holds! The strategy, introduced by Choquet-Bruhat, is
to construct local solutions to the reduced Einstein vacuum equations and show that in fact if the wave
coordinate condition (8.2) holds initially, then it is propagated by the flow. One of the key observations is
that A, in fact satisfies a wave equation.

Proposition 8.6. Given a Lorentzian metric g such that the reduced Einstein vacuum equations are satisfied,
i.e., Ric(g) = 0. Then X satisfies a wave equation:
1, _
077 + P9 Mg =0,

where ¢? are smooth functions of g and its derivatives.

Proof. The proof is based on the following identity:
) 1
VH(Ricy, — §gWR) =0. (8.3)
To see that this identity holds, first we use the second Bianchi identity (part 3 in Proposition 8.3) to get
that
V¥ Ryvap = (gil)wvoR;waB == (gil)wvaRWﬂo - (gil)lwvﬁRuwa
ZVaRiCﬁ,, - VﬁRiCaU.
Taking the trace of this identity in «, v, we get (8.3).
We now use this to derive an equation for A. First, the vanishing of Ric(g) implies that
1 1

50uh — 3

0= Ric(g)/‘«” - 2

"
and in particular after taking the trace, we have

0=R— (7).
Therefore, by (8.3), we have

. 1
0=V* (ch(g)m, - §guuR)
—1\ou 1 1 1 —1\apB
= - (g ) aa(iau)\u + §8V)\u - 59;41/(9 ) aa)\ﬂ)

VI 1 1 1 e
= (9705057 + 500N — 595 (97" Das)

ones 1 1 1 .
— (g “Fgu(§6u/\6 + 586/\u - 59@(9 DB 9aNg)

1
=~ 57BN — P Dad

for some ¢ which are smooth functions of g and its derivatives.
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Before we proceed to the main theorem, we first discuss the initial data that have to be posed. Given that
we are to solve the reduced Einstein vacuum equations, which are nonlinear wave equations for the metric
g, we need to prescribe the initial ¢ and d;g. It turns out that we only need to prescribe the metric intrinsic
to the initial hypersurface and the second fundamental form. The second fundamental form is defined as

- 1 1 1 1
kij = 5(Lng)ij = 50" 0ugij + 59;00m" + 5 giedin’,
2 2 2 2
where n is the normal to the initial hypersurface such that g(n,n) = —1. The remaining components for g

and O;g can be prescribed as coordinate conditions. More precisely, we choose J; to be of unit length —1
and orthogonal to the initial hypersurface, i.e. goo [{1=0y= —1, goi [{¢t=0}= 0. Under this choice, the second
fundamental form k;; becomes

1] - 8tgvj
Now, the remaining choices of the initial conditions (1.e., Otgoo and Oigo;) are fixed by the wave coordinate
condition. More precisely,
_ 1, _
0=Xi = (97) " Ougoi = 5(971)* Vigass
fixes Oygo; and
_ 1,
0=Xo=(97")""0ugao — 5(97")* Ogas
fixes 9:goo.
Before we proceed, we make a final observation. We compute (Ric — 7gR) oo and Ricg; on the initial
hypersurface and note that there are no terms of the form 9?g! To see that, notice that
. 1, _ 1, _
Ricop = 5(9 1007 goo — 5(9 N0 gap + ...
On the other hand,

(g—l)aBRZ'c _ _(g—1)00<g—1)a6629a6 + (9_1)00(9_1)0082900 4.
Hence (Ric — = gR)oo does not depend on the second time derivatives of ¢g. Similarly for Ricg;.
In other words if (RZC— sgR)oo and Ricy; are to vanish, they must be conditions that have to be imposed

initially. They are called the constraint equations and can be given geometrically as equations on the initial
hypersurface:

Vik'; — V;k =0,
R(§) + (k') — k'K, = 0.

Combining the above results, we have thus proved the local existence theorem of Choquet-Bruhat:
Theorem 8.7. Given initial data (§ij, I%ij) on R™ satisfying the constraint equations and such that 3, ;|Gij —
dij| < 20’ .
metric and the induced second fundamental form on {0} x R™ coincide with G;; and k;; respectively.

there exists a metric g in I x R™ which solves the Einstein vacuum equations such that the induced

Proof. Given initial data above, we solve the reduced Einstein vacuum equations, which are a system of
nonlinear wave equations. By the local existence theory, there exists a local solution to the reduced Einstein
vacuum equations.

To show that this solution is indeed a solution to the Einstein vacuum equations, we need to show that
Ao = 0. In view of the fact that \, satisfies a wave equation, it suffices to show that (As, 0 \s) [{t=03= (0,0)
forc =0,1,2,3.

Of course, we have already set A, (¢t = 0) = 0. To show that 9;\,(t = 0) = 0, we apply Proposition 8.5.
The vanishing of ﬁz/c(g) uv gives

1 1
0= Ric(g)uy — 58#)\1/ - 581/)\#7
which also implies
R= (g~ 1)’“’8 A

Since the initial data (g, lAc) satisfy the constraints Ric(g)io [4—0y= 0 and (Ric(g)oo — %Rgoo) [{t=0}= 0, we
have

1 1
iat)\i [{t=0}= —23 Ao [{=0y=10
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and )
(OeAo + i(gfl)wau)‘u) [{t=01= 0.

