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In the last chapter we proved the following result about gradient descent for minimizing L-smooth p-strongly
convex functions.

Theorem 1. Let f : R®™ — R be a L-smooth p-strongly convex function for u > 0. Let zg € R™ and
z. € X, (f) be arbitrary and let w11 =z, — 1 7 f(ag) for all k > 0. Then

L'Ixox*llg}

) = o < min{ (1= 5) 1t - £, 2P

L

Consequently we can compute an e-optimal point with
L — L — 2
0 <min { log <f(9co) f*) , [zo — 2+l })
1 € €

A natural question to ask, is is this optimal? If all we have is a gradient oracle, can we design an algorithm
with improved bounds? Here we address this question, showing how better running times can be achieved
through a technique typically referred to as acceleration.

oracle calls.

Acceleration is one of the most mysterious techniques in optimization. Optimal rates for minimizing smooth
convex functions were first achieved by Nesterov in 1983 [3] and has been shown to be quite powerful in
obtaining faster methods in theory and in practice. Consequently, there are a number of perspectives on
acceleration one could take, i.e. viewing it as a type of momentum in continuous time, or a primal dual
method or a careful combination of gradient descent and mirror descent [1] (an algorithm we will discuss
later in the class). There are even interesting geometric views of the method [2] and varied potential based
approaches to analyzing it, e.g. estimate sequences.

In these notes we present just one particular perspective on acceleration; if you would like more references
on any of the others, just let me know.

1 Acceleration

So how should we accelerate? The idea here we use is pretty simple. If f is L-smooth p-strongly convex we
know that for all « the functions

La(y) = f(2) + Vf(2) " (y — 2) + %Ily — 2|l and Uy (y) = f(2) + 7 f(2) " (y —2) + %Hy —al3

*These notes are a work in progress. They are not necessarily a subset or superset of the in-class material and there may
also be occasional TODO comments which demarcate material I am thinking of adding in the future. These notes will converge
to a superset of the class material that is TODO-free. Your feedback is welcome and highly encouraged. If anything is unclear,
you find a bug or typo, or if you would find it particularly helpful for anything to be expanded upon, please do not hesitate to
post a question on the discussion board or contact me directly at sidford@stanford.edu.



lower and upper bound f, i.e.
La(y) < f(y) < Us(y) for all y € R™.

Whereas previously, our algorithms worked simply by greedily decreasing our function value using the upper
bound, here we try to do better by using the lower bound as well. Whereas the gradient descent algorithm
we analyzed before used a fixed step size that only depended upon the smoothness of the function, here we
use strong convexity in designing our steps as well.

2 Acceleration Approach

The algorithm we use for our analysis is fairly straightforward. In every iteration k we maintain some x; € R™
and some lower bound function Ly : R® — R such that for all z € R™ we have Ly(z) < f(z). We restrict
ourselves to Ly of the form, Ly (z) = ¢ + & || — v |3 for some 1), € R and some v;, € R™. Now, since clearly
mingern L () = 95, we know that

Flan) = r = f(og) = min f(@) = f(or) = f.

Consequently, it suffices to show we can decrease f(x) — ¥y at a fast rate.

The way we do this is simple. We let
yp=a- -+ (1 —a) v

and use this point yi to improve both our lower bound and upper bound. To improve the upper bound
we take a gradient descent step and let xp11 = yi — % v f(yr) and to update the lower bound, we take
a convex combination of the old lower bound L; and the lower bound from the point yg, ie. Ly, , ie.
Lit1(y) = B Li(y) + (1 = B) - Ly, (y) for all y.

That is the entire algorithm and the ultimate pseudocode for it is fairly short. We pick our lower bounds
Li(z) = vx + §]lx — vgl|3 as the this update rule keeps the Ly of this form and we can store these Ly
compactly and consequently, this method is easy to implement. What is tricky about this algorithm and the
analysis of it, is reasoning about exactly what happens when we combine lower bounds. In the next section
we analyze this through a self contained helper lemma.

