Functions and Cardinality



Announcements

 Problem Set 1 graded.

« Hardcopies returned at end of lecture.
« Electronic copies emailed back later today.

« Problem Set 2 checkpoint will be graded tomorrow.

« Feedback returned via email, or available in hard copy in
Keith's office / the return filing cabinet.

* Casual dinner for women studying CS tomorrow in
Gates 219 at 6:00PM.

 Good food, great company, and everyone is invited!



A function is a means of associating each
object in one set with an object in some
other set.
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Terminology

« A function fis a mapping such that every value in A
1s associated with a unique value in B.

 For every a € A, there exists some b € B with f(a) = b.
. If fla) = b, and f(a) = b, then b, = b,.

 If fis a function from A to B, we sometimes say that
f1s a mapping from A to B.

 We call A the domain of f.
« We call B the codomain of f.

- We'll discuss “range” in a few minutes.

 We denote that fis a function from A to B by writing
f:A-B
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Defining Functions

« Typically, we specity a function by describing a
rule that maps every element of the domain to
some element of the codomain.

« Examples:
e fln)=n+1,wheref:2Z2-72
e f(x) =sin x, wheref: R—- R
 f(x) =[x]|, wheref: R—->Z

« When defining a function it is always a good idea
to verify that

« The function is uniquely defined for all elements in the
domain, and

« The function's output is always in the codomain.
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Piecewise Functions

 Functions may be specified piecewise,
with different rules applying to different
elements.

 Example:

_: —nl2  if niseven
f(n)_k(n+l)/2 otherwise

« When defining a function piecewise, it's
up to you to confirm that it defines a legal
function!
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Injective Functions

« A function f: A — B is called injective (or
one-to-one) if each element of the codomain has
at most one element of the domain associated with
it.

« A function with this property is called an injection.

« Formally, f: A — B is an injection iff

For any x,, x, € A:
if f(x,) = f(x,), then x, = x,

« An intuition: injective functions label the objects
from A using names from B.
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Surjective Functions

« A function f: A - B is called surjective (or
onto) if each element of the codomain has at

least one element of the domain associated
with it.

« A function with this property is called a
surjection.

 Formally, f: A — B is a surjection iff

For every b € B, there exists at
least one a € A such that f(a) = b.

« An intuition: surjective functions cover every
element of B with at least one element of A.



Injections and Surjections

* An injective function associates at most
one element of the domain with each
element of the codomain.

» A surjective function associates at least
one element of the domain with each
element of the codomain.

« What about functions that associate
exactly one element of the domain with
each element of the codomain?
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Bijections

» A function that associates each element
of the codomain with a unique element of
the domain is called bijective.

 Such a function is a bijection.

 Formally, a bijection is a function that is
both injective and surjective.

* A bijection is a one-to-one
correspondence between two sets.



Compositions
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Function Composition

eJetf:A—-Bandg:B - C.

 The composition of f and g (denoted
g ° f) is the function g - f: A — C defined as

(g - NH(x) = g(f(x))

 Note that f is applied first, but fis on the
right side!

 Function composition is associative:
ho(gof)z(hog)of



Function Composition

« Supposef:A—-Aandg:A - A.
« Then both g - fand f - g are defined.
 Does g ° falways equal f - g°?
 In general, no:

« Let f(x) = 2x

e Letg(x) =x+1

* (g ° NX) = g(f(x) = g(2x) = 2x + 1

* (feg)X) =f(gx¥)) =fix +1) =2x + 2



Cardinality Revisited



Cardinality

« Recall (from lecture one!) that the cardinality of a
set is the number of elements it contains.

« Denoted [S].

« For finite sets, cardinalities are natural numbers:
« |{1, 2,3} =3
. [{100, 200, 300}| = 3

 For infinite sets, we introduce infinite cardinals
to denote the size of sets:

. |IN| =¥,



Comparing Cardinalities

 The relationships between set cardinalities are
defined in terms of functions between those
sets.

« |S| = |T| is defined using bijections.




Theorem: If |[R| = |S| and |S| = |T

, then |R| = |T].



