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Abstract

Dynamic pricing in the airline industry is the problem of op-
timally selling airline tickets over a finite horizon. Although
optimal dynamic pricing can easily be achieved for a sin-
gle customer segment, achieving optimal dynamic pricing
for multiple competing customer segments is more difficult,
as it sells from a common pooled inventory but does so at
different price points. In this paper, we review common ap-
proaches taken to solve the single-segment dynamic pric-
ing problem and formulate a multi-segment dynamic pricing
problem using a factored multi-agent Markov decision pro-
cess (MMDP) framework. We solve the multi-segment dy-
namic pricing problem using modern reinforcement learning
(RL) approaches including Sarsa and Sarsa with eligibility
traces and compare the performance of the approaches to var-
ious baseline policies.

Introduction
Dynamic pricing problems arise in many industries where
goods and services are subject to a finite horizon. This finite
horizon can be imposed both naturally or artificially, and of-
ten takes the form of perishability or expiration constraints
of goods or services. In some cases, the inventory of goods
or providers of services may also be finite. In attempting
to maximize revenue, establishing a dynamic pricing pol-
icy can lead to increased revenue of a static pricing policy
(Figure 1). A thorough survey of dynamic pricing reveals its
pervasive presence in essentially all industries and as a re-
sult, the sheer variety of approaches taken to date to solve
the dynamic pricing problems under the given constraints
(den Boer 2015).

In the airline industry, a natural dynamic pricing prob-
lem is evident – an airline must maximize revenue for a fi-
nite set of tickets for a given flight before the flight departs,
since sales cannot be made after the flight has departed. The
airline must balance the certainty of selling all tickets, the
maximization of revenue, and a stochastic demand. While
most customers purchasing airline tickets likely know that
the price of a given ticket fluctuates with time-to-departure,
seasonality, trip type, etc., customers may be unaware that
airlines typically offer a number of fare classes for vari-
ous customer segments for the same seats on a single flight

Figure 1: Maximization of revenue can be achieved using
dynamic pricing policies instead of static pricing policies to
exploit variation in demand. (Competitoor 2016)

(e.g. multiple fare classes for an economy ticket). For exam-
ple, purchasing a one-way ticket, a return ticket spanning a
weekend, or a return ticket spanning only business days will
mean different costs to the customer for the same leg of the
journey, despite being for the same seat. The International
Air Transport Association (IATA) has standardized a sys-
tem of 26 different fare classes (formally called Reservation
Booking Designators) that airlines use to characterize these
different customer segments, which thus gives rise to 26 pos-
sible price points (Touraine and Coles 2018). As a result, a
critical but often unseen dynamic pricing problem naturally
arises in the airline industry for maximizing revenue over
the different fare classes for a single flight.

Decision theory provides a foundation for formulating
these types dynamic pricing problems, and dynamic pro-
gramming and reinforcement learning provide methods for
solving these problems to generate an optimal or approx-
imately optimal pricing policy. More detail is given in
the Proposed Approach section, and a survey of decision-
theoretic approaches for airline ticket dynamic pricing prob-
lems is given in Abdella et al. (2019).

Based on a review given by Rana and Oliveira in 2014,
in the 2000’s, most dynamic pricing problems were solved
using model-based reinforcement learning methods that ex-
plicitly described the interaction of demand and pricing.



While these model-based approaches were widely popu-
lar and quite accurate, misrepresentation of the model led
to reduced performance of these dynamic pricing policies.
Model-free approaches are a relatively new area of research,
and are proving to be more relevant given the explosion of
big data applications, unknown and complex model struc-
tures, and high-uncertainty situations.

Here, we provide a brief survey of model-free approaches
to the dynamic pricing problem in the literature. Carvalho
and Puterman (2003) have studied parametric forms of the
customer arrival distribution, and used reinforcement learn-
ing to estimate the parameters to predict demand and com-
pute optimal dynamic policies, partially bridging the gap be-
tween model-based and model-free approaches. Rana and
Oliveira (2014) have used reinforcement learning and Q-
learning to compute optimal pricing policies under incom-
plete information and non-stationary demand. We extend
this by considering multiple customer segments. Raju, Nara-
hari, and Ravikumar (2006) have used Q-learning to dynam-
ically price products with customer segmentation, but their
segments are specially characterized and do not allow for
generalizations to more segments, which we study.