3 Quadratics and Combining Lower Bounds

Here we give a self contained lemma about the effect of taking convex combinations of quadratics. Proving
these will be done in homework.

Lemma 2. Let f : R® — R be a twice differentiable function where 72 f(z) = A € R™*™ for all z € R™ then
for all x,y we have that

7@ = F0) + 77) @) + 5y —2) A — ).

Proof. Let x; = x +t(y — x) for all ¢t € [0,1]. Now we have shown that
1 gt 1t
— fly) — Ty —z) = —2) V2 f(za)(y — x)dadt = —z) Ay — z)dad
F@) =10 =91 @ =2 = [ [ =2 fa)y =)ot = [ [ =) Ay = z)doa

Since fol fot dadt = fol tdt = $t*|§ = % the result follows. O

This lemma shows that we can re-write our lower bounds as quadratics centered around a particular point.



Corollary 3. If f : R™ — R is a differentiable p-strongly convex function then for all x,y € R™ we have

F) 2 e+ 5 lly = vl
where )
Ve = f(2) = o | v f(@)|I3 and v, =z — 2V f(z).
Proof. We have already seen that
F@) = La(y) = @) + V(@) (y = 2) + Sy — <3
However, we know that
1 1
L (2= 291@) = ) - 51 FIB

and

VL (2= 1970 = vI@) - £ 9 f(a) <.

ESERS

Since 2L, (y) = pI for all y the result follows from Lemma 2. O

Next, using Lemma 2 we show how to combine quadratic lower bounds.

Lemma 4. Let fo, f1 : R — R be defined for all x € R™ by

fol@) = o+ Slle —wol} and fi(w) =1 + o — w1l

For i, 11 € R, vg,v1 € R, and p > 0. Then for all a € [0, 1Jwe have
Jal@) = a fol@) + (1= a) - fi(®) = Yo+ Sz = vall3

where u
Vo = avg + (1 — a)vy and Yo = apg + (1 — a)r + 504(1 —a)fvr — wvoll3-

Proof. Note that

Vhale) = a-p- (@ —v9) + (1 a) - (e — v1)
and

Vial@)=a-p-IT+(1—a) p-I=p-1

Now since v, —vg = (1 — a)(v1 — vg) and v, —v1 = a(vg — v1) we have that

Via(va) =a-p-(1—a)- (01 —vo) + (1 —a) - p-a-(v—v1) =0

and
N H 2 K 2
fa(va) = a |1 + 5””11 —wolla| + (1 —a) |1 + 5””«1 — w13
= ato + (- a)r + & [a(l = a)?jor = voll3 + (1 — a)a?[lor — vol[3]
= ato + (1= @) + Sa(l - a)llos — w3
The result then follows from Lemma 2 with z = v, and f = f,. O

Intuitively, the above lemma says that the farther away the centers are, the more that combining them
increases the lower bound.



4 Building An Accelerated Gradient Step

Using the analysis in the previous section yields the following bound for improving our lower bounds.

Lemma 5. Let f: R" — R be differentiable p-strongly convex function and let Ly(x) = ¢ + 4z — vi|3 by
such that f(x) > Li(x) for all xz. Then for all § € [0,1] and y;, € R™ we have that

Liga(x) = 8- Li(z) + (1= 8) - Ly, (z)
where Ly, (z) = f(yi) + 7f(ye) " (. — y) + 5llo — yil3, satisfies f(z) > Liy1(x) for all z € R™ and

Lita(2) = Yns + Sl = v 3
where

Vg1 =B v +(1-5)- {yk—;Vf(yk)]

and
2

Ba =B (1= )+ 1) = 5] 7 S| + 550 )

v — [yk—;vf(yk)} ,

Proof. First, note that /L, (yx — £ v f(ye)) = 0 and Ly, (g — £ 7 F(9)) = Ly, (9e) = 2 7 £ 3 and
consequently, by Lemma 2 we have that

1 " 1
Ly (@) = flun) = 517 Fllz + Sl = (e — — 7 Fu)3
1 2 Iz
The result then follows by applying Lemma .4. O

Using this we can analyze a gradient descent step.

