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Problem Set 2

This second problem set is designed to help you master inductive proofs. It begins with some
simpler problems intended to help you adjust to induction, then concludes with applications to in-
finite series, recursive functions, and contests.

As much as you possibly can, please try to work on this problem set individually. That said, if
you do work with others, please be sure to cite who you are working with and on what problems.
For more details, see the section on the honor code in the course information handout.

In any question that asks for a proof, you must provide a rigorous mathematical proof. You can-
not draw a picture or argue by intuition. You should, at the very least, state what type of proof
you are using, and (if proceeding by contradiction, contrapositive, or induction) state exactly what
it is that you are trying to show. If we specify that a proof must be done a certain way, you must
use that particular proof technique; otherwise you may prove the result however you wish.

If you are asked to prove something by induction, you may use weak induction, strong induction,
or the well-ordering principle. You should state your base case before you prove it, and should
state what the inductive hypothesis is before you prove the inductive step.

As always, please feel free to drop by office hours or send us emails if you have any questions.
We'd be happy to help out.

This problem set has 150 possible points. It is weighted at 7% of your total grade. The earlier
questions serve as a warm-up for the later problems, so do be aware that the difficulty of the prob-
lems does increase over the course of this problem set.

Good luck, and have fun!
Checkpoint Questions Due Tuesday, January 22 at 5:00 PM
Remaining Questions Due Friday, January 25 at 12:50 PM
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Write your solutions to the following problems and submit them by this Tuesday, January 22" at 5PM.
These problems will be graded based on whether or not you submit it, rather than the correctness of
your solutions. We will try to get these problems returned to you with feedback on your proof style this
Thursday, January 24™. Submission instructions are at the end of this problem set.

Please make the best effort you can when solving these problems. We want the feedback we give
you on your solutions to be as useful as possible, so the more time and effort you put into them, the bet-
ter we'll be able to comment on your proof style and technique. Note that this question has three
parts.

Checkpoint Question: Tiling with Triominoes™ (25 Points if Submitted)
Suppose that you are given a set of right triominoes, blocks with this shape:

Suppose that you are also given a square grid of size 2" x 2" and want to tile it with right triominoes by
covering the grid with triominoes such that all triominoes are completely on the grid and no triominoes
overlap. Here's an attempt to cover an 8 x 8 grid with triominoes, which fails because not all squares in
the grid are covered:

Any figure that can be tiled with triominoes must have a number of squares that is a multiple of three.
This means that it is impossible to completely tile a 2" x 2" figure with right triominoes. because there
are 4" squares in a 2" x 2" figure and 4" is not a multiple of three. Interestingly, though, if we remove
some square from the 2" x 2" grid, then there are a total of 4” — 1 squares to cover, which is a multiple
of three.

i. Prove, by induction on n, that 4" — 1 is a multiple of three for any n € N.

ii. It is necessary that a figure have a multiple of three squares in order to be tiled with right tri-
ominoes. That is, if a figure does not have a multiple of three squares, then there is no way to
tile it with right triominoes. However, this criterion is not sufficient. Give an example of a
shape that contains an multiple of three squares, but which cannot be tiled by right triominoes.

(continued on next page)

* T originally heard this problem from David Gries of Cornell University. The terminology used here is borrowed from
Discrete Math and its Applications, Sixth Edition by Kenneth Rosen.
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Amazingly, it turns out that it is always possible to tile any 2" x 2" grid that's missing exactly one
square with right triominoes. It doesn't matter what # is or which square is removed; there is always a

solution to the problem. For example, here are all the ways to tile a 4 x 4 grid that has a square miss-
ing:

1ii. Prove that any 2" x 2" grid with one square removed can be tiled by right triominoes.
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The remainder of these problems should be completed and returned by Friday, January 25 at the start of
class.

Problem One: Recurrence Relations (20 Points)

A recurrence relation is a recursive definition of the terms in a sequence. Typically, a recurrence rela-
tion specifies the value of the first few terms in a sequence, then defines the remaining terms from the
previous terms.

For example, the Fibonacci sequence can be defined by the following recurrence relation:

F():O
F1:1
F/1+2:Fn+Fn+1

The first terms of this sequence are Fy =0, Fi =1, F>, =1, Fs=2,F,=3,Fs =5, Fs =8, etc.

Some recurrence relations define well-known sequences. For example, consider the following recur-
rence relation:

Ao — 1
ap+1 = 2an
The first few terms of this sequence are 1, 2, 4, 8, 16, 32, ..., which happen to be powers of two.

i. Prove by induction that for any n € N, we have a, =2".

