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October 29, 2012

CS103 Midterm Exam
This midterm exam is open-book, open-note, open-computer, but closed-network. This means
that if you want to have your laptop with you when you take the exam, that's perfectly fine, but
you must not use a network connection. You should only use your computer to look at notes
you've downloaded in advance. Although you may use laptops, you must hand-write all of your
solutions on this physical copy of the exam. No electronic submissions will be considered without prior consent of the course staff.
SUNetID:
Last Name:
First Name:
I accept both the letter and the spirit of the honor code. I have not received any assistance on this
test, nor will I give any.

(signed) _______________________________________________________________
You have three hours to complete this midterm. There are 180 total points, and this midterm is
worth 15% of your total grade in this course. You may find it useful to read through all the questions to get a sense of what this midterm contains. As a rough sense of the difficulty of each
question, there is one point on this exam per minute of testing time.
Question

Points

(1) First-Order Logic

(25)

/ 25

(2) Finding Flaws in Proofs

(15)

/ 15

(3) Induction

(45)

/ 45

(4) Relations

(50)

/ 50

(5) The Pigeonhole Principle

(45)

/ 45

(180)

/ 180

Good luck!

Grader
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Problem One: First-Order Logic

(25 points total)

You will be given a list of first-order predicates and functions along with an English sentence.
Write a statement in first-order logic that expresses the indicated sentence. Your statement may
use any first-order construct (equality, connectives, quantifiers, etc.), but you must only use the
predicates, functions, and constants provided.
As an example, if you were given just the predicates Integer(x), which states that x is an integer,
and the function Plus(x, y), which represents the sum of x and y, you could write the statement
“there is some even integer” as
∃n. ∃k. (Integer(n) ∧ Integer(k) ∧ Plus(k, k) = n)
since this asserts that some integer n is equal to 2k for some integer k. However, you could not
write
∃n. (Integer(n) ∧ Even(n))
because there is no Even predicate. Similarly, you could not write
∃n ∈ ℤ. ∃k ∈ ℤ. Plus(k, k) = n
Because there is no ∈ predicate and no constant symbol ℤ. The point of this question is to get
you to think how to express certain concepts in first-order logic given a limited set of predicates,
so feel free to write any formula you'd like as long as you don't invent your own predicates, functions, or constants.
(i) Tik Tok
Given the predicates

(10 Points)

DAG(G), which states that G is a directed acyclic graph;
NodeIn(v, G), which states that v is a node in G; and
EdgeIn(u, v, G), which states that in graph G, there is an edge from u to v,
write a statement in first-order logic that says “every DAG has a node with no incoming edges.”
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(ii) The Logic of Elections
(15 Points)
Suppose that it's next Tuesday night and the two major candidates are examining the vote counts
in the 2012 US Presidential Election. (To avoid turning this midterm into a political debate, let's
call the candidates Candidate X and Candidate Y.) Candidate X argues that more people voted
for him than for Candidate Y by making the following claim: “For every ballot cast for Candidate
Y, there were two ballots cast for Candidate X.” Candidate X states this in first-order logic as follows:
∀b. (BallotForY(b) → ∃b1. ∃b2. (BallotForX(b1) ∧ BallotForX(b2) ∧ b1 ≠ b2))
However, it is possible for the above first-order logic statement to be true even if Candidate X
didn't get the majority of the votes. Give an example of a set of ballots such that
•

Every ballot is cast for exactly one of Candidate X and Candidate Y,

•

The set of ballots obeys the rules described by the above statement in first-order logic, but

•

Candidate Y gets strictly more votes than Candidate X.