This paper adds to the dynamic pricing reinforcement
learning literature by considering how to price for multiple
customer segments from a single pooled inventory source.

Proposed Approach
MMDP Background
In the general hierarchy of decision-theoretic approaches for
solving multi-agent sequential decision-making under un-
certainty problems (Figure 2), the most general framework is
the partially-observable stochastic game (POSG) where each
agent maintains its own individually partially-observable
state space, action space, observation space, and reward
model (Hansen, Bernstein, and Zilberstein 2004). Decentral-
ized partially-observable Markov decision processes (DEC-
POMDPs) are a subclass of POSGs that have a single reward
model rather than a reward model for each agent, though
the agents’ objectives may still be competing. Decentralized
Markov decision processes (DEC-MDPs) are a subclass of
DEC-POMDPs characterized by joint full-observability of
the joint state, and multi-agent Markov decision processes
(MMDPs) are a subclass of DEC-MDPs characterized by
individual full-observability of the joint state. A detailed
overview of DEC-POMDPs and their subclasses is given in
Beynier et al. 2013.

An MMDP (Boutilier 1999) is defined by the 5-tuple
〈n,S,A, T,R〉 where n is the number of agents (i ∈
{1, ..., n}), S is the joint state space, A is the joint action
space, T is the transition model, and R is the reward model.

In a factored MMDP, depicted in Figure 3, the joint state
space can be factored into a representation composed of the
environment state space S0 and the local state space Si for
agent i such that the joint state space S = S0×S1× ...×Sn.
The joint state s, which is jointly fully-observable, is thus the
specific state given by the environmental state s0 and sub-
state si of all n agents (s = 〈s0, s1, ..., sn〉). The joint action
space can be represented similarly using the action spaceAi

for agent i such that the joint action spaceA = A1×...×An.
The joint action a is given by the actions ai of all n agents
(a = 〈a1, ..., an〉). The transition model gives the probabil-
ity T (s, a, s′) of transitioning to joint state s′ from the joint
state s after executing the joint action a. A general factored
MMDP does not necessarily have transition independence;
in general, T 6= T (si, a, s

′
i). Additionally, the reward model

R(s, a, s′) is the reward received for transitioning to joint
state s′ from the joint state s after executing the joint action
a.

Note that MMDPs contain all Markov decision processes
(MDPs), since all MDPs are degenerate 1-agent MMDPs
(i.e. 〈S,A, T,R〉 , 〈1,S,A, T,R〉). The solution to an
MMDP is given by a joint policy π = 〈π1, ..., πn〉. The
complexity of solving an MMDP is known to be P-complete
(Papadimitriou and Tsitsiklis 1987).

Dynamic Pricing Problem
The multi-fare dynamic pricing problem is the problem of
maximizing revenue for a given flight that has some finite
number of seats with underlying non-stationary demand for
these seats across multiple categories, and a flight departure
date that induces a finite horizon. Since we can utilize cus-
tomer details provided in a trip query (e.g., one-way/return,
length of trip, etc.), we can develop multiple fare classes
(price classes) to exploit latent differences between such de-
mand categories and maximize revenue. Thus, agency in our
dynamic pricing problem is a representation of each fare
class’ independent pricing and sale of tickets. We consider
the case where the seats are identical and fungible (e.g. all in
economy), and thus the number of tickets available is from
a common inventory pool.

It should also be noted that although the customer dynam-
ics are stationary – customers arriving at each time step are
defined by distributions that do not change with time – the
customer arrival dynamics are non-stationary – fewer cus-
tomers arrive as the departure date approaches – so the ag-
gregate demand dynamics are non-stationary.