Lemma 6. Under the same assumptions of Lemma 5 if yr = a - xp + (1 — «) - v for some o € (0,1) and
Thtl = Yk — % v flyg) then we have
B B)?

Flonsn) = s < 810 an) =+ 8- [1 =0 122] (1m) = o) + |15

~ 5z |19 7).

Consequently if Kk = ﬁ, B=1- \/g, and o = IJ\F(';E then

ﬂmmmﬁs@}gwm>wu

Proof. Now by our assumption on y; we have

1 o
’Uk*yk:m[yk*a'xk]*ykil_a

[yr — k] -

Since f(xr) > f(yx) + 7 f(yr) " (2 — yx) by convexity and |jvy — yx||3 > 0 trivially we have

2

2

vk — [yk - % vf(y)}

" 2 1
5 (o=l + 2 9 5007 0 )+ 51 9 £
) u u

) =) + 5V S

(67

v

l1—«

-U@w—ﬂmﬂ+%ﬂvﬂmm3



Consequently, by Lemma 5 we have

1 1
rr = Bty + (1— ) [f<yk> - 2v f(yk>|§} +81-8)- [ﬁa ) = Fa)+ 317 FwolE
Combining this with the fact that f(zx11) < f(yr) — 5= | vV f(yr) |3 yields

Flansn) = duer < fa =2 - flan) = o+ [1= (1= ) - a8 = 1)

1-p6 1 1 9
B (1=-8) — — —
s |52 -8 -9 5 - 5] 1V sl
This yields the first formula. The values for 8 and a were chosen by solving for (1 — 8)? = & = 1
yielding the first formula and then solving for « - % = 1 which yields that % = 1 — « which then yields

1 _ _/r |
— = .
L T TR

o =

5 Accelerated Gradient Descent Guarantees

In the last section we showed how to construct a step that decreased an upper bound on f(zr) — f« by a
multiplicative 1 — \ﬁf in every iteration. To turn this into a full algorithm, all that remains is to show how
to bound the initial error, i.e. how to get an initial quadratic lower bound on our function. However, by
Lemma 3 we already know that how to get a lower bound, so all that remains is to analyze the initial error
with this lower bound.

Lemma 7. Let f : R® — R be a L-smooth u-strongly convex function then for any xo we have that for
1 1
Yo = f(zo) — 2*” v f(xo)|13 and vo = xo — = 7 f(x0)
I [
it is the case that f(z) > Lo(z) = o + Ellz — voll3 and f(zo) — 1o < ;% [f(xo) = fi-

Proof. The fact that f(z) > Lo(z) is immediate from Lemma 3. Since || 7 f(x0)||3 < 2L - [f(x0) — fi] we
obtain the desired upper bound on f(zg) — ¥g. O
Putting this all together yields the following.

Theorem 8 (Accelerated Gradient Descent). Let f : R™ — R be a L-smooth p-strongly convex function and

let k = % For arbitrary xq € R™ compute vg = xg — /% Vv f(xo) and for all k > 0 let

o yp=a- -z, + (1 —a) v fora= 14{’%

o verr =B v+ (1=B)- |y — 2 v flu)| for B=1-J

o Ik+1:yk*%Vf(yk)

k
Then we have that f(xzi) — fu« < (1 — ﬁ) k- [f(zo) — f«] and consequently we can compute an e-optimal
point for f with 1+ [v/klog(k - [f(xo) — f«]/€)] queries to a gradient oracle.

Proof. For all k if we let Ly () = ¥y, + &|lz — vi||3 then we have by previous lemmas that there is a way to
chose the v such that f(z) > Ly(x) for all  and therefore f(zx) — fr < f(ar) — ¢r. We have also proven

that this can be done so that f(zp1) — Yer1 < (1 - ﬁ) [f (1) — ¥n] and f(zo) — vo < & - [f(wo) — f]
yielding the result. O



6 Improving the Analysis

A natural question to ask is can accelerated gradient descent algorithm be further improved? It can be
shown that the dependence on x in the asymptotic rate cannot, in general, be improved if the function can
be accessed only through a gradient oracle.