The latter condition can be rewritte to give

1 | I
55'1:)\0 [(t=0}= *5(9 Y970;0; Tr=0y= 0.
This concludes the proof. O

Remark 8.8. In the proof, we needed the assumption that Z” |Gij — 0i5] < %. This can be removed by
localize in neighbourhoods where the metric g;; is close to come constant coefficient metric. We then change
coordinates so that this is close to d;; and apply the theorem above. We then use finite speed of propagation
for the equation.

Remark 8.9. In the proof of Theorem 6.1, we required that the coefficients satisfy >° , (g~ —mH| <

%0 everywhere while our assumptions in Theorem 8.7 only guarantee that this holds on the initial slice.
Nevertheless, one can show that by choosing T sufficiently small in the proof of Theorem 6.1, we can in fact

guarantee that >_ [(g71)" — mM¥| < {5 everywhere in I x R".

Remark 8.10. Of course, more generally, the initial data are not required to be posed on a n-dimensional
manifold that has the topology of R™. Indeed, initial data can be posed on any Riemannian manifold.

Remark 8.11. One may worry whether there are any non-trivial solutions to the constraint equations. Solving
the constraint equations turns out to be a subject in its own. It suffices to say for the purpose of this course
that there are many solutions to the constraint equations.

Remark 8.12. Finally, let us mention that geometric uniqueness also holds in the sense that given two
solutions (Mj,g1) and (M3, g2), there exists open subsets U; C M; containing ¥ such that (U, g1) and
(Us, g2) are isometric.

9. DECAY OF SOLUTIONS USING ENERGY METHODS

After a discussion of local theory for general nonlinear wave equations, we return to the linear wave
equation on Minkowski spacetime:
O¢ = 0.

Recall that we have proved (twice) that the solutions to this equation disperse (in dimensions n > 2),
but we are yet to give a proof using energy methods. This is the goal of this section, which follows some
breakthrough ideas of Klainerman. Of course, we mention that one of the important reasons that we prove
dispersion using the energy method is that it is more robust and can be applied to nonlinear problems.

We begin with the following simple lemma:

Lemma 9.1. IfO¢p =0, then
O(Tg) = 0,
where T is one of the vector fields T € {8y, 0;, Qij := x;0; — x;0;, S :=t0 + >y 20, Qoj 1= t0; + x;0; }.
Proof. This is an easy calculation. In particular for I € {0;, 0;, x;0; — x;0;,t0; + ;04 },
O(Ng) = T(0¢)
and for S =td, + > ., x;0;, we have
d(S¢) = S(™e) + 20¢.
O

Definition 9.2. We call the set of admissible vector fields in Lemma 9.1 the commuting vector fields.

a (n—
2n+2+%

2n424 2D

is an arbitrary ordering of the vector fields

Before we proceed, let us fix some notations. We will use the multi-index notation I'* = I'{*T'52...T’

,a2n+2+n(n2—1) ) and Fl, FQ, F2n+2+n(n271)
I’s in Lemma 9.1. Notice that 3, <, [['@| controls arbitrary k I' derivatives of ¢ since the I''s form a Lie

where o = (ay, ...
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n(n—1)
. 2n42+ . . ) . .
algebra, ie., [I';,I';] = 1;;1 2 ¢gI'g, where ¢ are constants depending on ¢ and j. As in previous

sections, we will use 9 to denote either d; or 0.
Obviously, using Lemma 9.1, we can apply the result of the conservation of energy for each of these I'¢:

Corollary 9.3. Given smooth and compactly supported initial data (¢g,P1) to the linear wave equation in
(n + 1)-dimensions, we have

sup 3 (1076 2y (8) < C Y 976l (0)

FE10:20) o <k ol <k
for some C' = C(n) > 0.

The key idea of Klainerman is that one can prove a weighted Sobolev embedding type result which takes
advantage of the weights in the vector fields above that have good commutation properties with [J. More
precisely, he proved the following global Sobolev inequality:

Theorem 9.4 (Klainerman-Sobolev inequality). There ezists C = C(n) > 0 such that the following holds
for all functions ¢ € HL"2) (R™) for all t > 0:
n—1
sup(1+t+7)"T (L+ [t —r))2[gl(ta) <C D" [T 2gen) (8).
T

laf<| %52 )

Before we proceed to the proof, let us begin with some consequences of the theorem. The first easy
corollary is the decay of the derivatives of ¢:

Corollary 9.5. Given data (¢o, ¢1) € C°(R™) x C(R™) for the wave equation in (n + 1)-dimensions, we
have the following decay estimates for t > 0:

C
sup Z |0%¢|(t,z) < Ar05 Z 0T @l L2 () (0).

* lal=1 WD ocizg)

Of course this is the sharp decay rate for the derivatives that we obtained before using the explicit formula
for the solutions. Notice that this method also has the additional advantage that it is now easy to see what
norms of the initial data is the decay rate dependent on.