Theorem: If |R| = |S| and |S| = |T]|, then |R| = |T].
Proof: We will exhibit a bijection f: R - T.




Theorem: If |R| = |S| and |S| = |T]|, then |R| = |T].

Proof: We will exhibit a bijection f: R - T. Since |R| = |S
bijection g : R - S.

, there is a




Theorem: If |R| = |S| and |S| = |T]|, then |R| = |T].

Proof: We will exhibit a bijection f: R —» T. Since |R| = |S|, there is a
bijection g : R — S. Since |S| = |T|, there is a bijection h : S - T.




Theorem: If |R| = |S| and |S| = |T]|, then |R| = |T].

Proof: We will exhibit a bijection f: R —» T. Since |R| = |S|, there is a
bijection g : R — S. Since |S| = |T|, there is a bijection h : S - T.




Theorem: If |R| = |S| and |S| = |T]|, then |R| = |T].

Proof: We will exhibit a bijection f: R - T. Since |R| = |S
bijection g : R — S. Since |S| = |T

, there is a
, there is a bijection h : S - T.




Theorem: If |R| = |S| and |S| = |T]|, then |R| = |T].

Proof: We will exhibit a bijection f: R —» T. Since |R| = |S|, there is a
bijection g : R — S. Since |S| = |T|, there is a bijection h : S - T.

h
g S

h
g S

h
g S




Theorem: If |R| = |S| and |S| = |T]|, then |R| = |T].

Proof: We will exhibit a bijection f: R —» T. Since |R| = |S|, there is a
bijection g : R — S. Since |S| = |T|, there is a bijection h : S - T.

ho-g




Theorem: If |R| = |S| and |S| = |T]|, then |R| = |T].

Proof: We will exhibit a bijection f: R —» T. Since |R| = |S|, there is a
bijection g : R — S. Since |S| = |T|, there is a bijection h : S - T.

Let f=h - g; this means thatf: R - T.



Theorem: If |R| = |S| and |S| = |T]|, then |R| = |T].

Proof: We will exhibit a bijection f: R —» T. Since |R| = |S|, there is a
bijection g : R — S. Since |S| = |T|, there is a bijection h : S - T.

Let f = h o g; this means that f: R - T. We prove that fis a
bijection by showing that it is injective and surjective.



Theorem: If |R| = |S| and |S| = |T]|, then |R| = |T].

Proof: We will exhibit a bijection f: R —» T. Since |R| = |S|, there is a
bijection g : R — S. Since |S| = |T|, there is a bijection h : S - T.

Let f = h o g; this means that f: R - T. We prove that fis a
bijection by showing that it is injective and surjective.

To see that f'is injective, suppose that f(r,) = f(r,).



Theorem: If |R| = |S| and |S| = |T]|, then |R| = |T].

Proof: We will exhibit a bijection f: R —» T. Since |R| = |S|, there is a
bijection g : R — S. Since |S| = |T|, there is a bijection h : S - T.

Let f = h o g; this means that f: R - T. We prove that fis a
bijection by showing that it is injective and surjective.

To see that f'is injective, suppose that f(r,) = f(r,). We will show
thatr,=r,.



Theorem: If |R| = |S| and |S| = |T]|, then |R| = |T].

Proof: We will exhibit a bijection f: R —» T. Since |R| = |S|, there is a
bijection g : R — S. Since |S| = |T|, there is a bijection h : S - T.

Let f = h o g; this means that f: R - T. We prove that fis a
bijection by showing that it is injective and surjective.

To see that f'is injective, suppose that f(r,) = f(r,). We will show
that r, = r,. Since f(r,) = f(r,), we know (h - g)(r,) = (h - g)(r,).



Theorem: If |R| = |S| and |S| = |T]|, then |R| = |T].

Proof: We will exhibit a bijection f: R - T. Since |R| = |S
bijection g : R — S. Since |S| = |T

, there is a
, there is a bijection h : S - T.

Let f = h o g; this means that f: R - T. We prove that fis a
bijection by showing that it is injective and surjective.

To see that f'is injective, suppose that f(r,) = f(r,). We will show
that r, = r,. Since f(r,) = f(r,), we know (h - g)(r,) = (h - g)(r,).
By definition of composition, we have h(g(r,)) = h(g(r,)).