You should justify why your set of ballots works, though you don't need to formally prove it.
Make specific reference to the first-order logic statement when explaining why your set of ballots
obeys it.
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Problem Two: Finding Flaws in Proofs

(15 points)

In lecture, we sketched a proof that |ℕ| = |ℕ |; that is, that there are the same number of natural
numbers as pairs of natural numbers. However, below is a purported proof that |ℕ| ≠ |ℕ2|.
2

Theorem: |ℕ| ≠ |ℕ2|.
Proof: By contradiction; assume that |ℕ| = |ℕ2|. Then there exists some bijection
f : ℕ → ℕ2, so for any n ∈ ℕ, f(n) is an ordered pair of natural numbers. For notational simplicity, denote the first value in the ordered pair f(n) by f1(n) and the
second value by f2(n). Thus f(n) = (f1(n), f2(n)).
Now, consider the sequence p0, p1, p2, … defined as follows: for any n ∈ ℕ, let
pn = (f1(n) + 1, f2(n) + 1). Note that each pn is an ordered pair of natural numbers,
so pn ∈ ℕ2 for all n ∈ ℕ.
Since f is a bijection, it is surjective, so for any pn, there must be some n ∈ ℕ such
that f(n) = pn. By our definition of pn, this means that
(f1(n), f2(n)) = (f1(n) + 1, f2(n) + 1)
Since two ordered pairs are equal iff their components are equal, this means that
f1(n) = f1(n) + 1 and f2(n) = f2(n) + 1, which is impossible.
We have reached a contradiction, so our initial assumption must have been wrong.
Thus |ℕ| ≠ |ℕ2|. ■
Of course, this proof is incorrect and contains a fatal flaw. What's wrong with this proof?
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Problem Three: Induction

(45 points)

Consider the alphabet Σ = {0, 1}. For any string w ∈ Σ*, let's denote the length of w by |w|. For
example, |ε| = 0, |01| = 2, |01000| = 5, etc.
Given this definition, consider the following language L3:
L3 = { w ∈ Σ* | |w| ≡3 0 }
For example, 011 ∈ L3, 010101 ∈ L3, and ε ∈ L3, but 0 ∉ L3, 00 ∉ L3, and 0000 ∉ L3.
Below is a DFA D for the language L3:
0, 1
start

q0

0, 1

q1

0, 1

q2

Prove by induction on |w| that for any string w ∈ Σ*, D accepts w iff w ∈ L3. This establishes
that ℒ(D) = L3. To make the notation easier, you can denote by wa the string formed by appending the character a to the string w.
Although we rigorously defined what it means for a DFA to accept a string in last Wednesday's
lecture, you do not need to use that formal terminology (such as the δ* function) in your proof.
You may describe the operation of the machine in plain English if you would like.
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(extra space for Problem Three, if you need it)
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Problem Four: Relations

(50 Points)

(i) Counting Partial Orders
(20 Points)
Let A = {a, b, c}. How many different binary relations are there over A that are partial orders?
You must justify your answer to receive credit, but you don't need to write a formal proof.
A note: two relations R1 and R2 over some set X are considered the same iff for any x, y ∈ X, we
have that xR1y iff xR2y. Two relations are different iff they're not the same.
(Hint: It might be useful to draw some pictures.)
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(extra space for Problem 4.i, if you need it)
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(ii) Relations and Functions
(15 Points)
Let A and B be arbitrary sets where ≤B is a partial order over B. Suppose that we pick an injective
function f : A → B. We can then define a relation ≤A over A as follows: for any x, y ∈ A, we have
x ≤A y iff f(x) ≤B f(y).
Prove that ≤A is a partial order over A.
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(iii) Overlapping Relations
(15 Points)
Are there any binary relations over ℕ that are both equivalence relations and total orders? If so,
give an example of one and prove why it is both an equivalence relation and a total order. If not,
prove why not.
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Problem Five: The Pigeonhole Principle

(45 points total)

Suppose that you color every point in the real plane one of four colors (say, red, green, blue, and
yellow). Prove that no matter how you color the plane, there will always be a trapezoid whose
corners are all the same color. Recall that a trapezoid is a quadrilateral with at least two parallel
sides. For example, all of the following figures are trapezoids:

(Hint: Try placing a specially-constructed object into the real plane such that no matter how that
object is colored, the object always contains a trapezoid whose corners are the same color.)
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(extra space for Problem Five, if you need it)