We also obtain an improved decay rate if |z| < (1 — €)t or |z| > (1 + €)t for some € > 0:

Corollary 9.6. Let ¢ be the solution to the (n + 1)-dimensional wave equation with initial data (¢o,¢1) €
C®(R™) x C°(R™). For every € > 0, there exists C = C(n,e) > 0 such that the following decay estimate
holds in Sy :={x : |z] < (1 —e)t or |z| > (1 + €)t} fort > 0:

sup 37 10%61(12) € — 3 (AT 1 any (0).

€St |41 (I1+¢)z o222

Of course the natural question is what we can say about ¢ itself using this method. Notice that if the
initial data are compactly supported, we can use finite speed of propagation and integrate in the u =t — r
direction to get the the following result:

Corollary 9.7. Let ¢ be the solution to the (n + 1)-dimensional wave equation such that the initial data
(¢o, d1) are compactly supported in B(0, R) C R™. Then, there exists C = C(n, R) > 0 such that

sup(L+¢+7)" 7 (L4 [t=r))"2|gl(t,e) <C D" 00| 2qan (0)

la <[ 2£2 ]
fort>0.

Note that this decay rate is worse than the sharp rate for compactly supported data. In 3+ 1 dimensions,
one can in fact get the sharp decay rate |¢| < % by not only introducing the commuting vector fields I'’s
but also introducing a different energy. See example sheet.

Moreover, we see that in fact some derivatives of ¢ decay better than the others! This fact is not so easy

to see even with the formulas for explicit solutions. However, it is an easy consequence of the methods above.
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Before we state the result, let us begin by introducing some notations: Let v =t 4 r and v =t — r, where
r = |x|. Notice that we have

(0)* + Z (0:0)* = (9:0)* + (9,9)* + V9| = 2(8u9)* + 2(0u9)? + V9| *.
i=1
Here, |V ¢| is the angular part of the derivatives, whose norm is defined by
1 o 2y T;
2._ = TP — Z19.H)2
Vol := 2i;<raj¢ 20:0)°.
We finally define the “good derivatives” 0 to be either the 9, derivative or the angular derivatives, i.e.

061 == 2(8,9)" + |V oI.
Corollary 9.8. Let ¢ be the solution to the (n + 1)-dimensional wave equation such that the initial data
(¢o, P1) are compactly supported in B(0, R) C R™. Then, there exists C = C(n, R) > 0 such that
(L+t+0) 5 A+ =) 200t 2) <C Y [O06] L2y (0)
laf<| 242 )

fort>0.

Proof. Tt suffices to establish the bound
g < Tt T
- I+t+4r

so that we can apply Corollary 9.7. Clearly, we only need to consider the case ¢ +r > 1 for in the case
t 4+ r <1, the right hand side controls all derivatives. To conclude, we note that

S+ZzlrQOZ 1

(9.1)

0y = Wty Qij = ;(%‘Qoy —zQ0:)-
Also, by definition,
C n
Vol < — D 1949],
i,j=1
which implies also that
O n
< = Qo;
Yol < - ; [20:9
by the above identity. The result follows. ([

Remark 9.9. In the physical 3 + 1 dimensions, note the following important consequence of Corollary 9.8:
sup,, |0¢|(t, x) is in general not integrable in time, while sup, |0¢|(t, x) is!

We now turn to the proof of Theorem 9.4. We begin with two lemmas. First, we have
Lemma 9.10. There exists C = C(n, k) > 0 such that fort >0, it holds that
> 9%l < - ‘,c > reg|
la|=k la| <k
for every C* functions ¢ : R**1 — R.

Proof. This follows from applying iteratively the identities
—l‘jQij + tQOi - .’JSZS

9, =

t2—’l”2

and
87t5—$i90i
T T 2

The second lemma is a scale-invariant version of the Sobolev embedding theorem:
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Lemma 9.11. Fork € Z, k > %, there exists C = C(n, k) > 0 such that the following holds for all functions
¢ € HE(R™):

6l < Cllol Ty ( 32 1026 2n) % (9.2)

al=k
Proof. We begin with the following standard Sobolev Ierllbedding theorem:
[l < Cllollar@ny < CUIAlL2®n) + Z 105 ¢l 2 ®n))
loo|=k
for k € Z, k > 5. Introduce now a scaling parameter A and rescale ¢ by
or(z) = ¢(Az).

Notice that for every m € Z, we have

> N08oallz@n =A% D 105 L2 @y

loe|=m lar]=m

Therefore, by the Sobolev embedding theorem above, which holds for all ¢, we have a family of estimates

[plle < C [ A2 (|l 2ny + A" 2 Z 107 ¢l L2 &)
la|=k

1

1
Choosing A = (Z‘M:k ||8§‘¢HL2(R”)> ' (Il L2(rn)) ¥, We get the desired conclusion.

We are now ready to prove Theorem 9.4:

Proof. We will give a proof here which requires replacing the sum Z\a| <|mg2] by Z\a| <|mg3) on the right
hand side of the inequality'?. For a proof of the inequality with the stated number of derivatives'®, we refer
the readers to Chapter 2.1 of Lectures of nonlinear wave equations by Sogge.