Theorem: If |R| = |S| and |S| = |T]|, then |R| = |T].

Proof: We will exhibit a bijection f: R —» T. Since |R| = |S|, there is a
bijection g : R — S. Since |S| = |T|, there is a bijection h : S - T.

Let f = h o g; this means that f: R - T. We prove that fis a
bijection by showing that it is injective and surjective.

To see that f'is injective, suppose that f(r,) = f(r,). We will show
that r, = r,. Since f(r,) = f(r,), we know (h - g)(r,) = (h - g)(r,).
By definition of composition, we have h(g(r,)) = h(g(r,)). Since h
is a bijection, h is injective.



Theorem: If |R| = |S| and |S| = |T]|, then |R| = |T].

Proof: We will exhibit a bijection f: R —» T. Since |R| = |S|, there is a
bijection g : R — S. Since |S| = |T|, there is a bijection h : S - T.

Let f = h o g; this means that f: R - T. We prove that fis a
bijection by showing that it is injective and surjective.

To see that f'is injective, suppose that f(r,) = f(r,). We will show
that r, = r,. Since f(r,) = f(r,), we know (h - g)(r,) = (h - g)(r,).

By definition of composition, we have h(g(r,)) = h(g(r,)). Since h
is a bijection, h is injective. Thus since h(g(r,)) = h(g(r,)), we have
that g(r,) = g(r)).



Theorem: If |R| = |S| and |S| = |T]|, then |R| = |T].

Proof: We will exhibit a bijection f: R —» T. Since |R| = |S|, there is a
bijection g : R — S. Since |S| = |T|, there is a bijection h : S - T.

Let f = h o g; this means that f: R - T. We prove that fis a
bijection by showing that it is injective and surjective.

To see that f'is injective, suppose that f(r,) = f(r,). We will show
that r, = r,. Since f(r,) = f(r,), we know (h - g)(r,) = (h - g)(r,).

By definition of composition, we have h(g(r,)) = h(g(r,)). Since h
is a bijection, h is injective. Thus since h(g(r,)) = h(g(r,)), we have
that g(r,) = g(r,). Since g is a bijection, g is injective, so because
g(r,) = g(r,) we have that r, = r,.



Theorem: If |R| = |S| and |S| = |T]|, then |R| = |T].

Proof: We will exhibit a bijection f: R —» T. Since |R| = |S|, there is a
bijection g : R — S. Since |S| = |T|, there is a bijection h : S - T.

Let f = h o g; this means that f: R - T. We prove that fis a
bijection by showing that it is injective and surjective.

To see that f'is injective, suppose that f(r,) = f(r,). We will show
that r, = r,. Since f(r,) = f(r,), we know (h - g)(r,) = (h - g)(r,).

By definition of composition, we have h(g(r,)) = h(g(r,)). Since h
is a bijection, h is injective. Thus since h(g(r,)) = h(g(r,)), we have
that g(r,) = g(r,). Since g is a bijection, g is injective, so because
g(r,) = g(r,) we have that r, = r,. Therefore, fis injective.



Theorem: If |R| = |S| and |S| = |T]|, then |R| = |T].

Proof: We will exhibit a bijection f: R —» T. Since |R| = |S|, there is a
bijection g : R — S. Since |S| = |T|, there is a bijection h : S - T.

Let f = h o g; this means that f: R - T. We prove that fis a
bijection by showing that it is injective and surjective.

To see that f'is injective, suppose that f(r,) = f(r,). We will show
that r, = r,. Since f(r,) = f(r,), we know (h - g)(r,) = (h - g)(r,).

By definition of composition, we have h(g(r,)) = h(g(r,)). Since h
is a bijection, h is injective. Thus since h(g(r,)) = h(g(r,)), we have
that g(r,) = g(r,). Since g is a bijection, g is injective, so because
g(r,) = g(r,) we have that r, = r,. Therefore, fis injective.

To see that fis surjective, consider any t € T.



Theorem: If |R| = |S| and |S| = |T]|, then |R| = |T].