Minor changes to the recursive step in a recurrence relation can lead to enormous changes in what
numbers are generated. Consider the following two recurrence relations, which are similar to the a, se-
quence defined above but with slight changes to the recursive step:

bo = 1 Co— 1
b1 =2b,—1 Cor1 =2¢c,+ 1
1. Find non-recursive definitions for b, and c,, then prove by induction that your definitions are

correct.

Finding non-recursive definitions for recurrences (often called “solving” the recurrence) is useful in the
design and analysis of algorithms. Commonly, when trying to analyze the runtime of an algorithm, you
will arrive at a recurrence relation describing the runtime on an input of size n in terms of the runtime
on inputs of smaller sizes. Solving the recurrence then lets you precisely determine the runtime. To
learn more, take CS161, Math 108, or consider reading through Concrete Mathematics by Graham,
Knuth, and Patashnik.

Problem Two: Nim (16 points)

Nim is a family of games played by two players. The game begins with several piles of stones that are
shared between the two players. Players alternate taking turns removing any nonzero number of stones
from any single pile of their choice. If at the start of a player's turn all the piles are empty, then that
player loses the game.

Prove, by induction, that if the game is played with two piles of stones, each of which begins with the
same number of stones, then the second player can always win the game if she plays correctly.
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Problem Three: Contract Rummy (16 points)

Contract rummy 1is a card game for any number of players in which players are dealt a hand of cards
and, through several iterations of drawing and discarding cards, need to accumulate sets and sequences.
A set is a collection of three cards of the same value, and a sequence is a collection of four cards of the
same suit that are in ascending order. The game proceeds in multiple rounds in which players need to
accumulate a different number of sets and sequences. The rounds are:

* Two sets (six cards)

* One set, one sequence (seven cards)

* Two sequences (eight cards)

* Three sets (nine cards)

* Two sets and a sequence (ten cards)

* One set and two sequences (eleven cards)
* Three sequences (twelve cards)

Notice that in each round, the requirements are such that the number of cards required increases by one.
It's interesting that it's always possible to do this, since the total number of cards must be made using
just combinations of three cards and four cards.

Prove, by induction, that any natural number greater than or equal to six can be written as 3m + 4n for
some natural numbers m and n. As a reminder, since m and n are natural numbers, it's important to
show that m >0 and n > 0.

Problem Four: Colored Cubes’ (24 Points)

Suppose that you have cubes of n different colors where collectively you have a total of kn cubes for
some natural number k. For example, you might have 30 cubes of six different colors, with n = 6 and
k=15. Alternatively, you might have 120 cubes of 30 different colors, with n =30 and k = 4.

i. Prove that if n > 1, then there must be some color such that there are at least £ cubes of that
color and some color such that there are at most & cubes of that color. Note that these might be
the same color.

ii. Prove by induction on # that it is always possible to distribute the cubes into n boxes such that
* Each box contains exactly k£ cubes, and
* Each box contains cubes of at most two different colors.
As a hint, you might want to use your result from part (i).

The result that you have proved in part (ii) forms the basis for the alias method, a fast algorithm for
simulating rolls of a loaded die. This has applications in machine learning (simulating different
outcomes of a random event for reinforcement learning), operating systems (allocating CPU time to
processes with different needs), and computational linguistics (generating random sentences based on
differently-weighted rules).

*  This problem adapted from Exercise 3.4.1.7 of The Art of Computer Programming, Third Edition, Volume II:
Seminumerical Algorithms by Donald Knuth.
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Problem Five: Binomial Trees (16 Points)

A directed tree is a special kind of directed graph with the following properties:
* There is a special node called the root node with no incoming edges.
* Every node other than the root node has exactly one incoming edge.
If a node u has an edge to a node v, we say that u is the parent of v. Similarly, v is a child of u.

Binomial trees are a specific family of directed trees defined as follows: a binomial tree of order 7 is a
single node with # children, which are binomial trees of order 0, 1, 2, ..., n — 1. For example, here are
pictures of binomial trees of orders 0, 1, 2, and 3:

© O (2) (3)
@ O ©
© D
@
Prove by induction that a binomial tree of order » has exactly 2" nodes.

Binomial trees are used as a building block in the binomial heap data structure, which can be used to
efficiently determine the smallest element out of a group of values. If you're interested in learning
more about the binomial heap and its applications, consider picking up a copy of Introduction to Algo-
rithms, Third Edition by Cormen, Leiserson, Rivest, and Stein.