(1) We first consider the regions {r < L} and {r > 2¢}. By standard Sobolev embedding theorem,
we can clearly assume that |t 4+ 7| > 1. Now, we can use Lemma 9.10 to exchage 0 with I" while
gaining a weight in [t — 7| ~!. In order to ensure that the weight inside the integral is comparable to
that outside the integral, we now introduce appropriate cutoff functions and use the estimate above.
First, let x(7) be a cutoff function such that

(@) = {1, ifz <

N[NNI

0, ifx>

Using Lemma 9.10, we have

S 0% (x| <C 3 £l / 076[2(x) da) ¥

lal=k lal<k r<%3
<C 3k / 08 8[2(z) dr)
la|<k {TS%}

Returning to (9.2), we get the desired result when r < . The case r > 2t can be treated similarly
by introducing an appropriate cutoff and using (9.2).

(2) With the result in part (1), it remains to consider the region {5 < r < 2¢t}. We can assume that
[t —r| > 1. Let us first explain our strategy in a heuristic manner. As we saw above in step (1),
what we basically did was to gain a weight of |t — r|% for the Sobolev embedding in each direction.
To sharpen this when |¢ — r| is small, note that we can separate the angular directions and the radial
direction and for each of the angular directions, we in fact gain rz. Now, in the region that we are
interested in, i.e., {% < r < 2t}, t is comparable of r and therefore the gain in r is equivalent to t.

12Notice that in n + 1 dimensions where n is even, the following proof in fact give the desired statement.
I3Notice that in the applications that follow, it will be sufficient to apply a form of Klainerman—-Sobolev inequality with
more derivatives, as long as we also assume more regularity on the initial data.
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We now turn to the details. We write = (r,9), where ¥ € S"~1. Denote also by doy the
standard measure on the sphere S*~! of radius 1. Notice that the volume form on R™ can be written
as r"~'drdoy. Introduce a cutoff function x(%) such that

, ifg<a<2
x(@) = . )
0, ifx<jorx>4.

where x is smooth, compactly supported and 0 < x < 1 everywhere. Obviously it suffices to control
x(%)¢. To proceed, notice that we have the Sobolev embedding theorem on the sphere, i.e., there
exists C'= C(n) > 0 such that

pl<c( > / 192:6[2(9) doy) ?
o] <[ 24 ]

First, assume that r < t.

Ix9|(t, )

< Y ([ WPegeleodo)t

jal< 252

<c ¥ / /\a (XQ%0) (1, 9) dr’)? dory )2
otz VST

< ¥ ¥ // B (xQ0)| (', 9) dr')? dorg)

lal<| 22y 181<1 7S

<< ¥ X

1 t
| ‘<|_"+1J‘B‘<1 Sn— z

<< X X[ ([ o re ol - o)}

la <[ 252 1811

= > 2 // D2 (5 0) (', 9) (')~ dr' dory) 2

Tttt —r|2 al< 221 | [B1<1

CEENN (/ TG 9) ()" dr’ dorg)?,

Tttt T |t —r|2 N

" 1
|FB XQ )2 (', 9) dr’)(/ﬁ mdrl)dUﬂ)

Nl

where in the last line we have used that for £ < r <, we have > laj=1 T¥x| < C. Finally, the case

r >t can be treated similarly by integrating from r = 4¢ instead of r = i.

O

10. SMALL DATA GLOBAL REGULARITY OF SOLUTIONS

In the rest of the course, we will be concerned with small data solutions to nonlinear equations. As we
mentioned in Section 7, very little is known about the global behaviour of solutions to supercritical equations
with general data. On the other hand, much more can be said about these equations when restricted to
small initial data.

Roughly speaking, this is because when the initial data are small, then the nonlinear terms are even
smaller and thus the linear terms dominate so that we can control the nonlinear terms. However, recall that
when we estimate the error terms using energy estimates, they have to be integrated in time. In order to
actually control these terms globally in time, we must therefore show at the same time that the solution
decays sufficiently fast and the error terms are integrable. It turns out that the methods introduced in
Section 9 can easily be adapted for nonlinear equations and are very well-suited for the purpose of showing
the decay of the solutions.

We begin with a simple example illustrating the method.
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Theorem 10.1. Let k > 6. Consider the wave map equation

4
06 = ¢(0:0" 00 — Y 0:6™ i)

i=1
in R x R* with initial data™
(¢0, ¢1) [(t=0y€ C°(B(0, R)) x C°(B(0, R))

such that

Z 100% ol L2y + [|0%d1] L2 (re) < €.

|| <k
Then for every R > 0, there exists g = €o(R) > 0 sufficiently small such that if € < €g, the unique solution
remains smooth for all time.

Proof. We prove this using the bootstrap method. We will assume that some weighted energy is bounded by
some constant. Then by Klainerman—Sobolev inequality, we can show that the solution decays. Because the
initial data are small, this allows us to prove that the weighted energy is bounded by some better constant.
Thus by continuity, we conclude that the weighted energy cannot grow to infinity in any finite time interval
and hence using the local existence theorem, the solution exists for all time.