However, the x in the logarithmic term can be improved just by slightly improving the analysis. Rather
than tracking f(zj) — ¢y there is another natural potential function can be used, the sum of the function
error of f(x;) and the appropriately scaled distance of vy to the optimal point, i.e. 5|z, — vil3 . In the
homework, you will show that the same elements of the above proof yield the following.

Lemma 9. Let f : R™ — R be a L-smooth p-strongly convex function and let k = % and for any xy, v € R™
let

® Y1 = xp+ (1 —a) v fora= 1-\|r/\E/E

o vepi=Bovet (1= ) [y — £ fl)| for =1~ &

o Tpp1 =y — 1V f(uk)

Then if x, is the unique minimizer of f and we let e = f(xy) — fy and r, = Bllog — x4 )3 then

1
€ht1 +Trr1 < <1 - \/E> [Gk + Tk] .

Proof. Let zi41 = B - v + (1 — B) - yx. We have

2

Tk+1 :g Zk+1 —x*—(IMB)Vf(yk) ,
2
= Bl — B+ (1= 8) ¥ 1) (0 — 2n0) + S 9 sl

Now, since || - ||3 is convex and since f is u strongly convex, we have

2 p
Lok — w2l = 18- (on = 2) + (1= B) - (e — )3

(1-B)p
sl — 2.3

<B-r—(1=8) [flur) = ) + 7 F () T (@ — yi)]

where in the last step we used that f(z.) > f(yx) +/.f(yx) " (24 — yx) + & lyx — 2.]|3. Combining yields that

“;fn v Fu)l2

0
<L B v —al3+

Thyt < B-ri— (L= B) - [f(yr) = F@)]+ (1= B) - 7f (k) " (e — 2rs1) +

Furthermore, since

L0 o)

Uk —zkp1 =Y — Bk —(L=8) -y =B (yp —vr) =

and f(zr) > f(yr) +7f (yr) " (zx — yr) we have that

(1-5)

o 8= (1= 8)- Ul) = 1+ B 1 17w — ] + 2519 sl



Since f(zr11) < f(yr) — 521l v f(yr) |13 and we chose o and 3 so that (1;5)2 =5 and a- % = 1 we have

€opr i1 < flye) +B-re — (L —=8) - [f(yr) = ful + 8- (f(xx) — flyr) = B [ex +74] -

This gives the following improved analysis of accelerated gradient descent
Theorem 10 (Accelerated Gradient Descent (Improved)). Let f : R" — R be a L-smooth p-strongly convex

function and let k = /% For arbitrary xog € R™ let vg = x¢ and for all k > 0 let

o yp=a- -+ (1 —a) v fora= 1_{5%

v =Bou+ (1= B)- [y — 2 v )] for B=1-

o Tpy1 =Yk — 1V f(yk)

k
Then we have that f(xk) — fu < (1 — ﬁ) -2 [f(xo) — f«] and consequently we can compute an e-optimal
point for f with [/klog(2 - [f(xo) — fi]/€)] queries to a gradient oracle.

Proof. By the previous theorem we have that for x, € X, (f) it is the case that

k
1
F) = fo+ Sloe = 2.3 < (1 - ﬁ) [ F@o) = £+ Sllo =[] -
Since vg = o and by strong convexity we have that ||z — 7.]|2 < f(z0) — f« the result follows. O

7 Momentum

Another popular viewpoint or perspective on acceleration is that it can be viewed as gaining momentum in
some sense, i.e. once you move in the direction of the gradient you keep moving in that direction for some
time afterwards. This view can be confirmed by a rearranging of the variables in the method we derived.
This gives another popular statement of the accelerated gradient descent algorithm.