For the dynamic pricing problem, we use a discretization
of the joint state and action spaces to generate the joint state
and action sets, respectively. Environmental state variables
include the number of tickets available and a discretized

MDP MMDP DEC-MDPPOMDP

DEC-POMDP

POSG

Figure 2: Hierarchy of decision-theoretic approaches for
multi-agent sequential decision-making under uncertainty.
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Figure 3: Structure of the factored multi-agent Markov deci-
sion process (MMDP) as a dynamic decision network.

time. We characterize agents by the different fare classes.
Each agent’s sub-state variable is the number of tickets sold
for their fare class, and the agent’s action is a ticket price
for their fare class. The transition model is formulated as a
generative model based on customer dynamics to compute
the new joint state after taking the joint action from the pre-
vious joint state, since the exact transition probabilities are
difficult to represent explicitly. The reward model, describ-
ing the total revenue, is exactly known, and is easily com-
puted as the sumproduct of ticket prices and quantities sold
across all fare classes.

Joint State Set In our dynamic pricing problem, the envi-
ronment state s0 is defined by the tuple (v, t) ∈ {0, ..., V }×
{0, ..., T}, representing the number of available tickets (or
vacant seats) v given the number of initially available tick-
ets V , and the time t given the finite horizon T . The sub-
state si for agent i is defined as the number of tickets sold
u ∈ {0, ..., V } in the previous time step.

Joint Action Set The action ai for agent i is defined as
the ticket price ai ∈ {pi, pi + p̃i, pi + 2p̃i, ..., pi} given the
agent’s lower and upper pricing bounds, pi and pi, and some
spacing constant p̃i, such that the cardinality of the agent’s
action set is fixed (e.g. |Ai| = 10).

Transition Model The transition model that maps the cur-
rent joint state s, the joint action a, and next joint state s′ to a
probability T : S ×A×S → R with probability constraints
T (s, a, s′) ≥ 0 and

∑
s′ T (s, a, s′) = 1 ∀ s, a cannot be ex-

plicitly represented for our dynamic pricing problem with-

out knowing the customer dynamics. However, the transition
from s to s′ after executing a can be formulated.

Since the dynamic pricing MMDP employs a factored
state, we can describe the transition in terms of the envi-
ronment state transition s0 → s′0 and the sub-state transition
for agent i, si → s′i.

For agent i, we define a set of customers seeking tickets
Ci (initially empty). At each time step, we have ni new cus-
tomers arriving according to a Poisson distribution with a
linearly time-varying parameter governed by the fare class
parameters αi and βi, such that ni ∼ Pois(n | αit + βi).
The jth new customer ci,j ∀ j ∈ {1, ..., ni} has some
willingness-to-pay (WTP) price threshold wj ∼ N (wj |
µi, σi) and some willingness-to-pay (WTP) flexibility kj ∼
U(kj | ai, bi). The customer purchase dynamics follow the
given cases, with bj = 1 if the customer purchases the ticket
and bj = 0 if the customer does not purchase the ticket:{

bj ∼ Bernoulli(bj | 2 · (1− Φ(ai))) if ai > wj

bj = 1 if ai ≤ wj

where Φ = CDF(Logistic(ai | wj , kj)). If the customer ci,j
purchases a ticket, they are removed from the agent’s set of
customers Ci ← Ci \ {ci,j}.

Then the environment state s0 = (v, t) is updated by sub-
tracting the number of tickets sold by all agents in the pre-
vious time step and incrementing t such that s′0 = (v −∑

i s
′
i, t+ 1).

Reward Model The joint reward is the revenue r received
from the sales of tickets at their respective prices, which en-
ables an explicit representation of the reward function using
agent-wise additive decomposition so that r =

∑n
i=1 ais

′
i

or, using vector representations of the joint action a and
new joint state excluding the new environment state s′\0,
r = aT s′\0.

Model-Free Reinforcement Learning
Although the dynamic pricing MMDP is defined by the tu-
ple 〈1,S,A, T,R〉, the transition model cannot be explic-
itly represented. As a result, a model-free method for deter-
mining an optimal or approximately optimal policy must be
used.