We now turn to the details. Assume that

sup > 00| paray () < (10.1)
te[0,T) lal<k

for T' < T. Notice that e sufficiently small, we have ¢ < 1 and hence this holds initially.
By Klainerman—Sobolev inequality (and the fact that k > 6), we therefore have that for some constant
C >0,

ST+t + ) 2T L ra) (1) < Cef (10.2)

la] <%
This further implies that we have

> |

1<|a|<E+1

(14t + |2]) 2T || oo (ma) (£) < Cet. (10.3)

This is because we can trivially bound
gl <C+t+a]) Y [T
1<|a|<k+1 lal<%

We now turn to the energy estimates. For some constant depending on & (but independent of T'), we have

sup Y (|00l 2 ey (t)

t€[0,T] lal<k
T n
<C(k)( Z 0T @ || 2 (r2)(0) +/ Z | <¢(8t¢Tat¢ - Zai¢Tai¢)> | L2 ey (t)dt.
o] <k 0 |al<k i=1

Notice that

>

lo| <k

re <¢(at¢Tat¢ -y 8Z-¢T6i¢)> ‘

i=1

<c| > |ormglloree|+ > D1 ¢[|OT 2 ¢| |00 |

lag |+ | <k lar |4z |+|az| <k, a1|>1

MNotice that by compactly supported, we mean that the map coincide with the constant map outside a ball. Moreover, as
always, when we prescribe initial data for the wave map problem, we require |¢pg|* = 1 an o = 0.
lways, wh ibe initial d for th bl i 2=1and ¢T 0
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We estimate the first term. Clearly, either |a;] < g or |ag| < g Without loss of generality, we assume

lag] < g We can therefore apply (10.2). More precisely,

3 / 11071 ]| | oy ()t

|ay |4z | <k
<c / 1071 )l ) ( 3 0722 0] sy ) (Bt
lar|<E |aa| <k
3 orez 2 (4 3
SCEZ/ St 100l |, _
0 (1+1)2

where we have used (10.1) in the last step. The most important point is that —— is integrable in time
2

and therefore this term can be bounded independent of T! We now look at the cubic term. At least two of
lai], |az| and |ag| is < &. There are two cases: |ail,|as| < £ and |as|, |as| < £. More precisely, we have

> / T2 6{[OT2 6] [T | 2 g (£)

|avy [+]as | <K
T
< [0 I bl 3 1000l ) 3 1086 o) ()
O i<jan|<k los| <& |aa| <k
+C/ T o) Y 10T oo n))( Y 07| L2(gay) (t)dt
1<]ay|<k oo | <& los| <%
<C/ T @l oo @) Y N7l poo@n)( Y 10T G| L2z ) (£)dt
1<|041| £ oo | <% las|<k
+C/ (1+2)( 10T ¢l 2@ (> [OT? @l poe@n)( > 0T G|l poe may ) (£)dlt
|041|<k 1 log|<E las| <%
ar 2 4
<o T (X <k 107G 22w ))dtgce%
(1+41)?

Combining the estimates above, we have thus obtained

sup Y [|OT| 2 ray (1)

te[0,T] lal<k
) 10T @l|zae) (0) + %) < Ce.
la|<k
3
Since Ce < &, we have thus improved the constant in (10.1) and concluded the argument. ]

The above theorem is of course for the wave map equations in 4 + 1 dimensions. However, as one can
see from the proof, the method can be quite generally applied in a neighbourhood of the zero solution for
a large class nonlinear wave equation with quadratic nonlinear in the derivatives of ¢. On the other hand,
it is important to note that the proof fails in 3 + 1 dimensions! Indeed, that case requires a more delicate
analysis and will be the subject we turn to in the next section.

11. THE NULL CONDITION

As we have seen in the previous section, in order to prove the small data global regularity result for the

wave map equations in 4 + 1 dimensions, we have crucially used the fact that fooo a dt)g < 00. The same
(1+t
proof however fails in 3+1 dimensions since in that case, we only have a decay rate of —; + ; and f > (10-%15) = oo!
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Nevertheless, the same result is in fact also true, but requires a more delicate argument. There are two main
observations, the first is in the following lemma:

Lemma 11.1. The following identity holds

3
010 =y 0ipdith = 20,001 + 20,00t — Vo - Vo),

i=1

where Y¢ is defined as an n-dimensional vector with components given by
xX; - xX;
Vio=0i¢— 06 =)_ 500,
j=1
The dot product - here is simply the standard dot product in R™. Note that we have
3
1
Vo Vv =55 D ey,

i,j=1
Proof. 1t is easy to check that

3 3
1

D00t = 000, + 55 > | Qo)

i=1 i,j=1
and ) )

O pOtp — 0,90, = 5(8t¢ +0r9) (0 — O0r) + 5(5t¢ = 0r9) (0 + Or1h).
O

_In other words, in any quadratic terms, at least one of the derivatives is a O derivative, where as before
0 € {0,,¥}. As we have seen previously (see Corollary 9.8), in fact |0¢| decays better than |d¢|. Most
importantly, the decay is integrable in time! This is good news, but before we declare victory, remember
that we need to put one of the two factors in the quadratic term in L? and the other in L. In particular,

we need to show that not only is || better in L> norm, but it is also better in some L? sense. This is
provided by the following proposition:

Proposition 11.2. Let
O¢ = F.
For every § > 0, there exists C = C(0) > 0 such that

/T/ %o dzdt %<C 1(b0, &)l +/T||F|| (t)dt
0 Jes AL =Ja)T 0 ) = 0 Pl oy ey + | IF 2y (B)dt )

Proof. Let w: R — R be a C* function to be determined.