Proof: We will exhibit a bijection f: R —» T. Since |R| = |S|, there is a
bijection g : R — S. Since |S| = |T|, there is a bijection h : S - T.

Let f = h o g; this means that f: R - T. We prove that fis a
bijection by showing that it is injective and surjective.

To see that f'is injective, suppose that f(r,) = f(r,). We will show
that r, = r,. Since f(r,) = f(r,), we know (h - g)(r,) = (h - g)(r,).

By definition of composition, we have h(g(r,)) = h(g(r,)). Since h
is a bijection, h is injective. Thus since h(g(r,)) = h(g(r,)), we have
that g(r,) = g(r,). Since g is a bijection, g is injective, so because
g(r,) = g(r,) we have that r, = r,. Therefore, fis injective.

To see that fis surjective, consider any t € T. We will show that
there is some r € R such that f(r) = t.



Theorem: If |R| = |S| and |S| = |T]|, then |R| = |T].

Proof: We will exhibit a bijection f: R —» T. Since |R| = |S|, there is a
bijection g : R — S. Since |S| = |T|, there is a bijection h : S - T.

Let f = h o g; this means that f: R - T. We prove that fis a
bijection by showing that it is injective and surjective.

To see that f'is injective, suppose that f(r,) = f(r,). We will show
that r, = r,. Since f(r,) = f(r,), we know (h - g)(r,) = (h - g)(r,).

By definition of composition, we have h(g(r,)) = h(g(r,)). Since h
is a bijection, h is injective. Thus since h(g(r,)) = h(g(r,)), we have
that g(r,) = g(r,). Since g is a bijection, g is injective, so because
g(r,) = g(r,) we have that r, = r,. Therefore, fis injective.

To see that fis surjective, consider any t € T. We will show that

there is some r € R such that f(r) = t. Since h is a bijection from
S to T, h is surjective, so there is some s € S such that h(s) = t.



Theorem: If |R| = |S| and |S| = |T]|, then |R| = |T].

Proof: We will exhibit a bijection f: R - T. Since |R| = |S
bijection g : R — S. Since |S| = |T

, there is a
, there is a bijection h : S - T.

Let f = h o g; this means that f: R - T. We prove that fis a
bijection by showing that it is injective and surjective.

To see that f'is injective, suppose that f(r,) = f(r,). We will show
that r, = r,. Since f(r,) = f(r,), we know (h - g)(r,) = (h - g)(r,).

By definition of composition, we have h(g(r,)) = h(g(r,)). Since h
is a bijection, h is injective. Thus since h(g(r,)) = h(g(r,)), we have
that g(r,) = g(r,). Since g is a bijection, g is injective, so because
g(r,) = g(r,) we have that r, = r,. Therefore, fis injective.

To see that fis surjective, consider any t € T. We will show that
there is some r € R such that f(r) = t. Since h is a bijection from
S to T, h is surjective, so there is some s € S such that h(s) = t.
Since g is a bijection from R to S, g is surjective, so there is some
r € R such that g(r) = s.



Theorem: If |R| = |S| and |S| = |T]|, then |R| = |T].

Proof: We will exhibit a bijection f: R - T. Since |R| = |S
bijection g : R — S. Since |S| = |T

, there is a
, there is a bijection h : S - T.

Let f = h o g; this means that f: R - T. We prove that fis a
bijection by showing that it is injective and surjective.

To see that f'is injective, suppose that f(r,) = f(r,). We will show
that r, = r,. Since f(r,) = f(r,), we know (h - g)(r,) = (h - g)(r,).

By definition of composition, we have h(g(r,)) = h(g(r,)). Since h
is a bijection, h is injective. Thus since h(g(r,)) = h(g(r,)), we have
that g(r,) = g(r,). Since g is a bijection, g is injective, so because
g(r,) = g(r,) we have that r, = r,. Therefore, fis injective.

To see that fis surjective, consider any t € T. We will show that
there is some r € R such that f(r) = t. Since h is a bijection from
S to T, h is surjective, so there is some s € S such that h(s) = t.
Since g is a bijection from R to S, g is surjective, so there is some
r € R such that g(r) =s. Thus f({r) = (h - g)(r) = h(g(r)) = h(s) =t
as required, so f'is surjective.