Theorem 11. Let f : R — R be a L-smooth p-strongly convex function and let k = % For arbitrary

xo € R" let 1 = x9 — % V f(xo) and for all k > 1 let

® Y =Tk + (ﬁ;i) (Ik 7Ik_1)

® Tpp1 =Y — 1V F(ur)

k
Then we have that f(xk) — fu < (1 — %) -2 [f(zo) — f«] and consequently we can compute an e-optimal

point for f with [\/klog(2 - [f(xzo) — f«]/€)] queries to a gradient oracle.

Proof. We obtain this by massaging the previous algorithm and rewriting the iterates in terms of zp_;
instead of vi. Note that in Theorem 10 we have that
1

a
Vk-1= 7o k-1 — - Tp_1] = Yp—1 + T—a k-1 —2p—1] and 7 f(yr—1) = L(ye—1 — =&)



Consequently, we have that
1
v = Pug—1+ (1 —8) - [yr—1— m V f(yr-1)]
Q
= Yk—1+ mﬂ [Ye—1 — zp—1] = (L= B) - - [yp—1 — 4] -

Now since a1 — 3)/(1 —a) = 1 and k = (1 — 3)~2 we have that

1
1-p

B

Vg = Yk—1 + 1-3 k-1 — Tp—1] — [Yr—1 — xk] -
- B

This in turn implies that

yp=a -z + (1 —a) vy =x + (1 —a)[vp — zk]

= x5+ 1:7; [(1=8) k-1 — z] + BYr—1 — Tr—1] — [yr—1 — k)]
=z + 1:7;6 [Tk — Tp_1 ]

Now since o = 1«{5% and 5 =1-— ﬁ we have that
p

1
a= - and T— 3 K
yielding that
1-—« = VE—1
1-8"  VE+1
and thus the result follows by Theorem 10. O

8 Non-strongly Convex Functions

How can we use the above result to minimize non-strongly convex functions? There is a fairly general trick
to reduce non-strongly convex function minimization to strongly convex function minimization and that is
regularization. This is a fairly overloaded term with all sorts of applications and interpretations, particularly
in machine learning. When we use this term in the class though, we will simply use it to refer to the idea of
adding a simple function we understand to improve the behavior of our iterative methods.

The idea we use here is simple. Instead of minimizing f(x) directly, given some point we just minimize
g(z) = f(z) + §[l# — 20|3. Clearly this function is x4 strongly convex and thus we can apply accelerated
gradient descent as analyzed above to it. Below we analyze the performance of this scheme.

Lemma 12. If f is a L-smooth convex function then given any xg € R™ we can compute an e-optimal point

with
. _ 2 . _ 2
WHL [ x*nzlog(L [ x|ﬂ
€ €

Proof. Given zy € R™ we run accelerated gradient descent to minimize g(z) = f(2)+4 |lz—=0||3 for a value of
w1 we pick later. Since g is p-strongly convex and L 4 p smooth we know that by accelerated gradient descent

# log (2 - [g(z0) — g+]/€)] gradient

queries for any x. € X, (f).

we can compute an e-sub-optimal point, denoted z., for g with |
queries.



Now, since g(x) > f(z) for all = we have g, > f.. Furthermore, since g(xo) = f(zo) we have

L

g(xo) — g+« < f(wo) — fo < 3 2o — @.|3 -

Furthermore, by the definition of g and x. if we let 2y denote a minimizer of f we have that

f(w) < e+ min g(a) < e+ glay) = e+ fo + Sllao — a3

Consequently, computing x le for p = m yields the desired result. O
*112

There are two natural ways to remove the log factor in the above analysis. The first is to change the
accelerated gradient descent algorithm itself to decay the value of p used, the second is to minimize f(z) +
£||z — x0l|3 in phases changing perhaps what the regularization is with respect to. Both can be used to
remove the logarithmic factors and they are similar in some sense. The first has the advantage of perhaps
being a more natural way of running the algorithm, but the second has the virtue of being a fairly general
reduction. We will talk more on this type of reduction in the next chapter.
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