T
/ /w(t—|x\)3t¢Fdxdt
0 R3
T
:/ /w(t—|x\)8t¢D¢dzdt
0 R3

1 9 3 9 1 ) 3 )
"3 / (T = lel) (<6t¢> +2_(9:9) ) dx(T) + 5 / () ((am) +3(0:0) ) dz(0)

i=1 i=1

1 (7T , , 3 9, 3 i
+§/0 /st (t —|z[) <(3t¢) +; . 3t¢3¢¢+;(82¢) dadt.

Observe now that

3 3
06 + 3 2 00016 + 3 (010
=1 =1

=(0:0)* + 20:¢0r¢ + (0r0)* + |V o|* = 4(0,0)* + |V o|*.
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Now, we choose w such that it is bounded and decreasing and satisfying —w’(s) > ¢(1 + |s|)71=% (where ¢
is a constant which can depend on §). This can be achieved for instance by

) {(1—1—8)_5 if s >0,
w(s) = 0 d .

Combining all these imply that

T a 412
B9
dxdt
/o / At |ai="

T
<C <||(¢0’¢1)||?-.11(R3)><L2(]R3) +/0 (t S[lé%] ||a¢||L2(]R3))”FL2(]R3)(t)dt> .
€0,

and the conclusion follows from standard energy estimates (see Theorem 4.6). 0

Let’s look at what we have achieved. We now have an L? estimate which is integrated in time but contains
a weight. Notice that the key point is that the weight is in |t — |z|| - indeed, the corresponding estimate with

t + |x| weight for
09|
—————dxdt
/ /Rg (T tta)+”

holds trivially since W is integrable in ¢. The point is now that we also have a pointwise decay

|0¢] < c —. The above estimate, which degenerates when |t — |z|| is small, allows us to
(I+t+|z]) (1+]t—]=|]) 2
exploit this extra decay in |t — |z||, which was previously not used in the 4 + 1 dimensional case.

Now we have good estimates in both L> and L? for the good estimate 0. Before we state and prove the
main theorem, the remaining thing to make sure is that after we differentiate the nonlinear term, we still
preserve the structure that at least one of the factors has a good derivative. To this end, it is convenient to
first introduce a larger class of bilinear forms which have the property that at least one of the factors has a
good derivative.

Definition 11.3. Let ¢®” be constants. We say that Q(¢,1) = ¢*#0,¢051 satisfies the classical null
condition if

qaﬁfafﬁ = 0, whenever maﬂgagﬁ =0.

When @ satisfies the classical null condition, we also say that @ is a classical null form.
It is easy to classify all classical null forms and show that it has the desired property:

Lemma 11.4. Let Q be a classical null form. Then it is a linear combination of Qo(¢, 1) = m*P0,¢0s¢
and Q. (¢,v) == 0,00, — 0,¢0,1p. Moreover, we have
Q(¢, )| < C(|99]|0¢| + |96]|0%)).

Proof. Clearly @, span the space of anti-symmetric bilinear forms (which has dimension 25?;_1;'),), all of
which are null forms. It remains to show that all symmetric null forms are multiples of QJ¢. This is obvious
since ¢*#¢,€5 determines a homogeneous polynomial in ¢ of degree 2 and has the zero set that coincides
with the polynomial £ — "7 | £€2. The final statement can be checked directly for each of Qo and Q... Qo
is checked in Lemma 11.1 and we leave it as an exercise for the readers to show that @, also verifies the
desired property. O

As mentioned above, we then show that the null structure is “preserved” after differentiating by I':

Lemma 11.5. Given a classical null form Q. Then for every commuting vector fieldT' € {0y, 0;, Qij, Qos, ST,
we have

T'(Q(6,¥) = QTe, ) + Q(¢,T%) + Q(, ),

for some classical null form Q.
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Proof. We check this for Qy. We write!® T' = T'*9, to get
L(m*’ 0.¢951))
=(m*P 0, (T9)Dp1)) + (M*PDap5(T1)) — (M*P(9,17)0ypds10) — (M (95T )0 Dy 1))
=(m?0.(L$)05v) + (m*70a¢dp(T) — m*®(0aT7) (9 $05v + 0051)).
Now it is easy to check that for any commuting vector fields I', the last term can be written as a linear
combination of null forms. @, can be checked in a similar manner and we leave it as an exercise. O

We are now ready to state and prove the main theorem of this section:

Theorem 11.6. Consider the wave map equation

3
06 = ¢(0:0" 00 — Y 0:6" i)

i=1
in R x R® with initial data'®
(00, 91) T=0y € C°(B(0, R)) x C°(B(0, R))
such that

> 1100%ollzz@e) + 10 d1ll 2@y < €.

ler| <5
Then for every R > 0, there exists ¢g = €9(R) > 0 sufficiently small such that if € < €g, the unique solution
remains smooth for all time.