Theorem: If |R| = |S| and |S| = |T]|, then |R| = |T].

Proof: We will exhibit a bijection f: R - T. Since |R| = |S
bijection g : R — S. Since |S| = |T

, there is a
, there is a bijection h : S - T.

Let f = h o g; this means that f: R - T. We prove that fis a
bijection by showing that it is injective and surjective.

To see that f'is injective, suppose that f(r,) = f(r,). We will show
that r, = r,. Since f(r,) = f(r,), we know (h - g)(r,) = (h - g)(r,).

By definition of composition, we have h(g(r,)) = h(g(r,)). Since h
is a bijection, h is injective. Thus since h(g(r,)) = h(g(r,)), we have
that g(r,) = g(r,). Since g is a bijection, g is injective, so because
g(r,) = g(r,) we have that r, = r,. Therefore, fis injective.

To see that fis surjective, consider any t € T. We will show that
there is some r € R such that f(r) = t. Since h is a bijection from
S to T, h is surjective, so there is some s € S such that h(s) = t.
Since g is a bijection from R to S, g is surjective, so there is some
r € R such that g(r) =s. Thus f({r) = (h - g)(r) = h(g(r)) = h(s) =t
as required, so f'is surjective.

Since fis injective and surjective, it is bijective.



Theorem: If |R| = |S| and |S| = |T]|, then |R| = |T].

Proof: We will exhibit a bijection f: R - T. Since |R| = |S
bijection g : R — S. Since |S| = |T

, there is a
, there is a bijection h : S - T.

Let f = h o g; this means that f: R - T. We prove that fis a
bijection by showing that it is injective and surjective.

To see that f'is injective, suppose that f(r,) = f(r,). We will show
that r, = r,. Since f(r,) = f(r,), we know (h - g)(r,) = (h - g)(r,).

By definition of composition, we have h(g(r,)) = h(g(r,)). Since h
is a bijection, h is injective. Thus since h(g(r,)) = h(g(r,)), we have
that g(r,) = g(r,). Since g is a bijection, g is injective, so because
g(r,) = g(r,) we have that r, = r,. Therefore, fis injective.

To see that fis surjective, consider any t € T. We will show that
there is some r € R such that f(r) = t. Since h is a bijection from
S to T, h is surjective, so there is some s € S such that h(s) = t.
Since g is a bijection from R to S, g is surjective, so there is some
r € R such that g(r) =s. Thus f({r) = (h - g)(r) = h(g(r)) = h(s) =t
as required, so f'is surjective.

Since f'is injective and surjective, it is bijective. Thus there is a
bijection from R to T, so |R| = |T].



Theorem: If |R| = |S| and |S| = |T]|, then |R| = |T].

Proof: We will exhibit a bijection f: R - T. Since |R| = |S
bijection g : R — S. Since |S| = |T

, there is a
, there is a bijection h : S - T.

Let f = h o g; this means that f: R - T. We prove that fis a
bijection by showing that it is injective and surjective.

To see that f'is injective, suppose that f(r,) = f(r,). We will show
that r, = r,. Since f(r,) = f(r,), we know (h - g)(r,) = (h - g)(r,).

By definition of composition, we have h(g(r,)) = h(g(r,)). Since h
is a bijection, h is injective. Thus since h(g(r,)) = h(g(r,)), we have
that g(r,) = g(r,). Since g is a bijection, g is injective, so because
g(r,) = g(r,) we have that r, = r,. Therefore, fis injective.

To see that fis surjective, consider any t € T. We will show that
there is some r € R such that f(r) = t. Since h is a bijection from
S to T, h is surjective, so there is some s € S such that h(s) = t.
Since g is a bijection from R to S, g is surjective, so there is some
r € R such that g(r) =s. Thus f({r) = (h - g)(r) = h(g(r)) = h(s) =t
as required, so f'is surjective.

Since f'is injective and surjective, it is bijective. Thus there is a
bijection from Rto T, so |R| = |T|. &



Properties of Cardinality

 Equality of cardinality is an equivalence
relation.