Q-learning is a model-free reinforcement learning ap-
proach that focuses on learning a state-action value func-
tion Q that maps the state and action to the expected fu-
ture reward Q : S × A → R. The corresponding policy
π : S → A for the given state-action value function is given
by π(s) = arg maxaQ(s, a)∀ s. Most Q-learning methods
utilize two parameters for learning, namely α, the learning
rate, and γ, the discount factor. Q-learning employs incre-
mental estimation of Bellman equation for dynamic pro-
gramming such that in the limit, the equality is satisfied. The
Bellman equation for Q-learning is:

Q(s, a) = R(s, a) + γ
∑
s′

T (s, a, s′)U(s′)

Q(s, a) = R(s, a) + γ
∑
s′

T (s, a, s′) max
a′

Q(s′, a′)



Q-Learning It is straightforward to prove that the tempo-
ral difference (TD) update for Q-learning is:

Q(s, a)← Q(s, a) + α
(
r + γmax

a′
Q(s′, a′)−Q(s, a)

)
implying a complexity per state-action update of O(|A|).

Sarsa Another prominent Q-learning algorithm is the
Sarsa algorithm, which was first proposed by Rummery and
Niranjan in 1994 and derives its name from requiring the tu-
ple (s, a, r, s′, a′) to compute the update. Sarsa uses the next
state s′ and the next action a′ to remove the the maximiza-
tion over all actions in the Q-learning TD update. From this,
it is straightforward to prove that the TD update for Sarsa is:

Q(s, a)← Q(s, a) + α (r + γQ(s′, a′)−Q(s, a))

implying a complexity per state-action update of O(1).

Eligibility Traces Both Q-learning and Sarsa can be mod-
ified with eligibility traces (often called Q(λ) and Sarsa(λ)).
Eligibility traces employ an additional exponential decay pa-
rameter λ to recursively assign partial credit proportional
to λt backwards along the state-action history (the eligible
trace), which can help speed learning in both complex and
sparse-reward environments.

Experimental Setup
We performed two sets of experiments, namely, determining
and optimal policy for a single fare class (Class 1) and for
two fare classes (Class 1 & Class 2). The class parameters
were constant throughout the experiments and are listed in
Table 1.

Table 1: Fare Class Parameters

Parameter – Description Class 1 Class 2
α – cust. arr. rate slope -1 -1
β – cust. arr. rate intercept 30 20
µ – WTP threshold mean 700 300
σ – WTP threshold SD 100 50
a – WTP flexibility LB 20 10
b – WTP flexibility UB 20.1 10.1
p – price LB 550 225
p – price UB 850 375
p̃ – price interval 75 37.5

For each problem, both Sarsa and Sarsa(λ) were per-
formed to compute optimal policies and were compared
against optimal policies that were allowed to learn the state-
action value function given an exploration policy. These ex-
ploration policies includd a static low policy (offering the
lowest price at all times for all fare classes), a static high
policy (offering the highest price at all times for all fare
classes), and a random policy. The parameters governing the
two problems are given in Table 2. The problem is undis-
counted γ = 1 since the horizon is finite.

Table 2: Solver Parameters

Parameter One Class Two Classes
Time horizon 20 20
Number of tickets avail. 300 500
Learning rate 0.1 0.2
Discount factor 1 1
Eligibility parameter 0.9 0.9
Training episodes 250,000 50,000
Exploration strategy ε-greedy ε-greedy
ε 0.2 0.2

Results
The average rewards for executing the baseline optimal poli-
cies and the optimal policies for each of the fare classes is
tabulated in Table 3.

Table 3: Fare Class Optimal Policy Average Rewards

Policy One Class Two Classes
Static low 165,000 217,684
Static high 75,424 92,776
Random 188,729 250,003
Sarsa 190,758 239,400
Sarsa(λ) 196,876 235,700

In general, the random policy outperforms all of the other
baseline optimal policies. For the single fare class (shown
in Figs. 4-7), Sarsa and Sarsa(λ) both outperform a ran-
dom policy and moreover, Sarsa(λ) outperforms Sarsa for
the same number of training episodes – indicating a more
efficient learning procedure. Observing the policy plots, we
see a trend that the optimal policies learn to hold out to the
horizon to maximize the opportunities to sell tickets at a high
price. We also observe a reactionary response that if the tick-
ets are selling well, the price should be increased to exploit
the demand. The random policy, likely because of visiting
many states, learns this reactionary behavior quite well.