Problem Six: Tournament Graphs (28 points)

A tournament is a contest among n > 0 players. Each player plays a
game against each other player, and either wins or loses the game (let's
Q“ assume that there are no draws). A tournament graph is a graph repre-
V senting the result of a tournament, where each node corresponds to a
e player and each edge (1, v) means that player u won her game against

player v. A tournament for five players is shown to the left.
GA A tournament winner is a player in a tournament who, for each other
" player, either won her game against that player, or won a game against a
@ player who in turn won against that player. For example, in the adjacent
graph, B, C, and E are tournament winners. However, D is not a tourna-
ment winner, because he neither won against player C, nor won against anyone who in turn won against

C. Although D won against £, who in turn won against B, who then won against C, under our defini-
tion D is not a tournament winner.

Prove that every tournament graph has a tournament winner.
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Problem Seven: Course Feedback (5 Points)

We want this course to be as good as it can be, and we'd really appreciate your feedback on how we're

doing.

For a free five points, please answer the following questions. We'll give you full credit no mat-

ter what you write (as long as you write something!), but we'd appreciate it if you're honest about how
we're doing.

.

1l.

1il.

1v.

How hard did you find this problem set? How long did it take you to finish? Does that seem
unreasonably difficult or time-consuming for a five-unit class?

Did you attend a recitation section or read through the discussion problems? If so, did you find
it useful?

Did you read the online course notes? If so, did you find them useful?
How is the pace of this course so far? Too slow? Too fast? Just right?

Is there anything in particular we could do better? Is there anything in particular that you think
we're doing well?

Submission instructions

There are three ways to submit this assignment:

1.

Hand in a physical copy of your answers at the start of class. This is probably the easiest way
to submit if you are on campus.

Submit a physical copy of your answers in the filing cabinet in the open space near the handout
hangout in the Gates building. If you haven't been there before, it's right inside the entrance la-
beled “Stanford Engineering Venture Fund Laboratories.” There will be a clearly-labeled filing
cabinet where you can submit your solutions.

Send an email with an electronic copy of your answers to the submission mailing list
(cs103-winl213-submissions(@lists.stanford.edu) with the string “[PS2]” somewhere in the sub-
ject line. If you do submit electronically, please submit your assignment as a single PDF if at
all possible. Sending multiple files makes it harder to grade your submission. If you submit
online, you should receive an automatic confirmation email letting you know that your submis-
sion was successful. Please contact us if you do not get an automatic confirmation.
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Extra Credit Problem: Egyptian Fractions (5 Points Extra Credit)

The Fibonacci sequence is named after Leonardo Fibonacci, an eleventh-century Italian mathematician
who is credited with introducing Hindu-Arabic numerals (the number system we use today) to Europe
in his book Liber Abaci. This book also contained an early description of the Fibonacci sequence, from
which the sequence takes its name.

In lecture, we saw a surprising connection between Fibonacci numbers and continued fractions, an sys-
tem for writing out rational numbers. Interestingly, Liber Abaci also described a separate notation for
fractions called Egyptian fractions, a method for writing out fractions that has been employed since an-
cient times.” An Egyptian Fraction is a sum of distinct fractions whose numerators are all one (these
fractions are called unit fractions). For example:

2_1. 1 2 1 1
—_—=—4 — —_— =t —
3 2 6 15 10 30
7 1. 1, 1 2 1 1
— =+ —+ — =t —
15 3 8 120 85 51 255

One way of finding an Egyptian fraction representation of a rational number is to use a greedy algo-
rithm that works by finding the largest unit fraction at any point that can be subtracted out from the ra-
tional number. For example, to compute the fraction for 42 / 137, we would start off by noting that
1 / 4 is the largest unit fraction less than 42 / 137. We then say that

2 1, .4 1
( )

137 4

31

_1
4 548

137 4

We then repeat this process by finding the largest unit fraction less than 31 / 548 and subtracting it out.
This number is 1/18, so we get

2 1,42 1.1 1,30 1.1 1 5
+( J=—+—+( J=—+—+

137 4 '137 4’ 4 18

548 18

4 18 4,932
The largest unit fraction we can subtract from 5 /4932 is 1 / 987:

2 1 1 , 5 1.1 1 1 |
— =+ —+( - )=t —t+——+
137 4 18 4,932 987" 4 18 987 1,622,628

And at this point we're done, because the leftover fraction is itself a unit fraction.

Prove that the greedy algorithm for Egyptian fractions always terminates for any rational number ¢ in
the range 0 < ¢ <1 and always produces a valid Egyptian fraction. That is, the sum of the unit fractions
should be the original number, and no unit fraction should be repeated. This shows that every rational
number in the range 0 < ¢ <1 has at least one Egyptian fraction representation.

* There is archaeological evidence (the Rhind papyrus) that shows that the ancient Egyptians were using Egyptian
fractions over three thousand years ago.