« Forany sets R, S, and T
o |S| = |S|. (reflexivity)
o If |S| = |T]|, then |T| = |S]|. (symmetry)

o If |R| = |S| and |S| = |T|, then |R| = |T].
(transitivity)
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f(n+1)/2)=-2(-(n+1)/2)-1=n+1-1



Theorem: |Z| = |N].
Proof: We exhibit a bijection from Z to N. Let f: Z - N be defined as follows:
2Xx if x>0
xX)=
/() —2x—1 otherwise
We will prove that fis a bijection by proving that it is injective and surjective.
This means that fis a bijection, so by definition we have |Z| = |N|

(Normally, we'd prove that f'is a valid function from Z to N by proving that every
output of fis in N and is defined uniquely. For time's sake, we'll skip this step)

Next, we prove fis injective. Suppose that f(x) = f(y). We will prove that x = y.
We consider three cases:

Case 1: x = 0and y = 0. Then f(x) = 2x and f(y) = 2y. Since f(x) = f(y), we
have 2x = 2y. Thus x = y.

Case 2: x < 0and y < 0. Then f(x) = -2x -1 and f(y) = -2y - 1. Since f(x) = f(y),
we have -2x -1 =-2y-1,s0x =y.

Case 3: Either x < O0Oand y= 0, or x = 0 and y < 0. Assume without loss
of generality that x < 0 and y = 0. Then since f(x) = f(y), we have
-2x - 1 = 2y. This is impossible, since -2x - 1 is odd and 2y is even.

Thus in all possible cases, we have x = y, as required.

Finally, we prove fis surjective. Consider any n € N. We will prove that there
is some x € Z such that f(x) = n. We consider two cases:

Casel:niseven. Thenn/2=0andn/2€Z,and f(n/2)=2(n/?2)=n.

Case 2: nisodd. Then-(n+1)/2<0and-(n+1)/2 € Z. Moreover,
ftn+1)/2)=-2-(n+1)/2)-1=n+1-1=n.



Theorem: |Z| = |N].
Proof: We exhibit a bijection from Z to N. Let f: Z - N be defined as follows:
2Xx if x>0
xX)=
/() —2x—1 otherwise
We will prove that fis a bijection by proving that it is injective and surjective.
This means that fis a bijection, so by definition we have |Z| = |N|

(Normally, we'd prove that f'is a valid function from Z to N by proving that every
output of fis in N and is defined uniquely. For time's sake, we'll skip this step)

Next, we prove fis injective. Suppose that f(x) = f(y). We will prove that x = y.
We consider three cases:

Case 1: x = 0and y = 0. Then f(x) = 2x and f(y) = 2y. Since f(x) = f(y), we
have 2x = 2y. Thus x = y.

Case 2: x < 0and y < 0. Then f(x) = -2x -1 and f(y) = -2y - 1. Since f(x) = f(y),
we have -2x -1 =-2y-1,s0x =y.

Case 3: Either x < O0Oand y= 0, or x = 0 and y < 0. Assume without loss
of generality that x < 0 and y = 0. Then since f(x) = f(y), we have
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Finally, we prove fis surjective. Consider any n € N. We will prove that there
is some x € Z such that f(x) = n. We consider two cases:
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Why This Matters

 Note the thought process from this prootf:

e Start by drawing a picture to get an
intuition.

« Convert the picture into a mathematical
object (here, a function).

 Prove the object has the desired properties.

« This technique is at the heart of
mathematics.

« We will use it extensively next lecture.
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f(a,b) = (a+b)a+b+1)/2+a

This function is called

Cantor's Pairing Function,




f(a,b)=(a+b)(a+b+1)/2+a




Theorem: |N?%| = |N].



Formalizing the Proot

 We need to show that this function fis
injective and surjective.

 These proofs are nontrivial, but have
beautiful intuitions.

 ['ve included the proofs at the end of
these slides if you're curious.



Next Time

 Diagonalization
« Revisiting Cantor's Theorem.
« Relating |R| and |N|.

 The Pigeonhole Principle

« Pleasing and poignant pigeon-powered
proofs!