Proof. We will use a bootstrap argument as in the (4 + 1)-dimensional case. Fix 6 € (0,1). The constant C
in the proof of the theorem is allowed to depend on ¢ and R (but is independent of T and €). Assume that

o g AR P
up O Worollieee + D |\ [ L G e tdt) <€ (11.1)

tel0.Tq)<5 la<5

for all T' such that the solution remains regular and we will show that this bound in fact holds with a better
constant. By Theorem 9.4, we have

sup > [[(1+ )1+ [t — |2])2O0G|| oo (o) < Tt (11.2)
te[0,T lal<3

Using (9.1) together with (11.2), we get

sup Y (1+1)2 00| e ms) < Ceet (11.3)
t€[0,T] lal<2
(11.2) also implies that'?
sup > 19| oo rey < Ot (11.4)
t€[0,T] lal<3

We now use this pointwise decay bound to control the energy. By Theorem 4.6 and Proposition 11.2, we
have

T arep|? :
sup D 000 ey () + </0 /RS (1+trl||)1+5dmdt>

tel0.T]q1<5 lal<5

T 3
<C €+/ > re <¢(6t¢Tat¢ - Zai¢Tai¢)> [r2(rs) (t)dt
=1

O Jal<s

15Not to be confused with our usual notation that « is a multi-index!

165 before, by compactly supported, we mean that the map coincide with the constant map outside a ball. Moreover, as
always, when we prescribe initial data for the wave map problem, we require |¢o|?> = 1 and (b’lrd)o =0.

7In fact we even have decay for this term, but we will not need to use that.
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The error term can be bounded as follows:

T 3
/0 Z ”Fa <¢(at¢Tat¢ - Z 81¢Taz¢)> ||L2(R3)(t)dt

lal<5 i=1

< / (S0 1000 o) (3 100 6] o o)) (£t

|a|<5 18]<2
T
4 / (3 BTG ooy (0t
0 al<s, |8I<2
T
[ O Il (3 1008l X 10701 ) D,
O i<lal<s 18|<2 ly|<2

Notice that in the above, we have used (11.4). We now control each term

€3 dt
/ 10T 0] @) (Y 1[OTP ]| e (rs)) (H)dt <c/ - < Ces.
0

2
|| <5 181<2

We now control the second term. Here, we use the estimate in the second term of (11.1), which allows us to
exploit the good derivative in L2.

T
/0 (3 (A0 6 ey (it

la|<5,|8]<2

<c > / |ara¢ar%\2dz)%dt

la|<5, |8]<2

<o > (g dw)é (sup (0 1= o) ¥ or 610, 2)) )

ol <5, 8]<2
//JR 1+|§Wﬁ|2)1+5dxdt);(z (/OT(Sgp((lﬂt—lx) * a8 o1, x))>2dt>

|Bl<2

1
2

\oz|<5
3
€2 3

< T _dt)z < Ce2,
7C><e4><(/0 (1—|—t)2—5dt) < Ce

for § € (0,1). Finally, the last term can be controlled by noticing that
Z ||Fa¢||L2(R3) < C(l + t) Z ||8FQ¢HL2(R3),
1< <5 lal<4
which implies

T
/0 (D I*@llzes))( Y [10T76] oe(ms)) (D 0T oo (rsy ) (2)dlt

1<|al<5 181<2 lv[<2

T ot TGy
0 (141)2

Returning to (11.5), we therefore have

o ¢|? : R
sup Z 10T @|| L2 (r3) (t (/ /]Rs 1—|—||t— x||)1+5dxdt> < Cle+e€2 +et).

tel0.T] 5 <5 \a|<5

SCG%

As long as € is sufficiently small, this improves the constant in (11.1) and we are done. O

As we saw above, the null structure in the nonlinear terms plays a crucial role in establishing global
regularity for solutions arising from small data. It is clear from the proof above that it works more generally



48 JONATHAN LUK

to semilinear wave equations in (3 + 1)-dimensions with quadratic nonlinearity satisfying the classical null
condition.

12. WEAK NULL CONDITION

We consider the system of equations

Oy = (0i9)*.
This equation does not obey the classical null condition. More precisely, the nonlinearity (9;¢)? is not a

null form. In particular, even if 9;¢ obeys the decay estimates as for the linear wave equation 0v does not
decay like l%-t but instead only decays like bgf%” (Exercise). Nevertheless, when 1 enters in the nonlinear
term, it does so in a null form. The null form provides more decay and therefore global regularity still holds
for small data. Such nonlinear structure is an example of what is more generally known as the weak null
condition of Lindblad-Rodnianski. We will not discuss systematically the weak null condition, but will just
study the example (12.1) given above. We note that a very similar form of this structure will appear again

when we discuss the stability of Minkowski space.

Theorem 12.1. Consider the equation (12.1). Suppose the initial data obey

(60, b1, %0, %1) [ 1=0y € (C=(B(0, R)))*
such that
> 190% (b0, o)lla@e)x 2y + 0% (@1, 1) | 2@e)x L2y < €.

o] <5

Then for every R > 0, there exists e = €o(R) > 0 sufficiently small such that if € < €, the unique solution
remains smooth for all time.