For the second fare class (shown in Figs. 8-13), the ran-
dom policy outperforms the optimal policies generated by
Sarsa & Sarsa(λ), which appear noisy either due to unstable
learning or a lack of convergence. The random policy in this
case performs similarly to the single fare class case, learning
a conveniently optimal policy for the agent that can sell the
most expensive tickets and learning a truly random policy.



Figure 4: Optimal value functions for the single fare class
case (fare class 1) trained using Sarsa (left) and Sarsa(λ)
(right).

Figure 5: Optimal pricing policies in dollars ($) for the sin-
gle fare class case (fare class 1) trained using Sarsa (left) and
Sarsa(λ) (right).

Figure 6: Optimal value functions for the single fare class
case (fare class 1) using the cheapest price (left), a random
policy (center), and the most expensive price (right).

Figure 7: Optimal policies learned for the single fare class
case (fare class 1) using the cheapest price (left), a random
policy (center), and the most expensive price (right).

Figure 8: Optimal value functions for the two fare class case
trained using Sarsa (left) and Sarsa(λ) (right).

Figure 9: Optimal pricing policies for the first fare class in
dollars ($) for the two fare class case trained using Sarsa
(left) and Sarsa(λ) (right).

Figure 10: Optimal pricing policies for the second fare class
in dollars ($) for the two fare class case trained using Sarsa
(left) and Sarsa(λ) (right).

Figure 11: Optimal value functions for the two fare class
case using the cheapest price (left), a random policy (center),
and the most expensive price (right).

Figure 12: Optimal policies learned for the first fare class
in the two fare class case using the cheapest price (left), a
random policy (center), and the most expensive price (right).

Figure 13: Optimal policies learned for the second fare class
in the two fare class case using the cheapest price (left), a
random policy (center), and the most expensive price (right).



Conclusion
We introduced a factored multi-agent Markov decision pro-
cess (MMDP) as a decision-theoretic approach to solving a
multi-fare dynamic pricing problem and utilized model-free
reinforcement learning algorithms to determine an approxi-
mately optimal policy for a specified set of fare classes. We
demonstrated improvement over static and random default
policies for a single-agent case and demonstrated improve-
ment over static and random default policies in only some
cases due to limited training time.

Further work could involve modifications to both the cus-
tomer dynamics and learning frameworks. For example, the
mean of the customers’ willingness-to-pay threshold could
be modeled to increase with time. Also, more complex learn-
ing frameworks could be used such as deep Q-learning
(DQN) to globally approximate the state-action value func-
tion and thus improve generalization of the joint policy. The
assumption that an agent can only set prices in a small,
discrete set of prices is not poor in a general sense, how-
ever real agents can set prices in a continuous space (or at
least at a fine resolution, e.g. $1), so modifications could be
made to the problem to enable a tractable solution for a fine-
resolution discrete action set or continuous action space. An-
other modification could be to implement learning rate and
epsilon-greedy annealing to stabilize the learning process
and make to computation more efficient.

Additionally, the problem could be framed as a decentral-
ized Markov decision process (DEC-MDP), where agents
cannot communicate for free and the joint state is only
jointly fully-observable, or the problem could be framed as
a decentralized partially-observable Markov decision pro-
cess (DEC-POMDP), where the individual state is partially-
observable. These frameworks can improve the generaliza-
tion of the joint policy to a wider variety of scenarios.

Contributions
Ross and Jonathan shared the workload for most aspects of
the project. Ross worked more on developing the theoret-
ical framework for the problem and Jonathan worked more
on implementing the algorithms for solving the problem, but
meetings were held regularly to discuss updates to the pro-
posed approach, implementation of algorithms, generation
of results and conclusion, and synthesis of the paper.
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