Appendix: Proof that [N4| = |N}|



Proving Surjectivity

e Given just the definition of our function:
fa,b) =@+ b)(a+b+1)/2+a

It is not at all clear that every natural
number can be generated.

« However, given our intuition of how the
function works (crawling along
diagonals), we can start to formulate a
proof of surjectivity.



Proving Surjectivity

fa,b)=(@+b)a+b+1)/2+a
 What pair of numbers maps to 1377

 We can figure this out by first trying to figure out
what diagonal this would be in.



Proving Surjectivity

fa,b)=(@+b)a+b+1)/2+a
 What pair of numbers maps to 1377

 We can figure this out by first trying to figure out
what diagonal this would be in.

012

0

(0, 0)

0, 1)

(0, 2)

1,0

(1, 1)

(1, 2)

(2, 0)

2, 1)

(2, 2)
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fa,b)=(@+b)a+b+1)/2+a
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what diagonal this would be in.




Proving Surjectivity

fa,b)=(@+b)a+b+1)/2+a
 What pair of numbers maps to 1377

 We can figure this out by first trying to figure out
what diagonal this would be in.

Total number of elements before

Row 0: O
Row 1:1
Row 2: 3
Row 3: 6
Row 4: 10

Row m: m(m + 1) /2




Proving Surjectivity

fa,b)=(@+b)a+b+1)/2+a
 What pair of numbers maps to 1377

 We can figure this out by first trying to figure out
what diagonal this would be in.

 Answer: Diagonal 16, since there are 136 pairs that come
before it.

 Now that we know the diagonal, we can figure out
the index into that diagonal.

« 137 -130 = 1.

 So we'd expect the first entry of diagonal 16 to map
to 137.

f(1,15) =16 x 17/2+1 =136 + 1 = 137



Generalizing Into a Proof

 We can generalize this logic as tollows.
e To find a pair that maps to n:

 Find which diagonal the number is in by finding
the largest d such that

dd+1)/2<n

 Find which index the in that diagonal it is in by
subtracting the starting position of that diagonal:

k=n-dd+1)/2
 The kth entry of diagonal d is the answer:
flk,d-Kk)=n



Lemma: Let f(a, b) = (a + b)(a+ b + 1)/ 2 + a be a function from N2 to N. Then
f is surjective.



Lemma: Let f(a, b) = (a + b)(a+ b + 1)/ 2 + a be a function from N2 to N. Then
f is surjective.

Proof: Consider any n € N.



Lemma: Let f(a, b) = (a + b)(a+ b + 1)/ 2 + a be a function from N2 to N. Then
f is surjective.

Proof: Consider any n € N. We will show that there exists a pair (a, b) € N? such
that f(a, b) = n.



Lemma: Let f(a, b) = (a + b)(a+ b + 1)/ 2 + a be a function from N2 to N. Then
f is surjective.

Proof: Consider any n € N. We will show that there exists a pair (a, b) € N? such
that f(a, b) = n.

Consider the largest d € N such thatd(d + 1) / 2 = n.

Infuitively, d is the
diagonal containing n,




Lemma: Let f(a, b) = (a + b)(a+ b + 1)/ 2 + a be a function from N2 to N. Then
f is surjective.

Proof: Consider any n € N. We will show that there exists a pair (a, b) € N? such
that f(a, b) = n.

Consider the largest d € N such that d(d + 1) / 2 = n. Then, let
k=n-dd+1)/2.

Intuition: k is The position within
this diagonal,

Now, we need fo rigorously
establish that we came up with a
legal pair, and that the pair
acTually maps to n.




Lemma: Let f(a, b) = (a + b)(a+ b + 1)/ 2 + a be a function from N2 to N. Then
f is surjective.

Proof: Consider any n € N. We will show that there exists a pair (a, b) € N? such
that f(a, b) = n.

Consider the largest d € N such that d(d + 1) / 2 = n. Then, let
k=n-dd+1)/2. Sinced(d + 1)/2 < n, we have that k € N.



Lemma: Let f(a, b) = (a + b)(a+ b + 1)/ 2 + a be a function from N2 to N. Then
f is surjective.

Proof: Consider any n € N. We will show that there exists a pair (a, b) € N? such
that f(a, b) = n.