Proof. We begin with the bootstrap assumption

arey|? : 3 El
sup Y (|00 || L2 (rs) (t) (/ /R 1+||t—| |||)1+5d dt) <et(1+T)T0. (12.2)
|a\<a

te[0,T lal<5

This implies decay estimates for 1 which are slightly worse than the optimal ones. More precisely, by
Theorem 9.4, we have

sup > [[(1+ )1+ [t — 2])2 00| oo sy < Cet (1+1)70. (12.3)
te[OT]I <3

Using (9.1) together with (12.3), we get

sup > (1+8)% [ A0 oo ray < Ce (1+1)70, (12.4)
te[0,T] laf<2

The key observation is that when we proved the boundedness of energy for the wave map equation, we did
not need to use the full strength of the decay estimates. Morally, the presence of the null structure allows
use to gain an extra decay rate. We now control

Z / IT*Qo (¥, )|l L2 ws)dt

|a| <5

as in the proof of Theorem 11.6. We have two terms, the first is when the factor with fewer I'’s comes with

a good derivative, while the second term is such that the factor with more I'’s comes with a good derivative.
The first can be bounded by

Sdt
/ S 1Tl s (S TP ]| poo (rs)) () <c/ 673 < Qs
0 2

la|<5 181<2
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We now control the second term. Let Ty = 0, T; = 21, for i = 1, ..., |log, T, Tiog, )41 =T

T
/0< S BT OT | ey ) (1)t

| <5, |8]<2

<Y ¥ /M (/R 1+||2F_a1|i||2|)1+5dx);(sgp((1+|t—|x) *larP |, x)))dt

i=0 |a|<5,|B]<2

=

[log, T|

<c Y /l“ /]R 1+|2F_%Il;|2)1+6dxdt)§(z (/T+ (sgp((1+|t—|x|) *|ar8ay (¢, x))>2dt>

=0 Jal<s B1<2
3 liogs T 1 Tt dt 1 3 liogs T 141498 3
<cet S +T*o/ T )i<ce Y (14Tt < O,
i=0 ! " T (1‘5"5)2_%_5) i=0 . )

as long as ¢ € (0, %) Using energy estimates for ¢, we can then conclude that

sup Y |00 Lags)(t) < Ce (12.5)
te[0,T lal<5
and also
sup Z (T+et+ |z +|t— |x||)2 0T @ || L2(rs) (t) < Ce (12.6)

\a|<3
via Klainerman—Sobolev inequality. We now use (12.5) and (12.6) for the energy estimates for ¢ to get

1

T y|? ’
sup OT'*Y|| 2 (r3 / / dxdt
Sy 22 10 ( e T )T

\oz|<5

T
<C e+ / S 100l ooy ®) | | S5 1000 e ey (1) | dt

|| <5 |Bl<2

<C +2/Tdt < Celog(2 +T)
~ € € o 1—|—t =~ €10g .

This improves over (12.2) and we are done. O

13. ANOTHER DECAY ESTIMATE

By now we know that decay estimates are very important for understanding long time behaviour of
solutions to nonlinear equations. Before we proceed further, we prove an additional decay estimate. This
estimate is most useful when the energy grows but one still wants to obtain sharp pointwise decay estimate.
For a simple application, see Corollary 13.2. This will also play an important role when we discuss the
nonlinear stability of Minkowski space.

Proposition 13.1. Consider the equation
(m*F + H*")92 30 = F

in (3 + 1)-dimensions, where m is the Minkowski metric and H®? is a symmetric 2-tensor such that

1 1+t — |z
Hl|lpoopy < =, |H"| + |H"|+ |H*| < ,

where Dy = {§ < |z] < %} Then, we have the following decay estimates:
(L + )00 || oo (r) (t)

<C s 3 Pl @) 40 [ (0 Dl + 3 0+ D0l | i

7€l q1<1 la]<2
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Proof. Since we allow 3°, _; [T'*¢|r(p,) on the right hand side, we can control ¢ on the left hand side
by (9.1) in the proof of Corollary 9.8. It therefore suffices to control 9,¢. Moreover, it suffices to control
9y in the region £ < |z| < 3t. We now use the equation to get
40,0, (r¢) + rH"9,0| < C(r(1+ [H|)|00¢| + r|H"||00| + r|H"*([00¢| + r|F).
This implies
49, + 10,)0,r0)] < 0 0 4 el + i) < oY T4 ),
- |‘<21+t - |‘<21+t

Given a point such that % < x| < %, we integrate the estimate above along the the integral curves of

40, + H""0,, towards the past until it hits the boundary of the set {£ < |z < 3L}, This gives the desired
bound.
(|

One immediate consequence of the estimate above is the following corollary:
Corollary 13.2. Let F be a smooth function supported in B(0,t+ 1) for every t > 0 such that
T

Y a+1)W / D F|| p2gsy (t)dt + sup(1 + )% log®(2 + )| F(t,2)| < C".
lal <5 0 b

Suppose ¢ is a solution to ¢ = F with compactly supported initial data, then

(L+8)[[08]] oo (ra) (t) < C,
for some C > 0 depending on initial data and C'.

Proof. Exercise. |