Consider the largest d € N such that d(d + 1) / 2 = n. Then, let
k=n-dd+1)/2. Sinced(d + 1)/ 2 < n, we have that k € N. We
further claim that k = d.

We need fo tormalize our
infuition by showing that o gives
an index on this diagonal,




Lemma: Let f(a, b) = (a + b)(a+ b + 1)/ 2 + a be a function from N2 to N. Then
f is surjective.

Proof: Consider any n € N. We will show that there exists a pair (a, b) € N? such
that f(a, b) = n.

Consider the largest d € N such that d(d + 1) / 2 = n. Then, let
k=n-dd+1)/2. Sinced(d + 1)/ 2 < n, we have that k € N. We
further claim that k = d. To see this, suppose for the sake of
contradiction that k > d.



Lemma: Let f(a, b) = (a + b)(a+ b + 1)/ 2 + a be a function from N2 to N. Then
f is surjective.

Proof: Consider any n € N. We will show that there exists a pair (a, b) € N? such
that f(a, b) = n.

Consider the largest d € N such that d(d + 1) / 2 = n. Then, let
k=n-dd+1)/2. Sinced(d + 1)/ 2 < n, we have that k € N. We
further claim that k = d. To see this, suppose for the sake of
contradiction that k > d. Consequently, k = d + 1.

It m and n are natural numbers or
infegers, Tthen m < nitt m + 1 = n,
This fact is remarkably useful in proots

on N or Z,




Lemma: Let f(a, b) = (a + b)(a+ b + 1)/ 2 + a be a function from N2 to N. Then
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But this means that d is not the largest natural number satisfying the
inequality d(d + 1) / 2 = n, a contradiction.
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But this means that d is not the largest natural number satisfying the
inequality d(d + 1) / 2 = n, a contradiction. Thus our assumption must
have been wrong, so k = d.



Lemma: Let f(a, b) = (a + b)(a+ b + 1)/ 2 + a be a function from N2 to N. Then
f is surjective.

Proof: Consider any n € N. We will show that there exists a pair (a, b) € N? such
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But this means that d is not the largest natural number satisfying the
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We have a valid pairt  All that's
left fo do now is to show that
index k on diagonal o maps 1o n,
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of flk, d - k).
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Proving Injectivity

 Given the function
fa,b) =@+ b)(a+b+1)/2+a
It is not at all obvious that fis injective.

 We'll have to use our intuition to figure
out why this would be.
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Proving Injectivity

f(a,b)=(a+b)(a+b+1)/2 +a

« Suppose that f(a, b) = f(c, d). We need to prove
(a, b) = (c, d).

« Our proof will proceed in two steps:

« First, we'll prove that (a, b) and (¢, d) have to be in the
same diagonal.

 Next, using the fact that they're in the same diagonal,
we'll show that they're at the same position within
that diagonal.

« From this, we can conclude (a, b) = (c, d).



Lemma: Suppose f(a, b) =(a+ b)a+ b+ 1)/2 + a. Then the
largest m € N for which m(m + 1) / 2 < f(a, b) is given by
m =a + b.

The point of This lemma is fo let
us ‘read otf* what diagonal we
are in just by looking at a and
b, We will need this in a
second,
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Proof: First, we show that m = a + b satisfies the above inequality.
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Next, we will show that any m' € N with m' > a + b will not
satisty the inequality.
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Theorem: Let f(a, b) = (a + b)(a + b + 1) /2 + a. Then fis injective.
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Proof: Consider any (a, b), (¢, d) € N2 such that f(a, b) = f(c, d). We will
show that (a, b) = (c, d).

First, we will show that a + b = ¢ + d.

Infuitively, this proves that
(a, b) and (¢, d) belong to the
same diagonal,
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First, we will show that a + b = ¢ + d. To do this, assume for the sake
of contradiction that a + b # ¢ + d.
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such that f(a, b) = m(m + 1) / 2.
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This step works because we know
that any number n bigger than
a+b doesn't satisty

nn+ 1)/ 2 =< f(a, b)

This means That

f(a, b) < n(n+ 1)/ 2.
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